Semiparametric Contextual Bandits

A. Using the OLS Estimator

Here we construct an example problem to demonstrate how using the standard OLS estimator can fail in the semiparametric
setting. While not a comprehensive proof against all asymptotically biased approaches, similar examples can be constructed
for related estimators.

Consider a two-dimensional problem with two actions and no stochastic noise, where 6 = e5, the second standard basis
vector. On the even rounds, the actions are z; = (1,1), 22 = (1,1/3) and the confounding term is f = —1. On the odd
rounds, the actions are z; = 2o = (1,0) and the confounding term is f = 1. For any policy for selecting actions, the OLS
estimator before round ¢ (for even ?) is the solution to the following optimization problem:

minimize,,cg> a(w; +w2)? + (1 — a)(w; +wa/3 +2/3)* + (w1 — 1)? = L(w)

where « € [0, 1] corresponds to the fraction of the even rounds (up to round ¢) where the policy chose z;. We will argue
that, for any «, the solution to this problem w has w9 < 0. Since there is no stochastic noise, there is no need for confidence
bounds once the covariance is full rank, which happens after the second round. Together, this implies that any sensible
policy based on w will prefer z, to z; on the even rounds, but z; yields higher reward by a fixed constant. Thus using OLS
in a confidence-based approach leads to linear regret.

We now show that w- is strictly negative. We have
OL(w)

3w1

OL(w) 2
Dwy 2a(wy + wa) + g(l —a)(w; +w2/3+2/3).

Setting both equations equal to zero yields the following system:

4wy + (2/3 + 4a/3)wy = 2/3 + 4a/3, (2/3+4a/3)wi + (2/9 + 160/9) w2 = 4a/9 — 4/9.

= 2a(w; + wa) + 2(1 — a)(wy + wa/3 +2/3) + 2(wy — 1),

The solution to this system is

(2a0 + 1)2 40” +5
W = ——5 o T w2 = ~
! 27 402 12— 1’

- —da?+12a+1’
provided that 4o # 12a + 1, which is not possible with o € [0, 1]. In the interval [0, 1] we have that 4a* — 12a — 1 < 0,
and hence wy < 0. Thus, the OLS estimator incorrectly predicts that 29 receives higher reward than z; on the even rounds.
Since confidence intervals are not needed, the algorithm suffers linear reget.

B. Proof of Proposition 3

We consider two possible values for the true parameter: 6, = e; € R2,05, = e; € R2. At all rounds, the context
2y = {e1, ez} contains just two actions, and we further assume that the noise term &; = 0 almost surely. Since the action a,
is a deterministic function of the history, it can also be computed by the adaptive adversary at the beginning of the round,
and the adversary chooses

fi(zy) = —1{a; = argmax(f, z; q) }.

We show that 7;(a;) = 0 for all rounds ¢. Assume the parameter is ¢, so the optimal action is a} = e; and the suboptimal
action ey has (0, e2) = 0. If the learner chooses action e, then the adversary sets f;(x;) = 0, so r¢(a;) = 0. On the other
hand, if the learner chooses action eq, then the adversary sets f;(x;) = —1 so the reward is also zero. Similarly, if 6 = 65,
the observed reward is always zero. Since the algorithm is deterministic, it behaves identically regardless of whether the
parameter is 61 or 6. In one of these instances the algorithm must choose the suboptimal action at least T'/2 times, leading
to the lower bound.

C. Proof for the Two-Action Case

We first focus on the simpler two action case. Before turning to the main analysis, we prove two supporting lemmas. The
first is an algebraic inequality relating matrix determinants to traces. This inequality also appears in Abbasi-Yadkori et al.
(2011).
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Lemma9. Let X1,..., X, denote vectors in R? with || X;||2 < L forall i € [n]. Define T = X[ + > | X;X,". Then
det(T") < (A +nL?/d)".

Proof. We will apply the following standard argument:

n

- 1
T 2 2
§:j r(X; X, _)\+dl§1\|XiH2§)\+nL /d.

det(T)V4 < = t(I) = ftr (M) +

ISHR
&.\H

The first step is a spectral version of the AM-GM inequality and the remaining steps use linearity of the trace operator and
the boundedness conditions. O

The second lemma is a new self-normalized concentration inequality for vector valued martingales.

Lemma 10 (Symmetric self-normalized inequality). Let {F;}7_, be a filtration and let {(Z,(;)}1—, be a stochastic
process with Z; € R and (; € R such that (1) (Z, () is F; measurable, (2) |¢;| < M forallt € [T), (3) Zy 1L (| Fs, (4)
E[Z:|F:] = 0, and (5) for all x € RY, L((x, Z;) | F;) = L(—{(x, Z;) | F+) where L denotes the probability law, so that Z,

is conditionally symmetric. Let ¥ £ 23:1 Z:Z,1. Then for any positive definite matrix QQ we have

Z ZiGy

det(Q + M2E)>
> 2log ( —— || <4
5 det
(Q+M2x)—1 Q)

Proof. The proof follows the recipe in de la Peiia et al. (2009) (See also de la Pefia et al. £2008) for a more comprehensive
treatment including the univariate case). We start by applying the Chernoff method. Let ¥ £ @ + M?23. We can write

2

1 [det(£) )| 1< 1 [det(%)
- =2log (5 det(Q)) =Flee |y Zztg )25\ aet@)
$-1 t=1 $-1
2
det(Q) 1<
= det(i) exXp 5 ;Zt@ o

Therefore, if we prove that this latter expectation is at most one, we will arrive at the conclusion. A similar statement appears
in Theorem 1 of de la Pefia et al. (2009), but our process is slightly different due to the presence of ¢;. To bound this latter
expectation, fix some A € R and consider an exponentiated process with the increments

M2<)\,Zt>2> .

D} £ exp <<)‘7Zt<t> - B

Observe that E[D}|F;] < 1 since by the conditional symmetry of Z;, we have
IE[D?IE] =E [E [Dt)\ ‘ fu(t} |]:t]

_elw :eXp (_MQ;W) x 5 (DA ZiG)) + exp(— (A, ZG) | ft,g} | ft]

g[8 [exp (W) < cosh((\ ZiCy) | ft,ct] | ft]

2
[T —M?Z(\, Z,)? Z:C)?
<E|E exp( <2)\’ 0 + A, 2t§t> ) |]:t7Ct] |.7:t] <1.

This argument first uses the conditional symmetry of Z; and the conditional independence of Z;, (;, then the identity
(e” + e~*)/2 = cosh(z) and finally the analytical inequality cosh(z) < ¢**/2. Finally in the last step we use the bound
(| < M. This implies that the martingale U 2 [['_, D} is a super-martingale with E[U}"] < 1 for all ¢, since by
induction

E[U}] = E[UX E[D}|F]] <E[U,] < ... < 1. (©)
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Now we apply the method of mixtures. In a standard application of the Chernoff method, we would choose A to maximize
E[U3], but since we still have an expectation, we cannot swap expectation and maximum. Instead, we integrate the inequality
]E[U%] < 1, which holds for any )\, against A drawn from a Gaussian distribution with covariance Q‘l. By Fubini’s theorem,
we can swap the expectations to obtain

1> Exon,0 1E[U7] = E/U% 2m)~Y2/det(Q) exp(—AT QA/2)dA

T

2\ T T T T
=E [ (27)"%2,/det(Q) exp N, Zuy) — MAXN" (3,0 ZeZ, )X+ AT QA o
t=1 2

_ E/(gﬁ)—d/z 360(Q) exp (()\, ) MIATEA+ ATQA) d),

2

where S £ Zle Z;(; and recall that ¥ = Zthl Z,Z,] . By completing the square, the term in the exponent can be
rewritten as

M2XTEX+ATQA -

A, S) — S % (CA—£18) TSN - £15) + 5T 15) |

where recall that ¥ £ M?2¥ + Q. As such we obtain

~(A-S18)TE(N — z—ls))] N

1>E [exp (STE71S/2) x / (2m) =2\ /det(Q) exp (

2
det(Q) Ta-1
=E = S XS
det(x) P ( )
This proves the lemma. O

Equipped with the two lemmas, we can now turn to the analysis of the influence-adjusted estimator.

Lemma 11 (Restatement of Lemma 5). Under Assumption 1 and Assumption 2, with probability at least 1 — 0, the following
holds simultaneously for all t € [T):

16; — 0|1, < VA + /9dlog(1 + T/(dN)) + 181og(T/d).

Proof. Recall that we define ét, I'; to be the estimator and matrix used in round ¢, based on ¢ — 1 examples. Fixing a round
t, we start by expanding the definition of #;. We use the shorthand z, £ Zra.s bor 2 Epor, [2r.], and 7~ 2y (ar).

=Ty Z —Ftlz (0, 2r) + fr(zr) + &)
=Ty 12 (6, 2 — pr) + (0, p12) + fr(wr) + &)
= () T AT S e — i) (i) + o)+ E0).
T=1

Let Z, = z, — p, and ¢, = (0, ju,) + fr(x,) + & . With this expansion, we can write

t—1 t—1 t—1
10: = Ollr, = | = AT O+ T, Y~ ZoGolle, < ANl + || 2oy <SVA+ (D] 2,
=1 =1 Ft_l =1 Ft_l

To finish the proof, we apply Lemma 10 to this last term. To verify the preconditions of the lemma, let F, =
o(x1,...,&r,a1,...,0,-1,&1,...,&—1) denote the o-algebra corresponding to the 7t round, after observing the con-
text ;. Then the policy 7, and hence the action a, are JF, measurable and so is the noise term &,. Therefore,
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Zr = Zra. —Bamr, [zml] is measurable, which verifies the first precondition. Using the boundedness properties in Assump-
tion 2, we know that |, | < 3 £ M, and by construction of the random variables, we have Z, I (.|F, and E [Z,|F,] = 0.
Finally, for the symmetry property, either Z,|F, = 0 if one action is eliminated, or otherwise we have p1, = %(zﬂl + 2:2)
since there are only two actions. In this case the random variable Z.|F, = €:(z;1 — 27,)/2 where ¢, is a Rademacher
random variable. By inspection this is clearly conditionally symmetric. As such, we may apply Lemma 10, which reveals
that with probability at least 1 — 4,

t—1

> chf = M?
T=1

1 |det(M2T,)

ZCr < 2M?1 - ——=

Z ¢ °g<5 det(M2A])
(M?2Ty)—1

= 181log < A—d det(Pt)/cS) .

The inequality here is Lemma 10 with Q = M?\I, and for the last equality we use that det(cQ) = c¢?det(Q) forad x d
positive semidefinite matrix Q. As two final steps, we apply Lemma 9 and take a union bound over all rounds 7. Combining
these, we get that for all T',

16: = Ollr, < VA+

t—1
> Z:¢

=1

< \f+\/ (log( A—ddet(Ty)) + log(T/é))
F_l

< VA4 /9dlog(1+ T/(dN)) + 1810g(T/5). O

Therefore, with v(T) £ v/X + \/9dlog(1 + T/(d\)) + 181og(T/5) we can apply Lemma 6 to bound the regret by

Reg(T) < /2T log(1/8) + 2v(T \/tr Ty Cov (210))-

b~y

Via a union bound, this inequality holds with probability at least 1 — 24. To finish the proof we need to analyze this latter
term. This is the contents of the following lemma. A related statement, with a similar proof, appears in Abbasi-Yadkori et al.
(2011).

Lemma 12. Let X1, ..., X1 be a sequence of vectors in R? with | Xy |2 < 1 and define Ty 2 N[, Ty 2Ty +X; 1 X, .

Then
T
S V@ X X)) < /Td(1+1/0) log(1 + T/(dN)).

Proof. First, apply the Cauchy-Schwarz inequality to the left hand side to obtain

T T
S @) < VT DY e XX,
t=1 T=1

For the remainder of the proof we work only with the second term. Let us start by analyzing a slightly different quantity,
tr(I'; ), X¢ X," ). By concavity of log det(M), we have

log det(T';) < logdet(T'y11) + tr(Ty}' (T — Typ1)),
which implies
tr(T; 4 Xe X, ) = tr(D3 (Tegr — Tv)) < logdet(Te41) — log det(T';)

As such, we obtain a telescoping sum

Ztr I X X,[) <logdet(I'r41) — logdet(T'y) < dlog(A + T/d) — dlog A = dlog(1 + T/(d\))
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The first inequality here uses the concavity argument and the second uses Lemma 9. To finish the proof, we must translate
back to I';” L For this, we use the Sherman-Morrison-Woodbury identity, which reveals that

_ o, Itxx ot
X TN X =X T+ X X,) ' X = X, (rt Lot 2t )y,

T I
U e
= 5 = + - 1.
L | X7 i
Here in the last step we use that HXtHF_1 < ||XtH(,\1 < 1/A. Overall, we obtain

D (T TXX) < (14 1/N)dlog(1 + T/(dN)),

and combined with the first application of Cauchy-Schwarz, this proves the lemma. O

Combining the lemmas, we have that with probability at least 1 — 26, the regret is at most

Reg(T) < /2T log(1/8) + 2v(T)\/Td(1 + 1/X) log(1 + T/(d\))
= /2T 1og(1/6) 4+ 2+/Td(1 + 1/\) log(1 + T/(d))) (ﬁ +/9dlog(1 + T/(d\)) + 18log(T/5)) :

With A = 1, this bound is O (\/leog(T/é) log(T/d) + dv/T 1og(T/d)).

D. Proof for the General Case

We now turn to the more general case. We need several additional lemmas.

Lemma 13 (Restatement of Lemma 8). Problem (3) is convex and always has a feasible solution. Specifically, for any vectors
21, ..., 2n € R and any positive definite matrix M, there exists a distribution w € A([n]) with mean j1,, = By [25] such
that

Vi€ [nl, lzi = pollis < tr(M Cov(z)).

Proof. We analyze the minimax program

2
min  max||z; — pwl||5s — tr(M Cov(z)).
Jamin = pr — tr(M Cov(2))
The goal is to show that the value of this program is non-negative, which will prove the result. Expanding the definitions, we
have

2
min max Zi — M —tr(M Cov(z
weA([n]) ien] [ How || 21 ( o (2))

: 2 T T
= a ; P — + oy M pry — iz; Mz
weA((n]) veA () &= Vil Mt ;WJ K

e i a M M
ue%I(I[l])weniﬁ]sz Iz = /“L“’”M—i_” Pw = zj:wa% Zj

The last equivalence here is Sion’s Minimax Theorem (Sion, 1958), which is justified since both domains are compact convex
subsets of R™ and since the objective is linear in the maximizing variable v, and convex in the minimizing variable w. This
convexity is clear since (i, is a linear in w, and hence the first two terms are convex quadratics (since M is positive definite),
while the third term is linear in w. Thus Sion’s theorem lets us swap the order of the minimization and maximization.
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Now we upper bound the solution by setting w = v. This gives

2 T T
< e S v | s — ol + gl Mis =3 S0z M

J

T T T
= 4 i Mo M i — Mo UM v T iz; Mz; = 0. O
e S v | (o= ) T (o = o) g Mpy = 3 vz M

J

To prove the analog of Lemma 10, we need several additional tools. First, we use Freedman’s inequality to derive a
positive-semidefinite inequality relating the sample covariance matrix to the population matrix.

Lemma 14. Let X1, ..., X, be conditionally centered random vectors in R< adapted to a filtration { F; }1_; with || X;||2 < 1
almost surely. Define 3. = Sy X; X" and ¥ & S E[X; X" | Fi]. Then, with probability at least 1 — 6, the following
holds simultaneously for all unit vectors v € R%:

v Su < 20" Sv + 9dlog(9n) + 8log(2/4).

This lemma is related to the Matrix Bernstein inequality, which can be used to control ||X — 3|/, a quantity that is quite
similar to what we are controlling here. The Matrix Bernstein inequality can be used to derive a high probability bound of
the form

- 1
Vo eR: ulla =1, o (T-) < 5 IZll2 + clog(dn/d),

for a constant ¢ > 0. On one hand, this bound is stronger than ours since the deviation term depends only logarithmically on
the dimension. However, the variance term involves the spectral norm rather than a quantity that depends on v as in our
bound. Thus, Matrix Bernstein is worse when ¥ is highly ill-conditioned, and since we have essentially no guarantees on
the spectrum of X, our specialized inequality, which is more adaptive to the specific direction v, is crucial. Moreover, the
worse dependence on d is inconsequential, since the error will only appear in a lower order term.

Proof. First consider a single unit vector v € R?, we will apply a covering argument at the end of the proof. By
assumption, the sequence of sums {>_;_, v (X, X;" —E[X; X, | F;])v}"_, is a martingale, so we may apply Freedman’s
inequality (Freedman, 1975; Beygelzimer et al., 2011), which states that with probability at least 1 — §

(S~ Dol < 2| S Var(oT (XX — EXXT | Flo | F)log(2/5) + 2log(2/5).

i=1
Let us now upper bound the variance term: for each ¢,

Var(v " (X; X, —E[X; X, | F])v | F) <E[(v"(X: X —EB[X: X[ | F]| Fi)v)® | Fi]
v

<E
<E[(v' Xo)* | F] <o E[XX] | Filv,

where the last inequality follows from the fact that || X;||2 < 1 and ||v||2 < 1. Therefore, the cumulative conditional variance
is at most v ' Yv. Plugging this into Freedman’s inequality gives us

o1 (2= )| < 2¢y/vT Solog(2/6) + 2log(2/6).

Now, using the fact that 2v/ab < aa + b/« for any o > 0, with the choice o = 1/2, we get
(2 — )| <0’ Bu/2 + 4log(2/6).
Re-arranging, this implies

v Yo < 20" Bo + 8log(2/9), (7)
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which is what we would like to prove, but we need it to hold simultaneously for all unit vectors v.

To do so, we now apply a covering argument. Let [N be an e-covering of the unit sphere in the projection pseudo-metric
d(u,v) = |luu” —vvT |2, with covering number N (¢). Then via a union bound, a version of (7) holds simultaneously for
allv € N, where we rescale § — §/N ().

Consider another unit vector « and let v be the covering element. We have
' Su=tr(S(uu’ — o)) + 0" o < tr(S(uu” — o)) + 20" o + 8log (2N (€)/6)

=tr((2 — 22) (un" —ovv")) + 2u’ Su + 8log(2N (€)/6)

< IS = 28| e + 2u Su + 8log(2N (€) /6).
Here || - ||« denotes the nuclear norm, which is dual to the spectral norm || - ||2. Since all vectors are bounded by 1, we obtain

|2 = 25|, < dAmax(Z — 28) < 3dn.
Overall, the following bound holds simultaneously for all unit vectors v € R%, except with probability at most d:
v Sv < 3dne + 20" S 4 8log(2N (€)/6).

The last step of the proof is to bound the covering number N (¢). For this, we argue that a covering of the unit sphere
in the Euclidean norm suffices, and by standard volumetric arguments, this set has covering number at most (3/¢)?. To
see why this suffices, let u be a unit vector and let v be the covering element in the Euclidean norm, which implies that
|lu — v||2 < e. Further assume that (u,v) > 0, which imposes no restriction since the projection pseudo-metric is invariant
to multiplying by —1. By definition we also have (u, v) < 1. Note that the projection norm is equivalent to the sine of the

principal angle between the two subspaces, which once we restrict to vectors with non-negative inner product means that
luuT —vo Ty = sin Z(u, v). Now

sin Z(u,v) = \/1 —(u,v)? = \/(1 + (u,v))(1 — {u,v))
< V21 = (u,0)) = \/||UH§ +[[]13 = 2{u,v) = [lu —v[l2 < e.

Using the standard covering number bound, we now have

v Yo < 3dne + 207 Xv 4 8dlog(3/€) + 8log(2/9).

Setting € = 1/(3n) gives
v Sv < d+ 20" S + 8dlog(9n) + 8log(2/8) < 20T Sw 4 9dlog(9n) + 8log(2/4). O

With the positive semidefinite inequality, we can work towards a self-normalized martingale concentration bound. The
following is a restatement of Lemma 7 from de la Pefia et al. (2009).

Lemma 15 (Lemma 7 of de la Pefia et al. (2009)). Let {X;}_, be a sequence of conditionally centered vector-valued
random variables adapted to the filtration {F;}?_, and such that || X;||2 < B for some constant B. Then

Un(\) = exp (AT Xn:Xi AT (zn: X, X" +E[X; X fi]> )\/2>

i=1 =1

is a supermartingale with E[U,,(\)] < 1 for all X € R4

The lemma is related to (6), but does not require that conditional probability law for X; is symmetric, which we used
previously. To remove the symmetry requirement, it is crucial that the quadratic self-normalization has both empirical and
population terms. With this lemma, the same argument as in the proof of Lemma 10, yields a self-normalized tail bound.
Lemma 16. Let {F;}1_, be a filtration and let {(Z;, (;)}_, be a stochastic process with Z; € R% and (; € R such that
(1) (Zy,¢,) is Fy measurable, (2) |Cy| < M forall t € [T), (3) Zy 1L Ci|Fy, and (4) B[Z|F] = 0. Let > 2 Zthl Z 2z
and ¥ £ Zthl E[Z,Z]. | Fi). Then for any positive definite matrix Q we have

T
> 7
t=1

P

4]

2 ~
1 [det(Q + M2(S + %))
= 2log \/ det(Q) =

(Q+M2(E+x))-!
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Proof. The proof is identical to Lemma 10, but uses Lemma 15 in lieu of (6). O

We can now analyze the influence-adjusted estimator.

Lemma 17. Under Assumption 1 and Assumption 2 and assuming that X > 4d1og(9T') + 8log(4T/0), with probability at
least 1 — 0, the following holds simultaneously for all t € [T):

16; — 0||r, < VA++/27dlog(1 + 2T/d) + 5410g(4T/5).
Proof. Using the same argument as in the proof of Lemma 5, we get
t—1
> 7.,
T=1
where Z, = z; — pu, and { = (0, p;) + fr(2,) + &, just as before. Now we must control this error term, for

which we need both Lemma 14 and Lemma 16. Apply Lemma 14 to the vectors Z., setting 3, 2 23—111 Z.Z! and
3 2 SN B[Z, Z, | F.]. With probability at least 1 — §/(27T"), we have that for all unit vectors v € R?

||ét - 9||Ft < \/XJ'_

)

r;t

v S < 207 By + 9dlog(9t) + 8log(4T/8) < 20" v 4 9d1og(9T) + 8log(4T/9).
This implies a lower bound on all quadratic forms involving $3;, which leads to positive semidefinite inequality
M+ 3 = (A= 3dlog(9T) — 8/31og(4T /) + (¢ + £4)/3.
This means that for any vector v, we have
||“||?A1+2t)—1 S ||UH?(/\73dlog(9T)f8/3log(4T/§))I+(ilt+Et)/3)—1
< 3””“?(3,\—% log(9T) —8log (4T /8)) [+ 5 +5,)—1°

Before we apply Lemma 16, we must introduce the range parameter ). Fix a round ¢ and let A 2 ((3X\ — 9d1og(9T) —
8log(4T/0))I + Xy + X;) denote the matrix in the Mahalanobis norm. Then,

t—1 t—1
> Z:¢ > Z:¢
=1 =1

Now apply Lemma 16 with Q@ = M?(3)\ — 9d1og(9T) — 8log(4T/5))I. Since we require @ = 0, this requires \ >
3dlog(9T") — 8/31og(4T'/J), which is satisfied under the preconditions for the lemma. Under this assumption, we get

2
= M?
1

2
A-

(M24) 1

t—1 =1

2 2 2
I szgnwmt)_l < 3M7| ZZT<T||<Q+Mz<2t+zt>>—1
—1 =1

<oM2log [ L \/ det(Q + M2(5, + zt»)

5 det(Q)

with probability at least 1 — §/(27"). With a union bound, the inequality holds simultaneously for all 7', with probability at
least 1 — 4.

The last step is to analyze the determinant. Using the same argument as in the proof of Lemma 9, it is not hard to show that

det(@ + 225 +3) ) ) 2t —1)
det(Q) =1 BN — 0d1og(9T) — 8log(4T/8))”

If we impose the slightly stronger condition that A > 4d log(9T") + 8log(41'/d), then the term in the denominator is at least
1, and then we have that

16, — Olr, < VX + /6M21og(4T/5) + 3dM?log(1 + 2T /d).

Finally, as in the two-action case, we use the fact that |(;| < 3 £ M. O
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Recall the setting of (7)) £ VA + /27dlog(1 + 2T/d) + 541og(47/5) and the definition of A £ 4dlog(97T) +
8log(4T'/d). For the remainder of the proof, condition on the probability 1 — § event that Lemma 17 holds. We now turn to
analyzing the regret.

Lemma 18. Let y, £ Ea~r, 2t,a Where my is the solution to (3) and assume the conclusion of Lemma 17 holds. Then with
probability at least 1 — §

Reg(T) < (14 6+(T))\/2T log(2/6) + 3v(T TZtr Yz ar — 1) (Zta, — ) T).

This lemma is slightly more complicated than Lemma 6.

Proof. First, using the same application of Azuma’s inequality as in the proof of Lemma 6, with probability 1 — 6/2, we
have

T
Reg(T) < /2T log(2/9) + Z]Eamrt[w,zt,a; — Zta) | Fil-
=1

Now we work with this latter expected regret

T T T
ZEaNWtKeazt,a — zt,a) | Ft] = Z (0, 2t,ar — pe) < Z 0, 2 ap — bty +v(D)|2t,a; — Mt”r;l-
- =1 t=1

For the ﬁrst term, we use the filtration condition (2)

0, 20; — 1) = Y ml@){f 2 — 2a) < VT) Y mla)llzra; — 2eallp, s

a€A, a€A;
<D zta; = mellper +1T) D we(@)l|zea = pellpo-
acAy

Applying the feasibility condition in (3), we can bound the expected regret by

T T T
ZEGNMK& Ztar — Zt,a) | Fi] < 3y(T) Z \/tr(rtl L?NO:(Z““)) < 3v(T) TZtr(I‘;l ngO;,(zta))

t=1 t=1

To complete the proof, we need to relate the covariance, which takes expectation over the random action, with the particular
realization in the algorithm, since this realization affects the term I'; ;. Let Z; £ Zt,a, — M¢ denote the centered realization,

then the covariance term is
Cov(zi.q) =E[Z:Z] | Fi

an~Ty

In order to derive a bound on Zle tr(T;* Covamn, (2t.4)), We first consider the following
Ztr I E(z,.z] | F)) — (D7 2.20).
Observe that sequence of sums {> ;_, tr([; 'E[Z,Z, | Fi]) — tr(T'; ' Z,Z)}L_, is a martingale. Also, each term

tr(0; 'E[Z,Z, | Fi]) — tr(T; ' Z:Z,' ) is bounded by 1 because T'y = AT and A > 1. Applying the Freedman’s inequality
reveals that with probability at least 1 — §/2

T
Ztr T'EB(ZZ] | F) -t Z27) < 24| Y E[(Z[ T 2)? | Fillog(2/6) + 21og(2/6)

t=1

<2, S (0, EIZ 2] | F))log(2/5) + 2log(2/6)
t=1

<S> (I 'ElZ.Z] | F) +4log(2/6).

t=1

L\:\H
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Then rearranging and plugging back into our regret bound, we have

Reg(T) < /2T 10g(2/6) + 3~v(T J 2T (Z tr(0; 2. 27) + 410g(2/5)>

< (14 69(T))\/2T log(2/6) + 3y(T $2T2tr 12,27, O

To conclude the proof of the theorem, apply Lemma 7, which applies on the last term on the RHS of Lemma 18. Overall,
with probability at least 1 — 24, we get

Reg(T) < (1 + 64(T))\/2T 10g(2/6) + 3v(T)/2Td(1 + 1/X) log(1 + T/(dN)).

Since A = ©(dlog(7/6)) and v(T) = O(y/dlog(T) + \/log(T/5)), we get with probability 1 — 4,

Reg(T )<0(dxf log(T") + v/dT log( )1og(T/5)+\/Tlog(T/é)log(1/5)>.



