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Organization. In this supplementary material, we
include the technical sections in its entirety (and not
just the proofs of the lemma and theorem statements
in the main body), for convenience. First we provide
a more comprehensive literature review and review of
prior work on mixtures of Gaussians. In Section [7}
we introduce the notation in more detail, and provide
proofs of various properties that will be useful in both
the upper bound and lower bound. In Section [§] we
prove that the k-means++ algorithm (or Lloyd’s with
appropriate initialization) recovers most of the cluster
memberships correctly. In Section [ we show that any
locally optimal algorithm (including Lloyd’s algorithm)
makes at least Q(kd/A*) points.

6. Introduction and Related Work

Considerations in the choice of the Semi-
random GMM model. Here we briefly discuss dif-
ferent semi-random models, and considerations involved
in favoring Definition[I.I] Another semi-random model
that comes to mind is one that can move each point
closer to the mean of its own cluster (closer just in
terms of distance, regardless of direction). Intuitively
this seems appealing since this improves the cost of
the planted clustering. However, in this model the
optimal k-means clustering of the perturbed instance
can be vastly different from the planted solution. This
is because one can move many points x in cluster C; in
such a way that x becomes closer to a different mean
rather than u;. For high dimensional Gaussians it is
easy to see that the distance of each point to its own
mean will be on the order of (v/d + 2v/ITog N)o. Hence,
in our regime of interest, the inter mean separation of
vklog No could be much smaller than the radius of
any cluster (when d > k). Consider an adversary that
moves a large fraction of the points in a given cluster
to the mean of another cluster. While the distance of
these points to their cluster mean has only decreased
from roughly (v/d + 2v/Iog N)o to around v/klog No,
these points now become closer to the mean of a differ-
ent cluster! In the semi-random GMM model on the
other hand, the adversary is only allowed to move the
point x along the direction of z — u; hence, each point
x becomes closer to its own mean than to the means of
other clusters. Our results show that in such a model,
the optimal clustering solution can change by at most
O(d/A*) points.

6.1. Related Work

There has been a long line of algorithmic results on

Gaussian mixture models starting from (Teicher, 1961

[1967; [Pearson, 1894)). These results fall into two broad

categories: (1) Clustering algorithms, which aim to re-
cover the component/cluster memberships of the points
and (2) Parameter estimation, where the goal is to es-
timate the parameters of the Gaussian components.
When the components of the mixture are sufficiently
well-separated, i.e., ||p; — pjilla > o+/log(Nk), then
the Gaussians do not overlap w.h.p., and then the
two tasks become equivalent w.h.p. We now review
the different algorithms that have been designed for
these two tasks, and comment on their robustness to
semi-random perturbations.

Clustering Algorithms. The first polynomial time
algorithmic guarantees were given by Dasgupta (Das-
, who showed how to cluster a mixture of
k Gaussians with identical covariance matrices when
the separation between the cluster means is of the or-
der Q(ov/dpolylog(N)), where o denotes the maximum
variance of any cluster along any directiorﬂ Distance-
based clustering algorithms that are based on strong
distance-concentration properties of high-dimensional
Gaussians improved the separation requirement be-
tween means j; and p; to be Q(d*/*polylog(N))(o; +
0;) (Arora & Kannan, 2001; Dasgupta & Schulman,
2007), where o; denotes the maximum variance of
points in cluster ¢ along any direction. Vempala and
Wang (Vempala & Wang} 2004) and subsequent re-
sults (Kannan et all 2008; |Achlioptas & McSherry),
used PCA to project down to k dimensions (when
k < d), and then used the above distance-based algo-
rithms to get state-of-the-art guarantees for many set-
tings: for spherical Gaussians a separation of roughly
a5 — pslle > (0 + o) min { k,d }/* polylog(V) suf-
fices (Vempala & Wang, [2004)). For non-spherical Gaus-
sians, a separation of ||p; — ;|2 > (034 0;)k%?\/log N
is known to suffice (Achlioptas & McSherry, [2005; [Kan-
nan et al., [2008). Brubaker and Vempala (Brubaker &

Vempalal, 2008) gave a qualitative improvement on the
separation requirement for non-spherical Gaussians by

having a dependence only on the variance along the
direction of the line joining the respective means, as
opposed to the maximum variance along any direction.

Recent work has also focused on provable guaran-
tees for heuristics such as the Lloyd’s algorithm for
clustering mixtures of Gaussians (Kumar & Kan,
nan, 2010; Awasthi & Sheffet} [2012). Iterative al-
gorithms like the Lloyd’s algorithm (also called k-
means algorithm) (Lloyd, [1982)) and its variants like
k-means++ (Ostrovsky et al. [2006; |Arthur & Vassily

2007)) are the method-of-choice for clustering
in practice. The best known guarantee (Awasthi &

“The polylog(N) term involves a dependence of either
log N4 or (1og N)1/2
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Sheffet], 2012) along these lines requires a separation

of order ov/klog N between any pair of means, where
o is the maximum variance among all clusters along
any direction. To summarize, for a mixture of k Gaus-
sians in d dimensions with variance of each cluster
being bounded by o2 in every direction, the state-
of-the-art guarantees require a separation of roughly
omin{ k,d }1/4 polylog(N) between the means of any
two components (Vempala & Wang) 2004) for spherical
Gaussians, while a separation of oy/min { k,d } log N is
known to suffice for non-spherical Gaussians (Awasthi

(& Sheffr] 2072).

The techniques in many of the above works rely
on strong distance concentration properties of high-
dimensional Gaussians. For instance, the arguments
of (Arora & Kannan| 2001} [Vempala & Wang, 2004))
that obtain a separation of order min { k'/#,d'/*} cru-
cially rely on the tight concentration of the squared dis-
tance around 02(d:|:cx/g), between any pair of points in
the same cluster. These arguments do not seem to carry
over to the semi-random model. Brubaker (Brubaker,
gave a robust algorithm for clustering a mixture
of Gaussians when at most o(1/k) fraction of the points
are corrupted arbitrarily. However, it is unclear if the
arguments can be modified to work under the semi-
random model, since the perturbations can potentially
affect all the points in the instance. On the other hand,
our results show that the Lloyd’s algorithm of Kumar
and Kannan (Kumar & Kannan, 2010) is robust to
these semi-random perturbations.

Finally, there has also been significant work on de-
signing clustering algorithms under deterministic as-
sumptions on the data such as resilience of the optimal
clustering to distance perturbations (Ackerman & Ben;

David|, [2009; [Awasthi et all [2012; Balcan & Liang]
[2012; [Angelidakis et all [2017; [Dutta et al., [2017). The

assumptions in these works are incomparable to those
in our work and, in particular the separation require-
ment is more stringent when applied to the special case
of the Gaussian mixture models.

Parameter Estimation. A different approach is to
design algorithms that estimate the parameters of the
underlying Gaussian mixture model, and then assuming
the means are well separated, accurate clustering can
be performed. A very influential line of work focuses
on the method-of-moments (Kalai et al.| 2010; Moitral
|& Valiant| 2010; Belkin & Sinhay, [2010) to learn the
parameters of the model when the number of clusters
k = O(1). Moment methods (necessarily) require run-
ning time (and sample complexity) of roughly do(kz),
but do not assume any explicit separation between
Recent._work (]m

the _comnonents of the mixture

[& Kakade], [2013; Bhaskara et al, [2014b} [Goyal et al.]
[2014} Bhaskara et al [2014a); [Anderson et all 2014} [Ge|

et a1.|, M uses uniqueness of tensor decompositions
(of order 3 and above) to implement the method of
moments and give polynomial time algorithms assum-
ing the means are sufficiently high dimensional, and
do not lie in certain degenerate configurations @

& Kakadel [2012; [Goyal et all, 2014} [Bhaskara et al.l
[2014al; [Anderson et all [2014; Ge et all [2015)).

Algorithmic approaches based on method-of-moments
and tensor decompositions rely heavily on the exact
parametric form of the Gaussian distribution and the
exact algebraic expressions to express various moments
of the distribution in terms of the parameters. These
algebraic methods can be easily foiled by a monotone
adversary, since the adversary can perturb any subset
to alter the moments significantly (for example, even
the first moment, i.e., the mean of a cluster, can change

by Q(a)).

Recent work has also focused on provable guarantees
for heuristics such as Maximum Likelihood estimation
and the Expectation Maximization (EM) algorithm for
parameter estimation (Dasgupta & Schulman, 2007}
Balakrishnan et al |[2014; [Xu et al., 2016} |Daskalakis|
et al., 2016} Tang & Monteleoni, [2017). Very recently,
(Regev & Vijayaraghavanl [2017) considered other iter-
ative algorithms for parameter estimation of spherical
Gaussians, and studied the optimal order of separa-
tion required for parameter estimation. However, we
are not aware of any existing analysis that shows that
these iterative algorithms for parameter estimation are
robust to modeling errors.

Another recent line of exciting work concerns design-
ing robust high-dimensional estimators of the mean
and covariance of a single Gaussian (and mixtures of &
Gaussians) when an ¢ = Q(1) fraction of the points
are adversarially corrupted (Diakonikolas et al., [2016}
[Lai et all |2016; Charikar et al., |2017). However, these
results and similar results on agnostic learning do not
necessarily recover the ground-truth clustering. Fur-
ther, they typically assume that only a o(1/k) fraction
of the points are corrupted, while potentially all the
points could be perturbed in the semi-random model.
On the other hand, our work does not necessarily give
guarantees for estimating the means of the original
Gaussians (in fact the centers given by the planted
clustering in the semi-random instance can be Q(o)
far from the original means). Hence, our semi-random
model is incomparable to the model of robustness con-
sidered in these works.

Finally in concurrent and independent works (Hopkins
& L, 2017, [Kothari & Steinhardt, 2017} [Diakoniko!
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las et al.| |2017)), algorithms based on sum-of-squares
relaxations and robust estimation techniques were
used to obtain algorithms with run time (and sample-
complexity) of (dk)®1/4) for clustering mixtures of
spherical Gaussians when the separation is of the order
of k¢ for any constant ¢ > 0. Some of these results
also tolerate a small fraction of each cluster containing
outliers as in (Diakonikolas et al., [2016). However,
to the best of our knowledge these guarantees does
not work in our semi-random model, and the results
are incomparable like the above works on robust es-
timation (Diakonikolas et all [2016; [Lai et al., 2016}
Charikar et al.,[2017). Further, our algorithmic guaran-
tees are for Lloyd’s algorithm and k-means++, which
are practical heuristics that form the method-of-choice
in practice.

Semi-random models for other optimization
problems. There has been a long line of work on the
study of semi-random models for various optimization
problems. Blum and Spencer (Blum & Spencer; |1995)
initiated the study of semi-random models, and studied
the problem of graph coloring. Feige and Kilian (Feige
& Kilian, 1998) considered semi-random models in-
volving monotone adversaries for various problems in-
cluding graph partitioning, independent set and clique.
Makarychev et al. (Makarychev et al.,|2012; |2014) de-
signed algorithms for more general semi-random mod-
els for various graph partitioning problems. The work
of (Moitra et al., |2015)) studied the power of mono-
tone adversaries in the context of community detection
(stochastic block models), while (Makarychev et al.|
2016)) considered the robustness of community detection
to monotone adversaries and different kinds of errors
and model misspecification. Semi-random models have
also been studied for correlation clustering (Mathieu
& Schudyl [2010; Makarychev et al., [2015), noisy sort-
ing (Makarychev et al.,|2013) and coloring (David &
Feige, [2016)).

7. Preliminaries and Semi-random
model

We first formally define the Gaussian mixture model.

Definition 7.1. (Gaussian Mixture Model). A Gaus-
sian mixture model with k£ components is defined by
the parameters (f1, 4o, -« [k, D1y« -« Dy W1y« o .y W)
Here p1; € R? is the mean for component i and ¥; € Si
is the corresponding d x d covariance matrix. w; € [0,1]
is the mixing weight and we have that Zle w; = 1.
An instance X = {2z ... 2N} from the mixture
is generated as follows: for each t € [N], sample a
component ¢ € [k] independently at random with prob-

ability w;. Given the component, sample z(*) from
N (i, ;). The N points can be naturally partitioned
into k clusters (', . .., Cy where cluster C; corresponds
to the points that are sampled from component i. We
will refer to this as the planted clustering or ground
truth clustering.

Clustering data from a mixture of Gaussians is a natural
average-case model for the k-means clustering problem.
Specifically, if the means of a Gaussian mixture model
are well separated, then with high probability, the
ground truth clustering of an instance sampled from the
model corresponds to the k-means optimal clustering.

Definition 7.2. (k-means clustering). Given an in-
stance X = {21 ... 2V} of N points in R?, the
k-means problems is to find k points 1, ..., g such
as to minimize Zte[N] min;e ) lz® — pg )%

The optimal means or centers pq, ...,y naturally de-
fine a clustering of the data where each point is assigned
to its closest cluster. A key property of the k-means
objective is that the optimal solution induces a locally
optimal clustering.

Definition 7.3. (Locally Optimal Clustering). A clus-
tering C1,...,C, of N data points in R? is locally
optimal if for each i € [k],z® € Cy, and j # i we have
that [|z® — u(C)| < |l&® — pjl|. Here u(C;) is the
average of the points in Cj.

Hence, given the optimal k-means clustering, the opti-
mal centers can be recovered by simply computing the
average of each cluster. This is the underlying principle
behind the popular Lloyd’s algorithm (Lloyd, [1982) for
k-means clustering. The algorithm starts with a choice
of initial centers. It then repeatedly computes new
centers to be the average of the clusters induced by the
current centers. Hence the algorithm converges to a lo-
cally optimal clustering. Although popular in practice,
the worst case performance of Lloyd’s algorithm can
be arbitrarily bad (Arthur & Vassilvitskii, 2005). The
choice of initial centers is very important in the success
of the Lloyd’s algorithm. We show that our theoretical
guarantees hold when the initialization is done via the
popular k-means++ algorithm (Arthur & Vassilvitskii,
2007). There also exist more sophisticated constant
factor approximation algorithms for the k-means prob-
lem (Kanungo et al., [2002; /Ahmadian et al.l |2016) that
can be used for seeding in our framework.

While the clustering C7, Cs, ..., C) typically represents
a partition of the index set [N], we will sometimes abuse
notation and use C; to also denote the set of points in
X that correspond to these indices in C;. Finally, many
of the statements are probabilistic in nature depending
on the randomness in the semi-random model. In the
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following section, w.h.p. will refer to a probability of
at least 1 — o(1) (say 1 — 1/poly(NN)), unless specified
otherwise.

7.1. Properties of Semi-random Gaussians

In this section we state and prove properties of semi-
random mixtures that will be used throughout the
analysis in the subsequent sections. We first start
with a couple of simple lemmas that follow directly
from the corresponding lemmas about high dimensional
Gaussians.

Lemma 7.4. Consider any semi-random instance

X = {zW, ... 2N} with parameters pi,. .., px, 0>
and clusters Cy,...,Cy. Then with high probability we
have

Vielk], Vle Gy, |29 — w2 < o(Vd+2y/log N).
(9)

Proof. Let y® denote the point generated in the semi-
random model in step 2 (Definition before the
semi-random perturbation was applied. Let z(*) =
x — i, y =y — p; where t € C;. We have

Vi e [k],vt € Ci, [|2D|s < [|[§P 2 < o(Vd+2+y/log N),
from Lemma [A3] O

Lemma 7.5. Consider any semi-random instance
X = {20, . 2™} with parameters pi, ..., uy, o>
and clusters Cq,...,Cy, and let u be a fixed unit vector
in RY. Then with probability at least (1 — 1/(N?)) we
have

Vie[k,teCi, [(&® — pi,u)| < 30/logN. (10)

Proof. Let y® denote the point generated in the semi-
random model in step 2 (Definition before the
semi-random perturbation was applied. Let z(*) =
x— i, § =y — p; where t € C;.

Consider the sample ¢t € C;. Let X; be the covariance
matrix of ith Gaussian component; hence ||%;|| < o.
The projection (), u) is a Gaussian with mean 0 and
variance uT'¥;u < 02. From Lemma

P [|(z®, )| > 30\/10gN} <P [\<g<f>,u>| > 30\/10gN}
< exp(—4logN) < N4

Hence from a union bound over all N samples, the
lemma follows. O

The above lemma immediately implies the following
lemma after a union bound over the k2 < N? directions
given by the unit vectors along (u; — ;) directions.

Lemma 7.6. Consider any semi-random instance
X = {20, . 2™} with parameters pi,. .., g, o>

and clusters C1,...,Cy . Then with high probability we

have

Vi € [k],t € C;, <x(z) — i, HMMJ'>‘ < 30+/log N.
Hi — [jll2

(11)

We next state a lemma about how far the mean of the
points in a component of a semi-random GMM can
move away from the true parameters.

Lemma 7.7. Consider any semi-random in-
stance X with N points generated with parameters
Uiy e oy by Cy oo, Cr such that N; > 4(d + log(g))
for all i € [k]. Then with probability at least 1 — § we
have that
. 1
vZe[k},HW > @ pilla < 20 (12)
v zeC;

Proof. For each point x € C; in the semi-random
GMM, let y, be the original point in the GMM
that is modified to produce x. Then, we know that
x — p; = Ag(ys — p;) where N\, € [0,1]. Hence,
|71| Y veo, (T — i) = ﬁAiDv, where A; is the matrix
with columns as (y, — ;) for z € C;, D is a diagonal
matrix with values A\,, and v is a unit length vector
in the direction of ﬁ > wec, (@ — pi). Then, we have

it iy Sy, sl = Iy Aol < 7llAl <
20 (from [A.5). O

The next lemma argues about the variance of compo-
nent ¢ around p; in a semi-random GMM.

Lemma 7.8. Consider any semi-random in-
stance X with N points generated with parameters
Uiy by C1y ooy Cy such that N; > 4(d + log(%))
for all i € [k]. Then with probability at least 1 — & we
have that

1
Vi € [k], max — x — g, v)|? <40 (13
4. g, g 32 N = sl (1)

Proof. Exactly as in the proof of Lemma [7.7] we

can write maXv:HvH:lﬁZzeCi‘@ — w0y =
MaXy |ol|l=1 167 Yowec; M2 We = piv)[? <
MaXy:||o|=1 (o] owec; | (Yo — Hirv)[% Further-

more, since y, are points from a Gaussian we know
that with probability at least 1 — §, for all i € [k],
maXe:||lv||=1 ||ﬁ Zzeci <y1 - ,U'iav>|2 < 4. Hence,
the claim follows. O
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We would also need to argue about the mean of a large
subset of points from a component of a semi-random
GMM.

Lemma 7.9. Consider any semi-random instance X
with N points generated with parameters p1, .. ., ug and
planted clustering Cy,...,Cy such that N; > 16(d +
log(%)) for all i € [k]. Let G; C C; be such that
|G;| > (1 —¢)|C;| where e < 5. Then, with probability
at least 1 — &, we have that

2
VvV1—e¢

Proof. Let C; be the set of points in component i and
let v; be the mean of the points in C;. Notice that
from Lemma [7.7] and the fact that the perturbation is
semi-random, we have that with probability at least
1- g, lvi — ;|| < 20. Also, because the component is a
semi-random perturbation of a Gaussian, we have from
Lemma [7.8| that ﬁ MAXy:|jv=1 2gec, (& — Vi, 0)?] <
402 with probability at least 1 — g.

Vi € [k, [1(Gi) — pill < (4+ Jo.  (14)

Hence, with probability at least 1 — § we have that
[1(Gi) = pill < Nlvi =i+ 11(Gi) —vil| < do+||p(Gi) -
v;||. To bound the second term notice that |u(G;) —
vil| = \(ﬁ >weq, (@ — vi, @)|, where @ is a unit vector
in the direction of (u(G;) — v;). Using Cauchy-Schwarz
inequality, this is at most \/ﬁ \/ZEECE‘, (x — v, )2 <

20
V1—e

. Combining the two bounds gives us the result.
O

Finally, we argue about the variance of the entire data
matrix of a semi-random GMM.

Lemma 7.10. Consider any semi-random in-
stance X with N points generated with parameters
Uiy ooy fbiey C1y ooy Cy such that N; > 4(d + log(g))
for all i € [k]. Let A € RN be the matriz of data
points and let M € R¥™N be the matriz composed of
the means of the corresponding clusters. Then, with
probability at least 1 — &, we have that

|A— M| <40VN. (15)

Proof. Let M* be the matrix of true means cor-
responding to the cluster memberships. We can
write ||[A — M| < ||]A — M*|| + ||M* — M||. Using
Lemma we know that with probability at least 1— 37
max; || M} — M;| < 20. Hence, |M* — M|| < 20v/N.
Furthermore, ||A—M*[|? = max,.||=1 >_; > eec, |(@—
i) - v|?. From Lemma with probability at least
1— 5, we can bound the sum by at most 4062 N. Hence,
|A— M*|| < 20v/N. Combining the two bounds we
get the claim. O

8. Upper Bounds for Semi-random
GMDMs

In this section we prove the following theorem that pro-
vides algorithmic guarantees for the Lloyd’s algorithm
with appropriate initialization, under the semi-random
model for mixtures of Gaussians in Definition 1]

Theorem 8.1. There exists a universal constant
co,c1 > 0 such that the following holds. There ex-
ists a polynomial time algorithm that for any semi-
random instance X on N points with planted clustering
C1,...,Cy generated by the semi-random GMM model

(Deﬁnition with parameters i1, . .., g, 0> s.t.
Vi j € k], llpi — pjll2 > Ao (16)

where A > co\/min { k,d }log N and N > k*d?/w?,;,
finds w.h.p. a clustering C1,C5, ..., C}. such that

k
min Y |Crn ACY] < clkd,max{l,log(wcwii@)}.

wePermy, 4 1 A4
1=

In Section[Q we show that the above error bound is close
to the information theoretically optimal bound (up
to the logarithmic factor). The Lloyd’s algorithm as
described in Figure [l consists of two stages, the ini-
tialization stage and an iterative improvement stage.

1. Let A be the N x d data matrix with rows A,
for i € [N]. Use A to compute initial centers

,u(()l), ,u(()z), - uék) as detailed in Proposition
2. Use these k-centers to seed a series of Lloyd-type
iterations. That is, for r = 1,2,... do:
e Set Z; be the set of points for which the closest
center among u'Y;, (% *) g
g :u‘r717p“r717 e 7”’7”71 1S /u‘rfl'

e Set /Jq(«z) < |71¢\ZA]EZi Aj.

Figure 1. Lloyd’s Algorithm

The initialization follows the same scheme as proposed
by Kumar and Kannan in (Kumar & Kannan| [2010)).
The initialization algorithm first performs a k-SVD of
the data matrix followed by running the k-means++
algorithm (Arthur & Vassilvitskii, [2007) that uses D2-
sampling to compute seed centers. One can also use
any constant factor approximation algorithm for k-
means clustering in the projected space to obtain the
initial centers (Kanungo et al., [2002; |Ahmadian et al.,
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2016)). This approach works for clusters that are nearly
balanced in size. However, when the cluster sizes are
arbitrary, an appropriate transformation of the data is
performed first that amplifies the separation between
the centers. Following this transformation, the (k-
SVD + k-means++) is used to get the initial centers.
The formal guarantee of the initialization procedure is
encapsulated in the following proposition, whose proof
is given in Section

The main algorithmic contribution of this paper is an
analysis of the Lloyd’s algorithm when the points come
from the semi-random GMM model. For the rest of the
analysis we will assume that the instance X generated
from the semi-random GMM model satisfies @ to
(17). These eight equations are shown to hold w.h.p.
in Section [7.1] for instances generated from the model.
Our analysis will in fact hold for any deterministic data
set satisfying these equations. This helps to gracefully
argue about performing many iterations of Lloyd’s
on the same data set without the need to draw fresh
samples at each step.

Proposition 8.2. In the above notation for any § >
0, suppose we are given an instance X on N points
satisfying (9)-(L7) such that |C;| > Q(d +log(%)) and
assume that A > 125\/min { k,d }log N. Then after
the initialization step, for every p; there exists p, such
that ||\p; — wi|| < 7o, where T < AJ24.

The analysis of the Lloyd’s iterations crucially relies on
the following lemma that upper bounds the number of
misclassified points when the current Lloyd’s iterative
is relatively close to the true means.

Lemma 8.3 (Projection condition). In the above no-
tation, consider an instance X satisfying @[)— and
and suppose we are given pi,...,u, satisfying
Vi € [k], 1} — plla < 7o and 7 < AJ24. Then there
exists a set Z C X such that for any i € [k] we have

Vo e Cin(X\2), |lz - pll3 < min|lz — wills , where
JF

dr?
O(%r
The following lemma quantifies the improvement in
each step of the Lloyd’s algorithm. The proof uses

Lemma [8:3] along with properties of semi-random Gaus-
sians.

1%l =

Lemma 8.4. In the above notation, suppose we are

dvd
4log(d)

for all ¢ satisfying @—. Furthermore, suppose we
are given centers pi,...,p such that ||p; — il <
To, Vi € [k] where T < A/24. Then the centers
Wi, ...,y obtained after one Lloyd’s update satisfy
2 = il < max((6 + 5)7, 30)) for all i € [k].

given an instance X on N points with w;N >

max {1,10g(wd++ VlogN)) })

We now present the proof of Theorem [8.1]

Proof of Theorem[8.1] Firstly, the eight deterministic
conditions (@— are shown to hold for instance
X w.h.p. in Section The proof follows in a
straightforward manner by combining Proposition [8:2]
Lemma @ and Lemma [83] Proposition [8.2] shows
that ||,u — pill2 < A/(24) for all i € [k]. Applying
Lemma [3.4] we have that after 7 = O(log A) iterations
we get ||,u§T) — pi]l2 < 8o for all ¢ € [k] w.h.p. Finally
using Lemma [8:3] with 7 = 1, the theorem follows. [J

8.1. Analyzing Lloyd’s Algorithm

The following lemma is crucial in analyzing the per-
formance of the Lloyd’s algorithm. We would like to
upper bound the inner product |(z(9) — p;, )| < Ao
for every direction ¢ and sample ¢ € [N], but this
is impossible since € can be aligned along z(©) — ;.
The following lemma however upper bounds the total
number of points in the dataset that can have a large
projection of A (or above) onto any direction € by at
most O(d/)\?). This involves a union bound over a net
of all possible directions e.

Lemma 8.5 (Points in Bad Directions). Consider any
semi-random instance X = {xM ... N} with N
points having parameters [y, ..., [y, 0> and planted
clustering Ci,...,Ck, and suppose Vi € [k],£ €
C;, 70 =gt — ;. Then there exists a universal con-
stant c > 0 s.t. for any A > 100+/log N, with probability
at least 1 — 27, we have that Ve € R? s.t. ||€]lo = 1,

(e V= 1@, 8] > Ao} < 3

max

(17)

Proof. Set 1 = min{\/(2Vd+2yIogN),1} and
m := 512dlog(3/n)/A?. Consider an n-net N' C
{w: |lulla =1} over unit vectors in R%. Hence

Vu e RY: ||ulla =1, Jv e N s.t. |Ju—wv|s < nand
24
V| < ( ; 77) < exp(dlog(3/n)).

Further, since |(Z,€)| > A and N is an n-net, there
exists some unit vector u = u(e) € N’

[z, w)| > [(z,€) + (Z,€ —u)| = oA — || Z[|2]€ - ul]2
(18)
>a()\—n(\/g+2\/logN)) > g, (19)

Consider a fixed z € {z(M) ... (™)} and a fixed di-
rection u € N. Since the variance of y is at most o2

{17 log(S(\/E+2)\\/log N) ) }
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we have

P [|<a-:,u>\ > AU/Q] <P [|<g, )| > Aa/z} < exp(—\2/8).

The probability that m points in {z™) ... z(N)}
satisfy for a fixed direction u is at most (z ) :
exp(—m~?/2). Let E represent the bad event that
there exists a direction in A/ such that more that m
points satisfy the bad event given by . The proba-
bility of E is at most

ple] < Wi () ) expl-ma)s)

mA?
8

< exp(dlog(3/77) +mlog N —

< exp(—dlog(1/n)) < ',

)

since for our choice of parameters A\ > 32log IV, and
mA? > 32dlog(3/n).

O

We now analyze each iteration of the Lloyd’s algorithm
and show that we make progress in each step by mis-
classifying fewer points with successive iterations. As
a first step we begin with the proof of Lemma [8.3]

Proof of Lemma[8.3. Set m := 512dlog(3/n)r%/A*
where 1 = min { A2/ (r(2/d + 2og N). )

Fix a sample z € {z™ ... (™) } and suppose = € C;
and let y := y(x) be the corresponding point before
the semi-random perturbation, and let * = = — pu;,
y =1y — ;. For each i € [k], let €; be the unit vector
along (ki — p;)-

We first observe that by projecting the Gaussians
around p;, p; onto the direction along e;; = (p; —
143)/|lpi = p5l|2, we have that

(T — pi, é\ij>2

o = 3113 = Nl = will3 > (& — 5, €5)* —

inequality and rearranging we get,

) R
ot e )
i — pill2 |2 Nj”2
(&%

- TO
A2
=167

since 7 < A/(24). Hence, we have that if z € C; is
misclassified by uf, ..., uj, then

|(z,e)| > 0 A%/(327) for some unit vector € € RY.
(21)
From with A = A2?/(327), we get from that
at most m points in C; can satisfy . Hence the
lemma follows. O

Next we prove Lemma which quantifies the im-
provement in every iteration of the Lloyd’s algorithm.

Proof of Lemma[8]). Let Cy,Cs,...,C be the par-
titioning of the indices according to the ground
truth clustering of the semi-random instance X and
51,52, ..., be the indices of the clustering obtained
by using the centers p). Then p \Silbl dotes, z®,
Partition S; into two sets G; and B; where G; =
S;NC; and B; = S; \ G;. Let u(G;) and u(B;)
be the means of the two partitions respectively.
Let v = O(CIALAI2 max { 1,10g(Wd++ vlogN)) 1. From
Lemma 8.3 we know that |G;| > |C;| —v and | B;| < k.

Then we have that uf = ‘g’fl‘,u(Gi) + Ilgl"‘lu(Bi). Hence,
g = pall < AGHIR(G) = ill + 1 n(Bs) = sl
G, - .

We have ‘\Czll >1- |gi| >1- SivEvg Using the bound
on A and |C;| = w;N > 4{2\!;(361). Using we get
that

|G| 2

SHIG) =l < (4+ ==

! vV 64vEVd

= (6+ 128\;Ex/c?)0

(
({z = pg,€5)| = (@ — iy €5))?
I o T
> (Kpi — pgr €50 — 2 — pa, €35)])? 360+§0'
> (Ao —2/{z — wi, €i5)])?
> (Ao — 60+/Tog N)? > LA262, To bound the second term we first show that for each
> (Ao — 60+/log N)* > 1 (28 point 28 € By, 2 — |l < (Vd + 2y/10g N + 27)0.

where the first inequality follows from (1I), and the
second inequality uses A > 124/log N.

Suppose x € C; is misclassified i.e., ||z — pl|2 > ||z —
wyll2 for some j € [k]\ {i}. Then applying triangle

Let C; be the cluster that point =(Y) belongs to. Then

2@ — | < Nla® = pifl| + 7o < & — )| + 70
< e — iyl + 270

< (Vd+2y/log N + 27)0,
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using @ Hence,

Bi Bz
|Bi] —ui||§| |(J\/E+a\/logN+270)

[|1(Bi)
|Sil |5
2k
< |CFY| V1og N + 270)
< ZO'
g0
Cornbining7 we get that [[uf — wil] < (64 F)o <
max(6o + 7, 50). O

8.2. Initialization

In this section we describe how to obtain the initial
centers satisfying the condition in Lemma The
final initialization procedure relies on the following
subroutine that provides a good initializer if the mean
separation is much larger than that in Theorem [B.1]
Let A denote the NV x d matrix of data points and M*
be the N x d matrix where each row of C is equal to
one of the means ;s of the component to which the
corresponding row of A belongs to.

Lemma 8.6. In the above notation, for any 6 > 0
suppose we are given an instance X on N points sat-
isfying satisfying @ ., with components Cq,...Cy
such that |C;| > Q(d + log(%)). Let A be the N x d
matriz of data points and A be the matriz obtained by
projecting points onto the best k-dimensional subspace
obtained by SVD of A. Let i, be the centers obtained
by running an « factor k-means approrimation algo-
rithm on A. Then for every p; there exists ji, such that

A-—M*
s = wi]| < 20vkalZgil.

Proof. Let A denote the matrix obtained by projecting
A onto the span of its top k right singular vectors.
Furthermore, let v1,...v; be the centers obtained by
running a 9-approximation algorithm for k-means on
the instance A. We know that the optimal k-means
solution for A is at most ||A — M*||%. Since both A
and M* are rank k matrices, we get that [|A — M*||% <
2k||A — M*||3 < 2k(|A — A|3 + ||A — M*||3). Since A
is the best rank k approximation to A we also have
that |A — A3 < ||A — M*|]3. Hence, |A — M*||% <
4k||A — M*||3. Hence, the cost of the solution using
centers ;s must be at most 36kaN (using .

Next, suppose that there exists u; such that for all j,
I — vl > QOF%. let’s compute the cost
paid by the points in component C; in the cluster-
ing obtained via the approximation algorithm. For
any x € C; let v, be the center that it is closest
to. Then the cost is at least Y .o [lz — vel]* >

> wec, 3l —vall? = |2 — pil|®. The first summation is

at least 2|Nwmm\(400akw) > 200ka|| A—M*||2.
The second summation is at most 5 . ||z — wil|? <
PIDY pill> = [|A = M*||% < k[ A — M2,
Hence, we reach a contradiction to the fact that the
solution obtained via v;s is an a-approximation to the
optimal cost. O

The proof of the above theorem already provides a
ke N and

Wmin

good initializer provided A is larger than

one uses a constant factor approximation algorithm
for k-means (Ahmadian et al., 2016]). Furthermore, if
klog ko
use the simpler and faster k meanb++ approximation
algorithm (Arthur & Vassilvitskii, |2007)). The above
lemma has a bad dependence on wy,;,. However, using
the Boosting technique of (Kumar & Kannan| [2010)
we can reduce the dependence to A > 25\/klog N and
hence prove Proposition 8.2l We provide a proof of
this in the Appendix.

A is larger than , then one can instead

9. Lower Bounds for Semi-random
GMDMs

We prove the following theorem.

Theorem 9.1. For any d,k € Z, there exists Ny =
poly(d, k) and a universal constant ¢; > 0 such that
the following holds for all N > Ny and A such that
Viog N < A < d/(64logd). There exists an instance
X on N points in d dimensions with planted clus-
tering C1,...,Cy generated by applying semi-random
perturbations to points generated from a mixture of
spherical Gaussians with means 1, 2, . . . , g, COVGTI-
ance 021 and weights being 1/k each, with separation
Vi # j € [k, || — pille > Ao, such that any locally
optimal k-means clustering solution C1,C5, ..., C}. of
X satisfies w.h.p.

k
min Z (& l)AC | > ——

wE€ Permy, 4

Clkd

It suffices to set No(d, k) == cok?d®/?log®(kd), where
co > 0 is a sufficiently large universal constant.

Remark 9.2. Note that the lower bound also applies in
particular to the more general semi-random model in
Definition in this instance, the points are drawn
i.i.d. from the mixture of spherical Gaussians, before
applying semi-random perturbations. Further, this
lower bound holds for any locally optimal solution, and
not just the optimal solution.

The lower bound construction will pick an arbitrary
Q(d/A*) points from k/2 clusters, and carefully choose



Title Suppressed Due to Excessive Size

a semi-random perturbation to all the points so that
these Q(kd/A*) points are misclassified. We start with
a simple lemma that shows that an appropriate semi-
random perturbation can move the mean of a cluster
by an amount O(c) along any fixed direction.

Lemma 9.3. Consider a spherical Gaussian in d di-
mensions with mean p and covariance %I, and let
€ be a fized unit vector. Consider the semi-random
perturbation given by

) —p,e) <0
y otherwise

Then we have E[h(y)] = p+ \/%aé\.

Proof. We assume without loss of generality that
uw = 0,0 = 1 (by shifting and scaling) and ¢ =
(1,0,0,...,0) € R? (by the rotational symmetry of a
spherical Gaussian). Let 7y be the p.d.f. of the standard
Gaussian in d dimensions with mean 0, and +/(y) be
the distribution on y conditioned on the event [y(1) =
(y,e) > 0]. First, we observe that E[h(y)|y1 < 0] =0
from construction, and E[h(y)|y1 > 0] = Eywyr [yl
Further, since the (d — 1) co-ordinates of y orthogonal
to € are independent of yq,

E[h(y)] = Ply: < 0] E[h(y)|y1 < 0]
+ Py > O] E[h(y)|y1 > 0]

1 ~
= - E[yi]y1 > 0e

2
1 o0
Elh —:(7/ exp(~y}/2) dyn )@
)~ = (575 [ lmlexpl=s2/2) d
g
= e.
V2T
O
Construction. Set m := c;d/A* for some appropri-

ately small constant ¢; € (0,1). We assume without
loss of generality that k is even (the following construc-
tion also works for odd k by leaving the last cluster
unchanged). We pair up the clusters into k/2 pairs
{ (Cl, CQ), (03, 04), ey (Ckfl, Ck> }, and we will en-
sure that m points are misclassified in each of the k/2
clusters C1,Cs,...,Cir_1. The parameters of the mix-
ture of spherical Gaussians G are set up as follows. For
eachi €1,3,5,...,k—1, ||t — pit1]l2 = Ao, and all
the other inter-mean distances (across different pairs)
are at least Mo which is arbitrarily large (think of
M +— o).

e Let forany i€ {1,3,...,k— 1}, Z; C C; be the
first m points in cluster C; respectively among

the samples y™), ... y™) drawn from G (these m
points inside the clusters can be chosen arbitrarily).
Set Z; =0 forie{2,4,...,k}.

e Foreachi € {1,3,...,k—1}, set & to be the unit
vector along u; = %m Yz (Y — i)

e Foreachie {1,3,...,k— 1} apply the following
semi-random perturbation given by Lemma [0.3]
to points in cluster C;,1 along €;, i.e., each point
y" € Cip

x(t) = h(y(t)) — Hi+1 if <y(t) - lj’i-‘rl?é\i) <0 )
y®  otherwise

Note that the semi-random perturbations are only
made to points in the even clusters (based on a
few points in its respective odd cluster). The lower
bound proof proceeds in two parts. Lemma (using
Lemma and Lemma 9.5 shows that in any k-means
optimal clustering the means of each even cluster C;
moves by roughly Q(o) - €;—1. Lemma then shows
that these means will classify all the m points in Z; 1
incorrectly w.h.p. In this proof w.h.p. will refer to a
probability of at least 1 —o0(1) unless specified otherwise
(this can be made 1—1/poly(m, k) by choosing suitable
constants).

We start with two simple concentration statements
about the points in Z; (from Lemma and
Lemma [7.6). We have with probability at least
1-1/(mk),Vie {1,3,k—1}, Vte Z,

2 = pilla < o(Vd+2y/log(mk)) (22
(@™ = pi, s — pis)| < 2¢/log(mk)Ac®  (23)

Let fi1,. .., ity be the (empirical) means of the clusters
in the planted clustering C1, Cy, ..., C) after the semi-
random perturbations. The following lemma shows
that ||[:Lz — ,ung S ag.

Lemma 9.4. There exists a universal constant cg > 0
s.t. for the semi-random instance X described above,
we have that w.h.p.

if i is even
if i is odd

Hi + \/%7031'—1 + 2
Hi + 2

where  ||zi]|2 < czoy/ 9.

The following lemma shows that if C;,C] are close,
then the empirical means are also close.

VZ'G[]CL ;[Ll{

Lemma 9.5. Consider any cluster C; of the instance
X, and let C} satisfy |CiAC;| < m/. Suppose fi; and
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Wi are the means of clusters C; and C! respectively,
then

- m’
||.u; - /‘iHQ <4o- W(\/g+2m+ A)

The following lemma shows that the Voronoi parti-
tion about fiq, ..., ix (or points close to it) incorrectly
classify all points in Z; for each i € [k].

Lemma 9.6. Let uy, b, ...
logN

o/(16y/m(1 + 24/
mean of the points in C;. Then, we have w.h.p. that
fOT‘ each i € { 1333 s ak -1 }7 ||£C7‘LL;||% > Hxilé«kl”g;
i.e., every point x € Z; is misclassified.

L, satisfy || — fille <

)), where fi; is the empirical

Proof of Theorem[9.1 Let Cf,...,C; be a locally
optimal k-means clustering of X, and suppose
> |CIAC;| < mk/2 (for sake of contradiction). For
each i € [k], let fi; be the empirical mean of C; and
i be the empirical mean of C/. Since C1,...,C} is a
locally optimal clustering, the Voronoi partition given
by i, ..., py, classifies all the points in agreement with
c,...,Ch.

We will now contradict the local optimality of the
clustering C1,...,C}. Every cluster C; has at least
N/(2k) points w.h.p. Hence, for each ¢ € [k], from
Lemma [0.5] we have

s = fiill2 < o(Vd +2y/log N + A) -
2k

2m(Vd + 2\/Tog N + A)
N

= Toym(l+ /g N)/d)

However, from Lemma [9.6, every point in Uj;eprZ;
is misclassified by p}, s, ..., @), ie., the clustering
given the Voronoi partition around pf, ...,y differs
from Ci,...,C} on at least mk/2 points in total. But
Y icp 1CiAC;| < mk/2. Hence, this contradicts the

local optimality of the clustering C1, ..., C. O

4)C;00) AC’|

IN
Q

Before we prove Lemma [9.5] and Lemma [9.6] we start
with a couple of simple claims about the unit vectors
/6\1,/6\3, - ,é\kfl.

Lemma 9.7. In the above construction, for every
i€ {1,3,....k—1} we have w.h.p. |&; — u;||3 <
6+/mlog(mk)/d. Further, for each x € Z;, we have
(x — pi &) > 2o/d/m.

Proof. Let us fix an ¢ € {1,3,...,k—1}. Let
yW y@ Ly e Z; and g = y® — p

From (22), we know that w.h.p., |52 < o(Vd +
2y/logm) ¥t € [m] Fix t € [m], and let Q(t) =
Zt, \{t}<y( ), 7)Y, For ' ;é t, due to indepen-
dence and spherical symmetry, I (f)H (7, 5 is dis-
tributed as a normal r.v. with mean 0 and variance
o?. Further, Q(t)/|ly™ ||z is distributed as a normal
r.v. with mean 0 and variance o?m. Hence,

Q) = Iy - ", =)
t,e[mz]\{t} Hy( )Hz (24)
< o2(Vd + /log(mk)) - 2¢/mlog(mk),

with probability at least 1 — 1/(mk)?.
t) < 4o?y/dmlog(mk) for all t € [m].

For the first part we see that

Hence, w.h.p.

lly = = (Z||y<t>||2+2 > @99
te[m] t#£t' €[m)]
_ 1 (1) 112
= 5= ( X137 +2 Y Q).
te[m] te[m]

Along with (22), the bound on Q(t) and E[||y®|]3] =
do?, this implies

1
[[Jui||2 — 1] < —d(4m\/d10g(mk) + 4dmlog(mk) + 4m~/dmlog(mk))
m

w.p. at least 1 — 1/(mk)

3 1] < 6y 0B

Since ¢€; is the unit vector along u;, and performing a
union bound over all i we have that w.h.p., ||&; —u;||3 <

6+/mlog(mk)/d.

For the furthermore part, suppose z = y*) for some
t € [m] then

(Z,6) = (t)

el r Z
) m(”ﬂt 13- 31,5 ))

£t

> W((d — V/dlog(mk) - Q1))

> ————(d — 4y/dmlog(mk)
||uz||v ( )

Z Zﬁm,

since 64mlogm < d and ||u;||2 < 2 w.h.p. O

Proof of Lemma[9 The lemma follows in a straight-
forward way from Lemma and by standard concen-
tration bounds. Firstly, the clusters C; for odd i are

with probability at least 1 — 1/(mk).
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unaffected by the perturbation. Hence, E cc;[x] = s
and from Lemma [A74] the empirical mean of the
points in C; (there are at least N/(2k) of them w.h.p.)
gives the above lemma. Consider any even i. From
Lemma [9.3] the semi-random perturbation applied to
the points in C; along the direction €;_; ensures that

Epeo,lz] = mit+ Fel 1. Again by Lemmaapphed
to the points from C;, the lemma follows. O

Proof of Lemma[9.5 Let i be even (an even cluster).

First, we note that from our construction, all the points
in C/\ C; € C;—1 w.h.p., since the distance between
the means ||pu; — p;ll2 > Mo when j ¢ {i—1,i}, for

M that is chosen to be appropriately large enough.

Further, ||u; — pi—1]l2 = Ao. Let 2 =z — p; if i € C;
and T =z — p; if x € C;. Hence w.h.p.,

Va € CIUC;, |lz—pill2 < Ao+[|Z]|2 < Ao+(Vd+21/log N)g

Further, fi; is the empirical mean of all the points in
Ci. Let 6 = m’/|C,|

=y = Seco,@ =) Deeonoy® — )
Z Cil 7]
ZwEC{\Ci (x — pi)
(&4
pi — i = (= pa) — (i — pa)

= (ps — i) +
|C'|
Hence, u — fi; = ( )
| Z
€Ci\
| Z
eci\
i — fiill2 < ( )HM — il
( )wengagc,l\x — puall
260
< ({—5)(1+A+Vd+2ylogN)
<46 (A +Vd+2/log N),
where ||z4; — ji;||2 is bounded because of Lemma A
similar argument follows when ¢ is odd. O

Proof of Lemma[9.6. Let ¢ be odd, and consider a

point z in Z;, and let £ = & — ;.

e = i3 = Nl = i 15 = (1@ = pa) + i = w313
— (@ = pigr) + (i1 — pig)ll3
= [l — will3 = llz = pi + (i — pag) |13
+ 2(w — g, i — 1)
= 2(x — g1, fig1 — ig1)
+ s = pill3 = Nlptier = a3
> 2T, pi — i) + 2(T, iy — i)
+ 2T, pig1 — pa) — A%0?
= 2 — flig1, fig1 — Hhpq) — 07
> 2@, i — 1) + 2T, gy — Hiv1)
— 4A\/log(mk)o? — A%6% — 2A0? — o2,

where the last inequality follows from . From
Lemma [0.4] we have

= (flir1 — pi1) + (Wigr — fit1) =

where |27z < ||zitll2 + |51 —

1 -~ /
Hiy1 — Hitl 5=0€i + %y,

frivall2

=7 Qv+ 2/log NJd)’

since N/y/logN > Cd*?km for some appropriately
large constant C' > 0. Similarly u} — p; = 2}, where

12812 < o/(124/m(1 + /log N/d)). Hence, simplifying
and applying Lemma [0.7] we get

— pinlls > A= (7,80 — 2z, )| - 21T, 21,1

— 4A\/log(mk)o? — A%0? — o2
d

2mm
— 4A%5?

> 0’2\/L —02\/i — 402A% > 0,
2mm Im

since m < ¢d/ A* for some appropriate constant ¢ (say
¢ = 16m). O

lz = i3 =l

2o = 2lall2(ll2ll2 + llzi14]l2)

10. Conclusion

In this work we initiated the study of clustering data
from a semi-random mixture of Gaussians. We proved
that the popular Lloyd’s algorithm achieves near op-
timal error. The robustness of the Lloyd’s algorithm
for the semi-random model suggests a theoretical justi-
fication for its widely documented success in practice.
A concrete open question left from our work is to ex-
tend our lower bound for locally optimal clusterings
to a more general statistical lower bound — this would
also imply a separation between recovery guarantees
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for the semi-random model and the pure GMM model.
Robust analysis under semi-random adversaries for re-
lated heuristics such as the EM algorithm and studying
semi-random variants for other popular statistical mod-
els in machine learning will further improve the gap
between our theoretical understanding and observed
practical performance of algorithms for such models.

A. Standard Properties of Gaussians

Lemma A.1. Suppose x € R be generated according
to N(0,02), let ®(t) represent the probability that x > t,
and let ®~1y represent the quantile t at which ®(t) < y.
Then

t 2 o +2
—T—e 27 < P(t) < —e 22, 25
t
(= +1) 3

Further, there exists a universal constant ¢ € (1,4) such

that
“Vioa(fy < L<eviosfy). (26)

Ql~

Let 74 be the Gaussian measure associated with a stan-
dard Gaussian with mean 0 and variance 1 in each
direction. We start with a simple fact about the prob-
ability mass of high-dimensional spherical Gaussians
being concentrated at around vdo.

Using concentration bounds for the y? random vari-
ables, we have the following bounds for the lengths of
vectors picked according to a standard Gaussian in d
dimensions (see (4.3) in (Laurent & Massart, 2000)).

Lemma A.2. For a standard Gaussian in d dimen-
sions (mean 0 and variance o* in each direction), and
anyt >0

P [||x||2 > o2(d 4 2Vdt + 2t)} <et

TYd

P [||gc||2 < o(d— 2\@)} <et.

TYd

The following lemma follows from Lemma [A72] and a

simple coupling to a spherical Gaussian with variance
2

o°I.

Lemma A.3. Consider any points y™®,... y&)

drawn from a Gaussian with mean 0 and variance at
most o2 in each direction. Then with high probability
we have

Ve € [N, [y O s < o(Vd + 2y/log N).

Proof. Consider a random vector z € R? generated
from a Gaussian with mean 0 and variance o2 in each

direction. From Lemma [A22]

Pr{||z]|ls > o(Vd +21/log N)]
= Pr{|2[]3 > 0*(d + 4y/dlog N + 4log N)]
< exp(—2log N) < N2

Fix £ € [N]. By a simple coupling to the spherical
Gaussian random variable z we have

Pr(lly@)2 > o(Vd+2y/1og N)] < Pr||z]| > o(Vd + 21/log N)]

< N72

By a union bound over all £ € [N], the lemma follows.
O

Lemma A.4 ((Vershynin, 2010}, Proposition 5.10).
Let Y; ~ N(u,0%14%4) fori = 1,2,...N where N =
Q d+log(%)

(—=")

have that

. Then, with probability at least 1 — § we

| N
I\N2Yi—u\\z < oe.

Lemma A.5 ((Vershynin) 2010), Corollary 5.50). Let
Y; ~ N(p,0%I4xq) for i = 1,2,...N where N =
Q(d'f‘l(e)gl(%))
have that

. Then, with probability at least 1 — § we

N

1
Iy S0 = (i = )T = 01 < .
i=1

B. Proof of Proposition

The proof will follow the outline in (Kumar & Kannan,
2010). Given N points from a semi random mixture
X, we first randomly partition them into two sets 51
and Sy of equal size. Let T1,...,T) be the partition
induced by the true clustering over Sy and 77, ..., T},
be the partition induced over S;. Furthermore, let A
be the % X d matrix consisting of points in 57 as rows
and C be the % x d matrix of the corresponding true
centers. It is easy to see that with probability at least
1 — 6, we will have that

|Cr|
T

vr € [k], min(|T; 7)) > (27)

Assuming that equations @[) to hold with high
probability, we next prove that the following conditions
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will also hold with high probability

max |T P Z 2< 40, Vr e k] (28)
1|T,| PRIE: 2<d0? vre k] (29)
wlvl= ho=r
|||T| Y x| <80 ¥relkl  (30)
zeT)
|A—C|? < 40N (31)

To prove notice that 773, cp [(z — pr) -
]2 < \c|2¢ec [(x — pp) - ]2 < 1602 (using
113).  Similarly, . follows. The proof of
follows directly from (14). Finally notice that
|A — C||2 = 1NaXy:||y||=1 Zr ZxETT[(w — fr) - U]2 <
Max,:|y||=1 o ercr[(x — ) - v]?2 < 402N (using
(L5))-

In the analysis below we will assume that the above
equations are satisfied by the random partition. Define
a graph G = (AU B, E) where the edge set consists
of any pair of points that have a distance of at most
v = 40(v/d + /log N). Notice that from the definition
of v, any two points from the same true cluster C, will
be connected by an edge in G (using @ Next we map
the points in A to a new & dimensional space as follows.
For any row A; of A define A; ; = (A; — p) - (B — p)
if A; and B; are in the same connected component
of G. Otherwise, define A;j = L where L is a large
quantity. Here p denotes the mean of the points in the
component in G to which A; belongs to. Let 6, denote
the mean of the points in T, in the new space. We
will show that the new mapping amplifies the mean
separation.

Lemma B.1. For all r # s, |0,

Q( V u\]wmznuC log N)02

Proof. We can assume that points in T;., T and T, T
belong to the same connected component in G. Other-
wise, ||, —0g|| > L. Let @ be the component to which
T, and T, belong with y being the mean of the points

- 95” 2

in Q. Then, ||6; — 0> > EBJEQ[(NT — s) - (Bj —w)]?.
Notice that (pr — ps) - (pr — prs) = (ptr — p) - (ptr — ps) —
(s — p) - (pr — ps). Hence, one of the two terms is at

|2 in magnitude. Without loss of gener-

[

least & ||p, — p

ality assume that |(, — ) - (1t — ps)| = 2|t — s
2

%klog N.

Now, |6, — 95||2 > ZB]ETT’[(:U‘T — fs) - (Bj - )]2 =
g, er (e = ps) - (e = 1) = (pr = p1s) - (e = By)J* =
%'Bj|[(MT_MS).(MT_I’L)]2_ZB]-ETT([(I’LT_MS) (,ur B)]Q

\T;H |t — ps||* and the second

term (in magnitude) is at most 4|T"||| - — pis||?0? (using
[29). Substituting the bound on [|p, — ps]| and using 27}

we get that ||0, — 04| = Q(\/|Nwmin|)(klog N)o?. O

Let A’ be the matrix of points in the new space and C’

be the matrix of the corresponding centers. We next
bound ||A" — 7|

Lemma B.2. |A’ — C'|| < 2402k(Vd +2v/Tog N)V'N.
Proof. Let Y = A’ — C’. Then we have that ||Y|* <
HYTYH = maszHUH:l Zr ZmET,-K‘r — HT) . UP. Let
@, be the connected component in G that the points
in T, belong to. Then we can write ||[Y7Y]|

ma, izt Yoy Ve, Yo e, V20— m <B-—u>]2?
Z ZB Q. v erT [(z —p.) - (B i Usmg.

we can bound the inner term as ) . [(x ) - (Bj
w)? < AIT[|[B; — pl*o®.

Next notice that because of the way G is constructed,
points within the same connected component have
distance at most kvy. Hence, ||B; — p|| < k7. Hence,
IYTY ] < %, Y5 co, VAT [(R72)0? < 4Nk?y20?
This gives the desired bound on ||Y| = ||A’ = C'||. O

Combining the previous two lemmas we get that

16, — 0s]] > Q(y/ INUZI’"‘"I)%. We next run the

initialization procedure from Section [8:2] by projecting
A’ onto the top k subspace and running a k-means
approximation algorithm. Let ¢1,... ¢ be the means
obtained. Using Lemma with M* = C’, we get

that for all r, ||¢, — 0, < 20V ko \%4770”‘ where « is

the approximation guarantee of the k-means approxi-
mation used. If A > ¢py/min{k, d}log N, then we use
a constant factor approximation algorithm (Ahmadian
et al., 2016). If A > coy/min{k, d}log klog N, then we
can use the simpler k-means++ algorithm (Arthur &
Vassilvitskii, 2007))

Proof of Proposition[8.2, Assuming N = Q(.5 k> d> ) we

get that for all v # s, ||¢r — ¢s|| > 10W”A - “ et

Py, ... Py be the clustering of points in A' obtalned
by using centers ¢1,...¢;. Then we have that for
each r, |T.AP,| < Nwwin - gince otherwise the total

104/d]’

cost paid by the misclassified points will be more than
4k||A" — C'||?. Next we use the clustering Py, ... Py to
compute means for the original set of points in A. Let
V1,...V; be the obtained means. We will show that for
all v, ||y, — pr|| < 7o, where 7 < £.

Consider a particular partition P, that is uniquely
identified with 7. Let n,, be the number of points
that belong to both P, and 7 and ., be the mean of
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those points. Similarly, let n, ¢ be the number of points
that belong to T originally but belong to P, in the
current clustering, and let u, s be their mean. Then,

Ny, r Nr, s

l[per — || < A ||MT,T_MT||+ZS;£r U’THMT,S — pir||. We
can bound ||y, — || by O(o) usingand Ilger,s — pes |
by O(k(vVd+2y/Tog N) using@and the fact that points
in 7 and s must belong to the same component in G.
Combining we get the claim. O

Acknowledgements

Aravindan Vijayaraghavan is supported by the Na-
tional Science Foundation (NSF) under Grant No. CCF-
1652491 and CCF-1637585.

References

Achlioptas, D. and McSherry, F. On spectral learning
of mixtures of distributions. In Learning Theory, pp.
458-469. Springer, 2005.

Ackerman, M. and Ben-David, S. Clusterability: A the-
oretical study. In Artificial Intelligence and Statistics,
pp. 1-8, 2009.

Ahmadian, S., Norouzi-Fard, A., Svensson, O., and
Ward, J. Better guarantees for k-means and eu-
clidean k-median by primal-dual algorithms. CoRR,
abs/1612.07925, 2016. URL http://arxiv.org/
abs/1612.07925.

Anderson, J., Belkin, M., Goyal, N., Rademacher, L.,
and Voss, J. R. The more, the merrier: the blessing of
dimensionality for learning large Gaussian mixtures.
In Proceedings of The 27th Conference on Learning
Theory, COLT 2014, Barcelona, Spain, June 13-15,
2014, pp. 1135-1164, 2014. URL http://jmlr.org/
proceedings/papers/v35/andersonl4.html.

Angelidakis, H., Makarychev, K., and Makarychev,
Y. Algorithms for stable and perturbation-resilient
problems. In Proceedings of the 49th Annual ACM
SIGACT Symposium on Theory of Computing, pp.
438-451. ACM, 2017.

Arora, S. and Kannan, R. Learning mixtures of arbi-
trary Gaussians. In Proceedings of the thirty-third
annual ACM symposium on Theory of computing, pp.
247-257. ACM, 2001.

Arthur, D. and Vassilvitskii, S. On the worst case
complexity of the k-means method. Technical report,
Stanford, 2005.

Arthur, D. and Vassilvitskii, S. K-means++: The ad-
vantages of careful seeding. In Proceedings of the

Annual ACM-SIAM Symposium on Discrete Algo-
rithms, SODA 07, pp. 1027-1035, 2007. ISBN 978-0-
898716-24-5. URL http://dl.acm.org/citation!
cfm?id=1283383.1283494.

Awasthi, P. and Sheffet, O. Improved spectral-norm
bounds for clustering. In Approximation, Random-
ization, and Combinatorial Optimization. Algorithms
and Techniques, pp. 37—49. Springer, 2012.

Awasthi, P., Blum, A., and Sheffet, O. Center-based
clustering under perturbation stability. Information
Processing Letters, 112(1-2):49-54, 2012.

Awasthi, P., Charikar, M., Krishnaswamy, R., and
Sinop, A. K. The hardness of approximation of
euclidean k-means. arXiv preprint arXiv:1502.03316,
2015.

Balakrishnan, S., Wainwright, M. J., and Yu, B. Statis-
tical guarantees for the EM algorithm: From popula-
tion to sample-based analysis. CoRR, abs/1408.2156,
2014. URL http://arxiv.org/abs/1408.2156.

Balcan, M. F. and Liang, Y. Clustering under per-
turbation resilience. In International Colloquium on
Automata, Languages, and Programming, pp. 63—74.
Springer, 2012.

Belkin, M. and Sinha, K. Polynomial learning of distri-
bution families. In Foundations of Computer Science
(FOCS), 2010 51st Annual IEEE Symposium on, pp.
103-112. IEEE, 2010.

Bhaskara, A., Charikar, M., Moitra, A., and Vija-
yaraghavan, A. Smoothed analysis of tensor decom-
positions. In Proceedings of the 46th Symposium on
Theory of Computing (STOC). ACM, 2014a.

Bhaskara, A., Charikar, M., and Vijayaraghavan, A.
Uniqueness of tensor decompositions with applica-
tions to polynomial identifiability. Proceedings of the
Conference on Learning Theory (COLT)., 2014b.

Blum, A. and Spencer, J. Coloring random and semi-
random k-colorable graphs. J. Algorithms, 19:204—
234, September 1995. ISSN 0196-6774. doi: http:
//dx.doi.org/10.1006 /jagm.1995.1034. URL http:
//dx.doi.org/10.1006/jagm.1995.1034.

Brubaker, S. C. Robust PCA and clustering in noisy
mixtures. In Proceedings of the Symposium on Dis-
crete Algorithms, pp. 10781087, 2009.

Brubaker, S. C. and Vempala, S. Isotropic pca and
affine-invariant clustering. In Proceedings of the 2008
49th Annual IEEE Symposium on Foundations of


http://arxiv.org/abs/1612.07925
http://arxiv.org/abs/1612.07925
http://jmlr.org/proceedings/papers/v35/anderson14.html
http://jmlr.org/proceedings/papers/v35/anderson14.html
http://dl.acm.org/citation.cfm?id=1283383.1283494
http://dl.acm.org/citation.cfm?id=1283383.1283494
http://arxiv.org/abs/1408.2156
http://dx.doi.org/10.1006/jagm.1995.1034
http://dx.doi.org/10.1006/jagm.1995.1034

Title Suppressed Due to Excessive Size

Computer Science, FOCS 08, pp. 551-560, Wash-
ington, DC, USA, 2008. IEEE Computer Society.
ISBN 978-0-7695-3436-7. doi: 10.1109/FOCS.2008.
48. URL http://dx.doi.org/10.1109/F0CS.2008|
48.

Charikar, M., Steinhardt, J., and Valiant, G. Learning
from untrusted data. In Proceedings of the 49th
Annual ACM SIGACT Symposium on Theory of
Computing, STOC 2017, pp. 47-60, New York, NY,
USA, 2017. ACM. ISBN 978-1-4503-4528-6. doi:
10.1145/3055399.3055491. URL http://doi.acm|
org/10.1145/30556399.3055491.

Dasgupta, S. Learning mixtures of Gaussians. In
Foundations of Computer Science, 1999. 40th Annual
Symposium on, pp. 634-644. IEEE, 1999.

Dasgupta, S. and Schulman, L. A probabilistic analysis
of EM for mixtures of separated, spherical Gaussians.
The Journal of Machine Learning Research, 8:203—
226, 2007.

Daskalakis, C., Tzamos, C., and Zampetakis, M. Ten
steps of EM suffice for mixtures of two Gaussians.
CoRR, abs/1609.00368, 2016.

David, R. and Feige, U. On the effect of randomness
on planted 3-coloring models. In Proceedings of the
48th Annual ACM SIGACT Symposium on Theory
of Computing, STOC 2016, pp. 77-90, New York,
NY, USA, 2016. ACM. ISBN 978-1-4503-4132-5. doi:
10.1145/2897518.2897561. URL http://doi.acm|
org/10.1145/2897518.2897561.

Diakonikolas, 1., Kamath, G., Kane, D. M., Li, J.,
Moitra, A., and Stewart, A. Robust estimators
in high dimensions without the computational in-
tractability. In 2016 IEEE 57th Annual Symposium
on Foundations of Computer Science (FOCS), pp.
655-664, Oct 2016. doi: 10.1109/FOCS.2016.85.

Diakonikolas, I., Kane, D. M., and Stewart, A. List-
decodable robust mean estimation and learning mix-
tures of spherical gaussians. CoRR, abs/1711.07211,
2017. URL http://arxiv.org/abs/1711.07211.

Dutta, A., Vijayaraghavan, A., and Wang, A. Clus-
tering stable instances of euclidean k-means. Pro-
ceedings of Neural Information Processing Systems

(NIPS)., 2017.

Feige, U. and Kilian, J. Heuristics for finding large
independent sets, with applications to coloring semi-
random graphs. In Foundations of Computer Science,
1998. Proceedings.39th Annual Symposium on, pp.
674 —683, nov 1998. doi: 10.1109/SFCS.1998.743518.

Ge, R., Huang, Q., and Kakade, S. M. Learn-
ing mixtures of Gaussians in high dimensions. In
Proceedings of the Forty-Seventh Annual ACM on
Symposium on Theory of Computing, STOC 2015,
Portland, OR, USA, June 14-17, 2015, pp. 761-
770, 2015. doi: 10.1145/2746539.2746616. URL

http://doi.acm.org/10.1145/2746539.2746616.

Goyal, N., Vempala, S., and Xiao, Y. Fourier PCA
and robust tensor decomposition. In Symposium
on Theory of Computing, STOC 2014, New York,
NY, USA, May 31 - June 03, 2014, pp. 584-593,
2014. doi: 10.1145/2591796.2591875. URL http:
//doi.acm.org/10.1145/2591796.2591875.

Hopkins, S. B. and Li, J. Mixture models, robustness,
and sum of squares proofs. CoRR, abs/1711.07454,
2017. URL http://arxiv.org/abs/1711.07454.

Hsu, D. and Kakade, S. M. Learning Gaussian mixture
models: Moment methods and spectral decomposi-
tions. arXiv preprint arXiv:1206.5766, 2012.

Hsu, D. and Kakade, S. M. Learning mixtures of
spherical Gaussians: moment methods and spectral
decompositions. In Proceedings of the 4th conference

on Innovations in Theoretical Computer Science, pp.
11-20. ACM, 2013.

Kalai, A. T., Moitra, A., and Valiant, G. Efficiently
learning mixtures of two Gaussians. In Proceedings of
the 42nd ACM symposium on Theory of computing,
pp. 553-562. ACM, 2010.

Kannan, R., Salmasian, H., and Vempala, S. The
spectral method for general mixture models. STAM
J. Comput., 38(3):1141-1156, 2008. doi: 10.1137/
S0097539704445925. URL http://dx.doi.org/10|
1137/S0097539704445925.

Kanungo, T., Mount, D. M., Netanyahu, N. S., Piatko,
C. D, Silverman, R., and Wu, A. Y. A local search
approximation algorithm for k-means clustering. In
Proceedings of the eighteenth annual symposium on
Computational geometry, pp. 10-18. ACM, 2002.

Kothari, P. K. and Steinhardt, J. Better agnos-
tic clustering via relaxed tensor norms. CoRR,
abs/1711.07465, 2017. URL http://arxiv.org/
abs/1711.07465.

Kumar, A. and Kannan, R. Clustering with spectral
norm and the k-means algorithm. In Foundations of
Computer Science (FOCS), 2010 51st Annual IEEE
Symposium on, pp. 299-308. IEEE, 2010.


http://dx.doi.org/10.1109/FOCS.2008.48
http://dx.doi.org/10.1109/FOCS.2008.48
http://doi.acm.org/10.1145/3055399.3055491
http://doi.acm.org/10.1145/3055399.3055491
http://doi.acm.org/10.1145/2897518.2897561
http://doi.acm.org/10.1145/2897518.2897561
http://arxiv.org/abs/1711.07211
http://doi.acm.org/10.1145/2746539.2746616
http://doi.acm.org/10.1145/2591796.2591875
http://doi.acm.org/10.1145/2591796.2591875
http://arxiv.org/abs/1711.07454
http://dx.doi.org/10.1137/S0097539704445925
http://dx.doi.org/10.1137/S0097539704445925
http://arxiv.org/abs/1711.07465
http://arxiv.org/abs/1711.07465

Title Suppressed Due to Excessive Size

Lai, K. A., Rao, A. B., and Vempala, S. Agnostic
estimation of mean and covariance. In 2016 IEEE
57th Annual Symposium on Foundations of Computer
Science (FOCS), pp. 665-674, Oct 2016. doi: 10.
1109/FOCS.2016.76.

Laurent, B. and Massart, P. Adaptive estimation of
a quadratic functional by model selection. Ann.
Statist., 28(5):1302-1338, 10 2000. doi: 10.1214/a0s/
1015957395. URL http://dx.doi.org/10.1214/
ao0s/1015957395.

Lee, E., Schmidt, M., and Wright, J. Improved and sim-
plified inapproximability for k-means. Information
Processing Letters, 120:40-43, 2017.

Lloyd, S. Least squares quantization in pcm. IEEE
transactions on information theory, 28(2):129-137,
1982.

Makarychev, K., Makarychev, Y., and Vijayaragha-
van, A. Approximation algorithms for semi-random
partitioning problems. In Proceedings of the 44th
Symposium on Theory of Computing (STOC), pp.
367-384. ACM, 2012.

Makarychev, K., Makarychev, Y., and Vijayaraghavan,
A. Sorting noisy data with partial information. In
Proceedings of the 4th conference on Innovations in
Theoretical Computer Science, pp. 515-528. ACM,
2013.

Makarychev, K., Makarychev, Y., and Vijayaraghavan,
A. Constant factor approximations for balanced cut
in the random pie model. In Proceedings of the /6th
Symposium on Theory of Computing (STOC). ACM,
2014.

Makarychev, K., Makarychev, Y., and Vijayaraghavan,
A. Correlation clustering with noisy partial infor-
mation. Proceedings of the Conference on Learning
Theory (COLT), 2015.

Makarychev, K., Makarychev, Y., and Vijayaraghavan,
A. Learning communities in the presence of errors.
Proceedings of the Conference on Learning Theory
(COLT), 2016.

Mathieu, C. and Schudy, W. Correlation clustering
with noisy input. In Proceedings of the Twenty-first
Annual ACM-SIAM Symposium on Discrete Algo-
rithms, SODA 10, pp. 712-728, Philadelphia, PA,
USA, 2010. Society for Industrial and Applied Math-
ematics. ISBN 978-0-898716-98-6. URL http://d1}
acm.org/citation.cfm?id=1873601.1873659.

Moitra, A. and Valiant, G. Settling the polynomial
learnability of mixtures of Gaussians. In Founda-
tions of Computer Science (FOCS), 2010 51st An-
nual IEEE Symposium on, pp. 93-102. IEEE, 2010.

Moitra, A., Perry, W., and Wein, A. S. How robust are
reconstruction thresholds for community detection.
CoRR, abs/1511.01473, 2015.

Ostrovsky, R., Rabani, Y., Schulman, L. J., and Swamy,
C. The effectiveness of lloyd-type methods for the k-
means problem. In Foundations of Computer Science,
2006. FOCS’06. 47th Annual IEEE Symposium on,
pp. 165-176. IEEE, 2006.

Pearson, K. Contributions to the mathematical theory
of evolution. Philosophical Transactions of the Royal
Society of London. A, 185:71-110, 1894.

Regev, O. and Vijayaraghavan, A. Learning mixtures
of well-separated gaussians. In Proceedings of the
58th Annual IEEE Foundations of Computer Science
(FOCS). IEEE, 2017.

Tang, C. and Monteleoni, C. Convergence rate of
stochastic k-means. In Singh, A. and Zhu, J.
(eds.), Proceedings of the 20th International Con-
ference on Artificial Intelligence and Statistics, vol-
ume 54 of Proceedings of Machine Learning Research,
pp- 1495-1503, Fort Lauderdale, FL, USA, 20-22
Apr 2017. PMLR. URL http://proceedings.mlr,
press/vb4/tangl7b.htmll

Teicher, H. Identifiability of mixtures. The annals of
Mathematical statistics, 32(1):244-248, 1961.

Teicher, H. Identifiability of mixtures of product mea-
sures. The Annals of Mathematical Statistics, 38(4):
1300-1302, 1967.

Vempala, S. and Wang, G. A spectral algorithm for
learning mixture models. Journal of Computer and
System Sciences, 68(4):841-860, 2004.

Vershynin, R. Introduction to the non-asymptotic
analysis of random matrices. arXiv preprint
arXiv:1011.3027, 2010.

Williamson, D. P. and Shmoys, D. B. The Design of
Approximation Algorithms. Cambridge University
Press, New York, NY, USA, 1st edition, 2011.

Xu, J., Hsu, D. J., and Maleki, A. Global analysis
of expectation maximization for mixtures of two
Gaussians. In NIPS, 2016.


http://dx.doi.org/10.1214/aos/1015957395
http://dx.doi.org/10.1214/aos/1015957395
http://dl.acm.org/citation.cfm?id=1873601.1873659
http://dl.acm.org/citation.cfm?id=1873601.1873659
http://proceedings.mlr.press/v54/tang17b.html
http://proceedings.mlr.press/v54/tang17b.html

	Introduction and Related Work
	Related Work

	Preliminaries and Semi-random model
	Properties of Semi-random Gaussians

	Upper Bounds for Semi-random GMMs
	Analyzing Lloyd's Algorithm
	Initialization

	Lower Bounds for Semi-random GMMs
	Conclusion
	Standard Properties of Gaussians
	Proof of Proposition 8.2

