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1. Proof of auxiliary lemmas
1.1. Proof of Lemma 1

Proof. Let Ãr−m = Ã− Ãm (we have assumed that rank
of Ã is r and r > m). First note that Ãm and Ãr−m
are orthogonal to each other. To see this write Ã using
singular value decomposition as Ã =

∑r
i=1 σi(Ã)ũiṽ

>
i ,

where ũi and ṽi are left and right singular vectors of Ã
respectively, and σ1(Ã) ≥ σ2(Ã) ≥ · · · ≥ σr(Ã) are sin-
gular values of Ã. Clearly, Ãm =

∑m
i=1 σi(Ã)ũiṽ

>
i and

Ãr−m =
∑r
i=m+1 σi(Ã)ũiṽ

>
i . Therefore, ÃmÃ>r−m =∑m

i=1

∑r
j=m+1 σi(Ã)σj(Ã)ũi(ṽ

>
i ṽj)ũ

>
j = 0. Similarly,

Ãr−mÃ>m = 0.

Due to orthogonality of Ãm and Ãr−m, using Pythagorean
theorem, it holds that ‖Ã−PÃ‖2F = ‖(I−P)Ã‖2F = ‖(I−
P)Ãm‖2F + ‖(I − P)Ãr−m‖2F for any rank k projection
matrix P. To see this, let Y = I−P. Then,

‖Ã−PÃ‖2F
= ‖(I−P)Ã‖2F = ‖YÃ‖2F = ‖Y(Ãm + Ãr−m)‖2F
a
= trace

(
Y(Ãm + Ãr−m)

(
Y(Ãm + Ãr−m)

)>)
= trace

(
Y(Ãm + Ãr−m)(Ãm + Ãr−m)>Y>

)
= trace

(
YÃmÃ>mY> +YÃr−mÃ>r−mY>+

YÃmÃ>r−mY> +YÃr−mÃ>mY>
)

b
= trace

(
YÃmÃ>mY>

)
+ trace

(
YÃr−mÃ>r−mY>

)
= ‖YÃm‖2F + ‖YÃr−m‖2F
= ‖(I−P)Ãm‖2F + ‖(I−P)Ãr−m‖2F

where, equality a follows from the fact that for any matrix
B, ‖B‖2F = trace(BB>) and equality b follows from
linearity of trace and orthogonality of Ãm and Ãr−m.
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Since any rank k projection matrix P can be written as
P = QQ>, where Q is a matrix of k orthonormal columns,
PÃ is a rank k matrix spanned by the columns of Q.
Clearly, (Ã − PÃ) is spanned by (r − k) orthonormal
columns (which are orthogonal to the columns of Q
since Ã has rank r). Therefore, PÃ and (Ã − PÃ) are
orthogonal to each other and using similar argument as
above we see that, ‖Ã‖2F = ‖PÃ + (Ã − PÃ)‖2F =

trace
(
(PÃ+ (Ã−PÃ))(PÃ+ (Ã−PÃ))>

)
=

trace
(
PÃ(PÃ)>

)
+trace

(
(Ã−PÃ)(Ã−PÃ)>

)
=

‖PÃ‖2F + ‖Ã − PÃ‖2F . In other words,
‖Ã−PÃ‖2F = ‖Ã‖2F − ‖PÃ‖2F .

Now using optimality of P̃∗ and definition of P̂, we get,
‖(I − P̂)Ã‖2F ≤ γ‖(I − P̃∗)Ã‖2F ≤ γ‖(I − P̃∗m)Ã‖2F
Expanding on both side, we get,

‖(I− P̂)Ãm‖2F + ‖(I− P̂)Ãr−m‖2F
≤ γ

(
‖(I− P̃∗m)Ãm‖2F + ‖(I− P̃∗m)Ãr−m‖2F

)
Rearranging the terms,

‖(I− P̂)Ãm‖2F
≤ γ‖(I− P̃∗m)Ãm‖2F + γ‖(I− P̃∗m)Ãr−m‖2F
− ‖(I− P̂)Ãr−m‖2F

= γ‖(I− P̃∗m)Ãm‖2F + γ‖Ãr−m‖2F − γ‖P̃∗mÃr−m‖2F
−
(
‖Ãr−m‖2F − ‖P̂Ãr−m‖2F

)
≤ γ‖(I− P̃∗m)Ãm‖2F + (γ − 1)‖Ãr−m‖2F + ‖P̂Ãr−m‖2F

(1)

This establishes the first result. When γ = 1, P̂ = P̃∗ and
the above inequality becomes

‖(I− P̃∗)Ãm‖2F ≤ (I− P̃∗m)Ãm‖2F + ‖P̂Ãr−m‖2F (2)

Next we show how to bound ‖P̂Ãr−m‖2F . First note that,
‖Ãr−m‖2F =

∑r−m
i=1 σ2

i (Ã − Ãm) =
∑r
i=m+1 σ

2
i (Ã).

Since P̂ is a rank k projection matrix, assuming r−m > k,
P̂Ãr−m has rank k, and therefore, ‖P̂Ãr−m‖2F has value
no more than the top k singular values of Ãr−m. In other
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words,

‖P̂Ãr−m‖2F ≤
k∑
i=1

σ2
i (Ã− Ãm) =

m+k∑
i=m+1

σ2
i (Ã) (3)

Using singular value decomposition it is easy to see that
‖Ãm − Ãk‖2F =

∑m
i=k+1 σ

2
i (Ã). From this we can write

2‖Ãm − Ãk‖2F

=

m∑
i=k+1

σ2
i (Ã) +

m∑
i=k+1

σ2
i (Ã)

a
≥

m∑
i=k+1

σ2
i (Ã) +

m+k∑
i=m+1

σ2
i (Ã)

=

m+k∑
i=k+1

σ2
i (Ã)

b
≥ m

(
1

k

m+k∑
i=m+1

σ2
i (Ã)

)
c
≥ 1

ε

m+k∑
i=m+1

σ2
i (Ã)

(4)

where, inequality a follows from the fact that sum of (m−k)
singular values of Ã is being bounded from below by sum
of k (smaller) singular values of Ã (in the worst case if all
these singular values are of same value then inequality a
will hold if (m − k) ≥ k or m ≥ 2k, which will always
hold as long as ε ≤ 1/2). Inequality b follows from the fact
that sum of m consecutive singular values of Ã is bounded
from below by m times average of the smallest k of those
m singular values of Ã. Finally, inequality c follows from
our choice of m. Combining equation 3 and 4 we get,

‖P̂Ãr−m‖2F ≤ 2ε‖Ãm − Ãk‖2F ≤ 2ε‖Ãm − P̃∗mÃm‖2F
= 2ε‖(I− P̃∗m)Ãm‖2F (5)

where, the second inequality follows from the fact that Ãk

is the best rank k approximation of Ãm since m > k and
P̃∗mÃm is a rank k matrix having same size that of Ãm.
Combining equation 2 and 5 yields part (i) of the Lemma.

To prove part (ii) of the lemma note that (γ−1)‖Ãr−m‖2F =

ε1
∑r
i=m+1 σ

2
i (Ã) ≤

∑m+k
i=m+1 σ

2
i (Ã) ≤ 2ε‖Ãm −

Ãk‖2F ≤ 2ε‖(I− P̃∗m)Ãm‖2F . Combining this with equa-
tion 1, 5 and γ = 1 + ε1, yields the desired result.

1.2. Proof of Lemma 2

Proof. We observe, using Lemma 1 of (Achlioptas & Mc-
sherry, 2007), that

‖A−Ãm‖F ≤ ‖A−Am‖F+‖Nm‖F+2
√
‖Nm‖F ‖Am‖F

(6)
For the choice of p and using Theorem ??, we get
‖Nm‖F ≤

√
mε2‖A‖F ≤ m1/4√ε2‖A‖F , where

the second inequality follows from the restriction of ε2.
Next,

√
‖Nm‖F ‖Am‖F ≤

√
m1/2ε2‖A‖F ‖Am‖F ≤

m1/4√ε2‖A‖F . Plugging in these values in equation 6
we get the desired result.

1.3. Proof of Lemma 3

Proof. Note that the choice of m satisfies, ‖Am‖2F =∑m
i=1 σ

2
i (A) ≤ 1

2

∑ρ
i=1 σ

2
i (A) = 1

2‖A‖
2
F =

1
2

(
‖Am‖2F + ‖A−Am‖2F

)
⇒ 2‖Am‖2F ≤ ‖Am‖2F +

‖A − Am‖2F ⇒ ‖Am‖2F ≤ ‖A − Am‖2F ⇒ ‖Am‖2F +
‖A − Am‖2F ≤ 2‖A − Am‖2F ⇒ ‖A‖2F ≤ 2‖A −
Am‖2F ⇒ ‖A‖F ≤

√
2‖A − Am‖F . Now in-

voking Lemma ?? ensures that , ‖A − Ãm‖F ≤(
1 + 3

√
2ε2(k/ε3)

1/4
)
‖A−Am‖F . Setting ε2 = 1

18

√
ε93
k

yields the desired result.

1.4. Proof of Corollary 1

Proof. Since γ = 1 + ε1, it is easy to see that γ1(1+11ε)
1−4ε ≤

(1+ε1+4ε)(1+11ε)
1−4ε = (γ+4ε)(1+11ε)

1−4ε ≤ γ(1+4ε)(1+11ε)
1−4ε ≤

γ(1+15ε+44ε2)
1−4ε ≤ γ(1+59ε)

1−4ε . We require (1+59ε)
1−4ε ≤ 1 + ε′ ⇒

(1 + 59ε) ≤ (1− 4ε+ ε′(1− 4ε))⇒ 63ε ≤ (ε′ − 4εε′)⇒
ε ≤ ε′

63+4ε′ . Setting ε = ε′/67 and plugging in Theorem ??
yields the desired result.
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