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Abstract

We consider an ¢2-regularized non-convex optimization problem for recovering signals from their noisy
phaseless observations. We design and study the performance of a message passing algorithm that aims
to solve this optimization problem. We consider the asymptotic setting m,n — oo, m/n — § and obtain
sharp performance bounds, where m is the number of measurements and n is the signal dimension. We
show that for complex signals the algorithm can perform accurate recovery with only m = (% — ) n &
2.5n measurements. Also, we provide sharp analysis on the sensitivity of the algorithm to noise. We
highlight the following facts about our message passing algorithm: (i) Adding ¢2 regularization to the
non-convex loss function can be beneficial even in the noiseless setting; (ii) spectral initialization has
marginal impact on the performance of the algorithm.

1 Motivation

Phase retrieval refers to the task of recovering a signal «, € C**! from its m phaseless linear measurements:

n
§ Aaix*,i

i=1

Yo = tw,, a=1,2,...,m, (1.1)

where z, ; is the ith component of ., Ay, iid CN(0, %) and w, ~ N(0,02) a Gaussian noise. The recent
surge of interest has led to a better understanding of the theoretical aspects of this problem. Early theoretical
results on phase retrieval, such as PhaseLift (Candes et all |2013) and PhaseCut (Waldspurger et al., 2015)),
are based on semidefinite relaxations. For random Gaussian measurements, a variant of PhaseLift can
recover the signal exactly (up to global phase) in the noiseless setting using O(n) measurements (Candes &
. A different convex optimization approach for phase retrieval was proposed in |Goldstein & Studer
(2016) and Bahmani & Romberg| (2016). This method does not involve lifting and is computationally more
attractive than its SDP-based counterparts. Apart from these convex relaxation approaches, non-convex
optimization approaches have recently raised intensive research interests. These algorithms typically consist
of a carefully designed initialization step (usually accomplished via a spectral method (Netrapalli et al.l
2013)) followed by low-cost iterations such as alternating minimization algorithm (Netrapalli et al.| [2013) or
gradient descent variants like Wirtinger flow (Candes et al., 2015; Ma et al., [2017)), truncated Wirtinger flow
(Chen & Candes, 2017)), amplitude flow (Wang et al., |2016; |Zhang & Liang, 2016), incremental reshaped
Wirtinger flow (Zhang et al., [2017) and reweighted amplitude flow (Wang et al., [2017a)). Other approaches
include Kaczmarz method (Wei, [2015; |Chi & Lu, [2016} Tan & Vershynin| 2017; |Jeong & Gunttirk, 2017)),
trust region method (Sun et al., [2016)), coordinate decent (Zeng & So| [2017)), prox-linear (Duchi & Ruan|
2017), Polyak subgradient (Davis et all, 2017), block coordinate decent (Barmherzig & Sunl, [2017).

Thanks to such research we now have access to several algorithms, inspired by different ideas, that are
theoretically guaranteed to recover x, exactly in the noiseless setting. Despite all these progresses, there is
still a gap between the theoretical understanding of the recovery algorithms and what practitioners would
like to know. For instance, for many algorithms, including Wirtinger flow and amplitude flow, the exact
recovery is guaranteed with either cnlogmn or cn measurements, where c is often a fixed but large constant
that does not depend on n. In both cases, it is often claimed that the large value of ¢ or the existence of
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logn is an artifact of the proving technique and the algorithm is expected to work with cn for a reasonably
small value of ¢. Such claims have left many users wondering

Q.1 Which algorithm should we use? The theoretical analyses may not be sharp and many factors may
have impact on the simulations including the distribution of the noise, the true signal x,, and the
number of measurements.

Q.2 When can we trust the performance of these algorithms in the presence of noise?
Q.3 What is the impact of initialization schemes, such as spectral initialization?

Researchers have developed certain intuition based on a combination of theoretical and empirical results,
to give heuristic answers to these questions. However, as demonstrated in a series of papers in the context
of compressed sensing, such folklores are sometimes inaccurate (Zheng et all |2017)). To address Question
Q.1, several researchers have adopted the asymptotic framework m,n — oo, m/n — ¢, and provided sharp
analyses for the performance of several algorithms (Dhifallah & Lu} 2017, |Dhifallah et al.,[2017; |Abbasi et al.)
2017). This line of work studies recovery algorithms that are based on convex optimization. In this paper,
we adopt the same asymptotic framework and study the following popular non-convex problem, known as
amplitude-based optimization (Zhang & Liang, 2016; |[Wang et al., |2016]):

m

min Y (v — [(A2)al)® + 5. (1.2)

a=1

where (Ax), denotes the a-th entry of Ax. Note that compared to them, has an extra fo-regularizer.
Regularization is known to reduce the variance of an estimator and hence is expected to be useful when
w # 0. However, as we will clarify later in Section [2] since the loss function > " | (Yo — |(Az),|)? is non-
convex, regularization can help the iterative algorithm that aims to solve even in the noiseless settings.
To answer Q.1 to Q.3, we study a message passing algorithm that aims to solve . As a result of our
studies, we present sharp characterization of the mean square error (even the constants are sharp) in both
noiseless and noisy settings. Furthermore, in simulation section (Section, we compare our algorithm with
other existing methods and present a quantitative characterization of the gain that spectral initialization
can offer to our algorithms.

For phase retrieval, a Bayesian GAMP algorithm has been discussed in|Schniter & Rangan|(2015)); Barbier
et al.| (2017)). However, they did not provide rigorous performance analysis, particularly, how they handle the
difficulty related to initialization, for which we will provide a solution in this paper. Further, the algorithm in
Barbier et al.|(2017)) is based on the Bayesian framework, and performance analyses of Bayesian algorithms
are often very challenging under “non-ideal” situations which the algorithms are not designed for. This
paper considers an AMP algorithm referred as AMP.A for solving the popular optimization problem .
Contrary to the Bayesian GAMP, the asymptotic performance of AMP.A does not depend on the signal and
noise distributions except for their second moments. Further, given the fact that the most popular schemes in
practice are iterative algorithms derived for solving non-convex optimization problems, the detailed analyses
of AMP.A presented in our paper may also shed light on the performance of these algorithms and suggest
new ideas to improve their performances.

2 AMP.A Algorithm

Our algorithm is based on the approximate message passing (AMP) framework (Donoho et al.||2009; [Bayati &
Montanari, 2011), in particular the generalized approximate message passing (GAMP) algorithm developed
and analyzed in [Rangan| (2011) and Javanmard & Montanari (2013)). Following the steps proposed in
Rangan| (2011]), we obtain the following algorithm called, Approzimate Message Passing for Amplitude-based
optimization (AMP.A) (the derivation is shown in Appendix B in supplementary). Starting from an initial



estimate £ € C**1, AMP.A proceeds as follows for t > 0:

)\ _ ( t—1 )
t t t—-1  9g\p° Y
p' = Azt — . - , 2.1a
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In the above, p/|p| at p = 0 can be any fixed number and does not affect the performance of AMP.A.
Further, the “divergence” term div,(g;) is defined as

. A a a; a a EL’ a
div,(g0) 2 72 ( 9(Pa:Ya) g(gply )>
= ‘ (2.2)
1 Ya
= — —]_7
m;2\pél

where pZ and p! denote the real and imaginary parts of p! respectively (i.e., p!, = p® +ipl).

The first point that we would like to discuss here is the benefits of the regularization on AMP.A. Since
the optimization problem in is non-convex, iterative algorithms intended to solve it can get stuck at
bad local minima. In this regard, regularization can still help AMP.A to escape bad local minima through
continuation concept even in the noiseless setting. Continuation is popular in convex optimization for
improving the convergence rate of iterative algorithms (Hale et al., 2008)). In continuation we start with a
value of i for which AMP.A is capable of finding the global minimizer of . Then, once AMP.A converges
we gradually change p towards the target value of u for which we want to solve the problem and use the
previous fixed point of AMP.A as the initialization for the new AMP.A. We continue this process until we
reach the value of y we are interested in. For instance, if we would like to solve the noiseless phase retrieval
problem then g should eventually go to zero so that we do not introduce unnecessary bias.

A more general version of the continuation idea we discussed above is to let p change at every iteration
(denoted as ut), and set \; according to ut:

A\ = —din(gt) (23)

—divy(ge) +pt (1 + 3)

This way not only we can automate the continuation process, but also let AMP.A decide which choice of
1 is appropriate at a given stage of the algorithm. Our discussion so far has been heuristic. It is not clear
whether and how much the generalized continuation can benefit the algorithm. To give a partial answer to

Lr2divy(ge) and obtain the

this question, we focus on the following particular continuation strategy: p! = T,

following version of AMP.A:

2
p' = Az’ — 59 gt y), (2.4a)
't =2 [~div,(g:) - =" + ATg(p',y)] . (2.4b)

Note that this choice of p; removes div,(g;) from the denominator of (2.1)), stabilizes the algorithm, and
significantly improves the convergence behavior of AMP.A. A key property of AMP (including GAMP) is
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that its asymptotic behavior can be characterized exactly via the state evolution platform
[2009; Bayati & Montanari, 2011} Rangan| [2011). Based on a standard asymptotic framework developed
in Bayati & Montanari (2011)) we can analyze the state evolution (SE), that captures the performance of
AMP.A under the asymptotic framework. We assume that the sequence of instances {x.(n), A(n),w(n)} is
a converging sequence defined in Bayati & Montanari (2011). Further, without loss of generality, we assume
Lllz.(n)||> = £ = 1. Then, roughly speaking, the estimate =’ can be modeled as oyx. + o;h, where h
behaves like an iid standard complex normal noise. Further, the scaling constant a; and the noise standard
deviation o, evolve according to a known deterministic rule, called the state evolution (SE), defined below.

Definition 1. Starting from fized (ag,08) € CxR;\(0,0), the sequences {a}i>1 and {03 }+>1 are generated
via the following recursion:

Qi1 = 1/11(0&,0?)7

(2.5)
Ut2+1 = 1/}2(0%7 Ut27 5a 0-121;)’
where 11 : C x Ry — C and 1y : C x Ry — Ry are respectively given by (with 0, being the phase of a):

3 in2
V1 (a, 0%) = il / | sin” 6 —de, (2.6a)
0 (|o¢|2 si1129—|—cr2)2

4
Po(a, 0% 8,02) = 3 (Ja*+0* +1)

4 (% 2)af>sin?0 + o2
_ 5/ P sin?0 40" 491 o2, (2.6b)
0 (Ja?sin®@ + 02)*

The state evolution framework for generalized AMP (GAMP) algorithms (Ranganl [2011) was formally
proved in Javanmard & Montanari| (2013]). To apply the results in (Rangan) 2011} [Javanmard & Montanari,
to AMP.A, however, we need two generalizations. First, we need to extend the results to complex-
valued models. This is straightforward by applying a complex-valued version of the conditioning lemma
introduced in [Rangan| (2011); |Javanmard & Montanari (2013). Second, existing results in
and |Javanmard & Montanari (2013) require the function g to be smooth. Our simulation results in Section
[4 show that SE predicts the performance of AMP.A despite the fact that ¢ is not smooth. For theoretical
purpose, we use the smoothing idea discussed in |Zheng et al.| (2017]) to prove the connection between the
SE equations presented in and the iterations of AMP.A in rigorously. Let € > 0 be a small fixed

number,

2
p' = Az, — gge(pt Ly), (2.7a)
ol =2 [—div,(gi) -zt + Alg(p', )], (2.7b)

where g.(p'~!,y) refers to a vector produced by applying g. : C x R, — C below component-wise:

9¢(0,y) =y he(p) — p,

where for p = p1 + ip2, he(p) is defined as h¢(p) = \/%. Note that as € — 0, g; — g+ and hence we
1 2

expect the iterations of smoothed-AMP.A converge to the iterations of AMP.A.

Theorem 1 (asymptotic characterization). Let {x.(n), A(n),w(n)} be a converging sequence of instances.
For each instance, let °(n) be an initial estimate independent of A(n). Assume that the following hold
almost surely

1 1
lim —2f2’ =ap and lim —||z°||? = o2 + |ao|*.
n—oo N n—oo N
Let xt(n) be the estimate produced by the smoothed AMP.A initialized by x°(n) (which is independent of
A(n)) and p~1(n) = 0. Let €1, ¢, ... denote a sequence of smoothing parameters for which €; — 0 as i — oo



Then, for any iteration t > 1, the following holds almost surely

n

1 .
lim lim =) |zt (n) — e a,
j—oon—oo n ; 7 (28)

—E[|IX* — %X, 2] = |1 - |a|[* + o,

where 0, = Loy, X' = oy X, + oy H and X, ~ px is independent of H ~ CN(0,1). Further, {a};>1 and
{o2}1>1 are determined by (2.5) with initialization ag and of.

The proof of theorem can be found in Appendix A.2 in supplementary.

3 Main results for SE mapping

3.1 Convergence of the SE for noiseless model

We now analyze the dynamical behavior of the SE. Before we proceed, we point out that in phase retrieval,
one can only hope to recover the signal up to global phase ambiguity (Netrapalli et al.l 2013} (Candes et al.,
2013 2015), for generic signals without any structure. In light of (2.8), AMP.A is successful if |oy| — 1 and
0? — 0 as t — oco. By analyzing the SE, i.e, the update rule for (o, o) in , the following two values of
0 will play critical roles in the analysis:

64
5AMP é — — 4~ 248 and 5global é 2.
T
The importance of damp and dgiobal is revealed by the following two theorems (proofs can be found in

Appendix A.3 and A.4 in supplementary file respectively):

Theorem 2 (convergence of SE). Consider the noiseless model where o2 = 0. If 6 > Samp, then for any
0 < |ag| <1 and 03 <1, the sequences {a}i>1 and {0} }1>1 defined in (2.5) converge to

lim |a¢| =1 and lim o? = 0.
t—o00 t—o0

Theorem 3 (local convergence of SE). When o2 = 0, then (a,0?) = (1,0) is a fized point of the SE in
(2.6). Furthermore, if § > dgiobal, then there exist two constants €1 > 0 and €2 > 0 such that the SE converges
to this fized point for any g € (1 — €1,1) and 0§ € (0,€2). On the other hand if § < dgiobal, then the SE
cannot converge to (1,0) except when initialized there.

There are a couple of points that we would like to emphasize here:

1. ap # 0 is essential for the success of AMP.A. This can be seen from the fact that o = 0 is always a
fixed point of 11 (a, 0?) for any o2 > 0. From our definition of oy in Theorem [} iy = 0 is equivalent
to lim,,— o0 %(a:*, a:o> = 0. This means that the initial estimate ° cannot be orthogonal to the true
signal vector x,, otherwise there is no hope to recover the signal no matter how large ¢ is. This will
be discussed in more details in Section {11

2. Fig. [1] exhibits the basin of attraction of (a,02) = (1,0) as a function of §. As expected, the basin
of attraction shrinks as § decreases. According to Theorem [3] if SE is initialized in the basin of
attraction of (a,0) = (1,0), then it still converges to (o, 0?) even if Oglobal < 0 < damp. However,
there are two points we should emphasize here: (i) we find that when § < damp, standard initialization
techniques, such as the spectral method, do not help AMP.A much. Again details are discussed in
Section |4/ . Hence, the question of finding initialization in the basin of attraction of (a,02) = (1,0)
(when § < damp) remains open for future research. (ii) As § decreases from damp to dgiobar the basin
of attraction of (o, 02?) = (1,0) shrinks.
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Figure 1: The regions below the curves exhibit the basin of attraction of (a, %) = (1,0) for different values of
d respectively (left to right: 6 = 2.45,2.4,2.35). The results are obtained by running the state evolution (SE)
of AMP.A (complex-valued version) with ag and o3 chosen from 100 x 100 values equispaced in [0, 1] x [0, 1].

3.2 Noise sensitivity

So far we have only discussed the performance of AMP.A in the ideal setting where the noise is not present
in the measurements. In general, one can use to calculate the asymptotic MSE (AMSE) of AMP.A as
a function of the variance of the noise and §. However, as our next theorem demonstrates it is possible to
obtain an explicit and informative expression for AMSE of AMP.A in the high signal-to-noise ratio (SNR)
regime.

Theorem 4 (noise sensitivity). Suppose that § > damp = % —4 and 0 < |ag| <1 and 0 < 1. Then, in
the high SNR regime, the asymptotic MSE defined by (6, = lwl*{wt)

n

t 0, 2
AMSE(5,02) 2 lim lim 12— @l
t—00 n—o0 n
behaves as
. AMSE(02,6) 4
lim = .
02 —0 0—1211 1-— %

The proof of this theorem can be found in Appendix E.4 in supplementary. Note that as intuitively
expected, as § decreases the sensitivity of the algorithm to noise increases. Hence, one should set the
number of measurements according to the accepted noise level in the recovered signal.

4 Initialization and Simulations

4.1 Initialization

As shown in Section to achieve successful reconstruction, the initial estimate «° cannot be orthogonal
to the true signal x,, namely,

1
ap = lim —xfz® £ 0. (4.1)

n—o0o N

In many important applications (e.g., astronomic imaging and crystallography (Millane, {1990)), the signal
is known to be real and nonnegative. In such cases, the following initialization of AMP.A meets the non-
orthogonality requirement:

x’ =pl, p#0.
6



(At the same time, we set g(p~!,y) = 0.) However, finding initializations that satisfy is not straightfor-
ward for generic complex-valued signals. Also, random initialization does not necessarily work either, since
asymptotically speaking a random vector will be orthogonal to x,. One promising direction to alleviate this
issue is the spectral initialization method that was introduced in (Netrapalli et al., 2013) for phase retrieval
and subsequently studied in |Candes et al| (2015)); |Chen & Candes| (2017); [Wang et al.| (2016); Lu & Li
(2017); Mondelli & Montanari| (2017)). Specifically, the “direction” of the signal is estimated by the principal
eigenvector v (||v]|?> = n) of the following matrix:

D = A'diag{T (y1), -, T (ym)} A, (4.2)
where 7 : Ry — R is a nonlinear processing function, and diag{ai,...,a,} is a diagonal matrix with
diagonal entries given by {ai,...,a,}. The exact asymptotic performance of the spectral method was

characterized in (2017) under some regularity assumptions on 7. The analysis in (2017)

reveals a phase transition phenomenon: the spectral estimate is not orthogonal to the signal vector x, (i.e.,
holds) if and only if 6 is larger than a threshold dweak. Later, Mondelli & Montanari (2017) derived the
optimal nonlinear processing function 7 (in the sense of minimizing dyeax) and showed that the minimum
weak threshold is dyweax = 1 for the complex-valued model.

The above discussions suggest that the spectral method can provide the required non-orthogonal initial-
ization for AMP.A. However, the naive combination of the spectral estimate with AMP.A will not work. As
shown in Figure [2| the performance of AMP.A that is initialized with the spectral method does not follow
the state evolution. This is due to the fact that x° is heavily correlated with the matrix A and violates
the assumptions of SE. A trivial remedy is data splitting, i.e, we generate initialization and apply AMP.A
on two separate sets of measurements (Netrapalli et al., [2013). However, this simple solution is sub-optimal
in terms of sample complexity. To avoid such loss, we propose the following modification to the spectral
initialization method, that we call decoupled spectral initialization:

Decoupled spectral initialization: Let § > 2. Set v to be the eigenvector of D corresponding to the
largest eigenvalue defined in . Let £° = p - v, where p is a fixed number which will be discussed later.
Define

p’ = (1—-27T(y)) o Ax®, (4.3)

where o denotes entry-wise product and 7 is the unique solution oiﬂ

PG =2 TeO), (1.4)
and 7* is the unique solution of
902(6’ T*) = %7 " € (OaTmax)7 (45)
where
A 2 2r7(Y)
er(s.m) 2 B[ 612 - 1) 2L (4.68)
a 277 (Y) \?
p2(8,7) = E (127_7-(},)> (4.6b)

The expectations above are over Z ~ CN(0,1/8) and Y = |Z|+ W, where W ~ CN (0,02 ) is independent
of Z.

Now we use ° and p° as the initialization for AMP.A. So far, we have not discussed how we can set p and
T. In this paper, we use the following 7 (y) derived by Mondelli & Montanari (2017):

dy? —1
Sy2 +vVo—1

!The uniqueness of solution in (44) and (5] is guaranteed by our choice of T(y) in (@.7)(Lu & Li 2017 [Mondelli &]
2017)). Yet, in noisy case, (4.4) and (4.5) can only be calculated precisely if we know the variance of the noise.

T(y) = (4.7)




Note that our initial estimate is given by £ = p - v (where ||v|| = v/n). Recall from Theorem [2| that we
require 0 < |ag| < 1 and 0 < 03 < 1 for § > damp. To satisfy this condition, we can simply set p = ||y||/v/7,
which is an accurate estimate of ||z./y/n in the noiseless setting (Lu & Li, [2017)P] Under this choice, we
have |ag|? + 02 = p? = 1. Hence, as long as ag # 0, we have 0 < |ag| < 1 and 0 < 02 < 1. The choice we
have picked for p is not necessarily optimal. We will discuss the optimal spectral initialization and what it
can offer to AMP.A in Section [£.3]

In summary, our initialization in intuitively satisfies “enough independency” requirement such that
the SE for AMP.A still holds and this is supported by our numerical results in Section [£.3] We have clarified
this intuition in Section Our numerical experiments in Section show that the estimate ° behaves
as if it is independent of the matrix A. Our finding is summarized below.

Finding 1. Let 2° and p° be generated according to (4.3), and {z'};>1 and {p'};>1 generated by the AMP.A
algorithm as described in (2.4]). The AMSE converges to

.1 - 2
Jim e — %3 = (1 - au])” + o,

where 0; = /(! x;), {lowt|}t>1 and {o?}i>1 are generated according to (2.5) and

1—4d¢pa(6,7)
1+ d¢p3(6,7)

where T is the solution to (4.3)) and w3 are defined as (@2 is defined in (4.6)))

2

|a0|2 = and 03 = 1—|oz0|27 (4.8)

@3(5,7) = E , (4.9)

where Y = |Z| + W.

We expect to provide a rigorous proof of this finding in a forthcoming paper.

4.2 Intuition of our initialization

Note that in conventional AMP.A, we set initial g(p~',y) = 0 and therefore p® = Az°. Hence, our
modification in (4.3]) appears to be a rescaling procedure of p”. Note that solving the principal eigenvector
of D in (4.2) is equivalent to the following optimization problem:

v = argmin — » T(ya) - |(A®),
lzll=vn ;

? (4.10)

Following the derivations proposed in |Rangan| (2011)), we obtain the following approximate message passing
algorithm for spectral method (denoted as AMP.S):

11 N
L - ; 4.11a
5 divy (i) TPl (411e)

1 h (ﬁt—l y f.t—l) \/ﬁ

ht— Apt — = . ’ 9 R , 4.11b
P 5 dvyhe ) Tl (4.11b)

AT (B, )

A= gl — Y 411
v divy(he) (4.11c)
gt = — */ﬁ P (4.11d)
|74l

where we defined h(p,y,7) = % - p. The optimizer v of (4.10) can be regarded as the limit of the

estimate &' under correct initialization of AMP.S. Note that AMP.S acts as a proxy and we do not intend

20r one can always choose p to be small enough. However, this might slow down the convergence rate.
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to use it for the eigenvector calculations. (There are standard numerical recipes for that purpose.) But, the
correction term used in (4.3]) is suggested by the Onsager correction term in AMP.S. To see that let p>, £°°,
7% represent the limits of pt, &¢, 7! respectively. Then, from ([4.11a) and ([4.11b]), we obtain the following
equation

oo (@) ~ 00 ~ 00 ~ 00 ~ 00
p = Az — h(p Y, T )7

®) gaoo  aco 2T(Y) 4.12
= Az T 172%007,(3/)0 ( )

Onsager term

By solving (4.12)), we obtain (4.3 with rescaling of % (since £ = y/nv and x° = ||y||v). Further, (4.4)
and (4.5) that determine the value of 7°° can be simplified through solving the fixed point of the following
state evolution of AMP.S:

) (4.13a)

: (4.13b)

V02 03(6,7) + Eoa(6.7) + % 0a(6,7)
1
)

a2 90%(57 7) + %902(6’ 7) + %2903(57 7)
where @1, o are defined in (4.6)) and @3 is defined in (4.9)).

4.3 Simulation results

We now provide simulation results to verify our analysis and compare AMP.A in with existing algo-
rithms. Notice that our analysis of the SE is based on a smoothing idea. Our simulation results in this
section show that, for the complex-valued settting, the SE predicts the performance of AMP.A even without
smoothing g.

1) Accuracy of state evolution

We first consider the noiseless setting. Fig. [2] verifies the accuracy of SE predictions of AMP.A together
with the proposed initialization (i.e., ) The true signal is generated as ¢, ~ CA(0,I). We measure the
following two quantities (averaged over 10 runs):

Hy! Ll — 2

a: and 07 = E

~ *

oy =
C e

(.

We expect &; and 67 to converge to their deterministic counterparts a; and o? (as described in Finding .
Indeed, Fig. [2| shows that the match between the simulated &; and 62 (solid curves) and the SE predictions
(dotted curves) is precise. For reference, we also include the simulation results for the “blind approach”
where the spectral initialization is incorporated into AMP.A without applying the proposed correction (i.e.,
we use p° = Az instead of ) From Fig. |2l we see that this blind approach deviates significantly
from the SE predictions. Note that the blind approach still recovers the signal correctly for the current
experiment, albeit 67 deviates from theoretical predictions. However, we found that (results are not shown
here) the blind approach is unstable, and can perform rather poorly for other popular choices of T (such as
the orthogonality-promoting method proposed in (Wang et al., [2016))).

We next consider a noisy setting. In Fig. we plot the simulated MSE and the corresponding SE
predictions for two different cases. For the figure on the left panel, the true signal is generated as &, ~
CN(0,I), and the decoupled spectral initialization discussed in Section is used. For the figure on
the right panel, the signal is nonnegative and we use the initialization ' = 1 and g(p~',y) = 0. The
nonnegative signal is generated in the following way: we set 90% of the entries to be zero and remaining
10% to be constants. (Note that the signal is sparse, but the sparsity information is not exploited in the
AMP.A algorithm.) The signal-to-noise ratio (SNR) is defined to be E[|| Az||?]/E[||w]||?]. The figure displays
the following MSE performance:
||wt _ eiew*HQ

MSE = inf 5
96[0727‘—) ||m*H
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Figure 2: State evolution prediction for AMP.A with spectral initialization in the noiseless setting. Left:
predicted and simulated results of |a|. Right: predicted and simulated results of o2. The solid curves show
the simulation results for the proposed initialization, and the dashed curves show the results for a naive
approach without the proposed correction (namely, we set p° = Azx?). In these experiments, n = 5000 and
m = 20000. The optimal 7 in is employed.

The SE prediction of the above MSE is given by (1 — |ay|)? + 0Z. Again, we see from Fig. |3| that simulated
MSE matches the SE predictions reasonably well. Further, the right figure exhibits larger fluctuations. This
is mainly due to the fact that in our experiment the initialization for the right figure is less accurate than
that adopted for the left figure.

2) Basin of attraction of AMP.A and spectral initialization

In this Section, we aim to address Q.3 we raised in the introduction. As discussed in Section [41] the
spectral method can provide the required non-orthogonal estimate for AMP.A. Besides that, as discussed in
Q.3 in Section[] it is interesting to see if the spectral method can help AMP.A for § < §amp. To answer this,
we need to examine whether (g, o2) produced by the spectral estimate can fall into the attraction basin of
the good fixed point (a, %) = (1,0). Currently, the basin of attraction cannot be analytically characterized,
but it can be conveniently computed via SE. Specifically, for a given (ag, 02), we run the SE for a sufficiently
large number of iterations and see if it converges to (1,0) (up to a pre-defined tolerance).

Fig. 4| plots the basin of attraction of the fixed point (,0) = (1,0) for § = 2.4 or 2.41 (indicated by the
blue curve). The straight line is obtained in the following way: From (Lu & Li, [2017)), for a given ¢ and
T, the ratio og/ag can be computed by solving a set of fixed point equations, and this ratio determines a
straight line o /o = 0/ in the a — o plane. The red line in Fig. [ is obtained using 7 in (7). The region
above the red line can be potentially achieved by certain choices of 7 together with linear scaling. On the
other hand, no known 7 can achieve the region below the red line. As we see in this figure, the spectral
estimate cannot fall into the basin of attraction in the current example for § = 2.4 (left subfigure). The
smallest ¢ such that two curves intersect is numerically found to be around § = 2.41 (right subfigure) which
is quite close to danp ~ 2.48. Notice that for § > damp, AMP.A works for any oy # 0. This means that the
spectral method cannot help AMP.A much besides providing an estimate not orthogonal to the true signal.

3) Comparison with existing methods

Fig. displays the success recovery rate of AMP.A and the Gerchberg-Saxton algorithm (GS) (Gerchberg;,
1972), truncated Wirtinger flow (TWF) (Chen & Candes, [2017), truncated amplitude flow (TAF) (Wang
et all [2017D)), incremental reshaped Wirtinger flow (IRWF) (Zhang et all |2017)) and reweighted amplitude
flow (RAF) (Wang et al., [2017a). Notice that the GS algorithm involves solving a least squares problem in
each iteration and is thus computationally more expensive than other algorithms. For the figure in the left
panel, the signal is ¢, ~ CN(0, I) and the initialization is generated via the spectral method with 7 defined
in . For the right panel, the signal is nonnegative (generated in the same way as that in Fig.|3) and the
initial estimate is £ = 1 for all algorithms.

We see that AMP.A outperforms all other algorithms except at § = 2.7 for the figure in the left panel.
Based on simulation results not shown in this paper, we find that AMP.A outperforms IRWF consistently
for a larger problem size (say n = 2000). However, we adopt the current setting where n = 1000 for ease of
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Figure 3: Simulated MSE and SE predictions in noisy settings. The solid curves show the average MSE over
10 runs. The error bars show one standard deviation.
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Figure 4: Plot of the attraction basin of AMP.A and the achievable region of the spectral method. Left:

§ = 2.40. Right: § = 2.41. In this figure, the vertical axis is ¢ instead of o2.
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Figure 5: Recovery performance of various algorithms. We fix n = 1000 and vary 6. All algorithms have
run 1000 iterations. Reconstruction is considered successful if the final AMSE is smaller than 107'°. The
success rates are measured in 100 independent realizations of A and x,. Left: spectral initialization with
random Gaussian signal. Right: z° =1 and p’ = Az®. The signal is nonnegative.

comparison (Chen & Candes, [2017; [Wang et all |2017b; [Zhang et al., 2017, Wang et al., 2017a). Comparing
the two figures in Fig. |5 we see that all algorithms are quite sensitive to the quality of initialization except
for AMP.A. Notice that in the asymptotic setting where n — oo, AMP.A is able to recover the signal for
all 6 > danmp ~ 2.48 based on our SE analysis.

Finally, we present simulation results for the real-valued case in Fig. [f] Due to the lack of space, a
thorough discussion of the real-valued AMP.A and its state evolution will be reported in a later paper. Yet,
in this paper, we want to emphasize two points through Fig. [0} First, we see that AMP.A outperforms
the competing algorithms with a clear phase transition between § = 1.4 and § = 1.5. This is consistent
with our analysis (damp = %2 — 1 in real value case). Second, we notice that the IRWF algorithm (which
performs best next to AMP.A in Fig. [5)) is outperformed by RAF in this case. For reference, we also
included the performance of the Bayesian GAMP algorithm |Schniter & Rangan| (2015)); Barbier et al.[ (2017)
(in conjunction with our own proposed decouple initialization to get the best performance of the Bayesian
GAMP), under the assumption that the signal distribution (in this case, Gaussian) is perfectly known. As
discussed in Section [I} this assumption can be unrealistic in practice. Nevertheless, the performance of
Bayesian GAMP algorithm is a meaningful benchmark and hence included in Fig.

5 Future work

There are a couple of research directions that can be pursued in the future. First, our simulation results
suggest that the AMP.A + decoupled spectral initialization can be described by a set of SE equations (see
Finding 1). We hope to establish a rigorous proof for this finding. It is also interesting to investigate
if the proposed decoupled spectral initialization can also work for other phase retrieval algorithms, e.g.,
PhaseMax. Finally, in the case of sparse signals and noisy measurements, it can be advantageous to replace
the ¢o regularizer by a general ¢, (p > 0) regularizer. How to tune the parameters in that case is largely
unknown and can be a promising future direction.

3 We also carried out simulations of Bayesian GAMP for the complex-valued case. However, we found that its performance
is not competitive under the setting of Fig. [5} its recovery rate is less than 95% at 6 = 3.5, even when the MSE threshold is set
to 1076, (Note that the MSE threshold is 10719 for the curves in Fig. .
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A Proofs of our main results

A.1 Background on Elliptic Integrals

The functions that we have in are related to the first and second kinds of elliptic integrals. Below we
review some of the properties of these functions that will be used throughout our paper. Elliptic integrals
(elliptic integral of the second kind) were originally proposed for the study of the arc length of ellipsoids.
Since their appearance, elliptic integrals have appeared in many problems in physics and chemistry, such as
characterization of planetary orbits. Three types of elliptic integrals are of particular importance, since a
large class of elliptic integrals can be reduced to these three. We introduce two of them that are of particular
interest in our work.

Definition 2. The first and second kinds of complete elliptic integrals, denoted by K(m) and E(m) (for
—o00 < m < 1) respectively, are defined as (Byrd & Friedman, |1971)

2 1
K(m) = /0 e L (A.1a)
E(m) = /;(1 — msin® 6)¥do. (A.1b)

For convenience, we also introduce the following definition:
T(m)=E(m)— (1 —m)K(m). (A.1c)

In the above definitions, we continued to use m, to follow the convention in the literature of elliptic
integrals. Previously, m was defined to be the number of measurements, but such abuse of notation should
not cause confusion as the exact meaning of m is usually clear from the context.

Below, we list some properties of elliptic integrals that will be used in this paper. The proofs of these
properties can be found in standard references for elliptic integrals and thus omitted (e.g., (Byrd & Friedman),
1971)).

Lemma 1. The following hold for K(m) and E(m) defined in (A.1):
(i) K(0) = E(0) = 5. Further, for e = 0, E(1 —¢€) and K(1 — ¢) behave as

El—¢ = 1+ % (log\z - 0.5) + O(e*log(1/¢))
K(l—e¢) = log (\2) + O(elog(1/e)).

(ii) Onm € (0,1), K(m) is strictly increasing, E(m) is strictly decreasing, and T(m) is strictly increasing.

(iii) Form > —1,

)
E(-m)=V1+mE (1rm) .

(iv) The derivatives of K(m), E(m) and T'(m) are given by (for m < 1)

Ky — E0m) = (1= m) K (m)

2m(1 —m)
E/ — E(m) — K(m) (A 3)
(m) 2m ’



Furthermore, we will use a few more elliptic integrals in our work. Next lemma and its proof connects
these elliptic integrals to Type I and Type II elliptic integrals.

Lemma 2. The following equalities hold for any m > 0:

5 2 5 in?
J/ 444:z§4€444§d0::(/’ s g, (A.da)
0 (1 + msin? 9)2 0 (1 + msin® 9)2

z 2 z z in2
/‘4EE$;TM+/ ——iarﬁwz/ L H2msin’0 4, (A.4b)
o (1+msin®0)2 o (1+msin®6)2 0 (1—|—msir129)E

Proof. We will only prove (A.4b)). (A.4a) can be proved in the same way. The idea is to express the integrals
using elliptic integrals defined in E_lﬁ,b and then apply known properties of elliptic integrals (Lemma (1))
to simplify the results. The same tricks in proving are used to derive other related integrals in this
paper. Below, we will provide the full details for the proof of , and will not repeat such calculations
elsewhere. The LHS of can be rewritten as:

s % .2 us us -2
/2 3m ! sdﬁ—/ 3m81n29 5d0+/2 1 i 3d9:/2 1+ 2msin 91 0. (A5)
o (1+msin“0)z o (1+msin©0)2 o (1+msin®0)2 0 (14 msin6)”

The equality in (A.5) can be proved by combining the following identities together with straightfroward
manipulations:

0 /a o Ot VE () - K (o) o

i): —db = , .6a
o (1+msin?0)> my/14+m

(ii): /72r sin? @ 40 — K(1Tm)—E(1Tm) (A.6D)
o (1 4 msin® 9)% myv1+m ’ '

2 1 1 m
iii): a6 = E , A.6e
(i) /0 (14 msin?6)3 V1+m (1+m> ( )

) H sin® 6 -1-m)E (%) + K (%)

(1) /0 A menl)E = 3m(1+-|- m)3 =, (8.64)
5 1 20m +2)F (12) - K (1)

v): /0 (1 + msin® 9)%d9 - 3(1:—m)% - ’ (A.6e)

where K (m) and E(m) denote the complete elliptic integrals of the first and second kinds (see (A.1])). First,
consider the identity (i) in (A.6):

s . 2 s ke
9 1 1 1
/2—“1 - ldG:—/Q(lemsinQ@)%d@f— R
o (1+msin“0)z m Jo m Jo (1+msin®6)2

@ L [B(-m) — K (~m)

8 {ME<1Tm) B VliﬁfﬂK(lfm)}

where (a) is from the definition of K(m) and E(m) in (A1), and (b) is from Lemma [1] (iii).
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Identity (ii) can be proved as follows:

Bl in2 Bl 1
/ LR NS | —
o (1+msin“0)?2 dm Jo (14 msin®6)
d
=-—2—K(—
3 K (=m)

@ (L+m)K(-m) — E(-m) (A.7)
m(1l+m)
w K () - £ ()
myv1+m

where (a) is due to Lemmal[l] (iv) and (b) is from Lemma [1] (iii).
For identity (iii), we have

N

us

z 1 1 z in? 6
o (1+msin“0)2 o (1+msin“0)z 0o (1+msin“0)2

@ gy — . LHME(=m) — E(=m)
_ E(-m)
14+m

(b) 1 > < m >

S VI+m \14+m)’

where step (a) follows from the third step of (A.7), and step (b) follows from Lemma [1 (iii).
Identity (iv) can be proved in a similar way:

/28111295(19:_2.(1 2%(19
o (1+msin?6)2 3 dmJy (1+msin?6):
w 2 d E(-m)
T 3 dm 14m
® (1 +m)K(=m)— (1 —m)E(=m)
- (1 + m)?
0 ~0-mE () - ¥ (%)
B 3m(l+m)3 ’

where (a) is from the third step of (A-8), step (b) is from Lemmall] (iv) and (c) is from Lemma [T] (iii).
Lastly, identity (v) can be proved as follows:

5 5 5 in2
o (1+msin®0)2 o (1+msin“0)2 o (1+msin<0)2

@ E(=m)  (L+m)K(=m)— (1 —m)E(-m)
1+m 3m(l +m)?

o 2m+2)E (Hlm) K (H%)

B 3(1+m)3 ’

where step (a) follows from the derivations of the previous two identities and (b) is again due to Lemma
(ii). O

A.2 Proof of Theorem [1]

Since the proof of the real-valued and complex valued signals look similar, for the sake of notational simplicity
we present the proof for the real-valued signals. First note that according to Lemma 13 in Mondelli &
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Montanari (|2017[E| for the smoothed AMP.A algorithm we know that almost surely

R . 2 .
Jim - (1) = sign(an) - 2.)” = E(XL = sign(ar) - X.)2,

=1
where X! = a. X, + 0c:H and X, ~ px is independent of H ~ N(0,1), and a.,; and o.; satisfy the
following iterations:
Qe t+1 = E [ang(Pt,Y)] s
Uez,t+1 = ]E[g?(Pt,Y)]’
where Y = |Z| + W, P' = ac+Z + 0.+B, where B ~ N(0,1/§) is independent of Z ~ N(0,1/d) and

W ~ N(0,1/8). Tt is also straightforward to use an induction step similar to the one presented in the proof
of Theorem 1 of (Zheng et al.,|[2017) and show that (ac,02;) = (ay,07) as i — oo, where (ay,07) satisfy

a1 = E [8zg(Pt7Y)] ’
E[g*(P',Y)].

2
O¢41

A.3 Proof of Theorem 2

The goal of this section is to prove Theorem [2] However, since the proof is very long we start with the proof
sketch to help the reader navigate through the complete proof.

A.3.1 Roadmap of the proof

First note that

Lemma 3. For any (ag,08) € C x R\ (0,0), ¢1 and o satisfy the following properties:
(i) ¥1(a, 0?) = ¥1(|al,0?) - €%, with €% being the phase of o;

(ii) 2, 0) = a(la], 0?).
Hence, if 0; denotes the phase of oy, then 8, = 6.

In light of this lemma, we can focus on real and nonnegative values of o;. Then our main goal is to study
the dynamics of the iterations:

Q1 = ¢1(Oét, U?);

(A.9)
JtZ+1 = 1!}2(05157 01527 6)7

Notice that according to the assumptions of the theorem, we assume that we initialized the dynamical system
with ag > 0. Our first hope is that this dynamical system will not oscillate and will converge to the solutions
of the following system of nonlinear equations:

2
@ =), )
o = ¢2(0¢70 76)7
Hence, the first step is to characterize and understand the fixed points of the solutions of . Toward
this goal we should study the properties of 1 (a, 0?) and 15 (cv, 0%;6). In particular, we would like to know
how the fixed points of 11 (a, 0?) behave for a given 02 and how the fixed points of ¥ («, 0%;§) behave for a
given value of a and §. The graphs of these functions are shown in Figure [7] We list some of the important
properties of these two functions. We refer the reader to Section to see more accurate statement of
these claims.

4The proof for a more general result was first presented in (Javanmard & Montanari, [2013). However, we found (Mondelli &
2017) easier to follow. The reader may also find Claim 1 in|Rangan| (2011]) and related discussions useful, although

no formal proof was provided.
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1. 9Yn (a,a2) is a concave and strictly increasing function of a > 0, for any ¢2 > 0: This implies that
U (a, 02) can have two fixed points: one at zero and one at a > 0. Also, as is clear from the figure,
the second fixed point is the stable one.

2. If § > damp, then 1o has always one stable fixed point. It may have one unstable fixed points (as a
function of 02). See Fig. [10|for an example of this situation.

For the moment assume that the unstable fixed points do not affect the dynamics of AMP.A. Let Fy(0?)
denote the non-zero fixed point of 1; and Fy(o?) the stable fixed point of wgﬂ We will prove in Lemma
that Fy(0?) is a decreasing function and hence F; () is well-defined on 0 < o < 1. Moreover, we will
show that by choosing F, '(0) = o F;'(a) is continuous on [0,1]. F; !(a) and Fy(c;6) are shown in Fig.
Note that the places these curves intersect correspond to the fixed points of (A.10). Depending on the
value of § the two curves show the following different behaviors:

1. When § > damp, the dashed curve (see Fig. [8)) is entirely below the solid curve except at (v, 02) = (1,0).
damp is the critical value of § at which F5(0;9) = F| 1(O). Formally, we will prove the following lemma:
Lemma 4. If § > damp = % — 4, then Fy *(a) > Fy(a; ) holds for any a € (0,1).

You may find the proof of this lemma in Section Intuitively speaking, in this case we expect

the state evolution to converge to the fixed point (o, 0?) = (1,0), meaning that AMP.A achieves exact
recovery.

2. When 2 < § < damp, the two curves intersect at multiple locations, but Fp(a) < F; '(a) for the values
of o that are close to one. This implies that AMP.A can still exactly recover x, if the initialization is
close enough to x.. However, this does not happen with spectral initialization. We will discuss this
case in Theorem [3| and we do not pursue it further here.

So far, we have studied the solutions of . But the ultimate goal of analysis of AMP.A is the analysis
of . In particular, it is important to show that the estimates (ay,0?) converge to (1,0) and do not
oscillate. Unfortunately, the dynamics of (cy,o?) do not monotonically move toward the fixed point (1,0),
which makes the analysis of SE complicated.

Suppose that § > damp. We first show that (ay, 0752) lies within a bounded region if the initialization falls
into that region.

5In the literature of dynamical systems, these functions are sometimes called nullclines. Nullclines are useful for qualitatively
analyzing local dynamical behavior of two-dimensional maps (which is the case for the SE in this paper).
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Figure 8: Plots of F; ' () and Fy(a) for different values of §. When § = Samp, Fy () and Fy(a; §) intersect
at o = 0.

Lemma 5. Suppose that ag > 0 and 02 < 1. If § > Samp = % —4, then the sequences {au}1>1 and {0} }i>1
generated by (2.5)) satisfy the following:

0<a; <1 and 0<o}<o? vt > 1,

max’
h 2 A 1.4
where 07, = max 1,5 ;.

Proof. As discussed in Lemma [3] the assumption ag > 0 implies that oy > 0, V¢ > 1. Further, from the
property that 0 < 9;(a,0%) < 1 for @ > 0 and 02 > 0 (see Lemma [§] (ii)), we readily have 0 < a; < 1.
Similarly, Lemma@ (iii) shows that if § > damp, a € [0,1] and o2 € [0,02,,.], then 0 < ¢o(a, 02;6) < o2

max max-*
By our assumption, we have 03 < 1 < o2, and using induction we prove 0 < 07 < o2 O

max"*

From the above lemma, we see that to understand the dynamics of the SE, we only focus on the region
R= {(a, 02)|0 <a<1,0<0? <o, }. Sincethe dynamic of AMP.A is complicated, we divide this region
into smaller regions. See Figure [J] for an illustration.

Definition 3. We divide R = {(a, 02)|0 <a<l,0<0%< afnax} into the following three sub-regions:
A 7T2
Ro = {(a,02)|0 <a<l, 6 < o? < anax} )

2
Rlé{(a,02)|0<a§1,F11(a)<02§756}, (A-11)
Ry = {(a,aQ)‘O <a<1,0<0?< Ffl(a)}.

Our next lemma shows that if (ay,07) is in Ry or Ry for ¢ > 1, then (a4, 07) converges to (1,0). The
following lemma demonstrates this claim.

Lemma 6. Suppose that § > damp. If (ato,ofo) is in R1 U Ry at time to (where tg > 1), and {oy}i>t, and
{o?}i>1, are obtained via the SE in (2.5), then

(i) (au,02) remains in Rq U Ry for all t > to;

(ii) (ou,0?) converges:
lim a; =1 and lim O'tz =0.
t—o0 t—o0
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Figure 9: Illustration of the three regions in Definition Note that Ro also includes the region below
F2 (Oé; 5)

This claim will be proved in Section Notice that the condition to > 1 is important for part (i) to
hold: if (cvg, o2) is close to the origin (and thus in R5), then (ay,0%) can move to Ro. However, this cannot
happen when ¢ > 1. In the proof given in Section we showed that for any («g,03) € R the possible
locations of (ay,0?) are bounded from below by a curve, and once (a, 0?) is above this curve and also in
region R; or Ro, then we will prove that it cannot go to Ry. Finally, we will prove the following Lemma
that completes the proof.

Lemma 7. Suppose that § > damp. Let {ai}i>1 and {02 }i>1 be the sequences generated according to ([2.5))
from any (ag,08) € Ro. Then, there exists a finite number T > 1 such that (ar,02) € R1 U Rs.

The proof of this result is in Section [A-3.6] Combining the above two lemmas, it is straightforward to
see that (ay,0?) — (1,0), and hence the proof is complete.
Below we present the missing details.

A.3.2 Properties of y; and v
In this section we derive all the main properties of 11 and v that are used throughout the paper.
Lemma 8. (()t,0'2) has the following properties (for ae>0):

(i) n (a,az) is a concave and strictly increasing function of o > 0, for any given o > 0.

(ii) 0 < 1 (a,0?) <1, for a >0 and 0 > 0.

(iii) If 0 < 0 < 72/16, then there are two nonnegative solutions to a = 11 (o, 02): a =0 and a = Fy(0?) >
0. Further, Fy(0?) is strongly globally attracting, meaning that

a < i(a,0%) < Fi(0?), a€(0,F(0?), (A.12a)

and
Fi(0?) < 1(a,0%) < a, ac (Fi(0?),). (A.12b)

On the other hand, if 0® > 72/16 then a = 0 is the unique nonnegative fized point and it is strongly
globally attracting.
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Proof. Part (i): From (2.6)), it is easy to verify that 11 (c, 02) is an increasing function of a > 0. We now
prove its concavity. To this end, we calculate its first and second partial derivatives:

o1 (e, 0%) /’2' sin? 6 - o
o (

ojet a2sin? 6 + o2)

R (o, 0%) /5 —3sin? 0 - 0%«
o (

5do, (A.13a)

~df <0, VYa>0,0%>0. (A.13b)

da? a?sin? 6 + 02)2

Hence, 12(cv, 02) is a concave function of a for o > 0.

Part (ii): Positivity of 1 is obvious. Also, note that

w/2 ) 0 w/2
wl(Oé,O'Q) = / %d@ < / sin 6df = 1.
o (sin®(0) + %)z o

Proof of (iii): The claim is a consequence of the concavity of 11 (with respect to «) and the following

condition:
2 w?
=l<— o= —.
16

a=0
The detailed proof is as follows. First, it is straightforward to verify that a = 0 is always a solution to
a = 1 (a, 0?). Define
Uy (a,0?) = (o, 0%) — a.

Since Wy (a,0?) is a concave function of a (as 9 (,0?) is concave), %‘;"72) is decreasing. Let’s first
consider 02 > 72/16. In this case we know that
2 2 2
oV (w,0%) <8\I/1(a,0 ) :M _121_1<07 (A14)
Oa - O a=0 Oa a=0 4o

where the second equality can be calculated from (A.13a]). Since ¥i(a,o?) is a decreasing function of «
and is equal to zero at zero, and it does not have any other solution. Now, consider case 02 < 72/16. It is
straightforward to confirm that

U 2 2
MW, 0% Olwo®)) T
Oa a=0 Oa a=0 4o
Furthermore, from (|A.13a)) we have %ﬁfﬂ) = 0, and so
oV (v, 0?) oy
Oa a—00

Hence, ¥y (a,0?) = 0 has exactly one more solution for o > 0. Note that since from part (ii) ¥y (o, 0?) < 1,
the solution of o = 11 (v, 0?) also satisfies a < 1.
Finally, the strong global attractiveness follows from the fact that i is a strictly increasing function of
.
O

Lemma 9. (a,az; 5) has the following properties:
(i) If § < 2, then 0® = 0 is a locally unstable fived point to o = 1y (04,0’2; 5), meaning that

o (ar, 025 9)

> 1.
Oo? a=1,02=0
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(it) For any & > 2, 02 =15 (a,0%;8) has a unique fized point in o € [0,1] for any o € [0,1]. Further, the
fized point is (weakly) globally attracting in o2 € [0,1]:

o <o(a,0%8), o € (0, Fr()), (A.15a)

and

Uo(a,0%) < 0%, 0% € (Fy(a),1). (A.15b)
(#ii) If § > damp, then for any o € [0, 1], we have
0 < to(,0%0) < 0fays 07 € [0,05,

where o2, = max{1,4/5}.

(iv) If 6 > damp, then for any a € [0,1], Fa(«) is the unique (weakly) globally attracting fized point of

0% = o(a,0%;8) in 0? € [0,02,,]. Namely,

0? < ho(a,0%;0), o* € (0, Fy(a)), (A.16a)
and

Po(a,0?) < o?, 0% € (Fala), o). (A.16b)

(v) For any 6 > 0, va(a,0?;6) is an increasing function of o® > 0 if

1 1

A
>a, 2 E ~ 0.53, A7
RN <1+82> (8.17)

1 1
2E(1+sz> _K<1+si)'

Here, K(-) and E(-) denote the complete elliptic integrals introduced in (A.l). Further, when a > o
and § > Sanp, then Fy(a?) is strongly globally attracting in [0,02,.]. Specifically,

’ max

where s2 is the unique solution to

o’ < wz(a,UZ;J) < By (o), o’ e (0, Fy(v)),

and
Fy(a) < Po(a,0?) < o?, 0% € (Fa(a),02,.)-

) max

Proof. First note that the partial derivative of ¢, w.r.t. o2 is given by

OYo(a,02%8) 4 1 /72r o2
P, 0750) _ 2y _ 2 o). A8
do? 4 2Jo (a%sin®0 + o02)2 ( )

P 2.

Part (i): Before we proceed, we first comment on the discontinuity of the partial derivative W

at 02 = 0. Note that the formula in (A.18)) was derived for non-zero values of o2. Naively, one may plug

3 (,0%:6)
do?

in 02 = 0 in the equation and assume that

= %. This is not the case since the integral

a=1,02=0
2 - o 2.5) . . .
OW/ Sidnee is divergent. It turns out that the derivative W is a continuous function of ¢2. The

technical details can be found in Appendix

P 2,
Since W is continuous at o2 = 0, we have
Yo (ar, 025 9) 5 O (1,02 6)
— = m —.
Oo? a=1,02=0 20 Oo?
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Note that if we set m = 1/02, then from (A.6) we have

2, z 2
8@02(1,0,5):% 171/ o a6 :% 171 m B m .
do? 0 2Jo (sin?0+02)2 0 2V 1+m m4+1

It is then straightforward to use Lemma [I] to prove that

im 2 (1oL /M g™ )22

> 1 for § < 2.

a=1,02=0

2,
Hence, 7%2590;;7 i9)

Part (ii): We first prove that the following equation has at least one solution for any « € [0,1] and § > 2:
o? = o(a,0?;6), o*e]0,1].

It is straightforward to verify that

Va(a,0%;0)|p2g = %(1 —a)’>0. (A.19)
We next prove our claim by proving the following:
Vo(a, 0% 6)|p2=1 < 1, Va €[0,1] and § > 2. (A.20)
From , we have
Po(a, 0% 0)|g2—1 <1<:>/; mcw_a? >2—% (A.21)
g(a?)

We next show that g(a?) in (A.21]) is a concave function of a2, and hence the minimum can only happen at
either & = 0 or o = 1. The first two derivatives w.r.t. a2 are given by:

dg(a?) /;‘ sin® 6 (a?sin® 0 + 2)
da? 0 (a2sin?6 +1)2

de—1

)

and

d?g(a?) _ _/5 sin @ (302 sin? 0 + %) 40 < 0.
0

d(a?)? (02sin®0 +1)3
The concavity of g(a?) implies that its minimum happens at either a = 0 or a = 1. Hence, to prove (A.21)),
it suffices to prove that

™ o 4]
g(O)_§>2—Z and g(1)~1.509>2—1,

which holds for § > 2. Hence, (A.21]) holds. By combining (A.19) and (A.20) we conclude that 1 (c, 02;6)

has at least one fixed point between 02 = 0 and o2 = 1. The next step is to prove the uniqueness of this
fixed point. For the rest of the proof, we discuss two cases separately: a) § >4 and b) 2 < § < 4.

(a) 0 > 4. Define
Uy, 0%;8) = o, 0% 6) — 02 (A.22)

From (A.18), if 6 > 4, then %"32;6) < 1,Vo? > 0. This means that Wa(c, 02;6) defined in (A.22) is
monotonically decreasing in o2 > 0. Hence, the solution to Wy(cr,0%;d) = 0 is unique. Furthermore,
the following property is a direct consequence of the monotonicity of Ws(a, 0?;6):

Uy (a,0%6) <0, Y0<o?< Fya), (A.23a)

and
Uy(a,0%6) > 0> 0% VF(a)<o? <1, (A.23b)

where Fy(a) denotes the solution to ¥a(a, 0?;8) = 0.
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(b) 2 < § < 4. In this case, we will prove that there exists a threshold on o2, denoted as 2(a;6) below,
such that the following hold:

o (a, 025 9) 0o, 02 6)
Oo? do? > 1

This means that Wy(a, 0?;6) = 12(a,0%;) — 02 is strictly decreasing on 02 € (0,02(a;d)) and in-
creasing on o2 € (02(a; §),00). Note that since we have proved that Wo(ar,0%;6) = 0 has at least one
solution, we conclude that there exist exactly two solutions to Wa(a, 02;8) = 0, one in (0,02(a;6)) and
the second in (02(a; 8),00), if Wa(a,02;6)|s2202(a;6) < 0. This is the case since Wy (e, 02;8)|p2=1 < 0
(see ), and that Us(a, 0%;0)|p2—1 < Va(a, 0 )]o2=02(a;s) (since the latter is the global minimum
of Uy(ar,0%;6) in 02 € (0,00)).

Also, it is easy to prove (A.23). In fact, the following holds:

<1, Vo?<o?(a;6) and Vo? € (02(a;0), 00). (A.24)

Uy (a,0%6) <0, Y0<o?< Fya),

and
Uy(a,0%68) > 0> 02, VEy(a) < 0% < Fy(as0),

where F) (a;0) > 1 denotes the larger solution to Wy(a,0%;6) = 0. See Fig. [10] for an illustration.

6 -
1/’2(04702#5)
5t diagonal line
4l |
|
|
|
3T !
|
|
2r |
|
|
1r |
|
|
0 H 1 I I I | |
0 Fy(a;0) 1 2 3 4 Fy(e;0) 5

Figure 10: Plot of ¥s(a, 0%;6) for a = 0.7 and § = 2.1.

From the above discussions, it remains to prove (A.24]). To this end, it is more convenient to express
(A.18) using elliptic integrals discussed in Section

OYo(a,02%,8) 4 1 /72r o?
P, 0750) _ 22 _do A.25a
do? 4 2Jo (a%sin®0 + o02?)2 ( )
4 1 1
m(‘)‘sz(Hs?))’ (4.250)
f(s)

where we introduced a new variable s = < and the last step is derived using the identities in Lemma

Based on (A.25) we can now rewrite (A.24) as

f(s)>a(1—i), vs<@ and f(s)<oz(1—i), vse<a*(;)j;6),oo). (A.26)
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To prove this, we first show that there exists s* such that f(s) is strictly increasing on (0, s.) and
decreasing on (s, 00), namely,

f'(s) >0, for s <s., and f'(s) <0, for s> s,. (A.27a)

S« is in fact the unique solution to the following equation:

1 1
2E( ——= | =K . A2
(1—1—3%) <1+s§) (A.27b)

This can be seen from f’(s) derived below:

f@)(i%5:§E<1j§>
“zmr () 2 (79))

Further noting that E(-) is strictly decreasing in (0,1) while K(+) is increasing, we proved (A.27)).
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Figure 11: Hlustration of f(s).

Based on the above discussions, we can finally turn to the proof of (A.26). From (A.25b)), it is
straightforward to verify that f(0) = 3. Therefore, when § > 2, we have

5 5
1-S)<1-2
a( 4> 4<

Hence, the following equation admits a unique solution (denoted as s,(«;d) below):

=f(0), V6>2and0<a<]l.

N =

f(S)a<li>, Vo >2and 0 <a <1,

See Fig. for an illustration. Also, from our above discussions on the monotonicity of f(s) it is
straightforward to show that

fo>a(1-) v ad f6)<a(1-]). e blain).).

which proves (A.26) by setting o, (a; ) = a - s,(a;8). This proves (A.24)), which completes the proof.
27



Part (iii): We will prove a stronger result: ¢y < 4/3. From (2.6b)), 12 (a, 02; ) < 4/ is equivalent to

[NE

) 2 o 29 2
a2+027/ a Sls +01d0§0,
o (a?sin“04 02)2

which can be further reformulated as

5 9a?sin? 3
a2g/ 20 s O 910 / - _do—1]. (A.28)
0o (a?sin®0+ 02)2 0o (a?sin®f0+ 02)2

For 0 < @ <1 and 02 < ¢2

m.

ax We have

B 1 B 1
_do z/ a6,
/0 (a2sin®6 + o2)2 0 (sin®0+02,,)

max

@) / 1 " (A.29)
0 (sin29+ 4 )§

OAMP
~1.09 > 1,

=

where step (a) from o2, = max{1,4/6} > max{1,4/5amp} = 4/0amp ~ 1.6. Due to (A.29), to prove
(A.28), it suffices to prove
o? < /72r 202 sin? 0 a0,
o (

: 1
a?sin? f + 02)2

or

Bl 2gin2
1§/ Sh e,
0o (a?sin”f0+02)2

which, similar to (A.29)), can be proved by

EH 2sin? 0 s 2sin? 0
/ — ldaz/ o 49~ 102> 1,
0o (aZsin”0+ o0?)2 0 (SiHQQJF(;A?WP 2

Part (iv): We bound the partial derivative of 15 (v, 02;6) for 02 € [0,02,.] as:

2. z 2
1/’2(0176275):% 171/ 20 3d9
do o 2Jo (a?sin®f+02)2
(a) 3 2
24 1_1/ T 4
5 2 )0 (02+02)%
bra _ A.30
® 4 1—1/ B, (4.30)
(;) 4 1_1 2\/% ~ 1 i ~
damMP 2 Jo (02 +1)2
~ 0.98 < 1,

where step (a) follows from the constraint 0 < o <1 and the inequality sin < 6; (b) is due to the variable
change 6 = 0/0; (c) is a consequence of the constraint o2 < 02, = max{1,4/5} < max{l,4/6amp} =
4/6amp. As a result of (A.30), Ua(a, 0?;6) = 2(a,0%;8) — 02 is decreasing in 02 € [0,02,,]. It is easy to
verify that 12(0, ;) > 0 for « € [0, 1]. Further, Lemma@ (iii) implies that

Po(02 5 0) — 02, < 0.

max’ max
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Hence, there exists a unique solution (which we denote as Fy(a)) to the following equation:
Po(o,050) = 0%, 0<o?<o?

max*

Finally, the property in (A.16]) is a direct consequence of the fact that Ws(cr,02;8) = 1o(a,0%;6) — 0?2 is a

. . 2 2
decreasing function of o* < 77 .

Part (v): In (A.25]), we have derived the following:

2.
%:%(a—ﬂs)),

where s = 2. From (A.25b)), we see that s (a, 02;9) is an increasing function of o if the following holds:
a> f(s).

Further, (A.27)) implies that the maximum of f(s) happens at s, i.e.,

max f(s) = ! E( ! )éa*, (A.31)

5>0 2,/1 + 52 1+s2

1 1

Clearly, a > a, immediately implies a > f(s), which further guarantees that ¥ (a, 0%; ) is monotonically
increasing on o2 > 0. Finally, the strong global attractiveness of F»(«) is a direct consequence of part (iv)
of this lemma together with the monotonicity of . O

where 52 is the unique solution to

A.3.3 Properties of F; and F;

In this section we derive the main properties of the functions Fy and F; introduced in Section These
properties play major roles in the results of the paper.

Lemma 10. The following hold for Fy(0?) and Fay(a;8) (for § > 2):

1) =1 and lim - F1(0%) =0. Further, by choosing F o =0, we have Fi(c?) is continuous
Fi(0)=1andlim , .- Fi(c®)=0. Further, by ch Fi (55

on [O, ’{—Z} and strictly decreasing in (O, ’{—2);

2
(ii) Fy is a continuous function of a € [0,1] and d € (2,00). F3(1;9) =0, and F5(0;0) = <_W+§i:4(5_4)>
for 6 # 4 and F»(0;4) = 4/72.
Proof. Part (i): We first verify F1(0) =1 and lim_, .»- Fi(0?) = 0. First, F;(0) = 1 can be seen from the
9 716
following facts: (a) 11(,0) =1 for a > 0, see (2.6a)); and (b) By definition, F;(0) is the non-zero solution to
a = 11(c,0). Then, by Lemma (iii) and continunity of 11, we know F} is continuous on [0, 7{—2), and further
lim , ,»- Fi(0?) =0 since 0% = =
16

o2 16
decreases to zero. Next, we prove the monotonicity of F}. Note that

Fi(0®) = ¢1(Fi(0?),07),

corresponds to a case where the non-negative solution to ¥ (a, 0?) = «

Differentiation w.r.t. o2 yields

Fi(0®) = 021 (Fi(07),0°) + 011 (Fi(0?),0%) - F{(0?),

where pun(Fi(0%),0%) & 22555 and 0yn(Fi(0%),0%) & PR L Hence,
[1— 011 (Fi(0?),0%)] - Fi(0?) = 8201 (Fi(0?),07). (A.33)
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We have proved in (A.14) that %‘;’”2)‘&:0 < 1 when 02 < 717—2. Together with the concavity of i1 w.r.t. «
(cf. Lemmalg] (i), we have

o (a, 0?)
Oa

2

<1, Vor< (A.34)

o1 (v, 0?)
< a0 16

a=F(c?) da

Further, from (2.6al), it is straightforward to see that v is a strictly decreasing function of o2, and thus

oth1 (Fy(0?),0%) = %‘;’02) <0. (A.35)

a=Fi(c?)

Substituting (A.34) and (A.35]) into (A.33)), we obtain

102 o _ T

F! <0, Vo< —.

1(c%) o 16

Proof of (ii): By Lemma@ (ii) and continuity of s, it is straightforward to check that F» is continuous.
Moreover, we have proved that o = Fy(a;§) is the unique solution to the following equation (for § > 2):

4 3 2a%sin?6 + o2
o= - a2—|—02+1—/ de ), o%elo1]. A.36
o ( o (a? sin20+o’2)% 0,1 ( )

When o = 0, (A.36) reduces

4
0225(02—&—1—%0), o? e0,1],

which has two possible solutions (for § # 4):

- 214004 /a2 a0 4
T+ /72 +4(0 )and oy — ™ w2+ 4(6 )

0—4 0—4

g1 =

(For the special case § = 4, 01 = 2/7.) However, o is invalid due to our constraint 0 < o2 < 1. This can be
seen as follows. First, oo < 0 for § > 4 and hence invalid. When 2 < § < 4, we have

T4 /2 —4(4 - 9) S _T
4—46 4-46

Hence, F5(0;8) = 01. When a = 1, (A.36) becomes:

4 2 2sin? 2
g (2ot [ 2R ). e
0

g9 = > 1.

sin? 0 + 02)2

It is straightforward to verify that o2 = 0 is a solution. Also, from Lemma |§| (i), 02 = 0 is a also the unique
solution. Hence, F»(1;4) = 0.

O
A.3.4 Proof of Lemma [4

In Lemma El, we have proved that Fy(o; ) is the unique globally attracting fixed point of ¥ in 02 € [0, 1]
(for § > 2), and from (A.15]) we have

0% > Fy(a;8) <= ha(a,0%;0) < o?, o?€0,1]. (A.37)

Here, our objective is to prove that F} ' (a) < Fy(a;§) holds for any o € (0,1) when § > §app. From (A-37)
and noting that F; *(a) < 72/16 < 1 (from Lemma , our problem can be reformulated as proving the
following inequality (for 0 > damp):

Yola, Fi () 6) < Fy M (a), Va € (0,1). (A.38)
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Since ¥ (a, Fy *(a); 0) is a strictly decreasing function of § (see (2.6b)), it suffices to prove that (A-38) holds
for § = 6AMP:
Vo(a, Fy M (@);damp) < Fy Ha), Va € (0,1). (A.39)

We now make some variable changes for (A.39). From (2.6a]), 11 in can be rewritten as the following for

a>0: B )
bl 1 0
Dr(a,0?) = / LT
o (

sin? 0 + g—z) 2
By definition, F(0?) is the solution to o = 1 (v, 02), and hence the following holds:

s .2
0
a= [ s ~df.

0 (sin2 0+ L_sz(a) ) :

At this point, it is more convenient to make the following variable change:

F (o)
s= 17, (A.40)
@
from which we get
Bl in2
a=g¢i(s) 2 / _ sl g, (A.41)
0 (sin2 0+ 52) 2

Notice that ¢1 : Ry +— [0, 1] is a monotonically decreasing function, and it defines a one-to-one map between
a and s. From the above definitions, we have

Fy 'l (a) = s%0® = s°¢i(s), (A.42)
where the first equality is from (|A.40|) and the second step from (A.41). Using the relationship in (A.42),
A.39)

we can reformulate the inequality in (A.39)) into the following equivalent form:

Vo (01(5), s%03(s); damp) < s2¢3(s), Vs> 0. (A.43)
Substituting (A.41]) and (2.6b]) into (A.43]) and after some manipulations, we can finally write our objec-
tive as:
us .92 us 2 .92 2
0 1-— 0
/2%119./2( 752)“1 g1, Vs> o0. (A.44)
o (sin®@+ s?2)2 0 (sin” 0 + s2)2
where we defined 5 16
A AMP
=1- =2-—. A4
1 — (A.45)

In the next two subsections, we prove (A.44)) for s? > 0.07 and s? < 0.07 using different techniques.

(i) Case I: We make another variable change:

1>

' 1
52

Using the variable ¢, we can rewrite (A.44) into the following:

A 91(1) _ 1
G(t) = wl) B0 >, Vtel0,14.3). (A.46a)

where «y is defined in (A.45)), and

gi(t) 2 /2(1 + tsin® )2 df, (A.46b)
0
Bl inZ6
RS / sin _df. A .46¢
92(t) o (1+tsin®6)z ( )
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Notice that if we could prove (A.46a) for t < 14.3, we would have proved (A.44) for s> > 0.07, since
14.3 > 1/0.07 &~ 14.28. For the ease of later discussions, we define

s

2 sin 9
93(t) é / . 2 3 d97
0o (1+tsin“6)2

2 i 69
t é/ v
#O= ) At esnto)t

The following identities related to {g1(t), g2(t), g3(¢), ga(t)} will be used in our proof:

6(1) = 52(0).
g3(t) = —%93(’5), (A.47)
(1) =~ s(t).

We now prove (A.46a). First, it is straightforward to verify that equality holds for (A.46a]) at ¢t = 0,
ie.,

G(0) = . (A.48)

Hence, to prove that G(t) > ~ for t € [0,14.3), it is sufficient to prove that G(¢) is an increasing
function of t on ¢ € [0,14.3). To this end, we calculate the derivative of G(t):

¢y = 202l — M0 <—2gé(t))

E0) 0)
(@ 395(t) + 301 (t)gs(t)  gs(t)
A ()
1gi(H)gs(t)  gs(t)
=T 20 g0
C1gs(t) () B
‘2£@<gxw+@ﬁﬁﬁﬂ 9’

where step (a) follows from the identities listed in (A.47). Since g3(t) > 0, we have
G'(t) >0+ G1(t) + Ga(t) —2 > 0.

It remains to prove that G1(t) + Ga(t) —2 > 0 for ¢ < 14.3. Our numerical results suggest that
G1(t) + Ga(t) is a monotonically decreasing function for ¢ > 0, and Gy (¢) + Ga(t) — 2 as t — .
However, directly proving the monotonicity of G1(t) + Ga(t) seems to be quite complicated. We use a
different strategy here. We will prove that (at the end of this section)

— (1(t) is monotonically increasing;

— Gy(t) is monotonically decreasing.
As a consequence, the following hold true for any ¢ > ¢; > 0:
G1(t) + Go(t) =2 > G1(c1) + Ga(ea) — 2, Vit € [eq, ca).
Hence, if we verify that G1(c1) + Ga(c2) — 2 > 0, we will be proving the following:
G1(t)+ Ga(t) —2 >0, Vi€ [er,ca]

To this end, we verify that G1(c1) 4+ Ga(c2) —2 > 0 hold for a sequence of ¢; and ca: [c1, 2] = [0,0.49],
[Cl, Cg] = [049, 1.08], [81, 82} = [108, 178], [Cl, CQ] = [178, 256], [Cl, Cz] = [256, 347]7 [Cl, Cg] =
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[3.47,4.47], [c1,ca] = [4.47,5.56], [c1,co] = [5.56,6.77), [c1,co] = [6.67,8.08], [e1,c0] = [8.08,9.5],
[e1,c2) = [9.5,11], [c1, 2] = [11,12.6], [e1, co] = [12.6,14.3]. Combining all the above results proves

Gi(t) +Ga(t) —2 >0, Vte[0,14.3).

From the above discussions, it only remains to prove the monotonicity of G;(t) and Gz(t). Consider

G1(t) first:
/ gQ(t) '
Gile) = (93(0)

_ 393(t)g5(t)gs(t) — g5(t)g5(%)
93(t)
—595(1)g3(t) + 593(t)ga(?)
93(t)

392(

)
2 —
92()+2 %

(A.49)

®)

_ 94
(t)

3
2
D) [—g3(t) + ga(£)ga(t)].

5(t)
93(t)

Applying the Cauchy-Schwarz inequality yields:
fud .2 us . 6
2 sin“ 6 2 sin” 6
t)ga(t) = ————df - ———df
92(t)ga(t) /0 (1+ tsin?0)3 /0 (1+tsin?0)3
z

f sin? @ ’ (A.50)
= (/ (7 tsin26)3 C”)
= g3(t).

Combining (A.49) and (A.50)), we proved that G/ (¢) > 0, and therefore G1(t) is monotonically increas-
ing. For G5(t), we have

_3
2

Gh(1) = 64 (D9a(0) + (5 (1)
550+ 0(0) (~500)
1

2%

[93(t) — 91(t)g3(t)].

Again, using Cauchy-Schwarz we have

Bl . Bl inte
gl(t)gg(t):/ (1+tsin29)5d9-/ S

0 0 (1+tsin2 9)%

z in26 2
> / leg

o (1+4tsin?6)z
= g5(t).

Combining the previous two equations leads to G4(t) > 0, which completes our proof.

(ii) Case II: We next prove ([A.44) for s> < 0.07, which is based on a different strategy. Some manipulations
of the RHS of (A.44) yields:

H in 2 (1 —vs?)sin® 0 + s E(x)T 1—a)T?
/ 25111 0 1 d9~/ ( 752)5111 1+s 9o — (z)T(x) A x2) (33)7 (A51a)
o (sin“6+ s2)2 0 (sin“ 0 + s2)2 x x
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where E(-), K(-) and T'(-) are elliptic integrals defined in (A.I)), v is a constant defined in (A.45)), and

x is a new variable: )
A

, A51b
T + 52 ( )
From our reformulation in (A.51)), the inequality in (A.44) for s? < 0.07 becomes
E(x)T 1—2)7T?
@T() _ A=2)T7@) ¢ 0.93,1). (A.52)

x x?
Note that 0.93 < 1/(1 + 0.07) and thus proving the above inequality for x € [0.93,1) is sufficient to
prove the original inequality for s2 < 0.07 (note that = = 1/(1 4 s2), see (A.51D)).
With some further calculations, (A.52)) can be reformulated as

x E@)T(x)—=z
() (1-2)

>, x€][0.93,1). (A.53)

The following inequality is due to Eqn. (1) in |Anderson & Vamanamurthy| (1985])

Tz)<z <1, Vze(0,1).

Hence,
z E@)T(x)—z E@T(zx)—=
v 0,1
T2(z) (1—2x) ” 1—x , Ve e 01,
and to prove (A.53) it suffices to prove the following
E(x)T
(x)l 7(3;) TS, Vae[0.93,1). (A.54)

To this end, we will prove that the LHS of (A.54)) is a strictly increasing function of z € [0.93,1). If
this is true, we would have

E@x)T(x) —x N E(x)T(x)

1—= 1—2

- 16
o003 ~ 0.385 > 7 = 2 — — ~ 0378, Var € [0.03,1).

()T (z)—x
1

We next prove the monotonicity of B — . From the identities in Lemma we derive the following

E%(z) —2(1 —2)B(x)K(z) + (1 — 2)K?(x)

[E@)T(x) - al = -

— 1.

E(x)T(z)—x
1-—x

Hence, to prove that is monotonically increasing, it is sufficient to prove the following

inequality:

(Eg(x) —2(1-2)E(z)K(z) + (1 — 2)K?(x)
2z

- 1) (1-2) - [E@)T(z) — 2](~1) > 0.  (A.55)

Now, substituting T'(z) = E(z) — (1 — ) K(x) into (A.55) and after some manipulations, we finally
reformulate the inequality to be proved into the following form:

T(x)* > 22 — 2E%(2).

It can be verified that equality holds at z = 1. We next prove that T'(x)?+zE(z)? — 2z is monotonically
decreasing on [0.93,1). We differentiate once more:

(T(x)* + zE(z)? — 22) = 2E(z)? — (1 — 2)K (x)* — 2.
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Our problem boils down to proving 2F(z)? — (1 —z)K(z)? —2 < 0 for = € [0.93,1
2E(z)? — (1 —2)K(x)? — 2 = 0 holds at x = 1. We finish by showing that 2E(z)
is monotonically increasing in x € [0.93,1). To this end, we differentiate again:

). We can verify that
Z-(1-2)K(z)?>-2

[2E(z)2 —(1- x)K(:p)Q _o = K(x)? - 3E(z)K(x) +2E(x)?

(A.56)

We note that K(z)— (% + \}5) E(x) is a monotonically increasing function in (0,1) since K (z) is mono-

tonically increasing and E(z) is monotonically decreasing. We verify that K(x) — (% + %) E(z)>0
when = > 0.93. Hence,

K(z) - (; + \2) B(z) >0, Vael0.931),
and therefore )
3 1 9
(K(x) — 2E(x)) > §E(x) , Yz e€][0.93,1). (A.57)

Substituting (A.57) into (A.56), we prove that [2E(x)% — (1 —2)K(z)? — 2]’ > 0 for z € [0.93, 1), which
completes the proof.

A.3.5 Proof of Lemma
First, we introduce a function that will be crucial for our proof.

Definition 4. Define

YO (Gt .
L(a,é)—5<1 4[1+(¢11(a))2]>, € (0,1), (A.58)

where ¢1 : Ry — [0,1] and ¢2 : Ry — Ry below:

5
d1(s) 2 / S L —T) (A.59a)
0 (sin2 0+ 52) 2

™

T 9si 29 2
$a(s) = / AL (A.59b)
0 (sin®6 + s2)?

where gbl_l is the inverse functions of ¢1. The existence of gbl_l follows from its monotonicity, which can be
seen from its definition.

In the following, we list some preliminary properties of L(c;d). The main proof for Lemma |§| comes
afterwards.

e Preliminaries:

The following lemma helps us clarify the importance of L in the analysis of the dynamics of SE:

Lemma 11. For any o > 0, 02 > 0 and § > 0, the following holds:
L [wl(aaaz);é] < ,(/)2(0570-2;5)7 (AGO)
where Y1 and Py are the SE maps defined in (2.6), and L(c;0) is defined in (A.58).

Proof. Define X = {(a, 0?)|a > 0,02 > 0}. Let ) be the image of X under the SE map in (2.6). We
will prove that the following holds for an arbitrary C' € [0, 1]:

L(C;0) = min (@, 6%;6), (A.61)
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where (&, 52) satisfies the constraint

1(8,6%) = C.

If (A.61) holds, we would have proved (A.60). To see this, consider arbitrary (a,o?) such that
¥1(a,0?) = C. Then, we have

a (b)
Ltr(a,0%):0] 2 min 2(a.6%) < is(a,0%0)

where step (a) follows from (A.61) and 1 (a,0?) = C, and step (b) holds since the choice & = a and
6% = 02 is feasible for the constraint (&, 52) = 11 (a, o). This is precisely (A.60)).
We now prove (A.61). From (2.6a) we have
/2 asin? 0
1;[}1 (aa 02) = /
o

a2sin? + o2)1/2 0.

Furthermore, from the definition of ¢, in (A.59a)) we have

g

V1(&,6%) = ¢y <a> =C=s5=—_=¢;'(0). (A.62)

>l ®

Similarly, from (2.6bf), i.e. the definition of 19, and the definition of ¢9 in (A.59bf), we can express

Po(a,62;0) as
[Az 52101 @&- 2(0:>:|
s

[(1+5%)8° +1—d-¢a(s)] .

¢2(d7&2; 6) =

Sl O

62) = C' is equivalent to fixing s = ¢ *(C). Further, for a fixed

From (A.62)), we see that fixing ¥ (&,
of &, and the minimum happens at

s, Pa(&,6?%) is a quadratic function

. ¢a(s) _ da(e1'(0))

Omin = - ’
20457 214 (67(0))’
and ¥ (Gupin, 6%;0) is
2 4 ¢3(s) 4 #3(61 1 (C))
a(amins0%8) = 5 (1= 1220 ) = 21 ~ | = pa,
SN AAE)) I a1+ o))
where the last step is from the definition of L is (A.58)). This completes the proof. O

To understand the implication of this lemma, let us consider the ¢ iteration of the SE:
a1 = Y1 (a, 0',52)’
Jt2+1 = ¢2(at7of;§)7

Note that according to Lemma [11] no matter where (a,07) is, (41,07, ;) will fall above the 0% =
L(«;9) curve. This function is a key component in the dynamics of AMP.A. Before we proceed further
we discuss two main properties of the function L(«;d).

Lemma 12. L(«;9) is a strictly decreasing function of a € (0,1).

36



Proof. Recall from (|A.58)) that L(a;0) is defined as

wad( #3¢1(a)
test) 2 5 (1 2 Gt
= 5 (1 Do (@),
where I : Ry — R, is defined as
A ¢3(s)
Ir(s) = W+ s7) (A.63)

From (A.59a)), it is easy to see that ¢1(s) is a decreasing function. Hence, to prove that L(«;d) is a
decreasing function of «, it suffices to prove that Is(s) is strictly decreasing.

Substituting (A.59b)) into (A.63) yields:
¢3(s)

Ir(s) = i+

B 1 /72r 2sin? 6 + 52
41 +s2) \ /o (Sin29+82)%

2
(a) 1 1 52 1
= — |2F - K

4{ <1+s2> 1+ s2 1+ s2

= - [2B(x) - (1 - 2)K (),

where step (a) is obtained through similar calculations as those in , and in the last step we
defined =z = H% Hence, to prove that Iz(s) is a decreasing function of s, it suffices to prove that
[2E(z) — (1 —2)K(x)]? is an increasing function of 2. Further, 2E(z) — (1 —z)K(x) = T(x) + E(x) > 0
(form the definition of T'(x) in (A.1)), our problem reduces to proving that 2E(x) — (1 — z)K () is
increasing. To this end, differentiation yields

(@) E(z) - (1 -o)K(x) o) 1, ©
= 5 = 2T(:v) > 0,

where (a) is from the differentiation identities in Lemma [l (b) is from (A.1)), and T'(x) > 0 follows
from Lemma [1| (ii) together with the fact that 7°(0) = 0. O

2E(z) — (1 - 2)K(z)]

The next lemma compares the function L(a;d) with F; ! (a).
Lemma 13. If 6 > damp, then
F (@) > L(a;6), Yae€(0,1).

Proof. We prove by contradiction. Suppose that L(&;8) > F; *(&) at some & € (0,1). If this is the
case, then there exists a 62 such that

Fl(a) < 6% < L(4;9). (A.64)

Since F} is a decreasing function (see Lemma , the first inequality implies that &>Fy(62). Then,
based on the global attractiveness property in Lemma (8] (iii), we have

P1(a,6%) < a (A.65)

Further, Lemma {| shows that F; '(&) > Fy(a;0) for § > damp, and using (A.64) we also have
62 > F7Ha&) > Fa(&;6). Also, from (A.64),
(a) 4 2 4
#gu@®<L®®=5@—ﬂ)<6sﬁm
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where (a) is due to the monotonicity of L(a; §) (see Lemmal[12)). From the above discussions, F(é&;6) <
62 < o? We then have (for § > damp):

max"*

a (b) (c)
Vo(&, 62;0) © 52 < L(&;0) < L [¢h1(6,6%);46], (A.66)

where step (a) follows from the global attractiveness property in Lemma [J] (iv), step (b) is due to the

hypothesis in (A.64), step (c) is from (A.65) together with the monotonicity of L(a; §) (see Lemmal[l2).
Note that (A.66) shows that (&, 6%;0) < L [¢1(d,62);6], which contradicts Lemma where we

proved that 1s(a, 02;6) > L [wl (a, 02); (5] for any o > 0, 02 > 0 and 6 > 0. Hence, we must have that

L(a;6) < F{ Y (a) for any a € (0,1). O
Lemma 14. The following holds for any « € (0,1) and 6 > 0,
4 1,

where L(c, d) is defined in (A.58)).
Proof. From ({A.58]), proving (A.67)) is equivalent to proving:

20,1 2
1- ¢2(¢1_$a)) S1-2 - 1042, Va € (0,1), (A.68)
414 (97 (a))?] 16 2
where ¢; : [0,00) — [0,1] and ¢2 : [0,00) — [0,00) are defined as (see ([A.59al) and (A.59b))):
3 in2
p1(s) = / L L —dé, (A.69a)
0 (sin®@ + s2)2
z .2 2
ba(s) = / ELUNL Y (A.69D)
0 (sim2 0+ 32) 2
We make a variable change:
a = ¢1(s).
Simple calculations show that (A.68) can be reformulated as the following
L) < T 42080, se(0.09) (A70)
2020 1 i(s), s ,00). .
Let us further define .
b3(s) = / (sin?6 + s2)3do. (A.71)
0

From and 7 we have
$2(s) = ¢1(s) + #3(s),

and (A.70) can be reformulated as

2

1(5)+ Ga(o)* = (12| T +26300)] <o (A72)

To this end, we can write the LHS of (A.72) into a quadratic form of ¢ (s):

7T2

5+ (o)~ (142) |

+ 2¢%(s>]
= 306) + 63(6) + 20n()69) — (1459 |

7T'2

(157 + 83(s).

+ 20800

= —(1+25%)p3(s) + 2¢1(s)p3(s)
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Hence, to prove that this quadratic form is negative everywhere, it suffices to prove that the discriminant
is negative, i.e.,

4¢3 (s) +4(1 + 2s?) {—Tu +87) + cbi(s)} <0,

or
2

$2(s) < %(1+252).

Finally, by Cauchy-Schwarz we have

- 2
P3(s) = [/ (sin? @ + 82)%d9‘|

z 2
< 21d9 / sin 0+32) 0

(* 5) 8(1+28)

which completes our proof. O

Lemma 15. For any € [0, 1], v¥a(a, 02; 6amp) is an increasing function of 0® on 02 € [L(a; Samp), ),
where the function L(c;d) is defined in .

Proof. From Lemma |§| (v), the case @ > «a, = 0.53 is trivial since then (0%, a;danp) is strictly
increasing in 02 € R,. In the rest of this proof, we assume that o < a,. We have derived in (A.18))
that

811)2(0670'2;6) 1 1 .
902 >0<=a> 2\/1+752E ol f(s), (A.73)
where
A O
s§= —.
o

Hence, the result of Lemma [15| can be reformulated as proving the following:

a > f(s), VSZM, a € [0, au).

(e

We proceed in three steps:
(i) In Lemma [14] we proved that the following holds for any « € [0, 1]:

- 4 L |
L(a; Sanp) > Lla,6amp) 2 —— (1- = — =a?). (A.74)
dAMP 16 2
For convenience, define
L(ov; 6anp
3(a) = (a) (A.75)

(ii) We prove that f(s) is monotonically decreasing on s € [§(a),00) for a < .

(ili) We prove that the following holds for o < av:

a> f(5(a)).
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Clearly, follows from the above claims. Here, we introduce the function L since L has a simple
closed-form formula and is easier to manipulate than L(«). We next prove step (ii). From (A.27), it
suffices to prove that

§(a) > sy, Va < a,

where s, and «, are defined in (A.32)) and (A.31)) respectively. To this end, we note that the following
holds for a < a:

L(as 6 L(aw: 6
$(a) = \/ (0 dane) > \/ ( Amp) ~ 1.18,

« Oy

where the inequality follows from the fact that L in (A.74) is strictly decreasing in «, and the last
step is calculated from (A.74) and o, = 0.527 . Finally, numerical evaluation of (A.32) shows that
S« ~ 0.458. Hence, §(«r) > s, which completes the proof.

We next prove step (iii). First, simple manipulations yields

2 @ L) » 4 2\ 1 1
S 2 1—— ). == A76
s (a) a2 5AMP 16 a2 2 ’ ( )
where (a) is from the definition of §(«) in (A.75) and (b) is due to (A.74). Using (A.76)), we further
obtain
16 — 72
a= 6—7T (A7)

45AMP=§2 (Ot) + 8

Now, from and ( m, we have

. 16 — 72 1 1
a—f(3(a) >0+ B @@ 18 2 1+§2(a)E(1+§2(a)>>0' (A.78)

We prove (|A.78)) by showing that the following stronger result holds:

16 = ! E( ! >>o VteR (A.79)
46ampt2 +8  2y/1+ 2 \1+1¢2 ’ + :

For convenience, we make a variable change:

A 1
1412
With some straightforward calculations, we can rewrite (A.79)) as

16 — w2
E
(x) < \/5AMP(1 — iIJ) + 2z

The following upper bound on E(z) is due to Eqn. (1.2) in [Wang & Chu| (2013):

T

1- g Va € (0,1].

16 — 72
5AMP 1-— :E + 21‘
which can be reformulated as

4
(1 - g) (damp — (damp — 2)2) < —(16 — %) = damp

where the second equality follows from the definition danp = % — 4. The above inequality holds since
0<1-35 <1and0<damp — (damp — 2)z < damp. This completes the proof. O
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Lemma 16. For any « € [0,1], ¥2 (e, L(c;6);6) is a strictly decreasing function of 6 > 0, where

L(w; ) is defined in (A.58]).
Proof. From the definition of L(«;d) in (A.58]), we can write

v (o Li0):0) = v (570

where (note that & is not the conjugate of o)

5“4(1 4[¢>§<¢11<a>> )

1+ (77 ())?]

A key observation here is that 52 does not depend on §. Clearly, Lemma[16]is implied by the following

stronger result:
0 ,152:6
M<O, Va2 > 0,a > 0,0 > 0,

06
which we will prove in the sequel. For convenience, we define
o 1
EQE, 'yég and s = 1/7S. (A.80)
@

Using these new variables, we have
L, _2. 1
U (@ 50%0 ) = s (@097

2 2sin? 0 + 5>
0 (sin29+’y§2)2

where the last equality is from the definition of ¥ in (2.6b)). It remains to prove that 1)y (a, ~G2; '7_1)
is an increasing function of 4. The partial derivative of 1 (c, 02%; ) w.r.t. 7 is given by

™
2§4

Oz (5% 77! 2 25in? 0 + 452 1 (%
V2 (005 41 4 905?02 — da /zsgl—ﬂsldwf/Q%de +4
v o (sin®6 +~vs2)2 2 Jo (sin®0+~vs2)2

a 2 2sin’0 + 52 1 (% .
W (1+2s%)a? — 4a / L—’—Slde—i—f/ %d@ +4
0 (sin®0+ s2)? 2Jo (sin0+s%)3

© (55 +)E (ke ) - 2°K ()

= 4(1 4 25%)a® — 4o + 4,
( ) 21+ 82

(A.81)

where in step (a) we used the relationship s? = 52 (see (A.80)), and step (b) is from the identities
) -2, -1
(o) is a quadratic function of a. Therefore, to prove

in (A.6). From (A.81)), we see that ha -

) 6%y . L . .
% > 0, it suffices to show that the discriminant is negative:

(552 + 4)E (f) 282K (1#2) ? 42 <0 (A.82)

2v/1 + s2

Further, to prove (A.82)), it is sufficient to prove that the following two inequalities hold:

1 1
(55 +4)F <1+32) - 25°K (1 - 32) >0, (A.83a)
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and

1
(55 +4)F (1 - 2> —25’°K (1 n 2) < 4V/1 4 82y/1 + 2s2. (A.83b)
s s
We first prove (A.83a)). It is sufficient to prove the following
(45 +4)F L) Coer (L > 0. (A.84)
1+ 52 1+s2

Applying a variable change x = 1-&-%’ we can rewrite (A.84) as

4E(z) — 2(1 — 2)K (z)

> 0.

The above inequality holds since
4E(z) —2(1 —z)K(z) > 2E(x) — 2(1 — z)K () = 2T (x) > 0,

where the last equality is from the definition of T'(z) in (A.1)).

We next prove (A.83b)). Again, applying the variable change z = H% and after some straightforward
manipulations, we can rewrite (A.83b) as

h(z)/x <0, x€(0,1),

where

h(z) = (5—2)E(z) —2(1 — 2)K(z) — 4v/2 — z < 0.

Hence, we only need to prove h(z) < 0 for 0 < z < 1. First, we note that lim, ,;- h(xz) = 0, from the

fact that E(1) = 1 and lim,_,;- (1 — 2)K(x) = 0 (see Lemma [1] (i)). We finish the proof by showing

that h(x) is strictly increasing in = € (0,1). Using the identities in (A.3)), we can obtain
3(1—2z)(E(x) — K(z)) 2

h/ = — .

To prove h'(x) > 0, it is equivalent to prove

4x

m > K(z) — E(x)

™

3 1 3 L
= —1d9—/ 1 —zsin®0)2df )
/0 (1 —zsin® )= 0 ( ) (A.85)

3 in20
:/ B T
o (1—azsin®0)z
Noting 0 < z < 1, we can get the following
/g“ian 1d9</g“in%92d9:”< ! _1>.
0o (1—xsin®6)2 o 1—xsin“f 2 1—x

Hence, to prove (A.85)), it suffices to prove

4z S T < 1 1)
(1l—z)vV2—2 2\V1—-=x ’
which can be reformulated as
ﬁ 1 - V1—2x
3m2—x 1+v/1—z
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The inequality holds since

8 1 8 1 1
— — >, V¥ 0,1
Vo TV A M
and
1—=x 1
< -, Vxe(01).
1+v1—-2 2 z€ (1)
O
0.6
0.5
0.4
0.3
0.2
0.1
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

(0%

Figure 12: Illustration of the convergence behavior. R, and R, are defined in Definition [3| For both point
A and point B, Bi(a,0?) and By(a,c?) are given by the two dashed lines. After one iteration, Rgp will not
be achievable and we can focus on Ra,.

e Main proof

We now return to the main proof for Lemma@ Notice that by Lemma (ot O'tzo) cannot fall below
the curve L(a;9d) for tg > 1. Hence, for Ry, we can focus on the region above L(«;d) (including
L(w;6)), which we denote as Ra,. See Fig. [12|for illustration.

We will first prove that if (o, 0%) € Ry U Raq, then the next iterates 1 (a, 02) and o (a, 02) satisfy
the following:
V1(a, 0%) > Bi(a,0?), (A.87a)

and
a(a,0%) < By(a,0?), (A.87b)

where B (o, 0?) and By(a,0?) are defined as
Bi(a,0?) = min {o, Fi(c®)},

A (A.88)
Bs(a,0?) £ max {o?, F; '(a)}.

Note that when (a,02) is on F;' (e, 0? = F;'(a)), equalities in (A.87a) and (A.87DH) can be
achieved. Further, this is the only case when either of the equality is achieved. Also, it is easy to see
that if (o, 02) is on Fy !, then (¢1(c, 02), ¥ (a, 0?)) cannot be on Fy '
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Since F; ! separates Ry and Ra,, (A.88) can also be written as

[Fi(0?),0?] if (o,0%) € Ry,

[, F7 Y (@) if (@, 0%) € R (A.89)

[Bi(a,0°), Ba(ev,0%)] = {

As a concrete example, consider the situation shown in Fig. In this case, for both point A and point
B, Bi(a,0?) and Ba(a,0?) are given by the two dashed lines. This directly follows from by
noting that point A is in region R; and point B is in region Ro,. Let Raq\F; () be a shorhand for
{(a,0%)|(c,0%) € Rog, a # Fi(0?)}. To prove the strict inequality in (A.87), we deal with (o, 0%) € Ry
and (a, 0%) € Rao\Fy ' () separately.

1. Assume that (o,0?) € R;. Using (A.89), the inequality in (A.87) can be rewritten as
P1(a,0?) > Fi(0?) and (o, 0?) < o2 (A.90)
Since (a,0?) € Ry, we have 0> > F; '(a). Then, applying (A.12) proves 11 (a,02) > Fi(o?).

Further, using Lemma {4} we have o2 > F;'(a) > Fy(a). Also, Lemma [5| guarantees that
0% < o? Hence, Fy ' (a) < 02 < 02, and applying Lemma@ (iv) yields 9 (a, 02) < 0.

max-* max

2. We now consider the case where (o, 0?) € Ra,\F; (). Similar to (A-90)), we need to prove
Y1(a,0?) >a and a(a,0?) < Fy 'l a). (A.91)
The inequality 1 (a,0?) > « can be proved by the global attractiveness in Lemma [§ (iii) and

the fact that o? < Fy '(a) when (@, 0?) € Raq\F; '(@). The proof for ¢s(e,0?) < Fy '(a) is
considerably more complicated and is detailed in Lemma [17] below.

Lemma 17. For any (a,0?) € Ra, (see Deﬁm’tion@ and d > damp, the following holds:

Yo, 0?;0) < Fi ' (a), (A.92)
where ¥y is the SE map in and Ffl is the inverse of Fy defined in Lemma @
Proof. The following holds when (o, 0%) € Ray:

wg(a,02;5) < max 1/12(04762;5),

62€Dy
where
Do = {6%|L(a;0) < o® < Fy'(a)} . (A.93)
Hence, to prove ([A.92)), it suffices to prove that the following holds for any 6 > damp and « € [0, 1]:
max o (a,6%;0) < Fy ' (a). (A.94)
62€Dy

We next prove . We consider the three different cases:

(i) o € [as, 1] and all § € [§amp, 00), Where o is defined in (A.17).
(ii) @ € [0, ) and d € [damp, 17].
(iii) @ € [0, ) and § € (17, 00).

Case (i): Lemma |§| (v) shows that vy is an increasing function of ¢ in R,. Hence, by noting

(A.93), we have
max o(a, 6%;0) = wg(a,Ffl(a);é).

62€D,

Therefore, proving (A.98)) reduces to proving
o e, FH(@);0) < F (). (A.95)

Finally, (A.95) follows from the global attractiveness property in Lemma@ (iv) and the inequality
F (@) > Fy(a;6) in Lemma
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Case (i1): We will prove that the following holds for « € [0, a..) and ¢ € [damp, 17] (at the end of
this proof)
hmagc Po(a, 0?;6) = max {wg(a,L(a;(S);(S), w2(a,Ff1(a);5)}. (A.96)
62€Dg
Namely, the maximum of 1 over o2 is achieved at either 0? = L(a;8) or 0® = F; '(). Hence,
we only need to prove that the following holds for any a € [0, «,) and 6 > damp:

max {1/)2(0¢,L(04;5);(5)7 wg(a,Ffl(a);é)} < Fl(a). (A.97)

In the sequel, we first use to prove , and the proof for will come at the end
of this proof.

Firstly, it is easy to see that ¢ (a, Fy '();d) is a decreasing function of &, since 1o (a, 0%;6) is
a decreasing function of § and Fy '(a) does not depend on §. Further, Lemma shows that
Vo, L(; 8);6) is also a decreasing function of §. (Notice that unlike F} '(a), L(;d) depends
on J, and thus Lemma is nontrivial.) Hence, to prove for & > damp, it suffices to prove

(A.97) for 6 = danmp, namely,

max {1/)2(@,L(a;5);5AMp), wQ(a,Ffl(a);(SAMp)} < Fi (o). (A.98)
When 6 = damp, we prove in Lemma that 1), is an increasing function of ¢? in o2 €

[L(a;damp), 00). (Such monotonicity generally does not hold if § is too large.) Further, Lemma
shows that Fy '(a) > L(a;damp). Hence,

Yo, L(a; 8); damp) < Yala, Fy M (@); damp),
and thus proving (A.98) reduces to proving
wQ(a>Ff1(a>;§AMP) S Ffl(a)a

which follows from the same argument as that for (A.95)).
Case (iii): Lemma@ (iii) shows that 12(a; 0%;6) < 3 for any o2 € [0,02,,]. It is easy to see that
D, C [0,02,.], and thus

? max

4 4
2, ~
01211635(06 ’I/JQ(OK, g ,5) S 5 S T? ~ (0.235. (Agg)
Further, Lemmashows that F; ' : [0,1] + [0,72/16] is monotonically decreasing. Hence,
F Y a) > Fyl (aw) =~ 0.415, (A.100)

2 2

where the numerical constant is calculated from the closed form formula F; ' (a) = a?- [qﬁfl(a)

(see (A.42)) and o, ~ 0.5274 (from (A.17))). Comparing (A.99) and (A.100) shows that (A.94)

holds in this case.

It only remains to prove (A.96). We have shown in (A.25) that

0o, 02 6) 4 1 1
do2 “oa\" T 2\/1+52E 1+s2) )’ (A.10)

f(s)

where s = o /. Further, we have proved in (A.27) that f(s) is strictly increasing on [0, s,) and
strictly decreasing on (s.,o0), where s, is defined in (A.32). Hence, when f(0) = 0.5 < a <
f(s4) = au, there exist two solutions to

a= f(s),
denoted as s1(«) and sz(a), respectively. Also, from (A.101]) and noting the definition s = o/a,
we have
Ao (ar, 025 6)
002
Ao (ar, 025 6)
002

>0 <=0 € [0,07(a)) U (03(a), 0) ,

<0<+ 0’ € [o}(a),03(a)],
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where 02(a) = a2s2(a) and 02(a) = a2s2(a). Hence, for fixed oo where o € (£(0), f(s4)), o2(t)

is a local maximum of ¥y and o3 () is a local minimum. Clearly, if
L(a; 0) > 03 (a), (A.102)

then the maximum of ¢, over o2 € [L(a; ), Fi *(a)] can only happen at either L(a;d) or F; ! (a),
which will prove (A.96]). Further, for the degenerate case a € (0, f(0)), 12 only has a local
minimum, and it is easy to see that also holds. Thus, we only need to prove that
holds when § < 17. This can be proved as follows:

ol(a) < s2-a® < 52 a? (A.103)

where (a) is from the fact that s;(«) < s, and (b) is from our assumption a < .. On the other
hand, since L(«) is a decreasing function of « (see Lemma , and thus for a < ., we have

L(a;6) = L(aw;9)
B U (GO CD)

s\ T A0+ (o ()]
where the last step is from Definition Based on (A.103) and (A.104)), we see that L(c;6) >
o?(a) for a < ay if

20,~1
(5 S 24 : 1— ¢2(¢17£a*)) 5 ~ ]_7.04:7
S O 41+ (61" (ax))?]

where the numerical constant is calculated based on the definition of «, in (A.31]), the definition
of s, in (A.32), and that of ¢; and ¢2 in Definition Hence, the condition § < 17 is enough
for our purpose. This concludes our proof. O

(A.104)

Now we turn our attention to the proof of part (i) of Lemma @ Suppose that (a,0%) € Ry U
Ro2q- Then, using (A.87) and based on the fact that Fj(«) is a strictly decreasing function, we
know that (¢1(e,02),92(c,02)) € Ri U Ra. (See Definition [3]) Further, Lemma [7] shows that
(Y1(a,0%),9a(a,0%)) ¢ Rop. Hence, (¥1(a,0?),¢a(a,0?)) € R1 U Ras. Applying this argument
recursively shows that if (,, Ufo) € R1UTRaq, then (ay,0?) € Ry URa, for all t > to. An illustration
of the situation is shown in Fig.

Now we can discuss the proof of part (ii) of Lemma@ To proceed, we introduce two auxiliary sequences
{&t+1}t2t0 and {&t2+1}t2t07 defined as:

duy1 = Bi(ay,07) and &7, = Bo(ay,07), (A.105)

where B; and B, are defined in (A.88)). Note that the definitions of By (a,0?) and Bs(a, 0?) require
(a,0%) € Ry U Raq, and such requirement is satisfied here due to part (i) of this lemma. Noting the
SE update a1 = ¥1(ay,07) and o7, = ¥a(oy,07), and recall the inequalities in (A.87)), we obtain
the following:

ey > Gppr and  op . <61, VE> o (A.106)

Namely, {&;11}e>t, and {57, Fe>e, are “worse” than {11 }e>¢, and {07, }i>e,, respectively, at each
iteration. We next prove that

Jim ey =1 and  lim 67, =0, (A.107)
which together with (A.106)), and the fact that ay11 < 1 and o441 > 0 (since (a4, 07) € Raqa), leads to
the results we want to prove:

. _ . 2 _
tlggo a1 =1 and tlg{)lo ;11 =0.
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It remains to prove (A.107). First, notice that ay41 <1 and 67,; > 0 (Vt > tg), from the definition in
(A.88). We then show that the sequence {ét41}t>1, is monotonically non-decreasing and {57 1 et 18
monotonically non-increasing, namely,

Guy2 > Gy and  Gpiy < 61y, VE> o, (A.108)

and equalities of (A.108) hold only when the equalities in (A.87)) hold. Then we can finish the proof
by the fact that & and 62 will improve strictly in at most two consecutive iterations and the ratios

~ 2
Qtt2 72 are continuous functions of (ay,07) on [ay,, 1] x [0, 02,.]. (This is essentially due to the fact

Gy O 67 » “max
that equalities in (A.87) can be achieved when o2 = F; !(«a), but this cannot happen in two consecutive
iterations. See the discussions below (A.88).)

To prove ((A.108), we only need to prove the following (based on the definition in (A.105))
Bi [¢1,¢2] > Bi(a,0%) and By i1, 2] < Ba(a,0?), V(a,0”) € Ry URaa,

where 1; and vy are shorthands for 1 (a,0?) and ¥ (a, 02;5). From (A.88)), the above inequalities
are equivalent to
min {¢y, F1(v2)} > Bi(a, 0?), (A.109)

and
max {z/Jg,Fl_l(wl)} < Bg(a,UQ). (A.110)

Note that (A.87) already proves the following

Y1 > Bi(a,0%) and 4y < By(a,0?).

Hence, to prove (A.109) and (A.110)), we only need to prove

Fi(¢o) > Bi(a,0?) and F;'(¢1) < Bay(a,o?).

To prove Fi (1) > By(a, 0?), we note that

(@ ,
Y2 < Ba(a,07)
© max {o”, F] ' (a) }

© FY (min {F1(0?), a})

@ Ffl (Bl(a,UQ)) ,

where (a) is from (A.87D)), (b) is from (A.88), and (c) is due to the fact that F; ! is strictly decreasing,
AT

and (d) from ( . Hence, since F7 is strictly decreasing, we have
Fi(y2) > Fy [F{ " (Bi(a,0%))] = Bi(a, 0?).
Further, it is straightforward to see that if both inequalities are strict in then
min {1, Fy(12)} > Bi(a, 0?).

This shows that equalities of (A.108]) hold only when the equalities in (A.87) hold.
The proof for F; ! (1) < Ba(a, 0?) is similar and omitted.

A.3.6 Proof of Lemma
Suppose that (a,0?) € Rg. From Definition [3| we have

(A.111)



Further, Ffl is monotonically decreasing and hence (for § > danp)

2

T F7H0) > Fy M a) > Fay(as0), (A.112)

where the last inequality is due to Lemma[d] Combining (A.111)) and (A.112) yields

Fy(a;6) < 0* < o2 (A.113)

max-*
By the global attractiveness property in Lemma [9] (iv), (A.113) implies
Po(a; 0% 6) < 0.

2

max

s

From the above analysis, we see that as long as 1—2 <ot<o (and also 0 < oy < 1), O’t2+1 will be
strictly smaller than o?2:

Jt2+1 = wg(at;of;é) < 0,52.
Hence, there exists a finite number 7" > 1 such that

2 2
2 ™ 2 T
o >— and o7 < —.
=17 16 =16
Otherwise, o2 will converge to a 2 in Ry. This implies that 52 is a fixed point of 95 for certain value of
0 < a < 1. However, we know from part (i) of Lemma [10| and Lemma that this cannot happen.

Based on a similar argument, we also have 9 (a;0?%) < a and so a1 < ay for t < T — 1. Further, we
can show that ay > 0 (i.e., oy # 0) for all 0 < ¢ < T. First, ag > 0 follows from our assumption. Further,
from (2.6a)) we see that ay41 > 0 if oy > 0. Then, using a simple induction argument we prove that «; > 0
for all 0 <t < T. Putting things together, we showed that there exists a finite number 7" > 1 such that
72

16
(Recall that we have proved in Lemma that ar < 1.) From Definition [3} (ar,0%) € R1 URa.

O0<ar<1 and J%g

A.4 Proof of Theorem [3

We consider the two different cases separately: (1) 6 > dglobal and (2) 6 < dglobal-

A.4.1 Case § > fglobal

In this section, we will prove that when § > dgiobha1 the state evolution converges to the fixed point (e, o) =
(1,0) if initialized close enough to the fixed point. We first prove the following lemma, which shows that
F ! is larger than Fy(a; ) for a close to one.

Lemma 18. Suppose that § > dgiobal = 2. Then, there exists an € > 0 such that the following holds:
Fl(a) > Fy(a;6), Yae (1—el). (A.114)

Proof. Tn Lemma {4, we proved that F; '(a) > Fy(a;d) holds for all a € (0,1) when § > danp = 2.5.
Here, we will prove that Ffl(oz) > Fy(a;6) holds for a close to 1 when 6 > dgiobar = 2. Similar to the
manipulations given in Section the inequality (A.114)) can be re-parameterized into the following:

z a2 5 1— 2\ oin2 2
/ %da / ( : 732;?:1 29)1+ 49 >1, Vse(0,6), (A.115)
0 Sin S 2 0 Sin S 2

where v = 1 — §/4 and € = ¢ '(¢) (see (A.41) for the definition of ¢;). Again, it is more convenient to
express (A.115)) using elliptic integrals (cf. (A.52))

E@T(@) y(1-2)T@) 1 Vee (1J1r£ 1) 7 (A.116)

x 2
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where we made a variable change 2 = 1 /(14 s?). To this end, we can verify that

igml E(:c)mT(:c) B ~(1 7;0:2)T2(x) _1

To complete the proof, we only need to show that the derivative of the LHS of (A.116)) in a small neighborhood
of x = 1 is strictly negative when 0 > dglobal = 2. Using the formulas listed in Section we can derive
the following:

4 (E(x)T(x) A1 —x)T%))

z 2 z—1
_ (@ —)E(@) (1 -2)K(@) + 41 —2) +a] - (1 - 2)K3(x) + [29(2 — 2) — 2] E*(x)
22’3 x—1
1
=7 bR

where the last step is due to the facts that E(z) =1 and lim, (1 — ) K (x) = 0. See Section for more
details. Hence, the above derivative is negative if ¥ < 1 or § > 2 by noting the definition y =1—¢§/4. O

Figure 13: Illustration of the local convergence behavior when d > dgiobal. For all the three points shown in
the figure, B; and By are given by the dashed lines.

We now turn to the proof of Lemma [3] The idea of the proof is similar to that of Theorem [2] There are
some differences though, since now ¢ can be smaller than dayp and some results in the proof of Theorem |Z|
do not hold for the case considered here. On the other hand, as we focus on the range o € (1 —€,1) > a,
and under this condition we know that Fy(0?;) is strongly globally attracting (see Lemma @-(V)), which
means that ¥ (a, o) moves towards the fixed point Fy(a;§), but cannot move to the other side of Fy(a;4).

We continue to prove the local convergence of the state evolution. We divide the region R¢ = {(a, 02)|1 —
e<a<1,0<eo%2< Ffl(l —€)} into the following sub-regions:

RS = {(vo®)1—e<a< LF Y a)<o® <F'(1-¢)},
S5 = {(a,0)|1—e<a<1,B(ad) <o’ < F i (a)} (A.117)
5o 2 {(OL,O’Z)|17€ <a<1,0<0? SFg(a;§)}.

Similar to the proof of Lemma [f] discussed in Section we will show that if (a, 0%) € R then the new
states (11,12) can be bounded as follows:

Y1(a,0%) > Bi(a,0?) and (a,0?) < Ba(a,0?), V(a,0?) € R, (A.118)
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where
Bi(a,0?) =min{a, Fi(¢®)} and Bs(a,0?) = max {o® F '(a)}.

Based on the strong global attractiveness of 1, (Lemma iii) and ¢ (Lemma @-v) and the additional result
(A.15), it is straightforward to show the following:
Qﬁl(a’ 02) 2 Fl(JQ) and ¢2(a702) < O—Qa V(Oz, 02) € Ri
Y1(a,0?) > a and a(a,0%) <o?, Y(a,0%) € RS,

wl(a,az) >a and ’(/J2(0470'2) < Fy(a;6), Y(a,0?) € Ry,

which, together with the definitions given in (A.117) and the fact that Fy(;8) < Fy () (cf. Lemma [18)),
proves (|A.118). The rest of the proof follows that in Section Namely, we construct two auxiliary
sequences {11} and {57, ,} where

Gr41 = Bi(ay,07) and &7, = Bo(ay,0}),
and show that {G41} and {7, ,} monotonically converge to 1 and 0 respectively. The detailed arguments

can be found in Section [AZ3.5] and will not be repeated here.

A.4.2 Case § < fglobal

We proved in (A.25) that

Oy, 0%0) 4 1 B 1
Oo? “ 5\ 2v/1 + s2 1+ s2 ’

f(s)
where s = . Hence, we have (note that (1) =1)
Mo (ar, 0?) 4 1
0 0)= 22—~ =—|1-— A/ 0. A.119
2w2(aa ) 80'2 2=0 5 20 ) a > ( )

Therefore,

2
321/12(&,0) > 1, Yo > m

When § < fglobal = 2, we have ﬁ < 1 and therefore there exists a constant o™ that satisfies the following:
2
——<a* <1
4—96 ’

which together with (A.119) yields
(921/)2(Ot*,0) > 1.

Further, as discussed in the proof of Lemma @(i), Oa1ba(a*, 0?) is a continuous function of o2. Hence, there
exists &* > 0 such that
Doha(a*,0%) > 1, Vo? €0,¢%]. (A.120)

Further, we have shown in (A.18]) that

OYo(a,02%:8) 4 1 (% o2
a2z —3\l73 — 7df |,
0o o 2 Jo (a2sin®0+ 02)2

and it is easy to see that da1b2 (v, 02;§) is an increasing function of o € (0, 00). Hence, together with (A.120)
we get the following

82w2(aa02i5) > 1a V(Q,UQ) € [Oé*, 1] X [035*];

2

which means that ¥ (a, 0?) — 02 is a strictly increasing function of o2 for (o, 0?) € [a*,1] x [0,£*]. Hence,

Yo(a, 0%) — 0% > y(a, 0) = %(1 —a)?>0, VY(a,o) €[a*,1]x][0,£].

This implies that o2 moves away from 0 in a neighborhood of the fixed point (1,0).
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B Derivations of AMP.A

For the convenience of the readers (especially those who are not familiar with AMP), we provide a sketch of
the derivations of the AMP.A algorithm in this appendix. Our derivations follow the approach proposed in
(Rangan [2011)). However, there are some differences specially in the last steps of our derivation.

For simplicity, we focus on the real-valued case. Consider the following optimization problem:

m

min Y (v - [(A2)a)® + S, (B.1)

x
a=1

where 1 is a penalization parameter. We now sketch the derivations of the AMP.A algorithm intended for
solving (B.1)). First, we construct the following joint pdf for (B.1):

=7 H exp [ - [(Ax), } Hexp ( ) (B.2)

where Z is a normalizing constant, (Ax), and y, denote the a-th entries of Ax and y, and 8 > 0 is parameter
(the inverse temperature). Define

F(y,2) = exp (=B (y— 121)?) (B:3)
Following Chapter 5 in [Maleki| (2010)), we proceed in three steps:
e Derive the sum-product belief propagation (BP) algorithm for .
e Approximate the BP update rules.

e Find the message update rules in the limit of 8 — co.

The above procedure is slightly different from the original derivations in (Rangan| [2011)) (which is derived
directly from the max-sum belief propagation algorithm) but equivalent. The sum-product BP algorithm
reads

mh (i) / f(Ya, (Az), Hdm]%a xj), (B.4a)
J#i
mi% (o) = [ g (@) -exp (=8 £a?) - (B.4b)
b#a

We next simplify the above BP update rules.

B.1 Messages from factor nodes to variable nodes

Let 2%, and v} _, /B be the mean and variance of the incoming message m}_,, (here v’ _, , is O(1) and the
variance of m!_,, is O(1/8) as 8 — oo (Maleki, 2010)). Note that the calculation of the message 1, ,;(x;)
in (B.4al) can be interpreted as the expectation of f(y,, (Ax),) with respect to random vector x\i that has
product measure [];_, dmj_,,(z;). Since in this interpretation the elements of x\i are independent, based

on a heuristic central limit theorem argument, we assume that Z, = (Ax), is Gaussian distributed, with
mean and variance respectively given by Chapter 5.2 in Malekil (2010])

t A t
Sq = E Aaj.%'j%a—f—AaifL'i,

i
= Aai(xi - xzaa) + Z Aasz‘aav
j=1 (B.5)
—_———
pt
t
T
- é ZAa] j—>a ~ ZAa] J—>a'
BB B
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Based on this approximation, the message 1! _,,(x;) in (B.4a) can be expressed as follows

Tfrlz_n( =E {exp [ (ya - |Za|)2]}

= [ exp [0~ 1)) N (5 A — 2t ) + i) .

where the expectation in step (a) is over Z, = (Ax), (with respect to the product distribution [];_, dm{_, ,(z;)).
Following (Ranganl, 2011}), we define

H90/8) 2o | [ exp (= 50~ 1407) - N s o/5) ). B.7)
Using this definition, we can write log [} ., (z;)] in as
log [ Mg—ys (xl)] =H (Aai (xl - z%a) +pa7 a/ﬁ)

Noting A, = O, ( ) following (Rangan, 2011) we apply a second order Taylor expansion to log [rf, _,,;(x;)]

(amounts to a Gaussian approximation of m!_,.(z;)) :

1
H (Aai (5 — i) + Do Yar T/ B) = Ha(t) + Aai (v — x7_,,) H(t) + *Aii( — L) HI(t)  (B.8a)

- %A?ﬂH;’(t)xf + [AgH)(t) — Az

ai 'L—>(l

H]/(t)] x; + const, (B.8b)

where we have omitted constant terms (relative to x;), and H,(t), H.(t) and H/(t) are short-hands for

Ha(t) = H(piwyav t/ﬁ)v

H/() aH(pvyaT/ﬂ)|
Op P=DL Y=Ya,T=T},
H(p,y,7/B)
1 1)
Hy(0) = =53~ pmptvmyuir=rt-

B.2 Messages from variable nodes to factor nodes

The message from z; to F, is
. 1
mit, (@) = [l (20) - exp (=6 Sa?). (B.9)

From the Gaussian approximation in (B-8), mi! (z;) is also Gaussian. Consider the following term:

ps
log [ Zila Zlog my_yi(zi)] — 5 T2
b#a

ZA — B m + ZAZng ZA z—)b Zi,

b#a b#a b#a

(B.10)

where the second approximation comes from (B.8]). Comparing (B.10]) with the exponent of a Gaussian pdf,
we find that its variance (which we denote by v; Hla /B) and mean are respectively given by

vla L ! +0 (1> (B.11)
- Pl p | = |> .
B b;AbiHb (t)+ BN z H//( )+ Bu n
vitl/s
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and
pttl
xgilaz | DD A H(1) - DA, - b, |- (B.12)
b#a b#a

The approximation in (B.11) is due to our assumption E[A2] = 1/m. In (B.12)), we have approximated v}%},
by v!™! and omit the O,(1/n) error term.

B.3 From BP to AMP
We assume that the message z'! has the following structure Chapter 5.2.4 in Malekil (2010):

i—a
t+1 t+1 +5 t+1 +O 1
Tisa = Tisa n )

where /™! = 0,(1) and 62!F}, ~ O, (1/y/n). From (B.12), we can identify z{™" and dz!*! (which is the

1—a 1—a

term that depends on the index a) to be the followmg

If:laz i <2Ab1 Hb ZA : 1—>b) (Blga)

t+1

ott! Vit
: : Alli ' Htlz(t) + A2 HU( ) : z—>a : (Bl'?’b)
sattl Op(1/n)
We further simplify xt“ (i.e., the first term in the above equation) as follows
oft
$§+1 _ ZB ZAZ” Hb ZA b (B.14a)
b=1
vt - 1
== ZAbZ H(t) I; +0, (n> (B.14b)

The approximation error in the above is O,(1/n) since

> A B0y =~ S AL ) 10 = 0y (1)
b=1 b=1

where we used dz!_,, = —v!t! /B Ay Hj(t) in the previous equation. Ignoring the O,(1/n) term, the update

i—b

in - ) becomes

’U?+1 m t+1
l‘§+1 = l/B ZAszb ZA
b=1

(B.15)

UEJFI o 2 i 25:1 AbiHb(t) t
=5 T AW '(—Z?IA;HI;%Q”Z‘)'

b=1
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We now return to the update of pi*! defined in (B.5):

t+1 A § : t+1
Aaﬂ‘r]—m

= t+1 ’U§'+1 /
Z /8 ’ Aaj : Ha(t)

J=1

=

o i (B.16)

—(iAajxé-*l)(Z“ >-H,;<t>

g
n t+1
2 (DoA™ = T HL)
j=1
where step (a) is due to (B.13]) and step (b) is from the definition in (B.5)).

B.4 Large £ Limit

Puttmg (]B 16)), (B.11)), (B.15)), we obtain the following simplified BP update rules (Va =1,...,m and
Vi=1,.

Ta = ZAGJ E (B.17a)
n t
ph=" At — % H(t—1), (B.17b)
j=1
it = — b , (B.17c¢)

~ 3 A5 HY0) + B

tH S e ApiHJ (1)
t+1 _ ot b=1 it Tp B.17d
( ZA ) (ot 55w ) (P17

where H|(t) and HJ/(t) are shorthands for H'(p},ys, 7} /8) and H" (p}, yp, 7 /B) respectively. The algorithm
summarized above is a special form the generalized AMP (GAMP) algorithm derived in (Rangan, |2011)) (see
Algorithm 1).

We further approximate the variance updates in (B.17a)) and (B.17c]) by averaging over A (based on some
heuristic concentration arguments). After this approximation, 7! becomes invariant to the index a (denoted
as 7 below). We can then write into the following vector form:

1 1
0 —divy(gi_1)

19"y, "1/B)
5 *divp(gt—l)

T (ot t
41 — - (:l:t+ A g(p ale /ﬁ)) ,
—divy(ge)

=

)\t 1,

p' = Az’ — A1, (B.18)

where we defined:
s H'(p,y,7/B)
ﬁ b

1
lep gt é Ezapg pavya7 t/ﬂ)

9y, 7/B)

A A _dlvp(gt)
t= T A

—divy(ge) + p
54



We next consider the zero-temperature limit, i.e., 8 — oo. From the definition of H in (B.7)), it can be
verified that (Rangan| [2011)):

E _
ooy, /) = SV TIOZD

where E[z,p,y,7/8] denotes the posterior mean estimator of z w.r.t. the distribution p(z|p,y,7/8)
exp [—B(y — |2])* — B5=(z = p)?]. As B — oo, the posterior mean concentrates around the minimum of
the posterior probability, i.e., E[z,p,y,7/8] — prox(p,y,7) where

N . 5, (2— p)2
prox(p,y,7) = argmin (y — |z|)* + o (B.19)

which has the following closed-form expression (for 7 > 0):

2T .
prox(p,y,7) = ———— - sign(p).

Here, sign(0) can be arbitrarily defined to be +1 or —1. The function § becomes:

R _ prox(p,y,7)—p 2 . _
iy, 7) = = =112 (y - sign(p) — p) - (B.20)
a(p,y)

B.5 Summary of AMP.A
After some algebra, we can finally express (B.18]) using g (instead of g, see (B.20)) as the following:

t_ 1 T 4 %
d *divp(gt—l)
1g(@ty)

t— Agt — =2 LA VS B.21
p 5 —divp(gi_1) t—1 ( )

33t+1 — At . (Sct + ATg (pt7y)>
—divp(ge) /)

T . )\t—17

where )
—divy(ge_1)

T Zdivy(gi 1) + (7 + 3)

There are a couple of points we want to emphasize:

At

e When u = 0, the update of p* and =!*! are independent of the parameter 7. This is why we prefer to

use g(p, y) instead of §(p,y, ), see (B20).

e Calculating the divergence term div,(g) is tricky due to the discontinuity of g(p,y) at p = 0. Unlike
the complex-valued case, a simple empirical average does not work well. We postpone our discussions
on this issue to a future paper.

B.6 Heuristic derivations of the state evolution

According to (2.4]), the complex-valued version of AMP.A proceeds as follows

x?Ll = —2din(gt) . xf +2 Z Aaig(pfp ya)a

a=1

(B.22a)

T

where

. 1 o~1 (0g(pt,ya) .09(Pt,ya)
divy(ge) = —> 5 ( o i) (B.22b)
a—1 a a
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Suppose that at each iteration the elements of x? are distributed as

;i 4 Ty +othy, Vi=1,...,n, (B.23)

where x,; represents the ith entry of the true signal vector . and h; ~ CN(0,1) is independent of z!.
Rigorous proof of the state evolution framework is based on the conditioning technique developed in (Bayati
& Montanari, 20115 Rangan| [2011; |Javanmard & Montanari, 2013|). Here, our goal is show the reader how to
heuristically derive the state evolution (SE) recursion, namely, given oy and oy, how to derive a1 and o41.
Following (Donoho et al.| [2009; Bayati & Montanari, |2011)), we make the following heuristic assumptions to
derive the SE:

(i) We ignore the Onsager correction term, i.e., we assume that p’ is generated as (cf. (2.4)):
n
pl = ZAajaré, Ya=1,...,m.
J

(ii) We assume that x! is independent of A.

We derive a;41 and o441 separately in the following two subsections.

B.6.1 Derivations of o4

To derive a1, we will calculate the expectation of the term T in (B.22a]) by treating x, and x! as con-
stants. In other words, the expectations in this section are conditioned on x, and x!. We now consider the
expectation of a single entry in 7"

E{Amg (P, Ya) } =E |Ag- 9<2Aaj33§"
j=1

n
Z Aajj ‘ + wa)
j=1

) & (B.24)
=FE |40 > Agjal| -E[0pg(phva)] +E | Aai Y Aajza | - E [0.9(0% ya)]

j=1 j=1

1 1
= —a; B [0p9(ph ya)] + —2ei - E[0:9(05 va)]

where the last step is from Stein’s lemma (for complex Gaussian random variables) Lemma 2.3 in |Campese
(2015), and 9,g(p’, ya) and 9,9(pl,, |z4| + w,) are defined as

Al 0 0
apg(pa y) = 5 (apRQ(Z% y) - ITMQ(Pa y)) s
8.9 12 +w) 2 2 (2 g(p, 12l +w) 1 g(p, |2] + w)
=29\ D, =9 azRg D, 8ng D, 5

where pr and p; are the real and imaginary parts of p (i.e., p = pr + ips) and zg and z; are the real and
imaginary parts of z. Similar expressions also appeared in the complex AMP algorithm (CAMP) developed
for solving the LASSO problem (Maleki et al., [2013). In AMP.A, ¢g(p,y) = y - p/|p| — p and based on the
above definitions we can derive that

Y
_ P _Lle,-en
P ) = o T2

where 0, and 6, are the phases of p and z respectively. Note that in rigorous calculations we should be
careful about the discontinuity of g. In this heuristic calculations we have ignored this issue. We will discuss
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this issue in our future paper. Substituting (B.24)) into (B.22al) yields

1 & 1 &
= — E [0 t7 al| f"’ _ E 82 27 a RN
p 2—1 [0p9(P, ya)] - @ ma§:1 109Dl yal)] - @, (B.25)

~ divy(ge) - 2 + diva(ge) - 24,
where in the last step we assumed that the empirical averages of the partial derivatives div,(g:) = = > | 9,9(p, ¥a)
and div.(g) = 23" 8.9(p!, 24| + wa) converge to their expectations. Substituting (B.25) into (B.22a))
yields

E[z{T) = —2div,(g;) - 2 + 2E[T]
= 2div,(gs) - Tuy-

From our assumption in (B.23)), we have E[z!™'] = ay41 - 2. ;. This result combined with (B:25) leads to
Oyl = 2dlvz(gt) (B26)

Finally, when « and ' are independent of A, and by central limit theorem we can assume that both
= Yr Agizl and z, = Y| Asiz.,; are Gaussian, and their joint distribution is specified by the
relationship p?, 4 iz + otb, where z, ~ CN(0,1/6) and b; ~ CN(0,1/§) are independent.

B.6.2 Derivations of o7,
From (B.23)), 67, can be derived as

op = var[ziT!] = var[-2div,(g;) - ¢ + 2T = 4 - var[T]. (B.27)

ZAazg pa7 ‘|
= ZE“AM‘ |ga :| +ZZE ulga 1bgb]

Further,

a=1 a b#a
(’i) % Z [|ga\2} + Z Z E [Aiaga] ! E[Aibgb] (BQS)
a=1 a b#a
~ LS B[] + M g
a=1

2
3|~
NE
&
+
=

where g, and g, are shorthands for g(p’, ya) and g(p}, ys) respectively, and step (a) follows from the heuristic
assumption that the correlation between \Am‘|2 and | ga|2, and the correlation between A;,g, and A;,g, can
be ignored. Hence, combining (B.27) and (B.28) we obtain

ot =4 (BITF] - BITIP) = & 3 B[loaolw)?)

where as argued below (B.26) the joint distribution of p!, and 2, are specified by p’, 4 0 2q + 01bg where
zq ~ CN(0,1/4) and b, ~ CN(0,1/9) are independent.
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C Simplifications of SE maps

C.1 Auxiliary Results
Here we collect some auxiliary results that will be used in the simplification of the state evolution equation.

Lemma 19. The following identities hold for any a € R and b € Ry

2m 2
/ / rcos@exp( 2(;7‘0059) drdﬁ—?axff/ cos Gexp<a CZS a)d@7 (C.1a)

2 _
/ / rsin f exp (—T2CLTCOS€> drdf = 0. (C.1b)
o Jo b
Proof. We first consider (C.1a)):
27 o'} 2 . .
/ / 7 cos f exp <_7‘26L7’CO§9> dédr
o Jo b
2 2 2 00 _ . 0)2
= / cos 6 exp (acosﬁ) d9/ r exp (_(racos@)) dr
o b b
2 2 2 202
D [T eosesp () [Tpesp (“T5) L acosovima (V20 | ag
0 b b Vb

27 27 2 2

1 a“ cos® V2acos 6

= Zbecos 0do +/ a cos? OV b exp ( ) ) de
/0 2 0 b Vb

w [T ) a? cos? 0) V2a cos /’T 9 A a? cos® 0 V2acosf\ -
= acos“Ovbrexp| ————— | O | ———— | dO + acos“Ovbrexp| ———— | | ———— | dO
/o p( b NG 0 P\ NG

= /Oﬂacos2 0/br exp (GQC(;SQH) l(b (\@C\L;bos@> +@ (—W)} dé

™ 2 2
© a\/a/ cos? 6 exp <(ICZSG> de
0

5 2 29
@ 2aV b ’ cos® 0 exp (a Czs ) dé,
0

where step (a) is from the integral (®(x) denotes the CDF of the standard Gaussian distribution):

[ o (~E ) ey (1 Vo

Vo
step (b) is from the variable change 6 = 6 — 7, step (c) is from the fact that ®(z) + ®(—z) = 1, and step (d)

is from
m 2 2
/ cos? 0 exp (acos9> de
0 b

™

5 2 29 ™ 2 20
= /2 cos? 0 exp <aczs> de +/ cos? 6 exp <acbos> de
0 3

™

z 2 a2 0 . 2,52 o
= / cos? f exp (W) dé —|—/ cos? f exp (a CZS 6) (—df) (#=m—0)
0 =

2

z 2 .2
= 2/ cos? 6 exp (acos@) de.
O b

)—i—m\/mrq)( ), Vm e R,v e Ry,
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The identity in (C.1b)) can be derived based on similar calculations:

27 o 2 _ 2 - ™ 1 2 2
/ / 7 sin 6 exp (_rbrcos@) dodr = aVv b7r/ — sin 26 exp (acos@) de

=0.

O

Lemma 20. Let Z ~ N(0,1) be a standard Gaussian random variable. Then, for any x € R, the following
identities hold:

2[1210(x21)] = 115
E [<I> <x|2|)] = %arctan(x) + %, (C.3)
E [22 - P (x|2|)] = %arctan(x) + % + %#:7,

where ¢(+) and ®(-) are, respectively, PDF and CDF functions of the standard Gaussian distribution.

Proof. Consider the first identity:

(1210 (s121)] = [ lsloto :hoteia:

= 000 z¢p(x 2)p(z)dz ()
® 1/Ooozexp [—(1 +$2)z22] dz

T
1 1
w1+ 22’

where (a) is from the symmetry of ¢ and (b) from the definition ¢(z) = 1/v/ 2me=*"/2. Further,

%E [<I> (x|2|)] - % /_O:O Oz |2))o(2)dz = % OOO 20 (z 2)p(2)dz
= /OOO 2%@(3@ 2)p(z)dz = /000 2z¢(x 2)p(2)dz (C.5)
1 1
pEIre

where the last equality is from (C.4). Hence,

E [(I) (x\Z|)} = /zoo %H;tzdt = %arctan(x) + % (C.6)
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Finally, the third identity in (C.3|) can be derived as follows:

E [22 P (a:|Z|)] - /0; 20(z|2))d(2)dz

= /OO 22®(22)p(2)dz
0

—

a

= —2/0 2®(xz)do(2)

=

= {z@ (x2) / o(2) [P(xz +:rz¢(xz)dz]}
) / (=)D (22)dz + -2 /O c6(22)p(2)d2

(b) 1 1 =
= ;arctan( ) + 5 771—}—7:527

where (a) is from the identity ¢'(z) = z¢(z) and (b) from our previously derived identities in (C.4) and
9. O

C.2 Complex-valued AMP.A

From Definition [T} the SE equations are given by

1/’1(‘% 02) =2-E [azg(pa Y)]

zp
=K s
{IZIIPI}

Ua(a,0%6,0%) = 4-E [|g(P,Y)[’]

=4-E[(12] - |P|+ W)?]

= 4-E[(1Z] - |P|)?] +402.

Pa(a,02;6)

In the above, Z ~ CN(0,1/6), P = aZ + 0B where B ~ CN(0,1/6) is independent of Z, and Y = |Z| + W
where W ~ CN(0,02) independent of both Z and B. We first consider a special case 62 = 0 (a # 0). When
o =0, we have P = aZ + 0B = aZ, and therefore

aZZ

a0 =B[22 Ty

alZ||Z|
4 9 5
= (1= |a])® + 402,
)
We next turn to the general case where o2 # 0. Later, we will see that our formulas derived for positive o
covers the special case 02 = 0 as well. Lemma [21| can simplify our derivations.

Lemma 21. ¢; and v in (C.8)) have the following properties (for any a € C\0 and o* > 0):
(i) Y1(a, 0?) = 1 (|al,0?) - €%, with €% being the phase of a;
(ii) Pa(a,0%;6) = a(|al, 0?;6).

Proof. Note that for ¢ and vy defined in (C.8), we have P|Z ~ CN(aZ,0%/5). Consider the random

variable P £ P.e¢ % Based on the rotational invariance of circularly-symmetric Gaussian, we have
P|Z ~CN(|a|Z;0%/5). Hence,

wg(a,();é,a?u) =4-E [(|Z| — |aZ\)2} —1-4012” =

2

ZP

2\ __ ZP __ _if,
wl(ava)E|: :| |ZHP|

W * (a0 )-
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The proof of s (a, 02;6) = a(|al,0?;6) follows from a similar argument: the joint distribution of |Z| and
|P| does not depend on 6, and thus ¥s(a, 0?) = 4E [(|Z| — |P|)2} does not depend on 6, O
Note that Lemma [21] also holds for o = 0 if we define Z0 = 0.

Remark 1. In the following, we will derive 11 and o for the case where « is real and nonnegative. The
results for complez-valued o can be easily derived from those for nonnegative o, based on Lemma 21}

We can also write 91 as ~
ZP
1Z] | P|

Note that 6, — 6, is the phase of an auxiliary variable P = 7% P = a|Z| + oe~1%- B. Further, from the

rotational invariance, conditioned on |Z|, P is distributed as P ~ CN(«|Z|,02/8). Hence, the expectation
of its phase can be calculated as

e[ /2”/ LCER g
02/6 02/é e
o2l 7|2 27 2 _
_a’|Z]? / / exp _ r° —2a|Z|cosbr drdd
71'02/5 026 71'02/6 a2/é
1 o?|Z|? 2w oo 1 r2 — 20| Z| cos Or
ey exp (_02/6 ) ./o /0 rcosd - 72/ exp | — 7275 drdé

bl e (L2 /%/mrsinQ SR Y (R s ALSSCL PR
wo2/8 P a2/é o Jo wo2/8 P a2/é

T alZ 9 < a22|281n29)
=2 ————cos?fexp | —————— | d6,
0o Vm\/o?/o P o2/

¥i(a,0%) =E [ } = E[e!(%=6:)],

(C.9)

where the last step follow the following two identities together with some straightforward manipulations:

27 oo 2 5 2 2 2
/ / r cos 0 exp (T 2a2|Z\ o8 9T> drdf = 2OCU\/%/ cos? @ exp <W> dg, (C.10a)
o Jo o?/8 Vo Jo o?/d

2 o) 2 _
/0 /O 7 sin  exp (T 2:5;005 QT) drdd = 0. (C.10b)

The above identities are proved in Lemmain Appendix Using (C.9) and noting that Z ~ CN(0,1/4),

we further average our result over |Z]:
. z 7 2 ZZ : 20
E[¢00)] ~ B {2 Pl e hexp (OéIQSm) a0
0o Vm\/o?/o o2/é
.2
(g)/ / 9 < a?r? sin 9>
= 207 ex . cos fexp | ————— | df | dr
0 P ( \/%x/a P

dad®? 2 > ?sin” 0
= O\éf /2 cos? 9d9/ 2 exp (5 <1 + aSI;l) 7"2) dr
o 0 0 g

, (C.11)

z 2 (12 -2
ve | 9(1+9) a0
g 0 ag

(_c)oz/T2r sin? 6 a0
7 Jo (1+ 22 sin 9)

N|=

H i
_ / LT
0o (a?sin“f+02)2
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where step (a) follows since the dens1ty of |Z| is fiz/(r fo §/mexp(—6r?)rdf = 267 exp(—dr?), and step
(b) follows from the identity [~ 7% exp(—ar?)dr = f/4 a=3/2, and (c) is derived in (A5).

We next derive ¢ (a, 02;6). From (C.8), we have
va(a,0%9) = 4E [(12] - |PI)’]
2, 2
4(1+0‘6+‘72.]E{|Zp|})7

where the last step is from Z ~ CA(0,1/6) and P ~ CN (0, (a® +02) /). We next calculate E[|ZP|]. Again,
conditioned on |Z|, P is distributed as P ~ CN(«|Z|,02/5). We first calculate E[|P|||Z|]:

|P—a|Z||)?
E[|P|]|Z]] /I 2/56XP <—02/5 dp
2 1 |rel? — a|Z||?
/0 /0 7“71_02/5 exp (—02/5 ) - rdrdf
1 I a?|Z|?sin” 0 ~ (r — a|Z| cos 0)?
77702/5/0 exp (—02/5 )d&/o r° exp (—02/5 )dr

2 LS o? a?|Z|? sin? 0
= —— zZ 0+ — -] df
m/o (O" oottt o5 ) P\ T s ’

where in the last step we used the following indentity

0o _ 2 2 2
/ r? exp (_(rm)) dr = @exp <_m) +Vour <m2+ E) d ([m) , YmeRveRy
0 v 2 v 2 v

and some manipulations similar to those in (C.2]). Following the same procedure as that in (C.11]), we further
calculate E[|ZP]] as:

o o? a?r?sin? 0
E[|ZP|] = / r-2réexp (—0 (\/F/ (a r“ cos 9—}—2(5) exp <_02/6) d9> dr

453/2 2 2 (i2
/ / 0 (a cos?0-rt 4+ % ’I“2> exp (—5 (1 + W) ’I“2> drd@ (C.13)
o

3
3 5 2 - 2 -2
:i cos2 0 1+a—sin29 d9—|—— 1+a—sin29 dé,
200 Jo o2 o?

(C.12)

26

where in the last step we used the following identities: fo rtexp(—ar?)dr = 3/7/8-a~5/? and J° r? exp(—ar?)dr =
V7 /4-a~/?. Finally, using (C.13) we have

1+ a2+ o2

n(a,0%8) = 4 (5 ~2-E{Z)P))

w

7r

302 a? 5 z 5
_— 5 (5/ cos 9(1+2sin29> d0+2—5 <1+s1n 0)
o o
2 I 2 -3 z 2 -3
{1—1—0424—02—;[362/200529<1+0é251n29> d9—&—/2 <l—|—sm 9) dﬂl}
g 0 o 0

. 5 o142%sin¢
l1+a“+0°—0 —d@
0 (1+ 22 gin 9)

4 2 202
:§<1+a2+02—/2 a” sin 9+01d9>,
0 (a251n29+02)2
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where (a) is from (C.13), and the derivations of step (b) is more involved and are given in Lemma [2]

D Continuity of the partial derivative %ﬁ‘f?) at (a,0?) = (1,0)

Note that in the proof of Lemma @(1) we showed that the lim(q o2y (1,0) %{2‘2’52) = %. Our goal here is to

show that the derivative exists at (a,0?) = (1,0) and it is equal to 2.

D.1 Proof of the main claim

Our goal in this section is to show that %ﬁ‘;‘% = %. From the definition of the partial derivative, we
L (1,0
ave
Mo (ar, 02) o1 9
—_ = lim — 1 — 1,0
0% |0 A <5 (a(1,07) = (1, 0))

4 7T/2 2 . 20 2 71'/2

— lim —2(1+o2+1—/ Slfiﬁ'lde—ﬂ/ 2 sin 0d6)
0250 00 0o (sin®f+0?)z 0

4 (2 /”/2 2sin? 0 + o2
o

df + 2 D.1
sin?@ + 02)z ) (D-1)

= lim —
0250 02

Define m = 1/02%. Then,

2 /2 s2
31112(04;0 ) —  lim 47m(i _/ Qmsfn29+l/}/ﬁd0+2)
do (1,0) m=oo 6 “m Jg (msin® 0+ 1)z

. NE(-m_) — f(_m_

@ 4m l_z(m—f— JE(4) (m+1)_ 1 K( m >+2
m—oo § \m vm(m+1) vm(m+1) m+1

L1 E(-m

N S G = Y ! K( mn >+2 . (D.2)

m—oo & \'m Vm(m+1) Vm(m+1) m+1

To obtain Equality (a) we have used (A.6). By employing Lemmall] (i) we have
4 1 m+ 1) E(0 1
lim — ( p! B < = >+2>

— K
m—oo § \m vm(m+1) vm(m+1) m+ 1
= g (L, mED (1+11°g4vm“— ! >+ L logdv/mTi+2
m—oo () m m(m + 1) 2 m+1 4(m + 1) \/m
oy A 1_2<m+1>(1_1>+2
m—oo m m(m + 1) 4(m+1)
. dm [ 1 (m+1)
= lim — | —-2—— e
m—oo § \'m m(m + 1) 2y/m(m+1)

(D.3)

| N

4 1 1 4 1
L (P 5 5 ) NP IS TR S S R
m—oo § m m(m + 1) m—oo 2\/m(m + 1)

Again we emphasize that we have also shown in the proof of Lemma |§| that lim, o2y (1,0)

Hence, %ﬁ‘{'z) is continuous at (a, o?) = (1,0).

sz(aﬂz) _ 2
Oo2 5

E Proofs of Theorems {4

In light of Lemma [3] we assume that ap > 0 throughout this Appendix.
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E.1 Discussion

The goal of this section is to prove Theorems [} The strategy is similar to the proof of Theorem [2] We
first construct the functions F;~ L and F,. Then, we show that these two functions will intersect at exactly
one point when § > dayp. Finally, we discuss the dynamics of the state evolution and show that (oy,o?)
converge to the intersection of F}~ L'and F,. However, there are a few differences that make the proof of the
noisy case more challenging:

1. Recall that in the noiseless case, the curve F, ! is entirely above Fy (except for the fixed point (1,0))
if § > damp. See the plot in Fig. [0] On the other hand, when there is some noise, the curve F» will
move up a little bit (while F; ! is unchanged) and will cross Fy at a certain a, € (0,1). As shown in
Fig. Fl_1 is above F5 for o < a, and is below F5 when o > «,.

2. In the noisy setting the dynamic of SE becomes more challenging. In fact (ay,0?) can move in any
direction around the fixed point. That makes the proof of convergence of (i, o7) more complicated.

3. In the noiseless setting the location of the fixed point of SE was (a, 02) = (1,0). This is not the case
for the noisy settings where the location of the fixed point depends on the noise variance.

In the sections below we go over the entire proof, but will skip the parts that are similar to the proof of
the noiseless setting which was discussed in Section [A73]

E.2 Preliminaries

In the noisy setting, ¥ (a; 0?) remains unchanged, and o (c, 02; ) is replaced by ¥ (a, 0%; 9, 02)) below:
VYo(a, 0%6,02) = ha(, 0%;0) + 4o, (E.1a)

{a2+02+1—a [¢1 (%) + ¢3 (%)}}4—40?0, (E.1b)

SIS

where

Z 2
61(5) é/ sin“ 6 a0,
0 (sin2 0+ 52)

$a(s) 2 /5 (sin20 + 52)? do.
0

[N

(E.2)

Before we proceed to the analysis of 11, %, F1, and Fy, we list a few identities for ¢ and ¢3 which will be
used in our proofs later.

Lemma 22. ¢ and ¢3 satisfy the following properties:

1+E () - K ()
¢1(s) = N ’

o= 1555 (11

$1(0) =1, (E.3)
douls) o  _ S(E-K)|  _
ds? s=0  2V1+58% g
ddi(s)ga(s)| 1 ((1+52)E2 —52K2)2 1
ds? o 2 1+ 82 o ’

where E and K are shorthands for E (H%) and K (lea) respectively in the last two identities.
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The proof of this lemma is a simple application of the identities we derived in Section and is hence
skipped.
Our next lemma summarizes the main properties of 11, 92, F1 and F5 in the noisy phase retrieval problem.

Lemma 23. Let 62, = o2, +402, where 02, = max{1,4/8}. For any § > damp, there exists € > 0 such

max max

that when 0 < 02 < € the following statements hold simultaneously:

(a) For 0 < a <1, we have ¥2(a,02;6,02) < 62, Vo2 € [0,52,.]-
(b) For 0 < a < 1, 0% = ¥u(a,0%;6) + 402 admits a unique globally attracting fized point, denoted as
Fy(a;0,02), in 0? € [0,62,,]. Further, if @ > . (note that o, =~ 0.53 is defined in (A.17)), then

Fy(a;8,02) is strongly globally attractive. Finally, Fay(a;6,02) is a continuous function of o2,.

(c) The equation Fy*(a) = Fy(;6,02) has a unique nonzero solution in o € [0,1]. Let o, (5,02) be that
unique solution. Then, F{ (o) > Fy(a;8,02) for 0 < a < a,(6,02) and F; ' (a) < Fy(a;6,02) for
a(6,02) <a<1.

(d) There exists &(0,02), such that Fy(a;d,02) is strictly decreasing on o € (0,&(6,02)) and strictly
increasing on (&(8,02),1). Further, a.(8,02) < &(d,02) < 1.

(¢) Define L(a;8,02) = L(c;8) 4 402, where L(a;0) is defined in (A58). Then, L(a;6,02) < F ' («)
for all & € (0, avi], where a, = 0.53 is defined in (A.17)).

(f) For any a € (0,a,] and 0® € [L(a;6,02), F7 ()], we have a(a, 0%;6,02) = 1ha(a, 0%;0) + 402, <
F ' (@),

(9) F2(1;6,02) < Fy ' (aw).

Proof. In the following, we will prove that each part of the lemma holds when o2 is smaller than a constant.
Hence, the statements hold simultaneously when o2 is smaller than the minimum of those constants.
Part (a): In Lemmal9}(iii) we proved that, for the noiseless setting, ¢»(a; 02;6) < 02, for o2 € [0,02,,.].

max ) max

If fact, it is easy to verify that our proof can be strengthened to ¥ (v; 0%; ) < 02, for 02 € [0, 2], see (A.29).
Note that o2, = max{1,4/6} < 4/5amp =~ 1.6. Hence, 1a(a;0?%;8) < o2, for 02 € [0,62,.] = 02, + 402

when o2 is small. Further, 1o(;02;8,02) = ao(a;02;8) + 402, and hence 9(;02;9,02) < 62, for

o?€[0,62,.]

Part (b): The claim is a consequence of three facts: (i) ¥2(a,0%;0,02) < 02 at 02 = 62,.; (ii)
2. 2 2, 2
%‘2’6’%) < 1 when o2 € [0,62,,], and (iii) if @ > a, then W > 0 for any o2 > 0. Fact (i)

’ max

has been proved in part (a) of this lemma. For Fact (ii), recall that in (A.30) we have proved %’;’2;6) <1

g
when 0% € [0,02,,]. Again, similar to part (a) of this lemma, we can argue that the result actually

? max
holds for 02 € [0,52,,,]. We prove Fact (ii) by further noting ¥ (cv, 02;6,02) = 12(c, 0%;8) + 402 and hence
an(aéZ";;a,afu) = 8%5;’32;5). Fact (iii) follows from Lemma|9+(v) and the fact that 3¢2(ag;22;5,a3,) = 8%(;;’;72;6).
We now show that Fy(a;d,02) is a continuous function of ¢2. Let  be an arbitrary constant in (0, €).
Suppose that limg2 .- Fa(a;d, 02) = y; and limgz .+ Fo(asd, 02) = yo, where y1,92 € [0,62,,] and
Y1 # yo. Since Fy is the fixed point of 1o, we then have y; = ¥2(cv,y1;0) + 4z and yo = ¥a(e, ya; 0) + 4z,
which leads to y1 — ¥2(a, y1;0) = yo — (v, ya; ). However, we have shown in Lemma@that Uy(a,02;0) =

0% —o(a, 0% 8) — C is a strictly increasing function of 0% in [0,52,.], and hence for any C' € R there cannot

be two solutions to Wq(a, 0%;8) = 0. This leads to contradiction.

Part (c): It is more convenient to introduce a variable change:
s= ¢ a) and s.(0,02) = ¢; " (eu(9, on)) -

As have been argued in Section|A.3.4) F; ! (a) < F;1(0) = 72/16 < 62, Then, by the global attractiveness

of Fy(;d,02) (part (b) of this lemma) and noting that ¢; : [0,00] = [0,1] is a decreasing function, our
claim can be equivalently refomulated as
Vo (¢1(s), s°¢7(5);6) + 4dos, > s°¢3, Vs €[0,5.(6,02)), (E.4)
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and
o (qbl(s),sQ(ﬁ(s);é) + 40,2u < 32¢§, Vs > s4(0, a?u).
From the definition of ¥ in (E.1|) and after straightforward manipulations, we can write (E.4]) into

T(s%,6,02) <0, Vs€[0,5,(6,062)) and T(s?6,02) >0, Vs> s.(0,02), (E.5)
where
2 2\ A 4\ o5, 1o 4 4 2
T(s*,0,0.)=(1— 5 d1(s)s” + gd)l(s)aﬁg(s) -5 + 4o | . (E.6)
From (E.5|), we have
T (s2,02) 4 9 dei(s) o 4 dg1(s)ps(s)
v wl (] — = 2 - E.7
5 5 ) (91(s) +201(s) = 5787 | + 5 =15 (E.7)
Applying the identities listed in (E.3|), we obtain
T (s2,02) 2
T Twll 25,
0s? s=0 5
Further, %2;‘7?”) is a continuous function at s> = 0, and thus there exists € > 0 such that
6T(S2, 02) 2
Tw >0, Vs e [0,6].

The above result shows that T'(s?,02) is monotonically increasing in s? € [0, ¢]. Further, from (E.6) we have
T(s%,6,02) =T(s%6,0) — 402

It is straightforward to show that T(0,6,02) = —02 < 0. Hence, T(s%,4,02) = 0 has a unique solution if
the following holds:
inf T(s*0,0%) >0,
s2>¢
or equivalently
40 < inf T(s%,6,0). (E.8)

Lemma 4] proves that F; ! (a) > Fy(a;6) for o € (0,1) for any § > danp, which, after re-parameterization
implies that 7(s?,4,0) > 0 for s > 0 if § > damp. Hence, infes. T(s2,4,0) is strictly positive, and there
exists sufficiently small o2 such that (E.8) holds.

Part (d): From the fixed point equation Fy = s (a, Fy;6,02) where (Fy denotes Fy(a;d,02)), we can
derive the following (cf. (A.33))

. 2
(1= Butha(a, i 6, 02)) - H2(@307w)

= O1iba(a, Fo;8,02).

da
Similar to the proof of part (b), 1 — datha(av, Fa;8,02) > 0 when o2 is sufficiently small. Hence, proving
Oha(a, Fa;8,02) < 0 is simplified to proving that there exists &(d,02) such that
(e, Fo36,00) <0, Va € (0,6(5,05)), (E.9a)
and
O1e(a, Fp;8,02) >0, Yae (64(6, o2), 1) ) (E.9b)

From ({2.6) and after some calculations, we obtain the following
s (v, 02;8,02) _ 4 <2a B /72r 202 sin* 0 + 3a0? sin? 9d0>
0

Oa 5 (a%sin®6 + 02)2

_ 4(2a B 2/5 Sin492—|- %82 sirfﬂde) (E.10)
0 0o (sin®0+4s?)z

h(s)
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where s = o/a. Then, we can reformulate (E.9) as

Fy(; 0,02
a<h<M>, Ya € (0,&(5,02)),

«

and

(67

. 2
a>h (FQ(O‘W> . Vae (a(5,02),1).

14—~ __

1.2¢ S

Fy(a;0,02)

O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

[0}

Figure 14: Depiction of F; (a), Fa(a;d,02) and G(a). a.(8,02): solution to F; *(a) = Fay(a;d,02).
&(68,02): solution to G~ () = Fa(a;d,02).

From the definition given in (E.10)), it is easy to show that i : Ry — [0, 1] is a decreasing function. Then,
the above inequality can be further simplified to

Fy(a;6,02) < [a-h ™ ()] £ G(a), Va € (0,a(5,02)), (E.11a)
and )
Fy(a;0,00) > [a-h N a)]” = G(a), Vae (a(d,05),1). (E.11b)
Similar to (E.4) and (E.5)), (E.11)) can be re-parameterized as
Vo (h(s), s*¢7(s);6) + dos, > s°h*, Vs < 3(6,05), (E.12)
and
o (¢1(8),82¢%(S);5) + 402 < s°h?, Vs > §(0,02), (E.13)

A

where §(6,02) = h™! (&(6,02)). We skip the proof for since it is very similar to the proof of part (c)
of this lemma. (Note that to apply the above re-parameterization (which is based on the global attractiveness
of Fy, i.e., part (b) of this lemma), we need to ensure G(a) < 72,.. This can be seen from the fact that
G(a) < G(0) = (3m/8)? ~ 1.38 while 62, + 402 and o2, = max{1,4/§} > max{1,4/5amp} ~ 1.6.)
Finally, to show &(8,02) > a,(8,02), we will prove that G(a) > F; !(a) for a € [0,1). See the plot in
Fig. Since G(a) = [a-h~(a)]? and F] (o) = [a - ¢ (a)]?, we only need to prove h™*(a) > ¢ (a).
Noting that both ¢; and h are monotonically decreasing functions, it suffices to prove h(s) > ¢1(s) for s > 0,
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which directly follows from their definitions (cf. (E.10) and (A.59a))):
1942 0 z in?
h(s)—¢>1(s):/2 i’ 0 + 3% sin” d@—/2 LY
o (sin’ 9"'32)5 0 (sin®0+ s2)?

3 ls%sin?6
=2 S0, Ws>o,
o (sin?@ + s2)2

Part (e): First note that L(a §,02) = L(a; 6) + 402. Hence, the proof for the claim is straightforward

T w

if the inequality L(a;8) < Fy'(a) is strict for a < a.. This is the case since Lemma shows that
L(a;9) < Ffl(oz) for a <1, but equality only happends at o = 1.

Part (f): In Lemma we have proved the following result in the case of 02 = 0:
Po(a,0?;0) < Fi (), Y0 <a<a,., Lid) <o® < FHa).

(In fact, the above inequality holds for o up to one.) In the noisy case, 1, increases a little bit: ¥ (a, 0%;6,02) =
a(a,0%;6) + 402 . Hence, when o2 is sufficiently small, we still have

VYo, 0% 6,02) < Fil(a), V0 <a<as, L) <o < FH(a). (E.14)
Clearly, the inequality in (E.14)) also holds for L(a; 6, 02) < 0 < F; '(a), since L(a; 6,02) = L(a; 8)+402 >
L(a;6).

Part (g): Note that F, '(a.) ~ F;1(0.53) > 0 does not depend on o?2. Further, F5(1;6,0) = 0 and
Fy(1;6,02) is a continuous function of o2. Hence, Fy(1;8,02) < F; !(a.) for small enough o2 .
O

E.3 Convergence of the SE

Our next lemma proves that the state evolution still converges to the desired fixed point for 0 < ag < 1 and
08 < 1if § > damp-

Lemma 24. Let {ay}i>1 and {07 }1>1 be two state sequences generated according to ([2.5) from ag and of.
Let € be the constant required in Lemma . Then, the following holds for any & > damp, 0 < 02, < €, and
0<ag<1ando}<1:

tlggo a; = o, (6,02)  and tlggo o =02(8,02),

where a,(3,02) is the unique positive solution to Fy ' (a) = Fy(a;6,02) and 02(3,02) = F; (. (0,02)).

Proof. From Lemma (a), when o2 is small enough, (at,at) € R for all t > 1, where R = {(a,0?)|0 <
a<1,0<0%<a2,.}, where 62, = max{1,4/§} + 402. We divide R into several regions and discuss the
dynamlcal behaviors of the state evolution for different regions separately. Specifically, we define

Ro = {(a,0?)]0 < a <1, 7°/16 < 0? <52, },

R1 = {(a, 0| FT  (ay) < 0® < 7%/16, Fi(0?) < a <1},
Re = {(a,a2)|0 <a<a, 0<o?< Ffl(a)},

Rs = {(a,a Mo <a<1,0< o’ < Ffl(a*)},

(E.15)

where a* ~ 0.53 was defined in Notice that a,(d,0) = 1, and therefore it is guaranteed that
a.(8,0%) > a, for small enough o2, See Fig. [15| for illustration. To prove the lemma, we will prove the
following arguments:

(i) If (cuy,07,) € Ro, then there exists a finite 77 > 1 such that (o, 41,07 . p,) € R\Ro.

(ii) If (e, 07)) € R1URg for tg > 1 (i.e., after one iteration), then there exists a finite 75 > 1 such that
(ato+T27 Ut20+T2) € Rs.
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Fy(a;6,02)

Ro

| ]
! 1
o Qi Qe Qo 1

Figure 15: Dynamical behavior the state evolution in the low noise regime. left: points in R; and Ro will
eventually move to R3. Here, a, =~ 0.53. Right: Illustration of R3. Points in R3, and R3. will eventually
move to R3,. For points in R3, (marked A, B, C, D, E, F), we can form a small rectangular region that
bounds the remaining trajectory. Note that the lower and right bounds for A and B (and also the upper
and left bounds for D and E) are given by 02 and «, respectively.

(iii) We show that if (a,,07,) € Rs for tg > 0, then (ay,07) € Rs for all t > to, and (a,07) converges to
(a,03).

The proof of (i) is similar to that of Lemma [7| and therefore omitted here.

Proof of (ii): Following the proof of Lemma |§|, we argue that if (ay,0?) € Ry U Ry then the following
holds
gy > Bl(at,af) and C’t2+1 > Bg(at,af), (E.16)

where Bi(a;,0?) = min {at,Fl(atQ)} and Ba(ay,0?) = max {af,Ffl(at)}. Then, it is easy to show that
(41,0741) € R1 UR2 URs3. Applying this recursively, we see that (a, 0%) either moves to Rz at a certain
time or stays in R{UR>. We next prove that the latter case cannot happen. Suppose that (a;, 02) € R1URs
for t > tg. If this is the case, then it can be shown that

Bi(ay,0}) < Bl(ozt+1,of+1) and  Bao(ay,07) > Bg(at+1,at2+1), Vit > tg. (E.17)

On the other hand, since we assume (ay,07) € Ry U Ry for t > to, By is upper bounded by a, and Bs
lower bounded by F; *(a.). Hence, this means the sequences B; and By converges to a, and Fj !(a.),
respectively. This cannot happen since there is no fixed point in Ry U Rs.

The proof for and are basically the same as those for the noiseless counterparts and hence
skipped here. Please refer to the proof of Lemmal[6] We only need to show that some of the key inequalities
used in the proof of Lemma [f] still hold in the noisy case, which have been listed in Lemma 23] () and (f).

Proof of (iii): Lemma [23}(c), (d) and (g) imply that Fy < Fy *(a.) for all o € [aw, 1]. Then, based on
the strong global attractiveness of Fy and Fj, it is easy to show that if (ay,,07,) € Rs then (oy,07) € Rs
for all ¢ > t;. We have proved in Lemma (d) that Fy is a decreasing function of « on [0, &] and increasing
on [&, 1], where o, < & < 1. Then, the maximum of F» on [ay, 1] can only happen at either o, or 1. We
assume that the latter case happens; it will be clear that our proof for the former case is a special case of
the proof for the latter one. See the right panel of Fig. [I5]

As discussed above, we assume that F5(1;8,02) > Fy(ay;6,02). Hence, by Lemma (d), there exists
a unique number a, € (a,,1) such that Fy(as;d,02) = Fay(a,;d,02). See the plot in the right panel of
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Fig. We further divide R3 into four regions:

Raa = {(@,0%)|a. <a < a,, Fi ' (o) <o < Fi ' (aw)},
Rap 2 {(a,0%)|a <a <1, 0< 0% < F ' (a0)},
Rae = {(@,07)|as <@ <1, Fi Y (as) <0 < F{ ' (aw)}

Based on the strong global attractiveness of Fy and F, (and similar to the proof of part (i) of this lemma),
we can show the following:

: 2 2 : )
o if (a,,0%) € Rsa, then (as,41,07 1) can only be in R3q;
. 2 2 1 .
o if (av,,0%) € Rap, then (agy41,07 1) can be in Rzq, Rap or Rac;
. 2 2 .
o if (as,,0%) € Rae, then (ayy41,0% 1) can be in R3. or Raq.

Putting things together, and similar to the treatment of R, it can be shown that there exists a finite T3
such that (ay,0?) € Ra, for all t >t + T5.

It only remains to prove that if (ay,07) € Ra, at a certain ¢ > 0, then {(oy,07)}t>p converges to
(cy,02). To this end, define

( ) = min {a,,a, Fi(0?)},
( ) = max {a,,a, Fi(0?)},
B3 (a,0%) = min{o?, 0% P (@)} = Fy ' (B)"(er,0%))
( ) = max {o?,0% F; '(a)} = F] ' (Bllow(a7o2)) .
See examples depicted in Fig. Using the strong global attractiveness of F} and F5 and noting that
Fl(a) > Fy(a) > o2 for a € [a.,ay) and F; Ha) < Fy(a) < 02 for a € (ay, a,), it can be proved that
B™(ay,07) < a1 < By (au, 07),
Béow(ahatz) < 0t2+1 < B;p(at,df).
Further, the sequences {B"(ay,02)}i>p and {BYY(ay,0?)}i>¢ are monotonically non-decreasing and
{B®(ay,08)} > and {ByP (o, 02)}4>¢ are monotonically non-increasing. Also, BI°Y and BYY are up-
per bounded by «, and o2, and B}? and B, are lowered bounded by o, and o2. Together with some

arguments about the strict monotonicity of { BV (ay, 02) }i>¢ and {BXY (ay, 02)}i>e (see discussions below
(A.108]), we have
. low 2\ 1 up 2\ __
tli)rgo B (ar,07) = flgglo B (o, 07) = au,
lim BYY(ay,02) = lim ByP(ay,02) = o2,
t—o0

t—o0

which implies that lim; o asy1 = @y and limy o af = Jf. We skip the proofs for the above statements
since similar arguments have been repeatedly used in this paper. O

E.4 Proof of Theorem [4]

According to Lemma we know that (ay,0?) converges to the unique fixed point of the state evolution
equation. We now analyze the location of this fixed point and further derive the noise sensitivity. Applying
a variable change s = o /o, we obtain the following equations for this unique fixed point:

a = ¢i(s), (E.18a)
0?= {0 + 02+ 1- a6 () + 65 (5)]} + o, (E-18b)
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where ¢1 and ¢3 are defined in (E.2). Using (E.18a) and 0% = a?s? = ¢?(s)s?, and after some algebra, we

can write (E.18b)) as
2 2y A 4N o 2 4 4 2
T(,02) 2 (1= 5) G905 + 51(5)s(s) — (5 + 403 ) =0. (E.19)
Differentiating with respect to s? yields
T (s?,02) 4 9 dei(s) o 4 dg1(s)ps(s)
— =1 = 2 - E.20
882 6 ¢1(8) + ¢1(S) d52 S (5 d52 ( )
Using the identities listed in (E.3)), we have
T 02| 2
0s? o 5
Also, it is straightforward to see that %2202) = —4. Note that we have an implicit relation between s2
and o2, and by the implicit function theorem we have
2 2 23\ ! 2 2
im 35— hm oT(s%,0%,) oT(s*,0%) _ 4 .
do?, 5250 0s? 0o, 1-2

02 —0
Further, s is a continuously differentiable function of o2. Hence, by the mean value theorem we know that

s? _ ds?
02 do2 |’
where 0 < &, < 0y. By taking lim,2 o from both sides of the above equality we have
2 2 2 23\ 1 2 2
S ds T (s, T (s 4
lim — = lim — = — lim (5%, 0w) (5%, 00) = 5
02 50 02 Guw—0 d0'12u 52 520 Os? 60'12” 1-— 3

To derive the noise sensitivity, we notice that

AMSE(02,0) = (o — 1) + o2
[f1(s) — 17 + 5*¢(s).

As shown in (E.3), ¢1(s) can be expressed using elliptic integrals as:
1 52 1
=1+ s2F - K .
o) = VI () - it (1)

eloge™1), hence 1+ s2F (1+132> =1+ O(s?logs™1). Further, since

From Lemma(i)7 E(l—e)=140(
K(1 —¢) = O(loge™!), we have 15;2‘[( (ﬁ) = O(s?logs™1t). Therefore, ¢1(s) — 1 = O(s*logs™1)

0 7[4)1(2)2_1]2 =0 and so

Hence, limg2_,
2

. AMSE(c2,9) .

lim ——————— = lim 3

$2—0 S s2—0 S

Finally,
im AMSE(02, 6) ~ lim AMSE(02, 6) lim i
o2 —0 ‘7121; 2550 52 02 —0 0121)
4
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