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Detailed proofs for all the theorems, lemmas and propositions omitted from our paper
will be given here in a rigorous form. We provide them as a supplementary because we
would like the audience of our paper to focus more on the development of our theory,
and limit of space. Our proofs are mainly based on the texts of Chung [1], Rudin [2] and
Nakahara [3].

1. INTRODUCTION

[No Theorems or Lemmas]

2. PRELIMINARIES

Lemma 2.1. Given a smooth manifold M = {(U;, p;) }}X| with pairwise disjointness and

{Mk}le as the probability measures supported on {p;(U;) Y| correspondingly, a function
pam s B(M) —[0,1] is defined by

K
1
(1) dppm(s) = 74 E Lsev, dpi © pi(s)
=1

Then ua is a probability measure defined on M.

Proof. First claim p;0¢; is a measure, which comes from the easy observation that for each
i € [K], and countably many disjoint sets {A4,}72; C B(M), the Borel sets constructed
over M as a topological space.

@i(UZO:1An) = U%ozl‘Pi(An)

and since g; itself is a homeomorphism, which indicates the one-to-one property, we
have the disjointness of sets {¢;(An)}o2 .
Thus from the assumption that u; is a probability measure, the countable additivity of

i © @; on B(M) is thus proved as
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Mzosoz n= 1A Zﬂz 901

, which directly leads to the assertion that u; o ¢; is a measure.

Next, we would like to prove it is indeed a probability measure, which needs to prove
the normalization condition.

We directly take integral over the manifold M with the derivative form of measure pay,
as is defined.

(2) /M dii

K
: 1
(3) subsgtute K/ Z 1s€Uid'ui o SD’L(S)
M
exchange 1 o
) = R, o)
i=1"Ui
(5) change of variable 1 i/ dp (3)
R _ 7
K= e

Thus we have checked the normalization condition, which in turn proves the lemma. [J

3. NATURAL LoOCALIZATION OF CWGAN-LOSsS

Lemma 3.1. Consider Riemmanian manifold (N, T) with curvature locally bounded above
and below, T € C and its induced distance function denoted as dps, then for any path-
independent function f: N x N'— Rt U {0}, there exists a Riemmanian metric T on N,
induced by the distance function

dy(z,y) = f(z,y)dn(z,y) Yo,y €N

Proof. The proof is mainly based on a previous result in [4, 5], which asserts certain suffi-
cient conditions for a synthetic distance function d;\/ : N x N — RTU{0} on Riemmanian
manifold (A, 7) to be compatible with some Riemmanian metric on N. That is, besides
the conditions innate to the manifold
e curvature locally bounded above and below, i.e. Vs € N, 3cy,c9, 0 < ¢ < ¢g < 00
and ¢; < Ffj(s) < ca.
e 7 € ('™, which means it is infinitely differentiable locally. In fact, the assumption
can be relaxed to 7 € C1%, for any o > 0.

, the condition imposed on the synthetic distance function is
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° d}v is a path-metric, i.e. Vsi,sy € N, consider the set of paths connecting s1, so,
that is, the set of curves Ps, s, = {p : [0,1] = M|p(0) = s1,p(1) = sa}, there
exists an functional L : Ps, 5, — RT U {0}, s.t.

d;\/(51,82): inf  L(p)

p Psl"SQ
Thus let us turn back to our case, the synthetic distance function is actually
expanded from an existing distance function on A, induced by Riemmanian metric
7. As is well known, the induced distance dys itself has the form

d — inf L
N (81, 82) pertl ()

where L is called the length of curve p, defined as

1 83!:Z oxI
L(p) = > 0 (p(t) 5 o

Since from the assumption that f(e,e) is path-independent, we are able to define
the following functional L (easy to check its well-definedness),

L¢(p) = f(p(0),p(1)) Vp € Ps, s,
Thus it is obvious that, by constructing L as

L (p) = Ly(p) ® L(p) Vp € Ps; s,
, our synthetic distance function d;\/ is a path metric thus induced from some

Riemmian metric on N, which finishes our proof.
0

1. Omitted Steps for Renormalization to Obtain Eq. 14. After we rearrange
dn(G(s),t)dy as dy(G(s),t)dy', the boundary condition T v dv' = 1 requires renormal-
ization. By introducing an additional matrix A € H(K) s.t. H(K) = {4 € REXK|yj ¢
K,Y, AY = K; Vi,j € [K], A% > 0}, the c(WGAN-loss ming E;dU(G) can be reformulated

K K
min min Ad (G(s ) dfii(s)di; (¢
GAeH(K);j;/Ui/Vj N (G(s), t)dfii(s)di;(t)

Proof. We start from the form,
8 mm mf / / dpa(G(s), t)dy(s,t
® Y (5.

when we rearrange the form with

dry(s,t) = dy(t]s)dps(s) = A(fy(s), )dpr(s)dvp ()
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, we obtain

(9) mcmmmzz / / A(fy(5), t)dnr(G(s), t)dpp (s)duar(t)

=1 j5=1
And since we apply the equivalence of ming ming and ming, the boundary condition

S v dy' = 1 may be broken. Thus we introduce additional variable A € H(K) to
maintain the normalization condition, as can be checked by

(10) |

T K B
(1) ZW;A%;NM%
(12) =1

Note here we have applied the formulae for constructed probability measures on mani-
folds as

1 K

(13) dpaa(s) = 22 > Lsev,dpii 0 pi(s)
=1

(14) dup(t) Z Licu,dvi o i(t)

Finally, by inserting the A% term into the original optimization problem above, we will
obtain the final form as follows,

(15) m%zz/ [ CORIOE

O

Theorem 3.1. [Natural Localization of Adversarial Loss] For any p € Sym(K), the opti-
mization problem below

(16) &%QHZZ//M% ), 1)dfi(5)d 1

=1 j=1

is equivalent to

(1) ggg//ww ) )i (5)d) (1)
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In other words, the optimal A* € H(K) has the closed form as
*\ij _ p(?)

(18) (A")Y = K6

where (5;)(“ is the Kronecker delta function.

Proof. Fix i,j € [K], s.t. j # p(i) and arbitrary G € Fj,,. We first compare the following
two terms

non-palred / / dN d,LLZ( )dﬁ] (t)
and

palred —/ / d/\/ )dul( )dﬂp(z)(t)
Va(i)

Notice, for any s € U;, G(s) € Vp;) N'V; = &, which comes from the assumption that

G € F, and j # p(i), which thus leads to V¢ € Vp(i),t/ € Vj, dy(G(s),t) < dn(G(s),t),

according to the compatibility of distance function with the assumed inner-relatedness.
And thus Thon-paired = Tpaired- Then we relieve the fixation of j. It is easy to see,

ZA“ / / Ay (G(5), )i 5)diny () > K / | e [ (G 0dis)i )

, which is equivalent to say the optimal (A¥)* = K¢§’ (i) for each j € [K].
Similarly, we have for each A € H(K),

ZZ/ /v AT\ (G(s), t)dju(s)dirg (1) > Z/ / dyr(G(s), t)djii(s 8)dp (1)

=1 j=1 V(i)

, which brings the equivalence between optimization problems above. U

4. GENERALIZATION FOR CONDITIONAL GAN

Theorem 4.1. Consider generator G : R* — R? satisfying Lipschitz condition with con-

nX i.4.d

stant Mg and px,vy are probability measures on R respectively with {:1:,} ~ ux and

ny i.d.d.
{yitidy ~ vy
Assume the classical generalization bound satisfies the following inequality with proba-

bility 1 — &

nx ny
G(x
(19) EINI‘X7ZINVY"G( yH E E H n;nyyj” < €classical
=1 j=1

where eclasmal = e(nx,ny, ux,Vy,0) the upper bound and ERM-principle [6] is satisfied
with n (i.e. anY > 2 G (i) —y;ll < n), then G generalizes with (nx,ny) training
samples and error €,q, with probability 1 — 9, i.e.

(20) Drr(G(i),vy) — Dok (09, vy) < €adv
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if the following condition is satisfied

(21) €classical — €adv + 1 < Drr(vy, 0y ) — MaDri (px, i)
Proof. Let us start by bounding the term Dpx (G (i), vy ),

(22) Drr( G(MXX)aVY)

(23) i / [, 166@) = sl (z)dvy o)

ey " [ 6w - a@) i @) + / 1G (@) — ylldpx (2)dvy ()

(25) L%p‘MG [ [ 1@ = <ldit @ (= / 166 = yldux @)y )

gen. bound, with probability 1-6 nx ny G T yi
(26) < MGDLK /Lx, + Z Z H n;ny ! H €classical
=1 j=1
ERM o
(27) < MgDrk (,LLXa NXX) + 7 + €classical

And the definition of generation in adversarial learning sense requires

D (G(i*),vy) — Dok (09, vy) < €ady

By direct inserting the last expressions during the estimation above, we have obtained
the generic inequality to guarantee generalization sufficiently,

Eclassical — €adv T 1 < DLK(VYa ﬁ;ﬁy) - MGDLK(MX7 ﬂ?{X)

5. BENEFITS OF LOCALIZATION AND CONDITIONS OF GENERALIZATION

Proposition 5.1. Consider the probability measure underlying the global task as px =
% Zfil wi and vy = % Zfil v; in Buclidean sense and

K
1 .
(28) s’ = e > Dr(pi, i)
i=1

lobal N
(29) ngi,a Zﬂu Km

, if the compatibility with inner-relatedness (Vi,j € [K], Dri(pi, pt5) > Dr(pi, i) is
satisfied, then

l ocal gl obal
€adv < €adv
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Proof. First let us consider the situation when m — oo, which correspondingly leads to
akm — £ 3K pi and Vi € [K], g — .
Thus by honestly inserting the term into the definition of Dy g, we have

K K
lobal 1 1
(30) 6g,dov,anx —oo DLK(?ZM%?Z/‘LZ)
i=1 =1
1 & 1
(31) = FZDLK(MZ’MZ)+m . Z DLK(Hinj)
i=1 1<j€e[K]
1 K
(32) > K Z DLK(Minui) = E{aOdC\(/l,lnX — 00
=1

The last inequality comes from the observation that, Vi, j € [K]
D (pis pa) = |[pa — pall + 2tr(Baa) < llpi — il + 2tr(Epm) = D (pi, 1)

Next, we would like to consider the case for arbitrary m and the inequality with cor-
responding optimal empirical estimators {/]" fil. Thus with Kn samples, the optimal
estimator for the global distribution as a mixture of gaussians with the mixture coefficients
priorly known is % Zfi 1 . With a similar procedure as above,

1 18
lobal R
(33) e = Dric(z D wis 72 2 ")
=1 =1
1 & 1
(34) =72 Z D (pi, f15") + KK =1 Z Dy (i, fi5")
=1 1<i<j<K
(35) > ey

with the following observation

(36) D (pi, f5") = [|pi — fi + iz — @25" ||
consider p; _ﬁj white noise

i = gl + Ml — 5"l
(38) > Ay — 5| = Do (py, 245")

g
Lemma 5.1. Vi € [K], consider a measureable mapping f:U = Vi with f = ;o fo
@; ! satisfies Lipschitz condition, then Jo. Jv. dr(f(s),t)dfii(s)dD;(t) =~ Dpre(f (i), vi), i-e.
there exists constants 0 < C; < Cy, < 0o such that
fU,L- fvi d;\f(f(S% t)dpii(s)dv;(t)

Drr(f(pi), vi)
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Proof. With the measureablhty of f and smoothness of o;,1;, the induced mapping 7=
1 f (1) and v = (% f)(pi) are also probability measures respectively on f(U;) C V;

and (i o F)(Us) € 13(V;) (with E, E some normalizing factor).
Observe the following bounds, which comes from the inclusion relations above,

/ /d./\/ t)di;(s)dv;(t //dNt )do' (£ di(t)
fUi)

[ 15— (e / / I — tl (¢ )di(t)
(Wiof)(Us) J9i (Vi) (Vi)

With the Lipschitz condition of f, it can be asserted that supp(¥') and supp(v'(t)) is
bounded by a finite disk respectively on V;, 1;(V;). Together with the gaussian assumption,
we have tr(Xa), tr(Xy) < oo, which leads to the boundedness of supp(v;), supp(¥;) as

well.
/ / d\(f,4)di (£ )dn(t) < oo
Vi JV;

Thus we have
/ / I — tldv’ (i (t) < oo
(Vi) /i (V3)

With the finiteness of right side, we are able to claim

/(UZ / dpr(f(s), t)dfis(s)dii(t / / dye(t', t)di (' )diy (t)
/(szf)( )/m I17(e) = tldpste)anale / /Z(V It~ tlld (¢ )duit)

Ty, Iy, dy (¢ a0 (¢ )di(t)

, which directly leads to the lemma since 7 77
y Loy Sy I1E —tllde” (")dwi (t)

g

Theorem 5.1. Under the assumptions above, consider a generator G € F, and a hypothesis
space H with VC-dimension bound by constant A. Assume for each i € [K]|, the restriction
of G to a pair of charts f; = Gy, v;) € H with (;o G o goi_l) satisfies Lipschitz condition
with constant Mg, then G generalizes globally with (Kn, Km) samples only if the following

2

inequality is satisfied with probability 1 — C(e, A)(nme?)™(Ne—nmae”

e—}——maX{ZZdN }k 1 <
=1 j=1

(40) \/lﬁx/tr(ZN) +2tr(S) — MG(\/lﬁ\/tr(ZM) +2tr(Sa0))

where C(e,A) and T(A) are positive functions independent from n,m and o € [1,2] a
constant.
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Proof. For K independent local tasks, with Lma. 5.1, the global generalization condition
in Thm. 4.1 will thus be written as

max{eilassical adv +n }z 1 < mln{DLK(V“ vy ) MG‘DLK(M“ o )}z 1

, which serves as a sufficient condition (note it is not a necessary condition) in the worst
case.

We would like to consider the situation when €', = 0 and since the classical general-
ization error is equivalent with the assumption that the observed samples on each pair of
charts are identical, we can reformulate the inequality as

€classical + max{n’ }z 1 <min{ Dk (v, z) MGDLK(NMM ) i=1

Apply the result from [7], we could bound the left side by e with probability 1 —
Cl(e, A)(nme2)™We—nmae® that ig

. 1 nor L
K K
€classical T max{nl}izl <e+ i maX{ § - § . dN(G(S%)? ti)}k:l
=1 j=

The next step is to deal with the right side, with a honest calculation, we could deduce

(41) min{ D (vi, ') — Mg Dri (i, i) Heo
(42) = min{E|v; — v} = MGE|ui — uf |}y + 2tr(Zn) — 2tr(Sw)

In order to write the first minimization term in a closed form, we use the following
theorem from the theory of information geometry of Amari [§]

Theorem 1. [8, Theorem 4.4] The mean square error of a biased-corrected first-order
efficient estimator is given asymptotically by the expansion (with N observed samples):

1 1

B(a® — ) (@ — ")) = )

~9%+O(
where g% denotes the Fisher metric on the manifold constructed from a parametrized
family of probability.
We thus apply such an estimation to figure out E|jv; — v*|| and E||p; — p?'||. As is well
known, the matrix of fisher metric for a gaussian N (z,Y) is directly 3, the covariance
matrix itself.
By observing Ellv—o!"| = /4 (E[(vi — o7 (vs — 7)7]) and Ellui— i | = /& (El(a: — i) s — 7)7)),
we have (with O(N~2) term omitted)

1
min{ Dy g (v;, 77") = Mg Dpx (i, i)Y | = \/ r(En)+2tr(Xn)— G(%\/tr(ZM)—i—%r(EM))

, which thus gives the condition for generalization above. U
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