Convergence guarantees for a class of non-convex and non-smooth optimization problems

A. Further simulation study

In this section, we apply our method to the problem of shape from shading (SFS) reconstruction.

A.1. Shape from shading

The problem of shape from shading is to reconstruct the three-dimensional (3D) shape of an object based on observing a
two-dimensional (2D) image of intensities, along with some information about the light source direction. It is assumed that
the observed 2D image intensity is determined by the angle between the light source direction and the surface normals of the
object (Ecker & Jepson, 2010).

In more detail, suppose that both the object and its 2D image are supported on a rectangular grid of size r x c. We introduce

the shorthand notation [r] = {1,2,...,r} and [c] = {1,2,..., ¢} for the rows and columns of this grid. For each pair
(i,7) € [r] x [c], we let I;; € R denote the observed intensity at location (3, j) in the image, and we let N;; € R? denote
the surface normal at the vertex v;; : = (xi;, ¥ij, 2:;) of the object. Based on observing the 2-dimensional image, both the

intensity /;; and co-ordinate pair (x;;, y;;) are known for each pair (¢, j) € [r] x [¢]. The goal of shape from shading is to
estimate the unknown coordinate z;;, which corresponds to the height of the object at location (7, j). Knowledge of these
z-coordinates allows us to generate a 3D representation of the object, as illustrated in Figure 2.

Lambertian lighting model: In order to reconstruct the z-coordinates, we require a model that relates the observed
intensity ;; to the surface normal. In a Lambertian model, for a given light source direction L : = ({1, {2, ZQ)T € R3,itis
assumed that the surface normal V;; and intensity I;; are related via the relation

L, N;
I = ( J> (1)
[Nijll2
In one standard model (Wang et al., 2014), the surface normal N,; : = (pij, ¢s5, 1) is assumed to be determined by the

triplet of vertices (vij, Vit1,j, Vi,j+1) via the equations

Wi g1 — Yij) (Ziv1y — 2ij) — Wiv1 — Yi ) (Zije1 — Zij)
bij = N A YT

(‘Terl xlj)(yﬂrl:] ylj) (x74+1d xw)(yz,frl yzj)

(Tijr1 — i) (zit1,) — 2ij) — (@iv1,5 — Tig) (i1 — 2ij)
(xi,j+1 - $ij)(yi+1,j yzg) (5Ci+1,j - xij)(yi,jﬂ - yij)

qij =
Squaring both sides of equation (21) and substituting the expression for surface normal N;; yields the polynomial equation

(p” + ql] + 1) ij (élplj + EQQU + 43) =0, (22)
which should be satisfied under the assumed model.

In practice, this equality will not be exactly satisfied, but we can estimate the z-coordinates by solving the following
non-convex optimization problem in the X ¢ matrix z with entries {z;; | (i,7) € [r] x [c]}:

min {ZZ (L4 9% + @)% — (G + bogsj + €3)%)” ). (23)

RTXC
=€ =1 j=1

P(z)

Some reconstruction experiments: In order to illustrate the behavior of our method for this problem, we considered two
synthetic images for simulated experiments. The first one is a 256 x 256 image of Mozart (Zhang et al., 1999), and the
second one is a 128 x 128 image of Vase. The 3D shapes were constructed from the 2D images by solving optimization
problem (23) using the backtracking gradient descent algorithm 3. The reconstructed surfaces for Vase and Mozart are
provided in figure 2. We ran 500 iterations of Algorithm 3 for both the images. The runtime for Mozart-example was 87
seconds, whereas the runtime for Vase-example was 39 seconds. The implementation of Algorithm 3 for Problem (23)
is parallelizable; hence, the runtime can be much lower than our runtime with a parallel implementation. For sake of
completeness we mention the standard backtracking algorithm in Algorithm 3.
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Figure 2. Figure shows 3D shape reconstruction of Mozart (first row) and Vase (second row) from corresponding 2D images. The
gray-scale images in the left column are the 2D input images; the two colored images in the right column are the reconstructed 3D shapes.
The 3D shapes are constructed by solving the problem (23) using Algorithm 3.

B. Technical background

In this appendix, we collect some technical background on subdifferentials and sub-analytic functions.

B.1. Fréchet and limiting subdifferential

We first recall the definitions and some useful properties of sub-differentials, which will be useful in subsequent sections.

Definition 1. Let f : R — R be a lower semicontinuous function. For any z € dom(f), the Fréchet subgradient of the
function f at point x is defined as

yF Y= ly — |2

5]"’(:1‘) {u ‘ lim inf fy) = flw) - <u,y —x> > 0}.

Definition 2. Let f : R? +— R be a lower semi-continuous function. For any x € dom(f), the limiting subdifferential of
the function f at point z is defined as

oLf(z) = {u ‘ 3 2% — z,uF = wwith f(2*) = f(x)and u* € gf(xk) as k — oo}.
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Algorithm 3 Gradient descent with backtracking

1: Given an initial point z° € int(C) and parameter 3 € (0,1):
2: for k=0,1,2,... do
3:  Choose the smallest nonnegative integer i), such that the step size t* : = 3% satisfies:

k
Pt = V) < Fb) = SITFENP. 24

4:  Update 2*+1 = ok — k¥ f(2*).
5: end for

Properties: The following properties of Fréchet and limiting sub-differential are provided in Chapter 8 of the book
Rockafeller and Wets (2009).

(a) For any proper convex function h, we have dph(x) = 5h(ac) for all z € dom(h), and both quantities agree with the
usual subgradient of the convex function h.

(b) If a function ¢ is smooth in a neighborhood of a point z, then Jy, f(z) = V f(z).

(c) Consider a function f of the form f = g + ¢, where the function g is smooth in a neighborhood of a point x, and the
function ¢ is proper convex and finite at the point =. Then the limiting sub-differential of the function f at the point x
is given by 9z, f (x) = Vg(x) + do(x).

(d) (Graph continuity:) Consider a sequence { (*,u*)}, _ ingraph(dy f) such that the sequence {(z*, u¥, f(2*)}1>0
converges to a point (z,u, f(z)). Then (z,u) € graph(dy, f). Recall that graph(dr f) : ={(z,u) € R* x R | u €

oLf(z)}.

B.2. Sub-analytic functions satisfy KL-assumption

In this appendix, we show that continuous sub-analytic functions satisfy the KL-inequality. We also provide examples of
functions which are sub-analytic.

Comments on limiting sub-differential: In order to facilitate our discussion, we mention some simple facts on limiting
subdifferential of a function f, where f is of the form f = g — h (Theorems 1 and 3) or f = g + ¢ — h (Theorems 2 and 4).
The following properties are direct consequences of properties of the limiting subdifferential mentioned in Appendix B.1.

e Suppose the difference function f = g — h satisfies parts (a) and (b) of Assumption GR. Then we have

IL(=f)(x) = Oh(x) — Vg(z), and moreover [V f(z)ll2 : = [Vg(z) — Oh(z)ll2 = |0L(=f)(2)ll2-

e Suppose the function f = g + ¢ — h, where the function £ is locally smooth, and the function f satisfies Assumption
PR part (b). Then 0r, f(x) = Vg(x) — Vh(z) + dp(z). Consequently, we have that |V f(z)||2 = ||OL f(x)]|2.

We prove that continuous sub-analytic functions satisfy Assumption KL by utilizing a previous work by Bolte et al. (2007).
In order to facilitate further discussion, we introduce few notations used in the paper (Bolte et al., 2007). We use ms(x) to
denote the ¢, distance of the set Oy f () from zero; concretely, m s (x) := disty., (0, 8L f(z)). In Theorem 3.1 (for critical
points of the function f ) and Remark 3.2 (for non-critical points of the function f), Bolte et al. proved the following fact
about sub-analytic functions.

Lemma 1. (Bolte et al. (2007)): Let f : R4 — R U {+0o0} be a sub-analytic function with closed domain, and assume that

fldom(y) is continuous. Then for any a € dom(f), there exists an exponent 6 € [0, 1) such that, the function % is
bounded above in a neighborhood of a.
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Using Lemma 1, we now argue that sub-analytic functions, under the conditions of Theorem 3 or Theorem 4, satisfy
Assumption KL.

Lemma 2. Any sub-analytic function f satisfying Assumption GR also satisfies Assumption KL.

Proof. First, note that the function f is continuous by Assumption GR; suppose f is sub-analytic, then from properties

of sub-analytic functions, we have that the function — f is also sub-analytic. Furthermore, the function — f is continuous

in the closed domain C —which by Lemma 1 guarantees that, for any a € C, there exists § € [0, 1) such that the ratio
2

% is bounded above in a neighborhood of the point a. Since | — f — (—f(a))| = | f — f(a)|, proving satisfiability

of Assumption KL reduces to showing that m_)(z) is upper bounded by ||V f(x)||2. To this end, note that from the
discussion about limiting subdifferential in the paragraph above Lemma 1, we have

1@l = 100 (- @)z > me_p@). 25)

where step (i) follows from the definition of m_ ;) (z). Putting together the pieces, we conclude that any sub-analytic
function f which satisfies Assumption GR, also satisfies Assumption KL. O

Lemma 3. Suppose that, in addition to the conditions on the functions (g, h, ) from Theorem 2, the function f : = g—h+¢
is continuous and sub-analytic in its domain dom(f), and the domain dom(f) is closed. Then the function f satisfies
Assumption KL.

Proof. Since the function f|qom(s) is continuous and sub-analytic by assumption, from Lemma 1, we have that for any

a € dom(f) there exists a € [0, 1) such that, the ratio [I=1@I° js bounded above in a neighborhood of the point a. In

myf
order to justify satisfiability of Assumption KL, it suffices to prove that m () is upper bounded by ||V f(z)||2. To this end,
note that the function h is locally smooth by assumptions of Theorem 2 part (b). Hence, from the discussion about limiting
subdifferential in the paragraph above Lemma 1, we have

@)

IVF(@)ll2 = 10 f ()2 = my(), (26)
where step (i) follows from the definition of m (x). Putting together the pieces, guarantees that the function f satisfies
Assumption KL. O
B.3. Instances of sub-analytic functions

In Appendix B.2, we proved that continuous sub-analytic functions satisfy Assumption KL, and in those cases,—by
Theorems 3 and 4—we have a faster rate of convergence of Algorithms 1 and 2. In this appendix, we provide examples of
functions which are sub-analytic. We start by providing definitions of sub-analytic functions following the definition of
Bolte et al. (2007).

A subset S C R% is called semi-analytic, if each point of R? admits a neighborhood V' such that the set S N V' has the form
SﬁV:Ule ﬂ;l-zl {x eV | hij =0,g;; > O},

where the functions h;;, g;; : V' — R are real-analytic.

A set S is called sub-analytic, if each point of R? admits a neighborhood V' such that

SNV ={zeR": (z,y) € B},

where B is a bounded semi-analytic subset of R? x R™ for some m > 1. A function f is called sub-analytic if the graph of
[ defined by graph(f) := {(z,y) € RY x R: f(z) =y}, is sub-analytic.

The class of sub-analytic functions is quite large. In order to motivate the reader, we provide few examples here. The
following results can be found in Bolte et al. (2014) and Chapter 6 in the book (Facchinei & Pang, 2007).

(a) Any real-valued polynomial or analytic function is sub-analytic.
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(b) Any real-valued semi-algebraic or semi-analytic function is sub-analytic.
(c) Indicator function of a semi-algebraic set is sub-analytic.

(d) Sub-analytic functions are closed under finite linear combinations, and the product of two sub-analytic functions is
sub-analytic.

(e) Pointwise maximum and minimum of a finite collection of sub-analytic functions are sub-analytic.

(f) Composition rule: If g; and gy are two sub-analytic functions with the function g; being continuous, then the
composition function g o g; is sub-analytic. In fact, the class of continuous sub-analytic functions are closed under
algebraic operations.

C. Proofs related to Algorithm 1

In this appendix, we collect the proofs of various results related to the gradient-based Algorithm 1, including Theorem 1,
Corollary 1 and Proposition 1.

C.1. Proof of Theorem 1

Our proof of this theorem, as well as subsequent ones, depends on the following descent lemma:

Lemma 4. Under the conditions of Theorem 1, we have

28 €int(C) and f(aFt1) < fz*) — gnw(xk)ug forall k =0,1,2,. ... 27)

See Appendix C.1.1 for the proof of this lemma.

‘We now prove Theorem 1 using Lemma 4.

Convergence of function values: We first prove that the function value sequence {f(2*)}x>0 is convergent. Since
fri= mig f(z) is finite by assumption, and 2* € int(C) for all k¥ > 0 by Lemma 4, the sequence { f(2*)} x> is bounded
fas -

below. For any non-stationary x¥, inequality (27) also ensures that f(2*) > f(2**1); hence, there must exist some scalar f
such that klim f(zF) = f.
—00

Stationarity of limit points: Next, we establish that any limit point of the sequence {x* } >, must be stationary. Consider
a subsequence {z%7} ;>0 of {*}, _  such that 2%/ — 7, and let {u*’} ;> be the associated sequence of subgradients. It

suffices to exhibit a sub-gradient @ € Oh(Z) such that Vg(z) —u = 0.

Since the sequence {z¥};>( converges to Z, we must have ||V f(2")||2 = [[Vg(z*/) — u"i |3 — 0; The function g is
continuously differentiable by assumption, and we have Vg(z*7) — Vg(z). Combining these we find that u*i — Vg(z).
Furthermore, by continuity of the function g, we have g(z*i) — g(z). Putting together the pieces we have established above
that (LL‘kj ,ubi | g(ahs )) — (:Z', a, g(:f)) where @ : = Vg(Z). Consequently, the graph continuity of limiting-sub-differentials
(see Appendix B.1) guarantees that & = Vg(Z) € Oh(Z). Overall, we conclude that V f(Z) : = Vg(z) —u = 0, so that T
is a stationary point as claimed.
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Establishing the bound (3): Finally, we prove the claimed bound (3) on the averaged squared gradient. Recalling that
fri= mig f(z) is finite, we have
zE

k
> 52 IViEhI3

@Avg(nvﬂx’“)\l%)v

where step (1) follows from equation (27). Rearranging yields the claimed bound (3) on the averaged squared gradient.

C.1.1. PROOF OF LEMMA 4

Recall that by assumption, the function g is continuously differentiable and M -smooth, and the function h is convex. As a
consequence, for any vector z* € C and subgradient u* € dh(z*), we have

M,
9(x) < (o) + (Vg(a®), » = 2*) + =2 |lo — 2®3 (282)
h(z) > h(z®) + (u*, z — 2"). (28b)
Combining inequalities (28a) and (28b) yield
M
f(x) = g(x) = h(z) < f(2*) + (Vg(a®) —u*, z —a*) + <l - 3. (29)
Substituting x = 2" : = 2% — a(Vg(2*) — ") in equation (29) and simplifying yields
1 M alM
FH) — F) 2 (- My oz = a1 - CMn) gt - ot

() «
2 99 s a3

where inequality (i) follows from the upper bound o < ﬁ This proves the second part of the stated lemma. As for
9

the claim that the sequence remains in the interior of the set C, note that f(xz**1) < f(2*) < f(2°), which ensures that
o e L(f(2%)) C int(C), as claimed.
C.2. Proof of Corollary 1

Based on Theorem 4 of Lee et al. (2016), it suffices to show that the gradient map G(z) : = = — o'V f(x) is a diffeomorphism
for any step size a € (O7 ﬁ) Recall that a map G : R? — R? is a diffeomorphism if the map G is a bijection, and both
g9

the maps G and G~! are continuously differentiable.

Injectivity: We first prove that G is an injective map. Consider a pair of vectors x, y such that G(x) = G(y); our aim is
to prove that x = y. The condition G(z) = G(y) is equivalent to z — y = a(V f(z) — V f(y)), and we have that

o= 9112 = ale — y, Vi) - Vi)
=afz —y, Vg(z) = Vg(y)) — a{z —y, Vh(z) — Vh(y))
< oM,z — yl}3 - ale — y, Vh(z) - Vh(y))
Y b,z -yl

Here inequality (i) follows because the gradient Vg is M -Lipschitz by assumption; inequality (ii) follows from the convexity
of the function h, which implies the monotonicity of the gradient V. Finally, since the step size o < ﬁ by assumption,

the inequality ||z — y||3 < aM,||z — y||3 can hold only when z = y.
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Surjectivity: For any fixed vector y € RY, consider the following problem
. 1 2
arg min {f||x — |2 - ag(z) + ah(m)}. (30)
zeRd (2

, ﬁg) and any fixed vector y € R?, the map = — 1|z — y||3 — ag(z) is strongly
convex, whence the map z — 1|z — y||3 — ag(z) + ah(z) is also strongly convex. Consequently, the convex problem (30)
has a unique minimizer, and we denote it by x,. In order to prove surjectivity of the map G, it suffices to show the point z,,

is mapped to the point y. Recalling the KKT conditions of the problem (30), we have that

Observe that for any step size a € (O

y =y —aVf(z,) = G(zy),

which completes the proof of surjectivity of the map G.

Combining the injectivitivty and the surjectivity of the map G, we conclude that the inverse map G~ exists. Next, let
DG(+) denote the Jacobian of the map G, then DG(z) =1 — aV?g(x) + aV2h(x). Since the function g is M,-smooth,
and the map G is continuously differentiable, standard application of the inverse-function theorem guarantees that for all
step size o < ﬁg’ the inverse map G~! is continuously differentiable. Putting together the pieces, we conclude that map

G~ exists, and both the maps (G, G~!) are continuously differentiable. Overall, we have established that the map G is a
diffeomorphism, as claimed.

C.3. Proof of Proposition 1
The CCCP update at step (k 4 1) is given by zF+! = arg migq(x, x*), where
€

q(z,2%) 1= g(x) — h(z") — (Vh(z"), z — 2F). 31

Observe that step (k+ 1) of Algorithm 1 is equivalent to a gradient descent update with step size o on the map z + ¢(z, 2*).
Accordingly, if we define y* ! = 2F — aVq(z, 2%), then we have q(y* !, 2%) > q(2F*1, 2¥); moreover

) — FH) S gk, o) — qlah ), o)

[V f(zF)]3. (32)

Here inequality (i) follows from the equality ¢(z*, 2*) = f(2*) combined with the lower bound q(z, z*) > f(x). Inequality

(ii) follows since q(y**1, z¥) > q(x**+1, z*), and inequality (iii) follows from Lemma 4 with step size o = ﬁ Note that
g9

equation (32) guarantees that the function value sequence { f(z*)} >0 is decreasing. Since the function f is bounded below,

we have that the sequence { f(z*)}1>0 converges. In order to prove that all limit points of the sequence {xk } x> are critical

points, we follow the corresponding argument in proof of Theorem 1. This completes the proof of part (a) in Proposition 1.

Turning to part (b), unwrapping the recursive lower bound (32) and re-arranging yields inequality (8a). Finally, we turn to
the proof of inequality (8b) under the additional strong convexity condition. Under this condition, the map x ~ ¢(z, 2*) in
equation (31) is p-strongly convex, so that

, Q)
Fa*) = f@) = q(a*, o) — qlah ), ah) = Dlle —ab 1, (33)

where inequality (i) follows from the strong convexity of the map z + ¢(z, z*) and the fact that Vq(x**+* 2*) = 0. Using
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this equation repeatedly, we find that

k
f(xo) —f> f(gco) _ f(mk+1) _ Z {f(a:j) _ f(a;j“)}

~
I
=)

27 — 273

v
bl s
-

(=)

i
pu(k +1)
2

Avg ([|l2* = 2"3) .

Rearranging the last inequality yields the bound (8b). Finally, let us reiterate that bounds similar to (8b) are known in
the literature; see the paper (Lanckriet & Sriperumbudur, 2009) for example. We provide the proof of bound (8b) for
completeness.

D. Proof of Theorem 2

This proof shares some important steps with Theorem 1, but it requires a more refined argument due to the presence of a
non-smooth and non-continuous function (. We start by stating an auxiliary lemma that underlies the proof of Theorem 2.
In the proof, the subgradients of the convex functions h and ¢ at a point z* are denoted by «* and v*, respectively.

Lemma 5. Under the conditions of Theorem 2, we have

2F L =2k — o (Vg(aF) + o — k), and (34a)
1
P = FM) = ol — 2, (34b)
!
valid for all k¥ = 0,1,2,.... Furthermore, for any convergent subsequence {xki }jz o of the sequence {xk}kz o With
2k — T, we have
lim (") = ¢(2).
Jj—oo

See Appendix D.1 for the proof of this lemma.

We now prove Theorem 2 using Lemma 5.

Convergence of function value: We first prove that the sequence of function values { f(z*)};>0 is convergent. Since

f* := min f(z) is finite by assumption, the sequence {f(2*)}x>0 is bounded below. If 2% = z¥*! for some k, the
zeR -

convergence of the sequence { f(z*) } k> 18 trivial. Hence, we may assume without loss of generality that xF #£ 21 for

all k = 0,1,2, ... In that case, inequality (34b) ensures that f(z*) > f(2**!), and consequently, there must exist some
scalar f such that klim f(aF) = f.
— 00

Stationarity of limit points: Next, we establish that any limit point of the sequence {azk}k>0 must be stationary.
Consider a subsequence {z*s }jzo such that z¥/ — z. Let {v*s }jzo and {u }jZO be the associated sequence of
subgradients. It suffices to exhibit subgradients © € dp(Z) and @ € Oh(Z) such that, Vg(Z) + v — @ = 0.

Step 1: Existence of subgradient u: Since the sequence {:Ekf }j>0 is convergent, we may assume that the sequence
{xhs }j>0 is bounded, and it lies in a compact set S. The function h is convex continuous, and we have that h(z*i) — h(z),
and the subgradient sequence {uki }j> 0 is bounded; see example 9.14 in the book (Rockafellar & Wets, 2009). Passing to a
subsequence if necessary, we may assume that the sequence {u’“ﬂ' }jz o converges to u. Putting together these pieces, we

conclude that (z%i, u*s h(x*)) — (Z,4, h(T)) as j — oo; consequently, the graph continuity of limiting sub-differentials
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guarantees that @ € Oh(Z) (see Appendix B.1 for graph continuity).

Step 2: Existence of subgradient v: In order to complete the proof, it suffices to show that the vector o : = —Vg(Z) + @
belongs to the subgradient set dp(). Since the norm of successive difference |z%i — x*i+1||; converges to zero,
Lemma 5 yields ||Vg(z¥i) + vkitl — yFi|ly — 0, and 2%i+1 — 7. Furthermore, continuity of the gradient Vg yields
Vg(a*i) — Vg(), and step 1 above guarantees u*s — . Combining these two facts with | Vg(z*i ) +vFit1 —uki |y — 0,
we obtain vt — p ;= —Vg(Z) + @, and by Lemma 5, we have ¢ (2% +1) — ((z). Putting together the pieces, we
conclude that (zFit1 vkitl o(zki+1)) — (z,9,(Z)). Consequently, the graph continuity of limiting subdifferentials
guarantees that o € 0p(Z) (see Appendix B.1 for graph continuity).

Finally, the subgradients & € Oh(Z) and v € 9p(Z) obtained from steps 1 and and 2 respectively satisfy the relation
Vg¢(z) + v — u = 0, which establishes the claimed stationarity of Z.

Establishing the bound (10a): Next, we establish the claimed bound (10a) on the averaged squared successive difference.
Recalling that f* : = min f(z) is finite, we have
zeR

k

F@®) = 5> f@°) = f@) =) fad) - f?T)

= A ([l = ") (35)

where step (i) follows from equation (34b). Rearranging the last inequality yields the claimed bound (10a) on the averaged
squared successive difference.

Establishing the bound (10b): In order to establish the bound (10b) on the averaged squared gradient, we start by
establishing the following upper bound on the gradient-norm ||V f (z*+1):

1 . ,
V£ < (Mg + M+ =) " = 2. (36)

Recall that the function A is M}, smooth by assumption, and we have

i 1

[Vg(a* ™) = VA + o1y [ Vg(@h*h) = VA1) + (Th(ab) = Vg(a") + — (2" = ¥ 1)) |,

(i1) 1

< [Vg(a*) = Vg )l + [VA@") = VAE [ + [l — 251,

) 1, & i1
< (Mg—|—Mh—|—a)||m —z"|2-
Here step (i) follows from the update equation of z**! in Lemma 5 and from differentiability of the function g; step (ii)

follows from triangle inequality, and step (iii) follows from the smoothness of the functions g and h. Putting together the
bounds (36) and (35), we obtain the desired bound (10b).

D.1. Proof of Lemma 5

Here we prove the claims of Lemma 5.

Establishing update equation (34a): Recalling the convex majorant defined in equation (29), we define a convex majorant
q(-, 2*) of the function f as follows:

q(z,2") = g(a) — h(z*) + (Vg(a") —u*, & —a*) + il\x — 23 + o(x), (37
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where subgradient u* € Oh(z*), and the step size « satisfies 0 < a < ﬁ Observe that minimizer of the convex function
9

k+1

x = q(x,2%) over z € RY is same as proxf/a (2% — a(Vg(z*) — u*)), which implies that z**! is a minimizer of the

convex function z + ¢(z, z*) over z € R?. Consequently, the optimality condition of z***

subgradient v* 1 € 9g(xF*1) satisfying the following equation:

guarantees that there exists

1 X
Vg(ak) —uk 4ok 4 a(xk“ —a*) =o0. (38)
Rewriting the above equation yields the update equation (34a).

Establishing the descent step (34b): Note that

@
F(a®) = q(a™,2") > g(a®) = h(a) + (@) + (M, 2 = aPH) — (a2t
(@) 1
> — ||z

k. k+1p2
% € 5

> ool = 2. (39)

Here step (i) follows from the convexity of the function (; step (ii) follows by substituting ¢(z***, 2*) from equation (37).

In step (iii), we use the relation Vg(xk) —uf okt = é(xk — xk“), which follows from equation (38). Finally, recall

that the function  + ¢(z, z*) is a majorant for the function f, and we deduce that

f@k) = f@™Fh) > f(z¥) — (et 2")

1
v i (40)

Limit of the sequence {((z" 1) }j>0: Consider any convergent subsequence {z*7 }j> , of the sequence {z*}, _ with

x% — 7. Recall that f* = inf,cpa f(z) is finite by assumption; combining this with step (34b) in Lemma 5, we have that
||z% — 2*+1||5 — 0, and that 2% T — Z. The function ¢ is lower semi-continuous, and we have

liminf @(z®1) > p(z). (41)

j—o0

Since we already proved z*i*1 is a minimizer of the convex function = — q(x, z%/), we have q(z**1 %) < q(z,2%7).
Unwrapping the last inequality and taking lim sup yields

(1) 1
lim sup go(xkﬁl) < () + lim sup ((:f — ki Vg(xkf) — ukj> + 2—||xkj - :E||§)
o

j—o0 j—o0

W o). 42)

Here step (i) holds since ||*/ — z¥ 1|3 — 0, and the sequence {Vg(z"7)} — uks }j>0 is bounded—which we prove
shortly; step (ii) above follows from z*3 — Z and boundedness of the sequence {Vg(xkj) — uhi }j>0. Combining

equations (41) and (42) we obtain the claimed result.

Boundedness of the sequence {Vg(z"7) — u*s }j>0: In order to prove the boundedness of the sequence {Vg(z"7) —
uki }jZ o» it suffices to show that the gradient sequence {Vg(xk-f ) }jz o, and the sub-gradient sequence {uk-f }jz o are bounded.
Recall that %5 — Z, and we have that the sequence {z"7} j>o is bounded. Consequently, from the smoothness of the
function g, we find that the sequence {Vg(a;kj ) }j> 0 is bounded. Finally, note that the function h is convex continuous, and

we already argued that the sequence {x"7} j>0 is bounded. Combining this with example 9.14 in the book (Rockafellar &
Wets, 2009), we conclude that the subgradient sequence {uki }j> o, bounded.
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E. Proofs of faster rates under Assumption KL

In this appendix, we prove our results on improved convergence rates for functions which satisfy Assumption KL.—as stated
in Theorems 3 and 4. We begin by stating an auxiliary lemma that underlies the proofs of Theorems 3 and 4.

Lemma 6. Under assumptions of either Theorem 3 or Theorem 4, there exists constants 6 € [0,1), C' > 0 and positive
integer k1 such that for all k£ > kq, we have

[f(@*) = FI” < CIV £ ")z,

where f(z*) | f. Furthermore, if ¥ — 7, then the parameters (¢, C'), obtained from KL-inequality of the function f at the
point Z, satisfy the above inequality.

See Appendix E.3 for the proof of this lemma.

E.1. Proof of Theorem 3

Now we prove Theorem 3 using Lemma 6.

Convergence of the sequence {z*}, _ - We demonstrate the convergence of the sequence {z*}, _ by proving that the

sequence has finite length property; more precisely, we show that Y-  ||z* — 2%T1||5 < cc. First, note that for any scalar
0 < < 1, the function ¢ — 1~ is concave for 0 < v < 1. consequently, for iteration £ > k; we have

(F@) = 1) = (f = )T > (1=10) (F@*) = 1) 70 (f) = F@H)

(1=96) () = )7 x e =
©_1-90)
— CIVEER)Ils

(i) (1 —~0) 9
= Sgai IPt =2 T 43)

%

e

1
x 5ollat — a3
«

Here inequality (i) follows from the descent property in equation (27) and from the fact that f(z*) | f. Inequality (ii) follows
from Lemma 6, and equality (iii) follows from the relation 2% — 2%+ = a(Vg(2*) — u*) = aV f(z*). Substituting v = 1
and summing both side of inequality (43) from index k& = k; to k = oo, we obtain

oo

(F ) =0 =3 (@) - = () -
k=k1
= (1-6 1

which proves the finite length property of the sequence {xk } k>0° Consequently, we are guaranteed to have a vector Z such
that 2% — Z as k — oo.

Rate of convergence of Avg (||V f(z*)||2): Rewriting equation (43), we have the following:

k1

1—~6 _ i _

07;22(200[713”#_me+1”§ ’Y_|_(f(xk1) —f)(l ~0)
£=0

= e ave (fl — 3T (44)
«
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where step (i) above follows from equation (43), and Avg (||a:k — a:k+1||§_7) = LS00 |t — 21577 denote the
running arithmetic average. Since 0 < 6 < 1, we can take v = 1 in equation (44), and we obtain the following rate:

Ave (IV 5 ) = —Ave (o — ) < <,

where ¢; = %. Finally, note that the last equality holds trivially for iteration £ < k; with the given choice of the
constant ¢;.

Rate of convergence of GAvg (||V f(z")[2): Since we proved that the sequence {"}, _ is convergent to the point
Z, we have that the parameter # in Lemma 6 can be taken to be the KL-exponent of the function f at point Z. Suppose

1 <60 < 3L, then substituting v = 2"~ in equation (44) yields,

GAve (V7 (a)]) = ~Gave (la* — 1))

(1) 1 I\ yr
< —{ave (o —*1)5) }

@) ¢
< =
— k/),,.7
—~6 1
where ¢; = é(%)r with y = 2 (||1‘k - x’““ll%‘”) = TI0=, (la* — *1]|2)*, the geometric

average of the sequence {|lz* — =™ ||2}f:_01. Here step (i) above follows from arithmetic-geometric mean (AM/GM)
2=L Finally, note that the last

inequality; step (ii) follows from the bound in equation (44) and from the fact that v =
equality holds trivially for iteration k < k; with the given choice of constant c5.

E.2. Proof of Theorem 4

The proof of Theorem 4 builds on the techniques used in the proof of Theorem 3 but requires additional technical care due
to the presence of possibly non-continuous function ¢.

Convergence of the sequence {x’“ } x>o: The proof of Theorem 4 has two steps. First, we prove a descent condition
similar to equation (43). We then leverage this descent condition and weighted AM-GM inequality to obtain the desired
result.

Step 1: Following the proof of Theorem 3, we prove the convergence of the sequence {xk by showing that the

}k>0
sequence {xk} k>0 has finite length property. First, note that for scalars 0 < § < 1 and 0 <y < 1 the function t + t'=7¢

is concave. Consequently, for iteration k > ki, from Lemma 6 we have

(F@) =)= ) =0T 2 (10 (@ - 1)) - @)
> 779)(|f(:v’“) ~ )T x gl

(Z) (1 —~0)
~ CIVEEn)z

Here step (i) follows from the descent property in equation (40) and from the fact that f(2*) | f ; step (ii) follows from
Lemma 6. The function & is locally smooth by assumption; as a result, we have that the difference function g — h is locally
smooth. We also assumed that the sequence {mk } x>0 18 bounded (lies in a compact set .5); consequently, we may assume
that the difference function g — h is smooth in the compact set S with a smoothness parameter M,_p(say). Borrowing the
argument of Theorem 2 part(b), it follows that:

1
S LA (45)

1
I9g(2*) = Vh*) + 0¥l < (M + =) 2 — 251, (46)

Combining the last inequality with inequality (45) yields the following descent property

kY _ 1779_ g1y =98 (1—10) =
V=0 = U =) 2 St 1y TeF =Ty

k _xlc-i-l”%

(47)
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Step 2: We now leverage the descent condition obtained from step 1 to prove finite length property of the sequence
{;L'k } >0 In order to facilitate further discussion, we use A,’i to denote the following:

_03(( f) 1-~6 ( k+1 j:) —79)

200 (My_p+2)" . . .
where the constant C'3 : = %. With this notation, we can rewrite the equation (47) as

AL — b3 > [laF — 253 (48)

Combining equation (48) with the weighted AM-GM inequality, we obtain

k . k 9
o (i) , 2
(1+ QL) x> fla? =2 T3 < (14 27) x Yy (\/AZY =1 _m”g) >
-7 =k 41 v k=k1+1
@) & oy .
< Z (Afﬂrr”fﬂjfl *1’]\@77)
j=k1+1 v

k
< Gy(fa*) - N Y jv||xj_1—xj|\g_7. (49)

Here step (i) follows from equation (48), and step (ii) is implied by applying weighted AM-GM inequality as follows:

Al +

[

i

1
: o . o
> (Agfla? ™t = oY) T2

Step (iii) in equation (49) follows from the following observation

k k

SNoal=0 Y (fat) - )T (it - )T

=k Jj=k1
=90
< Cg( f) K
Rewriting inequality (49), we have for all k > k1 + 2

k—1
E |27 — 27377 < Cs(f(abr) - ]?)1776 + %kal — PP - (14

j -7

j=k1+1

Y 2—
r>”xk . Ik+1”2 vy

< Ga(fa*) = )7 e =T <o (50)

Finally, by substituting v = 1 and letting £ — oo in the last equation, we deduce the finite length property of the sequence

{xk}kzo'

Rate of convergence of Avg (||V f(2¥)[2) and GAvg (||V f(2¥)[|2): The proof of this part follows from the correspond-
ing proof in Theorem 3 and using the inequality (50) and upper bound (46).

E.3. Proof of Lemma 6

Since the sequence {xk } >0 18 bounded by assumption, without loss of generality, we may assume that the set of limit
points of the sequence {«*}, _ ~— which we denote by X — is a compact set. From Theorem 1 (respectively Theorem 2),

we have that all the limit points of the sequence {xk are critical points of the function f; furthermore, since f(z*) | f,

}kgo - _ _
we also have that the function f is constant on the set of limit points X, and the function value on & equals f. Combining
this with Assumption KL, we have for all z € X, there exists constants §(z) € [0,1), r, > 0 and C(z) > 0 such that,
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| f(z) — F 19 < C(2) x |V f(z)||2 forall z € B(z,7.). Now, consider the open cover { B(z,7.) : z € X'} of the set X
From compactness of the set X, we are guaranteed to have a finite subcover; more precisely, there exists {z1, .. . zp} cx
such that ¥ C (JV_, B(z;,r,). Define constants 6 : = max{6(z;) : 1 <i < p}, C := max{C(z;) : 1 <i < p}, and
r:=min {5 : 1 << p}. Utilizing the result |z* — z¥+!(|3 — 0 from Theorem 1 (respectively Theorem 2), one can
show that, there exists positive integer k; such that for all k > k; we have ||2* — 2*1||y < £, and 2% € J}_, B(z;,72,).
Putting together these pieces, we conclude that for all k£ > k;

p
o e |JBirs), and | f(@*) = FI°< OV S,

i=1
which proves the first part of claimed lemma. Now suppose the sequence {xk} )0 converges to a point Z, then we have that

the set of limit points X = {z}, is a singleton set. The rest of the proof is immediate by repeating the argument so far, with
the additional information that X = {Z}.

F. Proofs of Corollaries:

In this appendix, we collect the proofs of various Corollaries that appear in Section 5, which include Corollaries 2 and 3.

F.1. Proof of Corollary 2

First, note that in order to apply Theorem 1 and Theorem 3 to Corollary 2, it is enough to show that the function p — f (1)
is M y-smooth (in this example, function h = 0, and hence f = g), and the function f satisfies Assumption KL. We verify
that Assumption KL is satisfied by proving that the objective function f in problem (14) is continuous sub-analytic (see
Appendix B.2). For proving sub-analyticity, we heavily use the properties mentioned in Appendix B.3. In the following
proof, we assume without loss of generality that A = 1.

The function f is continuous sub-analytic: First, we show that the function VU is sub-analytic. We begin by observing
that U is piecewise polynomial. Polynomials are analytic functions and intervals are semi-analytic sets. Since piecewise
analytic functions with semi-analytic pieces are semi-analytic (hence sub-analytic), we conclude that the function ¥ is
sub-analytic. Now, the function p — y; — (2;, w) is linear, and hence continuous sub-analytic. Furthermore, since continuous
sub-analytic functions are closed under composition, we have that the function p +— ¥ (yl — {2, u)) is sub-analytic. Finally,
note that sub-analytic functions are closed under linear combination, and we conclude that the function f is sub-analytic.
The continuity of the function f is immediate by inspection.

The function f is smooth: Since the vectors {(z,-, Yi) }?:1 are fixed, it suffices to prove that the function ¥ is smooth.
A straightforward calculation shows that W is continuously differentiable and smooth; in particular, it has a smoothness
parameter 36 when A = 1.

Putting together the pieces, we conclude that Theorem 1 and Theorem 3 are applicable for problem (14). Convergence of
the sequence { uk } >0 (0 @ point i and the convergence rate of gradient norms follows from Theorem 3, and the stationary

condition V f(f1) = 0 follows from Theorem 1.

Escaping strict saddle points: Note that the functions (g, k) are twice continuously differentiable, and the function g is
smooth. Consequently, from Corollary 1, it follows that with random initializations, Algorithm 1 avoids strict saddle points
almost surely.

F.2. Proof of Corollary 3

We begin by providing a high-level outline of the proof. First, note that from Theorem 2, we have the successive
difference [|#* — 2**1[| — 0, and as a result, the set of limit point of the sequence {2*}, _ —call it ¥—is a connected
set (Ostrowski, 2016). We prove that the connected-set X is singleton by showing that the set X’ has an isolated point —
this also proves that sequence {z*} ;> is convergent. Next, we show that the objective-function f, in the problem (18),
satisfies Assumption KL with exponent § = 1. Finally, we show that condition |Z|(,) > |Z|(,11) > 0 implies that function

x = h(z) = Zf:dfsﬂ || iy is smooth in a neighborhood of point Z, and we use the proof techniques of Theorem 4 to
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establish the convergence rate of the gradient sequence. In order to obtain the rate of convergence of the sequence {x
we use ideas similar to those in the paper (Lee et al., 2016).

k}kzo’

Convergence of the sequence {2"};>¢: For notational convenience, let us use g() : = ||y — Bz||3, p(z) : = Az,
and h(z) := A Zf:dfsﬂ || ;). Since the point Z satisfies the condition |Z|(,y > |Z|(41) > 0 by assumption, there
must exist a neighborhood B(Z, r) such that the function h is differentiable in the neighborhood B(Z, ), and all points
r € B(z,r) satisfy sign(x(;)) = sign(Z(;)) for 1 < i < 7. We show that, in a neighborhood of the point Z, it is the only
critical point, thereby proving that the point Z is an isolated critical point. To this end consider the convex sub-problem
mentioned in Corollary 3

P(z):= ;IEHR% g(x) + Ap(x) — M(VR(Z), x). (1)

For any point z* such that z* € B(Z,r) N X, from Theorem 2, we know that
Vg(Z) + A\u — AVh(Z) =0 and Vg(z*) + Au™ — AVh(z™) =0, (52)

where subgradients u* € dp(z*) and @ € Jp(Z). Next, note that from the choice of neighborhood B(z, r), it follows that
for all z € B(z,r) we have Vh(z) = Vh(Z), and in particular, we deduce Vh(z*) = Vh(z). Combining this relation
with equation (52) yields:

Vg(Z)+ M a— AVA(Z) =0 and Vg(z™) + A" — AVh(Z) = 0,

which implies both the points * and Z are zero sub-gradient points of convex problem (51); this contradicts the assumption
that problem (51) has an unique solution. Hence, we conclude that x* = Z, and the point Z is an isolated critical point of the
sequence {z*}, _ . and X. Putting together the pieces, we conclude that z* — Z.

Smoothness of function % in a neighborhood of z: We already argued above that for all x € B(Z, ), the function A is
differentiable and Vh(x) = Vh(Z). Consequently, we have that in the neighborhood B(Z, r), the function & is smooth with
a smoothness parameter M; = 0.

The function f satisfies Assumption KL with exponent 6 = %: Recently, in the paper (Li & Pong, 2016) (Corollaries
5.1 and 5.2), the authors showed that if the functions f1, fo, ..., fr satisfy the KL-inequality with an exponent § = %, then
the function f : = min { fi, fayeo ey fT} also satisfies KL-inequality with the exponent 6 = % Interestingly, the function f
can be represented as minimum of finitely many functions as follows:

f(@) = min{|ly — Bz3 + Azl — Aa 2}, (53)

where A := {a € { - 1,0, l}d : S°% Jai] = }. Note that the set A has cardinality at most 3% It is known that functions
of the form z +— 12" Az + P(z) + b' z satisfy the KL-inequality with exponent § = 1, where P is a proper closed
polyhedral function, and A is a positive semi-definite matrix; see Corollaries 5.1 and 5.2 in the paper (Li & Pong, 2016).
Putting together these two observations, we conclude that the function f satisfies KL-assumption with KL-exponent § = %
Combining the pieces: ~Since we proved 2* — 7, we have that for a suitable choice of k1, the tail sequence {a*}, _
lies in the neighborhood B(Z, r). Now, the function f satisfies Assumption KL with exponent § = %, and the function h is
smooth in the neighborhood B(Z, r'); hence, following the argument in proof of Theorem 4 part(b), we conclude that:

Avg (|l £(a¥)]2) < 2L

Rate of convergence of sequence {s"} _ : The KL-exponent for the function f is § = 3, and we may use y = 1 in
equation (50) which yields -

o

1
>l =2ty <t — 2y + Ca(f () - )2, (54)
l=k1+1
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for some constant C'3. From Lemma 6 and equation (36), we have
1 1
(f@*) = 1)? < CIVFE)lla < COM + My + —)|l2" = 2B, (55)

Combining equations (54) and (55) we have

e 1
D llaf =2y < 2z — 2M o+ G (f(e*) - £)*

l=k1

(@) 1
< 2l|af — FH |y + CCs (M + My, + =)||lz* — 2F1 71,
«

(i1) _
< Clla®r — 2™, (56)

where C'is a constant depending on M, M}, v, C3 and C, and step (i) above follows from equation (55). We justify step (ii)
shortly, but let us first derive the linear rate of convergence of the sequence {x’“ } >0 Using the derivation in equation (56).

Denote e, = >0, ||z — 21 ||5. Then equation (56) provides the following recursion
er, < Cler,—1 —ex,).

Simple inspection of proof of Theorem 4 and derivations so far ensure that we can derive the equations (54) and (55) for all
k > kq; this provides us a recursion relation as above with k; replaced by k. Furthermore, by choosing a larger value of the
constant C' if necessary, we may conclude that for all £ > 1 we have

er < Clek—1 — ex)-

Rearranging the above inequality yields e; < C’L-Hek_l’ which guarantees that the sequence {e;C } w>0 converges to zero

at a linear rate. Finally, observe that ||z% — 2*|| < 372, ||2* — 21|z = ey, and the linear rate of convergence of the
sequence { ||z — 2*[|2}, ., to zero follows.

Justification for step (ii) in equation (56): Note that it suffices to show that the object ||z** — 2*1*1||5 is upper bounded
by a constant multiple of ||z*1 — 2¥1=1||5, where the constant depends only on M, Mj,, o and C. Recalling the decent
property proved in equation (40) we have:

() = )2 > (F™) = @) > —|lab — ah+ . 57)

V2a

Combining equations (57) and (55) we obtain the following upper and lower bound of ( fzk) — f) 2:

Sl =M < (M) = )F < COT + My 1)
(07

Rearranging the last equality proves the desired upper bound. Finally, we reiterate that the above justification also hold for
any iterate k with k > k.



