Decentralized Submodular Maximization: Bridging Discrete and Continuous Settings

9. Supplementary Material
9.1. Proof of Proposition 1

Define Xcon, = [X1;...;Xn] € R™ and Vo, = [V1;...;V,] € R™ as the concatenation of the local variables and descent
directions, respectively. Using these definitions and the update in (8) we can write
1
XZ;% - (W ® I) Xcon TVZO’I’H (26)
where W ® I € R"P*"? is the Kronecker product of the matrices W € R"*™ and I € RP*P. If we set x{ = 0,, for all

nodes i, it follows that x%, = 0,,,. Hence, by applying the update in (26) recursively we obtain that the iterate x’_,, is
equal to

con_TZW®Itls(son (27)

We proceed by showing that if the local blocks of a vector v.,, € R™ belong to the feasible set C, i.e., v, € C for
i = 1,...,n, then the local vectors of ycon, = (W & I)Veo, € R™ also in the set C. Note that if the condition
Yeon = (W ® I)von holds, then the i-th block of ycon, = [y1;- . .;yn] can be written as

n
Yi =Y wi;v;. (28)
j=1

Since we assume that all {v; };L:l belong to the set C and the set C is convex, the weighted average of these vectors also is
in the set C, i.e., y; € C. This argument indeed holds for all blocks y; and therefore y; € C fori = 1,...,n. This argument
verifies that if we apply any power of the matrix W ® I to a vector v,,, € R™ whose blocks belong to the set C, then
the local components of the output vector also belong to the set C. Therefore, the local components of each of the terms
(W @1I)!=1=%vs in (27) belong to the set C. The fact that x; which is the i-th block of the vector x! ,, is the average of
T terms that are in the set C (x’,,, is the average of the vectors (W @ I)!=1v0 ... (W @ I)%v!_ ! with weights 1/T
and the vector 0,,, with weight (7' — t)/T), implies that x} € C. This result holds for alli € {1,...,n} and the proof is
complete.

9.2. Proof of Lemma 1

By averaging both sides of the update in (8) over the nodes in the network and using the fact w;; = 0 if % and j are not
neighbors we can write

n

PYRT 1Y S wd g

i=1 i=1 jeN;U{i}

Y w13

1= 1] 1
11

ITon , 11 .
=) xj+—EZvi, (29)

where the last equality holds since W71,, = 1,, (i.e. W is a doubly stochastic matrix). By using the definition of the
average iterate vector X' and the result in (29) it follows that

11—
gty —— ¢ 30
X+T7’L;vz (30)
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Since v! belongs to the convex set C its Euclidean norm is bounded by |[v|| < D according to Assumption 2. This
inequality and the expression in (30) yield

D
i+l _ gt « 2 31
|x x| < 7, (31)
and the claim in (17) follows.
9.3. Proof of Lemma 2
Recall the definitions X¢on, = [X1;...;X,] € R™ and Veon = [V1;...;V,] € R for the concatenation of the local
variables and descent directions, respectively. These definitions along with the update in (8) lead to the expression
t—1
1
con_ ZW®It e zon (32)
s:O

If we premultiply both sides of (32) by the matrix ( l"nlL ®1I) which is the Kronecker product of the matrices (1/n)(1,1],) €
R™ ™ and I € RP*? we obtain

11 - n t—1—s
(St )8t oo

The left hand side of (33) can be simplified to

1, 1
( ®I) ton = Xeon: (34)
n
t

where X!, = [x';...;x'] is the concatenation of n copies of the average vector x'. Using the equality in (34) and the
simplification 1,1 W = 1,,1], we can rewrite (33) as

con_z<1 1 ®I> Veon: (35)

Using the expressions in (32) and (35) we can derive an upper bound on the difference ||x¢,, — %%, || as

t—1
1 1, 1
||X20n - iconH =7 Z <|:Wt_1_s - :| ®I) Veon
n
s=0
t—1
1 PR % 5
sz Wt ! S_T || conH
s=0
N = 1,1}
< Wt—l—s_ n-n 36
<) o (B (36)

s=0

where the first inequality follows from the Cauchy-Schwarz inequality and the fact that the norm of a matrix does not change
if we Kronecker it by the identity matrix, the second inequality holds since || v!|| < D and therefore ||v¢,, | < v/nD.
Note that the eigenvectors of the matrices W and W51 are the same for all s = 0,...,¢ — 1. Therefore, the largest
eigenvalue of W*=5~! is 1 with eigenvector 1,, and its second largest magnitude of the eigenvalues is 3°~1~%, where 3 is
the second largest magnitude of the eigenvalues of W. Also, note that since W!=1~¢ has 1,, as one of its eigenvectors, then
all the other eigenvectors of W are orthogonal to 1,,. Hence, we can bound the norm ||[W*=1=5 — (1,,11)/(n)|| by gt~1>.
Applying this substitution into the right hand side of (36) yields

D ¢~ _V/mD
Xion = Xion \/> 5t e (37)
It~ tnll < P S0 <
Since |[xt,, — Xk, |12 = 7, [Ixt — xt||, the claim in (19) follows.
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9.4. Proof of Lemma 3
Recall the definition of the vector X0, = [X1;...;X,] € R™ as the concatenation of the local variables, and define
deon, = [dy;...;d,] € R™ as the concatenation of the local approximate gradients. Further, consider the function

Feon : X™ — R which is defined as Fro, (Xcon) = Feon (X1, .., Xp) := Y i, Fi(x;). According to these definitions and
the update in (6), we can show that

dion - (1 - Oé) (W ® I)d::m% + achon( con) (38)

where W @ I € R™P*"P is the Kronecker product of the matrices W € R"*" and I € RP*P. Considering the initialization
d?,,, = 0,, applying the update in (38) recursively from step 1 to ¢ leads to

con =« Z 1 - O[ )VFCOW«( con) (39)

:
If we multiply both sides of (39) from left by the matrix (% ® I) € R"P*"P and use the properties of the weight matrix
W, ie., 1/ W= = 17 we obtain that

It t t—s [ 1n 1T
dcon = ;(1 - Oé) ( n ) VFcon( con) (40)
where d%,_,, = [d’;...;d!] is the concatenation of n copies of the average vector d*. Hence, the difference ||d%,,, — d?,,, ||
can be upper bounded by
qt t s t—s : t—s lan
Hdcon dcon” = Oé; 1 —O[ (W ®I)VFCOT7«( con) _QZ(l —Oé) <7’l > VFcon( con)

s=1

;
az (1-a)t {Wt tlnnl )@1} V Feon (X5 0n)

Sa\/»GZ tths

afG

where the first equality is implied by replacing d?,,, and df,,, with the expressions in (39) and (40), respectively, the second

equality is achieved by regrouping the terms, the first inequality holds since ||V F;(x$)|| < G and |[W*=*=1 —(1,,1])/n|| <
Bt=*=1, and finally the last inequality is valid since >_"_, (1 — a)8)'~* < W Now considering the result in (41)

and the expression ||d’,,, —d’,,||> = > i, [[d! — d!||2, the claim in (20) follows.

9.5. Proof of Lemma 4

Considering the update in (6), we can write the sum of local ascent directions d’ at step ¢ as

idﬁ: (1—a) ZZw”dt 1+aZVF
i=1

i=1 j=1
=(1-a) Zdt 1wa+O‘ZVF
j=1
=(1-a) zn:défl + az VF;(x}), (42)

=1 i=1
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where the last equality holds since Zzlzl w;; = 1 which is the consequence of W1, = 1,. Now, we use the expression in
(42) to bound the difference || -1, d! — """ | VF;(x')||. Hence,

>di- YR

i=1 i=1

xt)|
n

=|[1-a)> dl- 1+aZVF ZVF

j=1 i=1

n n n

=l1-a Zdt - 1fa)ZVFi(it’l)Jr(1fa)ZVFi(it’l)JraZVFi(xf)fZVFi(it)

i=1 i=1 i=1

n

> VFi(x!) - VE(x")

=1

Z VE(x!) — VF;(x})

(43)

=l1-a) Zd* L ZVF xi1) +(1a)[iVFi(xtl)iVFi(xt) +a

7j=1

IN

+ «

(1-a) Zd§—1vaE(xt*1) +(1—-a)

i VE(x"!) - zn: VF;(x")
i=1 i=1

The first equality is the outcome of replacing - ; d} by the expression in (42), the second equality is obtained by adding
and subtracting (1 — «) Y., VF;(x'"!), in the third equality we regroup the terms, and the inequality follows from
applying the triangle inequality twice. Applying the Cauchy—Schwarz inequality to the second and third summands in (43)
and using the Lipschitz continuity of the gradients lead to

ZVF

Q=)D d =Y VEE |+ 1 -a) L) g =% +aLl > |Ixi — |
j=1 i=1 i=1 i=1

(44)

According to the result in Lemma 1, we can bound the ) ;" | |x'*! — x*|| by nD/T. Further, the result in Lemma 2

shows that (37, [|xt —x||?)1/2 < \((%) Since by the Cauchy—Swartz inequality it holds that (3~ [x! —x*||?)'/2 >

ﬁ Yo lIxt — x|, it follows that Y, ||x! — %*|| < (nD)/(T(1 — $)). Applying these substitutions into (44) yields

ZVF

N w ot—1 (1—-a)LnD alnD
(1—a) Zdj —ZVFz(x )|+ T +T(17ﬂ) (45)

By multiplying both of sides of (45) by 1/n and applying the resulted inequality recessively for ¢ steps we obtain

% Enjdﬁ - %fj VE(E)| <
i=1 =1

t—1
(1—a) Zdo—fZVF +((1_;)LD+T8L_DB)) (1-w?
0

s=

1L —a)LD LD
(1—a) n;HVF }|+ 7 +T(1_5>
<(1-a)'G+ 1-afD LD (46)

aT T1—p)’

where the second inequality holds since Z?:l dg =0, and ZZ;B(I — a)® < 1/a, and the last inequality follows from
Assumption 4.
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9.6. Proof of Theorem 1

Recall the definition of X* = % >, x! as the average of local variables at step ¢. Since the gradients of the global objective
function are L-Lipschitz we can write

L
||Xt+1 7t||2

1 . t+1 1 . 1 t+1 t
ﬁZ}Fi(fﬂ—)_ﬁ; EZVF Xkt
1 n n L

fag ) v - 5

=1

n 2

1
w2V

=1

(47)

9

where the equality holds due to the expression in (30). Note that the term ||(1/n) >_"_; v!||* can be upper bounded by D?

according to Assumption 2, since (1/n) """, v € C. Apply this substition into (47) and add and subtract (1/nT) >, d!
to obtain

n

n n n n n 2
%ZFi(it“) - %ZFZ-(#) > %%Zdi,%ZvD + %%Z %Z Zv§> - %. (48)
=1 =1 =1 =1 =1 i:l

=1

Now by rewriting the inner product (3=, df, >2i, vi) as 3300, D°0  (df, vh) = >0 (371, df, vh), we can rewrite
the right hand side of (48) as

i=1

1 n n 11 n i 1 LD2
ZW;<;d§7V§>+T<;;Vﬂ(xt> gg g A

1 n 1 n 1 n 1 1 LD2
:ﬁ;<d§,vz‘>+ﬁ;<(ﬁ;dﬁ—dﬁ'),V§‘>+f(i:1* —*Zd Z v, TR (49)

Note that in the last step we added and and subtracted (1/nT) Z 1(d5, v%). Now according to the update in (7) we can
write, (d}, v%) = maxyec (df, v) > (d},x*). Hence, we can replace <d§ v’) by its lower bound (d’, x*) to obtain

1 St+1 1 St
5;“ )—EZ;FZ(X)
1 < 1 1< 11 < LD?
> di x*) + — =N dE—dh), v+ (= - =) d vi) ) 50
_nTj;< J’X>+nTj:1<(n; i J)’VJ>+T<n; Z Zl ANSTE (50)

Adding and subtracting —3— > i1 (>2iy df, x*) and regrouping the terms lead to
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Further add and subtract the expression —= " =1 (3" | VF;(x"),x*) and combine the terms to obtain

7ZF t+1 ZF

S VF ;Tzl«i;dz o VAR X+ 3 D)
=1 = 1= 1= J]= 1=
Z

n

1 n 1 B 1 n 1 n LD2
gdt dt 7 ] T<Z EVF’L(Xt)_ﬁZZdE,E;VD_ oT2

;

=1
1 1 &, 1 .. LD?
Zdt ZVF DX g G ) ) -

(52)

The monotonicity of the average function (1/n) 3" | F;(x) and its concavity along positive directions imply that

(1/n) Y0 VE(x'),x*) > (1/n) Y1, Fi(x*) — (1/n) >i_, F;(x'). By applying this substitution into (52) and
using the Cauchy-Schwarz inequality we obtain

1 n t+1 n n . 1 n .
— F;(x Fi(x*) — Fi(x d; — VF;(x - = ;
D P D R N |
JR |y .. LD?
— - Zdz —di|| Ivj —x*| - 577 (53)
i=1
Now we proceed to derive lower bounds for the negative terms on the right hand side of (53). Note thatall v} fori = 1,...,n

belong to the convex set C and therefore the average vector + 3°" | v! is also in the set. Hence, we can bound the dlfference
[x* = L3 v| by D according to Assumption 2. Indeed the norm ||v} — x*|| is also upper bounded by D and hence
we can write

7ZF t+1 ZF
n

> % Y Fix") - ZFz‘(it

i=1

D2

~ e Y

Z

PR

n n
> odi - VE((E
=1 =1

The result in Lemma 3 implies that (37, ||df — d||?)/2 < 1_aﬁ‘@fa) . Note that based on the Cauchy—Swartz inequality

it holds that (37, ||di — d*|?)/2 > ﬁ S |ldE — d?||, and hence, >_;-, [|df — df|| < % Using this result
and recalling the definition d* := (1/n) 3" | d!, we obtain that

Zdt d!

oG

ST-A—a) ©

Replace the term + Z]" 1 H 1 ?:1 di — d; H in (54) by its upper bound in (55) and use the result in Lemma 4 to replace
Lyt d Zz . VF;(x")|| by its upper bound in (21). Applying these substitutions yields

1 1 «
n L AET -0 R

1|1 o IS (1-a)!GD (1 -a)LD? LD? aGD LD?
=7 EzFi(X)_E;Fi(X> T T T arr - prr 0-B—a)nT 217

(56)
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Seta =1/ /T and regroup the terms to obtain

1\ |1 TR . (1-1/VT))!GD LD? LD? GD LD?
S(IT> Ezzlei(x)fﬁZZ 1F’( |+ T Tt Ao T u-prr e
(57)

By applying the inequality in (57) recursively for ¢ = 0,...,7 — 1 we obtain

1 L1 ~ 1« _
Iy e - Ly REn) < (1_) SO LY RE)| ¢ Y T
i=1 =1 =1 i:l t=0 t=0
T-1 T—-1 T-1
LD? GD LD?
2 + Z (1 B)T3/2 + 272 " (58)
t=0 t=0 = t=0

By using the inequality ZZ:(Jl (1 —1/+/T)* < /T and simplifying the terms on the right hand side (58) we obtain that to
the expression

LSRG - %Zm(sﬁ

11 & 1 & GD LD? LD? GD LD?
< Z = ) —
e ”gF( ng M R ) () ETE T2
11 1 & LD2+GD(1+(1—6) Y LD*(05+(1-p5)"1)
=- =) hx)-- ; 5

where to derive the first inequality we used (1 — 1/7)7 < 1/e. Note that we set x? = 0,, for all i € N and therefore
x" = 0,,. Since we assume that F;(0,) > 0 forall i € NV, it implies that 2 37" | F;(x%) = L 3" | F;(0,) > 0 and the
expression in (59) can be simplified to

%ZFZ-(RT) o1 6_1)%2Fi(x*) LD +GD(T11/4; (L-8)"") LD*05 +T(1 DD

=1 i=1

Also, since the norm of local gradients is uniformly bounded by G, the local functions F; are G-Lipschitz. This observation
implies that

1 _ 1 GD
HZFi(XT)*E; <*Z||X -x; m (61)

i=1

where the second inequality holds by using the result in Lemma 2 and the Cauchy-Schwartz inequality. Therefore, by
combining the results in (60) and (61) we obtain that for all j = A/

1 ZF (1 e l ZFi(x*) _ LD*+ GD(T11; (1-87"Y GDA-B)"'+ LI;Q(O.E’) +(1- g)*1)7
(62)

and the claim in (22) follows.

9.7. How to Construct an Unbiased Estimator of the Gradient in Multilinear Extensions

In this section, we provide an unbiased estimator for the gradient of a multilinear extension. We thus consider an arbitrary
submodular set function A : 2V — R with multilinear H. Our goal is to provide an unbiased estimator for VH (x). We
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have H(x) = > gcy [[;e5%i [125(1 — 25)h(S). Now, it can easily be shown that (see ())

OH
8xi -

H(x;x; < 1) — H(x;x; < 0).

where for example by (x;x; < 1) we mean a vector which has value 1 on its i-th coordinate and is equal to x elsewhere. To
create an unbiased estimator for g—g at a point x we can simply sample a set .S by including each element in it independently
with probability z; and use (S U {i}) — h(S \ {i}) as an unbiased estimator for the i-th partial derivative. We can sample
one single set .S and use the above trick for all the coordinates. This involves n function computations for .. Having a
mini-batch size B we can repeat this procedure B times and then average.

Note that since every element of the unbiased estimator is of the form A (S U {i}) — h(S \ {i}) for some chosen set .S, then
due to submodularity of the function h every element of the unbiased estimator is bounded above by the maximum marginal
value of h (i.e. max;cy h({i})). As a result, the norm of the unbiased estimator (of the gradient of H) is bounded above by

VIVImaxiey h({i}).

9.8. Proof of Theorem 2

The steps of the proof are similar to the one for Theorem 1. In particular, for the Discrete DCG method we can also show
that the expressions in (47)-(54) hold and we can write

n

S RET) -2 SRR

=1 =1
> x-S FE)| - =[S df - FEEY| - =525 al —dt|| - . 63
=T ; () ; Sl ; i ;V (x) nT & n; R Y (63)

Now we proceed to derive upper bounds for the norms on the right hand side of (63). To derive these bounds we use the
results in Lemmata 1 and 2 which also hold for the Discrete DCG algorithm.

We first derive an upper bound for the sum 77, ||+ 37", df — df|| in (63). To achieve this goal the following lemma is
needed.

Lemma 5 Consider the proposed Discrete DCG method defined in Algorithm 2. If Assumptions 4 and 5 hold, then for all
i € N and t > 0 the expected squared norm E || gt||?] is bounded above by

E [llgfl?] < K2, (64)
where K? = 2 + G2.

Proof: Considering the condition in Assumption 5 on the variance of stochastic gradients, we can define K? := 02 + G? as
an upper bound on the expected norm of stochastic gradients, i.e., forallx € C and i € N

E[|VEGDIP] < K. (65)

Now we use an induction argument to show that the expected norm [E [H g! HQ} < K?2. Since the iterates are initialized at g¥ =
0, the update in (12) implies that & [||g!||? | x!] = ¢ {Hvﬁi(xm? | xﬂ < $?K? < K2 Since E [E [||g!]? | x!]] =
E [|lg}||?] it follows that E [||g}||?] < K2. Now we proceed to show that if E [||g!~'[|?] < K? then E [||g|?] < K2.
Recall the update of g! in (12). By computing the squared norm of both sides and using the Cauchy-Schwartz inequality we
obtain that

lgil® < (1= ¢)?llgi ™ II* + ¢*IVE (xD)II* + 20(1 — )i IV E (x])ll. (66)
Compute the expectation with respect to the random variable corresponding to the stochastic gradient Vﬁi(xﬁ) to obtain

E[lgfl? |x!] < (1—0)2gi™" |2 + 6°E | IVE D2 | 1] +26(1 = 6) g/ [E [IVAGDI [ x1] . (67
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Note that according to Jensen’s inequality E {HVFZ- (xf)||2] < K? implies that E |:||VF1(X§) ||} < K. Replacing these
bounds into (67) yields
E[llgill” | x{] < (1—¢)?llgi ' [I> + ¢’ K>+ 2K¢(1 - ¢)|lgi |- (68)

Now by computing the expectation of both sides with respect to all sources of randomness from ¢ = 0 and using the
simplification E [E [||g!||? | x!]] = E [||g![|*] we can write

E[llgf? 1] < (1—¢)°E [Ilg} 1] + ¢’ K> + 2K (1 — $)E [|lg} "]
<(1-¢)’K? 4+ ¢’ K? + 2K¢(1 — ¢)K
=K, (69)

and the claim in (64) follows by induction. [ |
We use the result in Lemma 5 to find an upper bound for the sum (1/n) 377, |df - dj | on the right hand side of (63).

Lemma 6 Consider the proposed Discrete DCG method defined in Algorithm 2. If Assumptions 1, 4 and 5 hold, then for all
1 € N andt > 0 we have

LS a - &tlll <X (70)
n “1-81-a)
where K = (o2 + G2)'/2.
Proof: Define the vector g, = [gl;...;g',] as the concatenation of the local vectors g! at time ¢. Further, recall the
definitions of the vectors Xcon, = [X1;-..;Xn] € R™ and deop, = [dy;. .. ;d,] € R™ as the concatenation of the local

4 t.n = [d%;...;d!] as the concatenation of n
copies of the average vector d'. By following the steps of the proof for Lemma 3, it can be shown that

variables and local approximate gradients, respectively, and the definition of d,

t
1,1f
az (1—a) {Wt 5—”)®I]géon
n

t

<az 1—a

< aZ(l —a)' B gt - (71)

¢

con con H -

1,10 .
- T) ® IH chonH

By computing the expected value of both sides and using the result in (64) we obtain that

[”dcon con” < QIKZ 1 - Oé t Sﬂt °

s=1
ay/nK
ST-B0—a) (72)

where in the first inequality we use the fact that E{||gl,. ] < (E[|lgl..l?DY? = E[CL, l&l»)])/? =
(>, Ef|gtl?])Y/? < y/nK. By combining the result in (72) with the inequality

n n 1/2
1 - 1 -
- ||df - dt” < —= de - dt”2 ”dcon con||7 (73)
> 7% "7

the claim in (70) follows. |

The result in Lemma 6 shows that the sum 2 > | ||d! — d'|| is bounded above by (aK)/(1 — 3(1 — «)) in expectation.
To bound the second sum in (63), which is||Y>_"_, d! — " | VF;(x")||, we first introduce the following lemma, which
was presented in (Mokhtari et al., 2018a) in a slightly different form.
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Lemma 7 Consider the proposed Discrete DCG method defined in Algorithm 2. If Assumptions 1-5 hold and we set
o= 1/T2/3, then for all i € N and t > 0 we have

n t 212 2 212
1 6nL“D*C  2no“ + 12nL°D*C
E| > IVEG) —gﬁlF] < (1— W,) nG* + + (74)
i=1

T4/3 T2/3 ’

where C =1+ (2/(1 — B)?).
Proof: Use the update g! := (1 — ¢)g! ™! + ¢V EF(x!) to write the squared norm ||V F;(x!) — g!||? as

IVE(x}) - gil> = [VFE(x}) = (1 = ¢)di—1 — ¢V E(x])|*. (75)
Add and subtract the term (1 — ¢)VF;(x. ") to the right hand side of (75) and regroup the terms to obtain

IVFi(x}) — gilI” = lp(VE;(x}) — VE(xi?))+(l—¢)(VFi(x?§)—vpi(xg—l))+(1—¢)(Vﬂ(x§—1)—gf—l)H(27-6)

Define F* as a sigma algebra that measures the history of the system up until time ¢. Expanding the square and computing
the conditional expectation E [- | F*] of the resulted expression yield

E[IVE(x!) - gll]? | F'] = 0°E ||VEi(x}) = VE&DI? | F| + (1 - 6)*| VFi(x
+ (1= 9PIVE() = VR +2(1 - 6)(VE(x!) - VE(x ™), VEi(x

1)_ t_71||2
H-gimh, (77)

where we have used the fact E {Vﬁz(xﬁ) | ]—‘t} = VF;(x!). The term E {HVFZ(X’;) — VFE(xH)|? | .Ft] can be bounded
above by o2 according to Assumption 5. Based on Assumption 3, we can also show that the squared norm ||V F;(x!) —
V F;(x!1)||? is upper bounded by L?||x! — x:~*||2. Moreover, the inner product 2(V F;(x!) —V F;(x: ™), VF;(xi ™) —
d;_1) can be upper bounded by ¢||VF;(x! ™) — d;_1 ||2 + (1/¢) L?||xt — x!71||? using Young’s inequality (i.e., 2(a, b) <
¢||al|? + ||b]|?/B for any a,b € R™ and ¢ > 0) and the condition in Assumption 3, where ¢ > 0 is a free scalar. Applying
these substitutions into (77) leads to

E [IVF;(x}) = gfll* | F'] < ¢%0® + (1 = ¢)* (1 + ¢ L% — %2 + (1= 9)*(L+ OIVE(x ™) — g 1%
(78)

t—
i
t—
X,

By setting ( = ¢/2 we can replace (1 —¢)?(1+¢ 1) and (1 — ¢)?(1+ () by their upper bounds (1 +2¢~1) and (1 — ¢/2),
respectively. Applying theses substitutions and summing up both sides of the resulted inequality for¢ = 1,...,n lead to

- 2| 7t 2 2 72 <12 ¢\ v t—1 t—112
MIZHERE |f]<n¢a L2129 an K (1) L IvAe e
(719)
Now we proceed to derive an upper bound for the sum >°7_ | [|x! — xi~1||?
and the results in Lemmata 1 and 2 we can show that

n n
D It =P < D (3 | 8 =P s )
i=1 1=1

. Note that using the Cauchy-Schwartz inequality

3nD? 3nD? 3nD?
ST-pr T T T-pR
3nD? 2
- (i) )

Replace the sum Y7, [|x! — x/ 7|2

obtain

B gnwxxf)—gzu?] (1-%)s

in (79) by its upper bound in (80) and compute the expectation with respect to F to

22
+n¢*o® + (1+ 2¢—1)% (1 + (1_25)2)

81
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Set ¢ = T—2/3 to obtain

B> VR - gﬁHQ] < (1= g ) B | 1WA~ 2|+ 7+ EC L IR e
i=1
where C' := (1 + ﬁ) Applying the expression in (82) recursively leads to
B| S IVEG) - gl
i=1
g ( T2/3>ti:||VF )+ (;12/23 +3nL;?20+6n;ZZQC>§<1—HIM>S
< (1 o) SIVAD - T PR
< (1 - W>tnG2 QTQC/TE + 6”;3220 + 12”TL22 /]??20, (83)
and the claim in (74) follows. ]

We use the result in Lemma 7 to derive an upper bound for H% S dl— 1 Z 1 VFi(x || in expectation.

Lemma 8 Consider the proposed Discrete DCG method defined in Algorithm 2. If Assumptions 1-5 hold and we set
a= l/ﬁandgb = 1/T2/3, then for alli € N and t > 0 we have

1, 1< » 1\’ 1\ LD

LD 6LDC1/? 20 +V12LDCY/?
+ L Y6 L Y204 : (84)
T(1—-p) T2/3 T1/3

where C =1+ (2/(1 — B)?).

Proof: The steps of this proof are similar to the ones in the proof of Lemma 4. It can be shown that

zn:dﬁ - En:VFi(xt

i=1 i=1

= —a)id?*l +a§n:gf- - iVFi(it
j=1 i=1 i=1

n

=l1-a Zdt - 1—a)ZVFi(it_l)—i—(1—a)iVFi(it_1)+aig§—iVFi(it
=1 =1

i=1 i=1

n

Y VEETH - VE(®)
i=1

i=1

=|l1-a) > d' =Y VEET)| +(1-a)

=1 i=1

Q—a) D> d =Y VEE|+1-0a)
j=1 i=1

IN

<(1-a) Zd“ ZVF "N+ (1-a)

j=1

Z VFi(x!) =Y VF(x")

=1

ta (35)
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The first equality is the outcome of replacing Z?:l d! by the expression in (42), the second equality is obtained by adding
and subtracting (1 — «) Y., VF;(X'™1), in the third equality we regroup the terms, and the inequality follows from
applying the triangle inequality twice. Applying the Cauchy—Schwarz inequality to the second and third summands in (43)
and using the Lipschitz continuity of the gradients lead to

~ Y VFE(x")
i=1
<(1—-a) Zdt ! ZVF X'+ (- )LD R + oL > xI-x' +a|) gl-> VFi(x!
j=1 =1 i=1 =1 =1
- = e (1 —-a)LnD aLnD
<(1-a) Zd§. 1—ZVF¢(xt Hil + 7 + aZHgZ VF;(x)], (86)

where the last inequality follows from Lemmata 1 and 2. Using the inequality

<z (3 Ist - v ||)1/2 <[z

and the result in Lemma 8 we obtain that

1 \' o 2n0% 6nL2D?C  12nL2D?*C
ZH& VEi(x H]<\fl( T2/3) NGt e Y s T

T2 Sl - vl e - o u])”i ®

1/2

1\ 2 LDC/? 12nLDCY/?
SnG(l— ) +\fna VénLDC V12nLDC (88)

272/3 T1/3 T2/3 + T1/3 ’

where the second inequality holds since Y, a? < (3~ a;)? for a; > 0. Compute the expected value of both sides of (86)
and replace E[Y """, |lg! — VF;(x!)]|] by its upper bound in (88) to obtain

]E |>
i=1

4—j§:Y7f;(xt
=1

-1 i 1—a)lnD alnD
)]g(la)lﬁl Zd ZVF D) L T) +T(1—6)

7j=1

(89)

1 V6anLDCY?  \/2nac +/12anLDCY/?
+anG|1-—

272/3 T2/3 + T1/3

By multiplying both of sides of (45) by 1/n and applying the resulted inequality recessively for ¢ steps we obtain

1 & 1 — _
DXERINLE

i=1 =1
<(1-a)t lido—liVF-(io)
B n 1 ! nz’:l '

j=

1-a)LD  aLD
+<( )LD, _« +aG(1—

1 12 J6aLDCY?  \J2ac + V12aLDCV/?\ L2
T (1 -p)

oT2/3 T2/3 T1/3 Zo(l —a)f

—a)LD LD 1 V6LDCY?  \/2¢0 +/12LDC'/?
(1-a)t ZHVF H+ o +T(IB)+G(1_2T2/3> + st T3

¢ _ t/2 1/2 1/2
< 1) G+ (1-a)LD LD@ e (1 -5 1 ) V6LDC V20 +/12LDC (90)

oT + T(1 - T2/3 T2/3 + T1/3 )
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which follows the claim in (84). |

Now we can complete the proof of Theorem 2 using the results in Lemmata 6 and 8 as well as the expression in (63).
Replace the terms on the right hand side of (63) by their upper bounds in Lemmata 6 and 8 to obtain

n

1 t+1 . St
— — F,
nZ ZZ (%)
T TR * T

. * — . _f —_— p—
;Fl(x ) ;Fl(x ) - = ma-5" T
_V6LD*C'? 20 +/12LD*C/? D(o? + G2)1/? LD?

nT

]_(1 1 >tDG (1 — a)LD? LD? DG(1 . )t/Q

T5/3 T4/3 CT32(1-B(1—a)) 2T? O
Regrouping the terms implies that
g |l XH:F'(X*) 1 zn:Ft(itH)
i 1 "= l
1 1 & 1 & 1 \'DG (1-a)LD? LD?
<({1-=|E[=) Fx)--) FE 1l——% | —
—< T) n; (") n; (% < T1/2> A A T )
DG Y2 \/6LD2C'/? L V2o VI2LD2C1/? G +G2)1/2 LD ©2)
T 272/3 T5/3 T4/3 T3/2(1-B(1 —a)) 272
Now apply the expression in (92) for ¢ = 0,...,T — 1 to obtain
E |l zn:Fl(x*) 1 iF»()’cT
n ! n - !
= I~ (1 - a)LD?
<({1-= Fi(x*)— =) F(x" —
- ( ) Z n 7,=Zl G|+ aT
N LD? N \fLDZCU? N V20 +/12LD?CY/?
T(1-0) T2/3 T1/3
D(c? + G?)1/2 DG < DG 1 \"?
+T1/2(1—B(1—a +Z T1/2 +§T - 272/3
1 & 1< (1 — a)LD?
1-—= — - =Y F((x° —
( > n Z n ; e
L Lo \fLDQCl/Q N V20 + V12LD*C'/?
T(1-3) T2/3 T1/3
D(o? + G*)'/? LD? DG 4DG
+ + ) (93)
T/2(1 - B(1 - a)) 2T T2 T3
where in the last inequality we use the inequalities ZtT o (1 — 2T+/3)t/2 < W < 47?3 and
Z?:o (1- T /2) < T''/2, Regrouping the terms and using the inequality (1 — 1/7)7 < 1/e lead to
1 o LD? LD? LD?*C/? 2 12LD2CY/?
E|-Y FE\|>0-e ZF 5 — _ VBLD*CY? V20 + VI2LD*C
n = T2 T(1-p) T2/3 T/3
D G2 1/2 LD* DG 4DG
_ D+ R LD DG _ (94)

TV2(1—p) 2T T2 T3
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Now using the argument in (61), we can show that the result in (94) implies that for all j = A/ it holds

E

T2 T(1-p) T2/3 T1/3

D(e?> +G*'Y? LD?> DG 4DG
COTY2(1-p8) 2T  TY?2 T3S

1 < 1< LD? GD+ LD? 6LD2C1/2 2 12LD2C1/2
n i=1 n =1

95)

Since C' := 1+ ﬁ it can be shown that C'/? = (1 + (135)2)1/2 <1+ % Applying this upper bound into (95)
yields the claim in (25).



