Discrete-Continuous Mixtures in Probabilistic Programming:
Generalized Semantics and Inference Algorithms

Supplementary Materials

A. Background on Measure-theoretical
Probability Theory

We assume familiarity with measure-theoretic approaches to proba-
bility theory, but provide the fundamental definitions. The standard
Borel o-algebra is assumed in all the discussion. See (Durrett,
2013) and (Kallenberg, 2002) for introduction and further details.

A measurable space (X, X') (space, for short) is an underlying
set X paired with a o-algebra X C 2% of measurable subsets of
X, i.e., a family of subsets containing the underlying set X which
is closed under complements and countable unions. We’ll denote
the measurable space simply by X where no ambiguity results. A
function f: X — ) between measurable spaces is measurable
if measurable sets pullback to measurable sets: f~*(B) € X for
all B € ). A measure ; on a measurable space X is a func-
tion p: X — [0, oo] which satisfies countable additivity: for any
countable sequence A1, Ag, - - - € X of disjoint measurable sets
(Ui Ag) = >, u(As). P,[S] denotes the probability of a state-
ment S under the base measure p, and similarly for conditional
probabilities. A probability kernel is the measure-theoretic gen-
eralization of a conditional distribution. It is commonly used to
construct measures over a product space, analogously to how con-
ditional distributions are used to define joint distributions in the
chain rule.

Definition A.1. A probability kernel K from one measurable
space X to another Y is a function K: X x Y — [0, 1] such that
(a) for every x € X, K(x,+) is a probability measure over Y, and
(b) for every B € Y, K(-, B) is a measurable function from X to
[0,1].

Given an arbitrary index set 1" and spaces X; for each index t € T',
the product space X' = [],. A; is the space with underlying
set X = ], X the Cartesian product of the underlying sets,
adorned with the smallest o-algebra such that the projection func-
tions 7 : X — AX; are measurable.

B. MTBNs Represent Unique Measures

We prove here Theorem 3.6. Its proof requires a series of interme-
diate results. We first define a projective family of measures. This
gives a way to recursively construct our measure ;. We define a
notion of consistency such that every consistent projective family
constructs a measure that M represents. We end by giving an
explicit characterization of the unique consistent projective fam-
ily, and thus of the unique measure M represents. The appendix
contains additional technical material required in the proofs.

Intuitively, the main objective of this section is to show that an
MTBN defines a unique measure that “factorizes” according to
the network, as an extension to the corresponding result for Bayes

Nets.

B.1. Consistent projective family of measures

Let K be a kernel from X — )Y and L a kernel from ) — Z.
Their composition K o L (note the ordering!) is a kernel from X’
to Z defined for z € X, C' € Z by:

(Ko L)(z,C) = /K(x,dy)/L(y,dz) le(z). (5

To allow uniform notation, we will treat measurable functions
and measures as special cases of kernels. A measurable function
f: X — Y corresponds to the kernel Ky from X to ) given by
Ks(z,B) = 1(f(z) € B) forxz € X and B € ). A measure
4 on aspace X is a kernel K, from 1, the one element measure
space, to X given by K, (-, A) = pu(A) for A € X. Where this
yields no confusion, we use f and y in place of K¢ and K. (5)
simplifies if the kernels are measures or functions. Let p be a
measure on Vi, K be a kernel from X} to V1, f be a measurable
function from X to X1, and g be a measurable function from
Vi to V2. Then p o g is a measure on )2 and f o K o g is
a kernel from X» to Vs with: (u o g)(B) = u(¢~*(B)), and
(foKog)(w,B) =K(f(x),9~ ' (B)).

Let A denote the class of upwardly closed sets: subsets of V'
containing all their elements’ parents.

Definition B.1. A projective family of measures is a family {pv :
U € A} consisting of a measure uy on Xy for every U € A such
that whenever W C U we have pw = uu o 71”‘[/][/, i.e., for all

A€ Xw, pw(A) = pu (i) 71 (A)).

Def. B.1 captures the measure-theoretic version of the probability
of a subset of variables being equal to the marginals obtained while
“summing out” the probabilities of the other variables in a joint
distribution.

Definition B.2. Let pu be a measure on a measure space X, and
K a kernel from X to a measure space Y. Then p @ K is the
measure on X X ) defined for B € X @ Y by: (p1® K)(B) =
[ u(de) [ K (z,dy) 15(z,y).

Def. B.2 defines the operation of composing a conditional prob-
ability with a prior on a parent, to obtain the corresponding joint
distribution.

Definition B.3. Ler K., for w € W be kernels from Xy to
X{w}. Denote by HwEW K.y, the kernel from Xy to Xw de-
fined for each xy € Xy by the infinite product of measures:
(HMGW Kw) (-TUy ) - ®w€WKw(-TU7 )

See (Kallenberg, 2002) 1.27 and 6.18 for definition and existence
of infinite products of measures. Def. B.3 captures the kernel
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representation for taking the equivalent of products of conditional
distributions of a set of variables with a common set U of parents.

Definition B.4. A projective family {pv : U € A} is consistent
with M if for any W, U € A such that W C U and pa(U) C W,

then: pu = pw @ I,conw (Tpagu) © Ku)-

Consistency in Def. B.4 captures the global condition that we
would like to see in a generalization of a Bayes network. Namely,
the distribution of any set of parent-closed random variables should
“factorize” according to the network

A projective family {uy : U € A} is consistent with M exactly
when M represents j1y

Lemma B.5. Let u be a measure on Xy, and define the projective
family {py - U € A} by py = p o wf}. This projective family is
consistent with M iff M represents p.

Proof. First we’ll relate consistency (Def. 8) with conditional
expectation and distribution properties of random variables. Take
any W,U € A such that W C U and pa(U) C W and observe
that the following are equivalent:

o 1w = pw @ [Tucrw (M) © Ku)

. HuEU\W(ﬂ—I‘jZ(u) o K,) is a version of the conditional dis-
tribution of X\ given Xy,

e K, is a version of the conditional distribution of X, given
Xpa(u) forallu € U\ W, and {Xw, X, : u € U\ W}
are mutually independent conditional on X ,a(17).

The forward direction is straightforward. For the converse we
use the fact that conditional independence of families of random
variables holds if it holds for all finite subsets, establishing that by
chaining conditional independence (see (Kallenberg, 2002) p109
and 6.8). O

Lemma B.5 shows that Def. B.4 follows iff an MTBN represents
the joint distribution — in other words, it follows iff the local
Markov property holds.

B.2. There exists a unique consistent family

Each vertex v € V is assigned the unique minimal ordinal d(v)
such that d(u) < d(v) whenever (u,v) € E (see (Jech, 2003)
for an introduction to ordinals). For any U € A denote by U* =
{u € U : v(u) < a} the restriction of U to vertices of depth less
than a. Defining D = sup,,cy (d(v) + 1), the least strict upper
bound on depth, we have that U” = U for all U € A. In the
following, fix a limit ordinal .

Definition B.6. {v. : o < A} is a projective sequence of mea-
sures on Xy, if whenever oo < 3 < A we have vy = vg o 71'5/;

o

Def. B.6 generalizes the notion of subset relationships and the
marginalization operations that hold between supersets and subsets
to the case of infinite dependency chains

Definition B.7. The limit lima<x Vo of a projective sequence
{ya ta< )\} of measures is the unique measure on Xy such that
Vo = (lima<a Vo) 0 71'50 forall o < .

Definition B.8. Given any U € A, inductively define a measure

uir on Xye by

py =1,

a+1 [
prt=pge ]
veU:d(v)=a

(ﬂ—}[;]a('u) © K’U )7

s = lirr; 1o if X is a limit ordinal.
a<

s stabilizes for o > D to define a measure on Xy .

The above definition is coherent as uf; can be inductively shown
to be a projective sequence. Lemma B.9 and B.10 allow us to show
in Theorem B.11 that {5 : U € A} is the unique consistent
projective family of measures.

Lemma B.9. If W C U for W,U € A, then for all a: ujy, =
IRe ﬂgvaa.
Proof is in Appx. C.

Lemma B.10. [f W C U where W,U € A, and if pa(U) C
W, then W< C U®, pa(U%*) C W<, and pg = py ®

HuGU"‘\WO‘ (”Kg(u) ° Ku).
Proof is in Appx. D.

Using the above, the following shows MTBNSs satisfy the proper-
ties (1-3) mention in the beginning of Sec. 1.1:

Theorem B.11. {u : U € A} is the unique projective family of
measures consistent with M.

Proof is in Appx. E.

Intuitively, by Lemma B.9 and Lemma B.10, we assert that con-
sistency holds for any ordinal-bounded (prefix in terms of parent
ordering) sub-network. Then the main result, Thm. B.11, fol-
lows by setting this bound appropriately. Finally Lemma B.5 and
Theorem B.11 lead to Theorem 3.6.

Note that combining Thm. 3.6 and Thm. 5.6 lead to all the 4 desired
properties mentioned in Sec. 1.1.

C. Proof for Lemma B.9

Proof. Proof by induction. Trivially true for o = 0, so suppose
this holds for «, and consider « + 1. Then:

it =uve [

veEW:d(v)=a

= (,u[c} o w%}l)

® I1

veU:d(v)=a

we
(ﬂ-pa(v) © KU)

Uu+1\Ua

we
(Trpa('u) © K’U) o Trwod»l\wa

ny ® 7T{(/jva o H (71'5‘;(1,) o Ky)

velU:d(v)=a
U U(¥+1\U0(
o (e X ﬂ-WaJrl\Wa)
o Ue yetl
=|Hu® H (ﬂ-pa(v) o KU) O My ati
veU:d(v)=a

+1 yott
=pug o Ty e+l
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The first step by Def. 12, the second by inductive hypothesis and
Lemma G.11as {v € W : d(v) = a} = W\ W* and {v €
U :d(v) = a} = U\ U, the third by Lemma G.6, the fourth
by Lemma G.10 §inge wgaczv) = wg‘;(av) o w‘%’V(Z gr}d by elementary
properties of projections, and the fifth by Definition B.8.
Finally, suppose A is a limit ordinal. We need to show:

A

o
lim (;fé ) W‘I/JVQ) = (lim pg ) o 71"[/{//\.
a<A a<A

This follows from Lemma G.2 because for all o < A we have:

i o U wr . o U U~
im ug | omya ) 0 Twe = lim py | o wge | © Tyya
a<< a<A
«
= & o mHra

The first by properties of projections, the second by Lemma G.2
characterizing limits. O

D. Proof for Lemma B.10

Proof. Trivial for a = 0, so suppose this holds for «, and consider
a + 1. Then:

Ue
H (ﬂ-pa(v) o Kv)

we U~
(ﬂ-pa(u) o Ku) Y H (Trpa(u) o KU)
veU:d(v)=a

(ﬂ-}‘)/z(u) o Ku)

ueU\We

=y ]]

ueUath\Wwo

:M%/(@ H (TTI‘)/Z(U) OKU)

veW:d(v)=a

Wa+1
@ H (Trpa(u) OKU)
ueUa+1\Wa+l
a a+1
=puy ' ® H (Tharay © Ku),

uweUa+l\Wa+l

The first step by Definition B.8, the second by inductive hypothesis.

The third by Lemmas G.8 and G.9 since U™ \ W = U \
WU {v € U : d(v) = a} where the union is disjoint, and as
pa(v) € W when v € U and d(v) = « implies that ﬂg:(v) =
e © WFV,Z(OU). The fourth by Lemmas G.8 and G.9 since U™ \
W = Ut \ wett u{v € W : d(v) = a} where the
union is disjoint, and as pa(u) C W< when u € U*!\ Wot!
implies that 7' )" = omWe, . Finally, the fifth by
Definition B.8.

Finally, suppose A is a limit ordinal. The result will follow from
the inductive hypothesis, Definition B.8, and as limits preserve
products Lemma G.7 if we can show that

lim ]

ueU\We

o A
(Thaquy © Ku) = H (T hatuy © Ku).

w€UM\WA

First we must show the limit on the left is well-defined. Note
that the kernel inside the limit maps from Xwe to Xya\wea. As

W< and U® \ W* are both increasing sets, we verify projective
sequence property by taking any 8 > « and observing that

B
o I

(Tpa(u) © Ku)

ueU\Wo
wh
= H (ﬂ-pa(u) © K")
ueUX\We
8 B\ w8
= [T (oK) | ompaliva
weUB\Wh

the first step from Lemma G.10 and properties of projections, and
the second from Lemma G.11.

Finally, we must show the expression on the right satisfies the
properties characterizing the limit. However, observe this follows
from our demonstration of the projective sequence property above
by simply replacing 8 with A.

E. Proof for Theorem B.11

Proof. That this is a consistent projective family follows from
Lemmas B.9 and B.10 since U” = U forall U € A.

For uniqueness, let {/iv : U € A} be a consistent projective
family of measures, any fix any U € A. We’ll show inductively
that iy« = pgr, and thus with o = D that iy = po, giving our
result. This is trivial for o = 0, so inductively suppose it holds for
o. But then:

fyat1 = flye ® H (Tpa(u) © Ku)

weUet\Ue

= )u‘g ® H (Tr]g]a(u) © K“)

ueUot\Ue

The first step by consistency of { iy } (Definition B.4) since U* C
Ut and pa(U*™") C U, the second by inductive hypothesis,
and the third by Definition B.8.

Let « be a limit ordinal. Since {/iy~} is a projective family
and U® = U,_, U”, by Lemma G.2 five = limg<q firs. By

definition g = limg<qo ,uf,. Then since ,uf, = fiys for 8 < «
inductively, ug; = fiue as the limit of this sequence is unique. [

F. Proof of Lemma 5.4
Proof. The possible world (U7, I?) is defined as follows. U =
(U7, ...,Ug), where U] = {c; : ¢; is a distinct constant of type

75 in M} U {uy a1 € Unm : v is a number statement of type 7;
and o(V, [a]) > 1}.

I7 is defined as follows. For each function symbol f(Z) in M,
for each tuple @ of the type of Z constructed using elements of
U?, [f]° (@) = o(Vy[a]). The element o(Vy[@]) is a member
of U? because of the last clause in the definition of consistent
assignments (Def. 5.3) and the construction of U°. O

G. Additional Technical Details

For reasons of space, we present the following without their
(straightforward) proofs.
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Lemma G.1. If puis a measure on X, and is K a kernel from X
0, then (u® K) oY = p.

Lemma G.2. A projective sequence of measures has a unique
limit.

Fix an ordinal A, and suppose {Us C V : a < A} is an increasing
sequence of subsets of V, i.e., such that if @« < f < A then
Uo C Ug. Define U = J, ., Ua. Let {IWo CV :x < A} and
W be another such sequence, supposing U and W are disjoint.
Definition G.3. {K, : o < A} is a projective sequence of
kernels from Xy, to Xw, if whenever a < [ < X\ we have
71'55 o Ka :Kgoﬂ'wz.
Definition G.4. The limit lim.g K. of a projective sequence
{Ka : a < A} of kernels is the unique kernel from Xy to Xw
such that for all o < \ wga o Ko = (limacpg Ka) 0 7'('&//&.
Lemma G.5. A projective sequence of kernels has a unique limit.
Lemma G.6. Let X'1,Y1, Xo, Vo be measurable spaces, | be

a measure on X1, K a kernel from X5 to Y1, f: X1 — Xaa
measurable function, and g: Y1 — Y2 a measurable function.

Then: (n® (foK))o(f xg) = (nof)® (K og)wherefxg
is the measurable function mapping (x,y) to ((f(z), g(y)).

Lemma G.7. Let v, and K, be as in Lemmas G.2 and G.5. Then
limaca(Va ® Ko) = (limaca Vo) @ (limaca Ka).

Lemma G.8. p measure on X, K1 a kernel from X to Y1, K2 a
kernel from X to Vo, p® K1 ® (W;XM 0K3) =pu® Hi:l,Z K.

where by abuse of notation W;XM denotes the projection from
X xYitoX.

Lemma G.9. If K;; are kernels from X to Y;; then
ILIL Kis =11, K.

Lemma G.10. If f: X' — X and K, are kernels from X to Y;
then f o], Ki =11, f o K.

Lemma G.11. [f K, for v € U are kernels from X to X, and
W C U then (IT,er Kv) o miy = [, e Ko

Lemma G.12. Ler (X,X) be a measurable space,

X, X1,Xo2,... an iid random sequence on X, and w(x)
be non-negative real-valued function of (X,X). Then
e w(X) f(X5) a8 Ew(X)f(X)

>, w(Xy) Ew(X) -

Lemma G.13. For any measurable set E and measurable function

f(a): EEBOICO _ g r(x)|B].





