On the Implicit Bias of Dropout

A. Auxiliary Lemmas

In this section, we prove Lemma A.l and a few auxiliary
lemmas that we will need for the proofs of Theorem 2.4 and
Theorem 3.6.

Lemma A.1. Let x € R be distributed according to distri-
bution D with E;[xx "] = I. Then, for £(U, V) := E,[||y —
UV "x||?] and £(U, V) := E[|ly — 5U diag(b)V "x||?], it
holds that

FUY) = LU V) + A fuil P vil . ®)

i=1

Furthermore, £(U, V) = |[M — UV " ||2.

Proof of Lemma A.1. The proof closely follows (Cavazza
et al., 2018). Recall that y = Mx, for some unknown
M € R%*d1_Qbserve that

FUV) =E(llyll*] + be[IIUdiag(b)VTX||2]

02
2 .

— S Ex[(Mx, Ep[U diag(b)V "x)] ©)

where we used the fact that y = Mx. We have the following

set of equalities for the second term on the right hand side

of Equation (9):

Ep x[||U diag(b) VTXH

= [Ex ZEb Zuwbv X

d2 T
=E, ZEb[ Z uijuikbjbk(v;rx)(vgx)]
i=1  j k=1

T

da
=B > > wiuin(6% s + 01,-1) (v] x) (v )
i=1 j,k=1

= 0’E,[|[UVTx|%] + (6 — 6*)E ZZUW \& x)?

=1 j=1
T d2
O =02 >[IV 117 s
j=1 i=1

=06 Il %, (10)
j=1

= 0?E,[||UV "x||] +

= 0°E,[|UV x| +

where the second to last equality follows because
Ex[(v] x)?] = v} Ex[xxT]v; = ||v;||. For the third term in
Equation (9) we have:

(Mx, Ey[U diag(b)V "]x) = #(Mx, UV "x) (11
Plugging Equations (10) and (11) into (9), we get

F(UV) = Ex[llyll*] + Ex[[|UV "x||*] — 2E«(Mx, UV "x)

9 I
—= > il vall? (12)
i=1

It is easy to check that the first three terms in Equation (12)
sum to ¢(U, V). Furthermore, since for any A € R92*%
it holds that ||Ax||? = ||A||%, we should have ¢(U,V) =
IM—UVT|%. O

Lemma A.2. For any pair of integers p and r, and for any
A € Ry, it holds that

A

-~ 1.
T4+ Ap

A
(I, + ;11T)—1 =1,

Lemma A.2 is an instance of the Woodbury’s matrix identity.
Here, we include a proof for completeness.

Proof of Lemma A.2. The proof simply follows from the
following set of equations.

AT A T
I —11" )1, — ——11
0+ 217, - = onT)
2
=1p+511T— A o2 1’
r 4+ Ap r(r+ A\p)

A A pA? -
=1 - — — 11" =1
p+(r T+ Ap T(T+)\p)> 4
O

Lemma A.3. Let A\ > 0 be a constant. Leta € R‘j_ such
that a; > a;41 forall i € [d — 1]. Forr < d, let the function

g : [r] = R be defined as

Then g(p) is monotonically non-increasing in p.

Proof of Lemma A.3. Let denote the sum of the top 7 el-
ements of a by hy = >, a;. Furthermore, let the
sum of squared of 7 bottom elements of a be denoted by

t, = Zf:TH a?. We can simplify g(p) and give it in terms
of h, and ¢, as follows:

A, \ A Ap ?
= t, + = 1— h
o) p(?”rM) Tt << 7’+Ap) ”)

_p)\2+)\r
SR
2

_ Ay
r+Ap

(he)” +1,

+t,
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It suffices to show that g(p + 1) < g(p) forall p € [r — 1].

1 Mo,
Mot = x Tl
A
T At (7 + 2541 (M) + 2,41 (M) )
= A1 (M) + 1,
_ Ath )\2 M
=9(r) (r+Ap)(r 4+ Ap+ ) p+1(M)
A
+ PR YD (A,Q)+1(M) +2Xp11(M)h,,)
—o(p) A’h2 C(r+ Ap)AZ 1 (M)
(r+2p)(r+Ap+ ) r+Ap+ A
A
— (2 M
+7’+>\,0+A( )\P+1( )hp)

(M — (1 + Ap)A2 1 (M)
(r+Ap)(r+Xp+ )

Hence ¢(p) is monotonically non-increasing in p. O

=g(p) — <g(p).

B. Proofs of Theorems in Section 2

Proof of Theorem 2.2. Consider the matrix G; := Gy —

TITGU I,.. We exhibit an orthogonal transformation Q, such

that QTGlQ is zero on its diagonal. Observe that

TrG
Q'GQ=Q"G:iQ+ — 1,
so that all diagonal elements of Gy are equal to 25U je.

Gy is equalized.

Our construction closely follows the proof of a classical
theorem in matrix analysis, which states that any trace zero
matrix is a commutator (Albert and Muckenhoupt, 1957;
Kahan, 1999). For the zero trace matrix G, we first show
that there exists a unit vector wy1 such that WlTlleu =0.

Claim 1. Assume G is a zero trace matrix and let G =
Sy A;u;u; be an eigendecomposition of G. Then w =
% >i_,u; has a vanishing Rayleigh quotient, that is,
w'Gw = 0, and ||w|| = 1.

Proof of Claim 1. First, we notice that w has unit norm

1 — 1 — 1 w—
2 2 2 2
w||* = ||— E u||© = - E wll© = - E u || =1.
H || ||\/,F’L - H 7,”2 - || ,ri 1” H

It is easy to see that w has a zero Rayleigh quotient
w' Gw = (% XT: ui)TG(% XT: u;)
i=1 i=1

1O 1 I
:;ZUZGUJZ;;AJUIUJZ;Z;AZZO

O

Let Wy := [w11, W12, ,W14] be such that WIWl =
W1W1T = I,. Observe that WlTG1W1 has zero on its first
diagonal elements

0 by

W{G W, = !
1 Y1VYv1 |: b1 GJ
The principal submatrix Gy also has a zero trace.
With a similar argument, let wyy € R%! be such

that ||waa|| = 1 and wgyGawae = 0 and define
Wy = L0 0 - 0 € R¥>d guch that
0 wa2 waz -+ Wy

W2T Wy = WngT = I, and observe that

0
(W1W2) TGy (W1 W2) = - 0
. . G2

This procedure can be applied recursively so that for the
equalizer Q = W1 Wy - - - W, we have

0

Q'GiQ =

O

Proof of Theorem 2.3. Let us denote the squared column
norms of U by n, = (J|Juy||?,...,||u.||?). Observe that for
any weight matrix U:

- A
R(UU) =AY il = T2 Ina
i=1

>

= >

. 2
P A
(I = 2 (Z ||uz-||2) ~ 2Juli,
i=1

where 1,, € R" is the vector of all ones and the inequality
is due to Cauchy-Schwartz. Hence, the regularizer is lower
bounded by %||UH%, with equality if and only if n, is paral-
lelto 1,,i.e. when U is equalized. Now, if U is not equalized,
by Theorem 2.2 there exist a rotation matrix Q such that
UQ is equalized, which implies R(UQ,UQ) < R(U,U).
Together with rotational invariance of the loss function, this
gives a contradiction with global optimality U. Hence, if
U is a global optimum then it is equalized and we have
R(U,U) = A3 w]|* = 2(|U]| O

Proof of Theorem 2.4. By Theorem 2.3, if W is an optimum
of Problem 4, then it holds that A>_7_ [|w;||* = 2(|[W||%..
Also, by Theorem 2.2, it is always possible to equalize
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any given weight matrix. Hence, Problem 4 reduces to the
following problem:

. A
min M- WWT[5+ ZIW[Ea3)

WGRer
Let M = UMAMUI\T,I and W = UWZWVJ\, be an eigen-
decomposition of M and a full SVD of W respectively,
such that )\,(M) > )\i—i-l(M) and O'Z(W) > O'i+1(W) for

all ¢ € [d — 1]. Rewriting objective of Problem 13 in terms
of these decompositions gives:

A
MWW+ 2w
A
= |UmAMUy — UwEwEg Uy |3 + ;”UWEWV\—;}H%
A
= [[Am — U'SwS U T3 + ;HEWH%

A
= [[AmllF + 1AWl F — 2(Am, U'AWU'T) + - (Tr(Aw))”
where Ay = EWE\I, and U’ = U;\'—,[UW. By Von Neumann’s
trace inequality, for a fixed >w we have that

d
(A, UAwU'T) < 37X (M)A(W),

i=1

where the equality is achieved when A;(W) have the same
ordering as A;(M) and U = I, i.e. Uy = Uy. Now,
Problem 13 is reduced to

A
Ane = Al + 2 (Tr(Aw))?

min
lAwllo<r,

Aw>0

r d r 2

= min Y (M) = X) + D A M)+ <ZA>

AR 13 P—] i=1
The Lagrangian is given by

B r o d
Lya) = (M) = X)"+ > M)
=1 i=r+1

+% (Z?\i>22aix

The KKT conditions ensures that at the optima it holds for
all ¢ € [r] that

?/I
%
=
2
\Y
o

Let p = |i : \; > 0| < 7 be the number of nonzero ;. For

i =1,...,pwehave o; = 0, hence
Aot 2 > A =MMm)
2 r — 1 - 1
A

T+ A
e Ry = Aa(M) — PR
l:p — Al:p r+)\pp
APK
Aw = (Am — u
= A= (= ).

where K, 1= % ?_, Xi(M) and the second implication is

due to Lemma A.2. It only remains to find the optimal p.
Let’s define the function

o d o 2

9(p) =3 (M) = X)* + 57 A (M) + % (Z AZ)
i=1 i=p+1 i=1
2T M) S )

+ % (Z ()\i(M) _ Az M) Zﬁj iZ(M)»

By Lemma A.3, g(p) is monotonically non-increasing in p,
hence p should be the largest feasible integer, i.e.
AjK

p:max{j: A]>m

}.
O

Proof of Remark 5.2. For U to have equal column norms, it

~T ~ . . .
suffices to show that U U is constant on its diagonal. Next,
we note that

U'0=Q"uTuQ
= (VZ,)T(WEV T (WEVT)(VZy)
=7, VIVEW W2V vz,
=7} %7,

It remains to show that for any diagonal matrix D, ZZDZk
is diagonalized. First note that

11 11 -1
T _ = _
Z2Z2_2{—1 1“1 1]_12

so that Z, is indeed a rotation. By induction, it is easy to
see that Z;, is a rotation for all k. Now, we show that Z,

equalizes any diagonal matrix D. Observe that
ok—1 ok—1

ST SPPIL P,
i=1 i=1
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so that all the diagonal elements are identically equal to the
average of the diagonal elements of D. O

C. Proofs of Theorems in Section 3

Proof of Theorem 3.3. Let UV’ = WZY~T be a compact
SVD of UV'. Define U := WE'/? and V := YX'/2 and
observe that UV = UV . Furthermore, let Gg = U U
and Gy = V'V be their Gram matrices. Observe that

Gy = Gy = X. Hence, by Theorem 2.2, there exists a
rotation Q such that V := VQ and U := UQ are equalized,
with [|0;[|? = [|[v;]|? = %TrZ. O
Proof of Theorem 3.4. Define

Ny = ([Jurf[[[valls- - lurff{ve[)

and observe that

R(U,V

~—

T
=2 Ml lvall?
i=1
A

= Sl P11 2

A r
= (Z IIUiIIIVi>
i=1

where the inequality is due to Cauchy-Schwartz, and it holds
with equality if and only if n, , is parallel to 1,.. Let (U, V)
be a global optima of Problem 6. The inequality above
together with Theorem 3.3 imply that U and V should be
jointly equalized up to dilation transformations, hence the
first equality claimed by the theorem.

| >

<nu,Va 17'>2

o 3

To see the second equality, note that if U and V are jointly
equalized, then

il = il = > T,
where X is the matrix of singular values of Uv'. Hence,
T 2 T 2
R(U,V) =2 (Z ||ui||||vi||> -2 (iZTrz>
=1 i=1

A

r

(Tr¥)?
which is equal to %HI_J\_’T ||? as claimed. O

Proof of Theorem 3.6. By Theorem 3.4, if (X, Y) is an op-
timum of Problem 6, then it holds that

T
Ay T
A Il llyl* = ZIXY
i=1

Hence, Problem 6 reduces to the following problem:

A
min IM—XYT|[%+ZIXYT|2 (14)
XeR41 X YeRd2 X" r

Let M = UyZyVy and W = XY = UyZwVy be
full SVDs of M and W respectively, such that o;(M) >
0i+1(M) and 0;(W) > 0;41(W) forall i € [d — 1] where
d = min{d;,d>}. Rewriting objective of Problem 14 in
terms of these decompositions,

A
M= XY+ Ay 2
A
= |[UmEmVy — UwSwVy |17 + ;HUWZWV\I’Hz
A
— IS~ OBV [+ 2

A
= [2mlF + [ZwlF = 25w, USWU™) + ~[[Swl2

where U’ = UI\T,IUW. By Von Neumann’s trace inequal-
ity, for a fixed Sy we have that (Sy, U'SwU' ") <
Z?Zl 0;(M)o;(W), where the equality is achieved when
¥;(W) have the same ordering as ¥;(M) and U’ = I, i.e.
Um = Uw. Now, Problem 14 is reduced to

. A
min_|[Sy — SwlE + = [|IZwlf?
IZwllo<r, T
Sw>0
r d A r 2
{(M)— ;) J(M) + = Ti
(0:(M)=3)" + o )+T<i a)

i=1 i=r+1

The Lagrangian is given by

T d
L\ a) =) (0:(M)=a:)" + Y of(M)
i=1 i=r+1

T 2 T
A
+; (ZO’Z> —Zaia'i
=1 =1
The KKT conditions ensures that Vi = 1,...,r,

0; 20, a; 20, 030, =0

2(5'1' - O'L(M)) + % (Z Ui) —a; =0

=1

Let p = |i : &; > 0| < r be the number of nonzero ;. For
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i =1,...,pwehave o; = 0, hence

i=1

A
= (I, + ;11T)51:p = 01.,(M)

_ A T
— O1:p = (Ip — T+)\p11 )Ulzp(M)
APK
— 0., = (M) — P 1
O1:p = 01:p(M) A P
APK
= Yw= (S — 21
W= (2u T+ Ap a)+
where k, = % ?_,0;(M) and the second implication

holds since (I,+21 1) =1, H’\)\p 11" It only remains

to find the optimal p. Let’s define the function

i=1 i=p+1 =1
(AT oMY )
—;( :Hp ) +;p;1m(m)

A o A k=1 0k(M)
+7‘ (;( i(M) r+Ap ))

By Lemma A.3, g(p) is monotonically non-increasing in p,
hence p should be the largest feasible integer, i.e.

)\j/ij

= oo >
p=max{j: o; P

D. Proofs of Theorems in Sections 4

In this section for ease of notation we let A; denote \;(M).
Furthermore, with slight abuse of notation we let f(U), £(U)
and R(U) denote the objective, the loss function and the
regularizer, respectively.

It is easy to see that the gradient of the objective of Prob-
lem 4 is given by

Vf(U) =4(UUT — M)U + 4\U diag(U " U).

We first make the following important observation about the
critical points of Problem 4.

Lemma D.1. If U is a critical point of Problem 4, then it
holds that UUT < M.

Proof of Lemma D.1. Since V f(U) = 0, we have that

(M —UU")U = AU diag(U " U)

multiply both sides from right by U' and rearrange to get
MUU"T =UU'UUT + AU diag(UTU)UT (15)

Note that the right hand side is symmetric, which implies
that the left hand side must be symmetric as well, i.e.

MUU'T = (MUUT)T =UU M,

so that M and UU " commute. Note that in Equation (15),
Udiag(U'U)U" > 0. Thus, MUU' > UU'UU". Let
UU" = WI'W' bea compact eigendecomposition of uu’.
We get

MUUT = MWI'W' =Uuu'uu’ = wr2w'.

Multiplying from right and left by WI'~! and W' respec-
tively, we have that

W MW =T

which completes the proof. O

Lemma D.1 allows us to bound different norms of the criti-
cal points, as will be seen later in the proofs.

To explore the landscape properties of Problem 4, we first
focus on the non-equalized critical points in Lemma D.2.
We show that the set of non-equalized critical points does not
include any local optima. Furthermore, all such points are
strict saddles. Therefore, we turn our focus to the equalized
critical points in Lemma D.3. We show all such points
inherit the eigenspace of the input matrix M. This allows us
to give a closed-form characterization of all the equalized
critical points in terms of the eigendecompostion of M. We
then show that if \ is chosen appropriately, all such critical
points that are not global optima, are strict saddle points.

Lemma D.2. All local minima of Problem 4 are equalized.
Moreover, all critical points that are not equalized, are strict
saddle points.

Proof of Lemma D.2. We show that if U is not equalized,
then any e-neighborhood of U contains a point with ob-
jective strictly smaller than f(U). More formally, for any
e > 0, we exhibit a rotation Q. such that |[U — UQ_||r < €
and f(UQ,) < f(U). Let U be a critical point of Prob-
lem 4 that is not equalized, i.e. there exists two columns
of U with different norms. Without loss of generality, let
[[ug]| > [luz||. We design a rotation matrix Q such that it is
almost an isometry, but it moves mass from u; to us. Con-
sequently, the new factor becomes “less un-equalized” and
achieves a smaller regularizer, while preserving the value of
the loss. To that end, define

V1— 02 -0 0
Q(; = 6 v1-— 62 0
0 0 | P
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and let U := UQjs. It is easy to verify that Q, is indeed
a rotation. First, we show that for any e, as long as 52 <

ﬁiM)’ we have U € B.(U):

T
U —=0lIF =D lhus — ?
i=1

= |lug — V1 — §2u; — duy ||?
+ ||112 — V1 —=02%uy + 0y ||2
=2(1 = V1= 82)(Jlur||* + [|uz[*)

<262 Tr(M) < €2

where the second to last inequality follows from Lemma D.1,
because [[ur[|* + [juz]|* < U]} = Tr(UUT) < Tr(M),

and also the fact that 1 — V1 — §2 = 11!171*75; < §2.

Next, we sQow that for small enough 4, the value of the
function at U is strictly smaller than that of U. Observe that

[ac] = (1 = 6%)[fus|* + 8% [luz]|* + 20v/1 — 6%u] vy
82 = (1 = 6%)[uz® + 8% [Jur |* — 20v/1 — 6%u] uy

and the remaining columns will not change, i.e. for i =
3,---,r,U; = u;. Together with the fact that Q; preserves
the norms, i.e. ||U||r = ||[UQs]| F, we get

[a1]1? + [[02]1* = [Jug||* + [Juz||*. (16)

Let § = —c - sgn(u] uy) for a small enough ¢ > 0 such
that [Juz|| < |[Gz]| < ||G1]| < [Juz|. Using Equation (16),
This implies that [|Gy[|* + [[02]|* < |Jug||* + [Juz||*, which
in turn gives us R(U) < R(U) and hence f(U) < f(U).
Therefore, a non-equalized critical point cannot be local
minimum, hence the first claim of the lemma.

We now prove the second part of the lemma. Let U be a
critical point that is not equalized. To show that U is a
strict saddle point, it suffices to show that the Hessian has
a negative eigenvalue. In here, we exhibit a curve along
which the second directional derivative is negative. Assume,
without loss of generality that |[u;]| > |luz|| and consider
the curve

A(t) = [(\/ 1—12— 1)1,11 +tug, (\/ 1—12— 1)1,12 —tuy, 0d,r—2]

It is easy to check that for any ¢ € R, (U + A(¢)) = £(U)
since U+A(t) is essentially a rotation on U and ¢ is invariant
under rotations. Observe that

g(t) == f(U+ A1)

= f(U) + [|V/1 — t2u; + tug||* — [Juy |[*

+ (V1 = 20y — tuy|* = [Juz*

= f(U) = 262 ([uy[|* + [Juz]|*) + 8£*(uyuz)?

412 [uy |2 fJuz |+ 48 V1 — 20wy (fuy |2 oz |[2) +O(£).

The derivative of g then is given as
g'(t)=—4t(Jur ||+ [Juz[|*) + 16t (uru2)* + 8¢ uy || [Juz |

2
+4(/1—¢2 —

Since U is a critical point and f is continuously differ-
entiable, it should hold that ¢’(0) = 4(uf uz)(|Jus]|® —
|luz]|?) = 0. Since by assumption |juy||* — |juz* > 0,
it should be the case that u{ uy = 0. We now consider the
second order directional derivative:

1_tz)(ulTuz)(IIlhIIQ— lu2*) + O(£2).

g"(0) = —4([us [|* + [Juz]|*) + 16(u1uz)? + 8Jus ||* [z
= —A([Ju]]*  fluz2[*)* < 0

which completes the proof. O

‘We now focus on the critical points that are equalized, i.e.
2
points U such that V f(U) = 0 and diag(U' U) = %I.

3y v "Ae Then all
im1 MiTTAr
equalized local minima are global. All other equalized

critical points are strict saddle points.

Lemma D.3. Assume that A <

Proof of Lemma D.3. Let U= WXV be a compact SVD
of the rank-r’ weight matrix U. We have:

Vf(U) =4(UUT —M)U + 4\U diag(UTU) =0

A|[Ul2
=>UUTU+mU=MU
T

A|I22
= WXV’ 4+ MwzvT =MWXV'
T

2|22
T

Since the left hand side of the above equality is diagonal,
it implies that W € RéxT’ corresponds to some 7’ eigen-
vectors of M. Let £ C [d], |€] = r’ denote the set of
eigenvectors of M that are present in W. Note that the above
is equivalent of the following system of linear equations:

I+ 511T)02 =,
r
where 02 := diag(¥?) and X = diag(W'MW). By

Lemma A.2, the solution to this linear system is given by

A -

2 _ —
0% =(I T+)\r/)>\. (17)

The set £ belongs to one of the following categories:

.E=DT],r=p
2.E=[r", 7 <p
3. E# ]
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The case £ = [r], v’ > p is excluded from the above
partition, since whenever £ = [r’], it should hold that 7’ < p.
To see this, note that due to U = WXV being a compact
SVD of M, it holds that o; > 0 for all j € [r']. Specifically
for 7 = ', plugging o, > 0 back to Equation (17), we get

)\r’ /\Zz 1 _ )
r+ )\7“ T4 Ar/
Then it follows from definition of p in Theorem 2.4 that
r’ < p. We provide a case by case analysis for the above
partition here.

A Ky

Case 1. [€ = [r'], #' = p] When W corresponds to the
top-p eigenvectors of M, we retrieve the global optimal
solution described by Theorem 2.4. Therefore, all such
critical points are global minima.

Case 2. [E =[], ¥ < p] Let W, := [W,W,] be
the top-r eigenvectors of M and V| span the orthogonal
subspace of V, i.e. V,. := [V, V] be an orthonormal basis
for R”. Define U(t) = W, X'V, where o} = /o2 + 12 for
7 < r. Observe that

Ut)'U@t) =vEVT +2V]V, =U"U + 21,

so that for all ¢, the parametric curve U(t) is equalized. The
value of the loss function at U(t) is given by:
™

d
=> A=l =7+ > (N)

i=1 i=r+1
tQZ (i 70’

Furthermore, since U(t) is equalized, we obtain the follow-
ing form for the regularizer:

€(u(?))

= 4(U) +rt* —

A A 2
R(U) = SIU@IE = 2 (1] +7¢2)
= ((U) + \rt* + 2082 ||U||%.
Now define g(t) := ¢(U(t)) + R(U(t)) and observe

g(t) = £(U) + R(U) + rt* — 2t* i (N — o)
i=1

+ Artt 4+ 202 U||%.

It is easy to verify that ¢’(0) = 0. Moreover, the second
derivative of g at the origin is given as:

g"(0) = =4 (A — 07) + 4A||U||3
=1
=—4> A 41+ N)||UJJ%

i=1

:_42/\ +4r+r/\

where the last equality follows from the fact Equation (17)

and the fact that |U||% = Z:;l o?. To get a sufficient
condition for U to be a strict saddle point, we set g” (0) < 0:

—4 WIGELELE P WPY:
z;l +>\I Z
ZA < Z A

i=r’+1

) i A
(r—r') Z:;l Ai
r Zz:r/-r} A ) <
(r—r") 22:1 Ai
DI 1A
(r=r) A TZ”H
rh(r')
ity (A — k(1))

T—’f’

r—i—)\r

— A<

r Z::'r"-&-l )\1
(r—1') 22:1 Ai

= \1-

== A<

where h(r') := 2,177“)\ is the average of the eigenval-

ues A\pr41,- -+, Ap. It is easy to see that the right hand side
is monotonically decreasing with 7/, since h(r’) monoton-
ically decrease with 7/. Hence, it suffices to make sure
that A is smaller than the right hand side for the choice of
T_T—116A<‘Zvl(k >\)

Case 3. [€ # [r']] We show that all such critical points are
strict saddle points. Let w’ be one of the top 7’ eigenvectors
that are missing in W. Let j € £ be such that w; is not
among the top ' eigenvectors of M. For any ¢ € [0, 1],
let W(t) be identical to W in all the columns but the ;™"
one, where w;(t) = V1 —t?w; + tw’. Note that W(¢) is
still an orthogonal matrix for all values of ¢. Define the
parametrized curve U(t) := W(t)XV' for ¢t € [0,1] and
observe that:

IU—=U®|F = oflw; —w; ()]
=203(1—V1-13) < TrM

That is, for any € > 0, there exist a ¢ > 0 such that U(¢)
belongs to the e-ball around U. We show that f(U(t)) is
strictly smaller than f(U), which means U cannot be a local
minimum. Note that this construction of U(t) guarantees
that R(U') = R(U). In particular, it is easy to see that
U(t)TU(t) = UT U, so that U(t) remains equalized for all
values of t. Moreover, we have that

FU®) = f(U) = IM=UBU®) |7 — M- UUT %
= —2Tr(22W(t) TMW(t)) + 2 Tr(Z*W ' MW)
= —2Jj2-t2(Wj(t)TMWj(t) - w;erj) <0,
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where the last inequality follows because by construction
w;(t) TMw; () > w;'—MWj. Define g(t) := f(U(t)) =
2(U(t)) + R(U(t)). To see that such saddle points are non-
degenerate, it suffices to show ¢”(0) < 0. Itis easy to check
that the second directional derivative at the origin is given
by

g"(0) = —407 (w;(t) "Mw;(t) — w] Mw;) <0,

which completes the proof.

Proof of Lemma 4.1. Follows from Lemma D.2

O

Proof of Theorem 4.3. Follows from Lemma D.2 and

Lemma D.3.
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