Proof of Lemma 1

Recall the definition of oracle solution, Equation (2), and we have:

Bo = arg gnin X~y = argmin | Xs8s — yl3 ©
se=
BseS

where X g denotes the sub-matrix of X that contains columns indexed by the non-zero index set S.
The first order optimal condition for Equation (6) is:
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where (7) comes from the facts that y = X 3"“¢ + € and 8%.“¢ = 0. We then multiply (8) by
(/BO ﬁtrue) .
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which leads to the following inequality:
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where the first inequality comes from the observation that eigmin(%X IXs) 1(Bo — Btrue)||2 <
L(Bo — B)TXT Xs(Bo — B"“). Divided both sides by eig,.; (1 XZ X s)[[(Bo — B2,
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Since € is o-subgaussian and @ is upper bounded, to bound the ||+ X Ze| term, we can use the
Hanson-Wright inequality Rudelson et al. [2013]:
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where v = (vy, ..., v,,) and v; is a zero mean o-sub-Gaussian random variable. As [|1 XZel|, =

1/ %ET(%X:;,:X s)e and € follows o-sub-Gaussian distribution centered at zero, we can apply the
Hanson-Wright inequality to €7 (1 X% X g)e by setting t = E[e” (1 XT X g)e]:
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Xs(XEXs) XY, then we have (Pje)T (L XZ Xg)(Pje) = €' (L1 X Xg)e. Conditioning on
the event & = {|e! (1 XEXs)e — E[e” (1 X1 Xg)e]| <E[e’ (1 XL X)e]}, the following in-
equality will be held:

The last inequality holds when n > s Define the projection matrix P; =

1
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It is worths pointing out that P; is the projection matrix that projects the n-dimensional vector € onto

s-dimensional subspace and E[Pje] = 0, which directly leads to E[|| Pje||3] = Var(P;e) = so?.

We define
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Therefore, with probability 1 — §;, the following inequality holds:
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where §; = exp(—O(n)). O

Proof of Proposition 1

We first expand and restate Proposition 1 as follows: If the compatibility condition is satisfied, the
the error follows i.i.d o-subgaussian distribution, and min{|8}™¢| : g™ #0, j = 1,2,...,d} >
(4% + a)\, then the following MCP inequality holds:
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where 97 is defined before and
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Note that Theorem 1 in Fan et al. [2014] states that if events &2 = {[|81 — 8|00 < 425 A} and

& ={|txL (X580 —1)|loe < aA} hold, then Basw . = B,. Therefore, to prove this expanded
version of Proposition 1, we merely need to derive probability bounds for those two events.

First, let us consider the &. As in 2sWL algorithm, we solve for the lasso solution in the first step,
i.e., (1 is a lasso solution. Under compatibility condition, Van De Geer et al. [2009] establishes that
the following inequality holds with probability 1 — d2:
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Combining with the fact that || - ||oo < || - ||1, we have
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Now we consider event &3, whose probability can be bounded as follows:
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where the first inequality comes from the union bound on non-significant dimensions, x; is the
ith column of covariate matrix X, Equation (10) comes from the fact that Equation (6) allows
a closed-form solution ,é'o =X S(XgX S)’ngy, and Equation (11) directly follows P; =
Xs(Xg:XS)leg. As Pjy = Xs(Xng) 1)(T()( ﬁtrue €) = Xs,BtSTue + Pje, we can
further simplify Equation (11) as follows:
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We then apply Hoeffding’s inequality and have the following results:
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where the second inequality comes from the facts that ? < na? where Zyax=|Z||~, and

max?

(I - Pj) =< I. Therefore, with union bound over i € S¢, we can bound event £3:
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Thus, with probability (1 — do — d3), B2 derived from the 2sWL procedure is an oracle solution.
Finally, combining with event & in Lemma 1, Proposition 1 follows immediately. O

Proof of Proposition 2

When A = O(y/logd/n), the minimum sample size needed to satisfy Proposition 1 can be derived
as follows. Let By = min{|B{™¢[ 1 B5™¢ #0, j = 1,2,...,d} and we have:

Bmin > (4 a)A. (12)
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As we require A = O(y/log d/n), Equation (12) implies:
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Therefore, if we have a sample size larger than O(s%logd), we have ||Baswr(X,y, ) —
B'¢||3 < O(,/Z) with certain probability (see Proposition 1), which implies that the cardinali-

ties of BgSWL(X y, ) and B¢ are s. Accordingly, we have ||Bzsw (X, y, \) — 8|y <
O(/s f (s4/1/n). Comparing to the Lasso bound in Van De Geer et al. [2009],
1BLasso — B14e || 1 < O(sy/ 105 d), the convergence bound of the MCP estimator under the 2sWL

procedure is faster, when the sample size is large enough (e.g. n > O(s? log d)).

In addition, with high probability, the MCP estimator under the 2sWL procedure will match the
oracle estimator, which mimics the scenario under which we solve the unpenalized problem with
only significant dimensions. Therefore, the MCP estimator under the 2sWL procedure will match the
oracle convergence rate with high probability. O

Proof of Theorem 1

There are four key steps in establishing the expected cumulative regret upper-bound for the MCP-
Bandit algorithm in Theorem 1. The proofs for the first three steps (i.e., oracle inequality for non-i.i.d.
data, oracle inequality for forced-sample estimator, and oracle inequality for all-sample estimator)
have been detailed in §5.1, §5.2, and §5.3 in the main paper.

In the following, we will expand and provide details for the fourth step (i.e., bounding the cumulative
expected regret) to complete the proof. We first divide our time periods [T into three groups:

1. t < (Kq)? with all samples and ¢ > (K¢)? with forced samples;

2. ¢ > (Kq)? without forced samples and the event A; 4 =
{HBM(ﬂ,t—l, A) =By < }doesnthold

3. t > (Kq)? without forced samples and the event A; holds.

The first group contains the forced samples and all samples with t < (K¢q)?. When t < (Kq)?,
we do not have sufficient samples to accurately estimate covariates parameter vectors, the decision
performance under the MCP-Bandit algorithm will be sub-optimal comparing to that of the oracle
case. Note that as we assume ||Z]|co < Tmax, ||B]|1 < b, each user’s regret is bounded by 2b2y,ax
for any decision; and then the regret for t < (K¢)? is upper bounded by (K q)?2ba .. Since the
sampling frequency of forced sampling decays exponentially, there exists a constant C; > 0 such
that the forced sample size |7; ;| by time ¢ > (K¢)? is bounded as follows:

1
C*qbgt < |Ti k| < Ciqlogt. (13)
1

We, therefore, can bound the cumulative regret by 2( K q)%bxmax + 2C1qbZmax log T

The second group includes scenarios where ¢ > (K ¢)? and forced-sample-based estimators are not
accurate enough. In particular, when A;_; doesn’t hold, the forced sample based estimator vector

B M (Tit, A) 18 not near the true parameter vector Btrue. Under those scenarios, our decisions will
be sub-optimal with high probability. To bound the second group, we need to bound the expected
instances that A;_; doesn’t hold from (Kq)2 <t < T — 1. According to Equation (13), for arm k,
the forced sample size | T;_1 | is lower bounded by ¢/C4 log t for time ¢ > (K ¢)?. Since we require

q > 0O(s?logd) > Wﬂ we can show that the following inequality holds for 7" > 3:
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Through union bounds over different arms and Proposition 3, there exist some positive constants Cy
and Cj satisfying:

T—1
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T-1 o,
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when ¢ > %(05 log d + 1), we have:
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where the last inequality uses the fact that Zt (Kq)? t 1< 24 % < logT'. Therefore, the expected

regret bound for second group is 2K bxyax log T'.

To bound the third group, without loss of generality, we assume that decision j is optimal (i.e.,
J = arg max;e(r] X 7' 3;). Then, the expected regret at time ¢ is

ry=E (Z 1[choose decision 7] - [x] (3; — ﬁy)])

<E (Z 1[:B$,31 > &y 16]] [ (13] - ﬂz)]) )
i
where the last inequality uses the fact that event {j = arg max;c g $$BZ} is a subset of the event

{xT B; > =T 3;} and that 7 (3; — 8;) > 0. Thus, we can bound 7 through the regret incurred
by each arm in K with respect to the optimal arm. We define the event B; = {z] (8; — 8:;) >

2/80Tmax + » Where § = 5 /\22)‘"“"3 Then we can write

<E (Y 1@l B >l B) N B [=7 (8; - B))

E(Z B>l B;) N B [2f (8, - 1))
By the fact that x; ( — i) < 2bxpax and the definition of B;, we can further bound the regret as
follows:

re <Y 2bxmaxP[(x] Bi > xf B))|Bi] + Y 2v/56maxP[BY].

Note that if we choose decision ¢ instead of decision j under the condition that event B; happens,
then the following inequality must hold:

0>a!B; — B >l (B; — B)) + [ (Bi — Bi) + 2V/50Tmax
Thus, at least, either XtJr1 ﬂj) < —/80Tmax OF Xﬂl(ﬂl Bl) < —+/80Zmax. Therefore,
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<P[v/s|B; — Bll2 > V/50] + P[V/5]|8; — Bill2 > v/50]
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Consider that we choose § = g /\5\'“&’;;, and that we can find C7, Cs, and C5 > 0 via Proposition 5

mind

such that

) Cy
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Cs++/CZ+4C7Cs log d

If we require ¢ > e and t > (K q)?, then Equation (16) implies that
C Cy+1
P(l|8; — Bll2 > 6] < exp (~logt — Cslogd + Cslogd) + —* = =*"—. (17)
2
Therefore, when ¢t > (CS+ 03;0470708 10gd> , we have C7t > /t+Cglogd > logt+Cglog d. We

can further bound P[B¢] by Assumption 1: P[B¢] = Plz] (8; — Bi) < 2/80Zmax] < 21/5C00Tmax-
Accordingly, we can bound the total regret of the final group as follows:
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where Equation (18) requires K > 2, ¢ > 1, and Equation (19) further requires Zth 41/t <logT.
Combining the bounds for these three groups, we can write the total regret as in Theorem 1.

Finally, for the dependence on d and s, we only need to consider the part with term log T'. As all
C;, © = 2,6 are independence on d, ¢ = O(s 2log d) and Amax < sacmax, we can derive that the
regret dependence on d and s is upper bounded by O(s%(s + log d)). O

Proof of Proposition 3

There are three key steps to prove Proposition 3:

1. Re-establish the compatibility condition for non-i.i.d. samples;
2. Provide the probability bound for the minimum eigenvalue of /\minil%u (X é“)TX é“;

3. Refine the results in Proposition 1

For the first step, we Will rely on the matrix perturbation techniques. As |z, ;| is bounded by pax
foralltand < d, vyl (XA )TXA will converge to E[z%x 5] when sample size is large enough.

Similarly, for large sample size, the sample compatibility constant ¢ 4 will also converge to the
population compatibility constant ¢. Based on this idea, the bound for ¢ 4 can be derived from ¢
with the bridge ¢ 4. We summarize our results in Lemma 2.

Lemma 2 When |A'| > 10282uulosd e will have ¢4 > ¢ % with probability 1 —

52
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In addition, we can show that eig, ; (A + B) > eig, ;. (A)if A, B = 0. Inmediately, we will have

Al 1 1 Al
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Combined with the matrix Chernoff bound ,the probability bound for A;, can be established as in
the following Lemma:

Lemma 3 (Tropp et al. [2015] Theorem 5.1.1) Apin. 4 > 2221 with probability 1 — s -
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Note that Lemma 2 suggests ¢4 > ¢ 2| A >  ¢y/F and Lemma 3 indicates

eigin (1 Py ‘(X A )T X4 A ) = Amin, A > r“2‘|“k‘4 | > € \in. Plugging these two results back into

Proposition 1, we can establish Proposition 3. O

Proof of Lemma 2

As all samples in A’ are i.i.d, we will have the following result (see exercise 14.3 in Bithlmann &
Van De Geer [2011]): if there exist K and oq such that K? (E[exp(z7;/K?) — 1]) < o3, then

{IAI

WhereA( ,n, (d)) = /2log(d(d=1) | Klog(d(d=1))

’ / K d
(XA XA — Elz" x| s > 2Kt + 2K09V2t + 2K oo\ (,n, <2>>} < exp(—nt),
0o
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Setting K = Zax and 0g = v/22max, we will have K2 (E[exp(xt l/KQ) —1)) <zl (e—1)<

o2. Therefore, when the sample size is large enough (X A 'X A will not be far away from

’ IA |
E[x” x] element-wise with high probability.

] (X A 'x A’ s close enough to E[z” x| element-wise, X A
will also satisfy the compatibility condition. To this end, we need Corollary 6.8 in Bithlmann &

Van De Geer [2011], which shows that if 1) the population covariance matrix E[:cTa:] satisfies
the compatibility condition with constant ¢ and 2) the sample covariance matrix + - X T X satisfies

[+ XTX — Elz"a]]| < 20 , then X will also satisfies the compatibility condltlon with constant

$a=d/V2.

To combine these two results, we need to choose proper ¢ and n so that the following inequality holds:
K 2

2K%t 4+ 2K ooV 2t + 2Koog\ | —, n, < <9

g0 2 25

Intuitively, when t is sufficiently small and n is sufficiently large, the above inequality will hold

naturally. Although there are various choices of ¢ and n, we adopt the following parameter choice to

¢2
29522
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simplify our proof: ¢ = and n > %ﬂ under which we will have

where d4 = exp ( #) This result implies that ¢ ,» = % with probability 1 — 4. The final

max

step is to build the relationship between ¢ 4 and ¢ 4. Consider a vector 3 with ||Bg-|; <

o X813 = | A|5T<XA)TXA6
- WBT (<XA’>T (XA—A’)T) <X)§A:“/> 3
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where the last equality comes from the fact that ¢ ,» = 7 Therefore ¢ 4 is at least ¢ 51 A‘ .



Proof of Proposition 4 See Proposition 3 of Bastani & Bayati [2015]. O

Proof of Proposition S For 2, € U, where k € K, if the event A; | =
{||BM(7Z¢—1,/\)—§""5||1§ h }holds,thenwehave:

4T max

el Brr (Tri—1,\) — &L B (Tit—1,\)
thT(BM(E,tfla >\) - ﬂ]tc’l‘ue) — w?(BM(’ﬁytil’ )\) — IBE"'U'@) + h
11 1
> ho - _1
= 4h 4h+h 2h

Thus the set K = {k|2T B (Tho—1, A1) > maxjeK{:ctTﬁ}w(ﬁyt_l, A1)} — h/2} must be a single-
ton. As we use K as a pre-selection procedure in the MCP-Bandit algorithm, we will successfully
select arm k for x; € Uy if A;_1 holds.

Let’s consider the probability of event A;_; hold. When T" > 4 and ¢ > %ﬂ for the

positive constant C';, we have
Amax0?  8sz2 1
. < —qlogT < |Ti
Aoin 2 = Clq gT < [Tkl

Amax 02 S h

< —.
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From Proposition 3, we can show that there exists two positive constants Cy and C such that:

P{A;_1} >1— Kexp (—gflqlog(t - 1)+ Cs logd) ) (20)
1

Furthermore, if we require ¢ > O(s? log d), then we will have ¢ > % (Cslog d+1) for the constants
C1 and Cy, which implies the following result:

K
P{A;_ 1} >1— Kexp (—%qlog(t -1)+Cs logd> =1- =1 (1)
| —
Let’s consider a sequence of {M (i), =0,1,2,..,T 4+ 1} where {M () is defined as follows:
T
M(i)=E | Ua; € U, Ajo1,J & TralFil . (22)
j=1

where F; = {x;,y;,j < i}. Thus {M (i)} is a martingale with bounded difference |M () — M (i +
1) <1,i=0,1,2,....,T. We can use M (0) to bound the value of M (T'+1) with Azuma’s inequality
and we have:

P(IM(T) = M(0)] > %M(O)) < exp (W)
1 —M(0)%/4
= P(M(O) - M(T) > §M(O)) < exp <2T>
L —M(0)%/4
= P(M(T) < 5M(0)) < exp (2T) _

Further, we can bound M (0) is bounded as follows:

M(0)

T
E Zl(‘r_] S UkaAj—lvj ¢ 7}7k)
j=1

I
.Mﬂ

E1((z; € Uk, Aj—1,5 ¢ Tr)
1

J

Il
] =

P((zj € U, Aj-1,7 & Tr,i)- (23)
1

<.
Il



Since { € U;} is independent on {A;_1,j ¢ Tr i} and {j ¢ Tr 1} is independent on {A4;_1},
Equation (23) implies:

T
M(0) = > P(z; € Ur)P(4;-1)P(j ¢ Trx)
> (1 — =B )T = Crqlog T), (24)

T-1

where Equation (24) comes from Assumption 2, Equation (21), and the fact that the sample size
of the forced samples is bounded for the constant Cf: C%qlogT < |Te x|l < CiqlogT. When

T > max{(Kq)?, (4C1q)?}, we have

K 1 1
l———>1—-—> -
T—-17 Kq ™~ 2

1 1
(T — C1qlogT) > =T + (§T — CqVT) >

Therefore, M (0) is lower bounded by %T and we have:

() < 7 P

S )g]P(M(T)SM(O))SeXp< 2T

* 2
=P (M(T) < p;) < exp (— (p1*2)8T> . (25)

Combining Equation (21) and Equation (25), we can conclude that with probability 1 —
exp ((p*)?T/128) — £, among the whole sample set of arm k € K, the iid samples in U}, will be at
least p*T'/8. The remaining proof directly follows the Proposition 3 with ¢y = p* /4.

O
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