A Primal-Dual Analysis of Global Optimality in Nonconvex Low-Rank Matrix Recovery

A. Proof of Theorem 3.8

In order to proof Theorem 3.8, we need to make use of the following lemma, which is derived from the restricted strong
convexity and smoothness property of F,,. The proof of Lemma A.1 is presented in Section C.

Lemma A.1. Assume the sample loss function F,, satisfies Conditions 3.5 and 3.6. Then for all matrices Y € R9%*%2 with
rank at most 2r and W € R% X492 with rank at most 47, we have

HIW3 < vec(W)TV2F, (Y)vee(W) < LI|W]3.

Moreover, for all matrices W1, Wy € R %% with rank at most 2r, we have

L —
|2vec(W1) " V2 Fu (Y)vee(Wa) = (L + u) (W1, Wa)| < = E(IWA3+ Wl 3).
Now we are ready to prove Theorem 3.8.
Proof of Theorem 3.8. Recall Z = [U; V] is the local minimizer of constrained optimization problem (3.1). Since

Vhi(Z) = 2e;e; Z are linearly independent for all i € [d; + dy], thus there exists A > 0 such that (Z, \) is a KKT
pair, which satisfies the conditions listed in Lemma 3.3. Denote X = UV " and Z = [U; —V]. Then according to the
Lagrangian function for optimization problem (3.1), we can calculate its gradient with respect to Z as follows

di+da

V2L(Z,A) = Vg Fo(UVT) + %VZ IUTU-VTV[3]+ Y AVhi(Z)
=1

di+d2

_ | VA.(X)V 55T T

= {Vf,L(X)TU} +~ZZ"Z +2 Z Neie, Z. (A.1)

i=1
Moreover, for any matrix A € R(41+42)X7 denote A = [Ay; Ay], where Ay € R<7, Ay € R%X7, then we have

vec(A)"VZL(Z, N)vec(A) = vec(UAY, + Ap V) TV2AF, (X)vec(UA + Ay V)
di+d2
+2VF(X), AvAY) + V(A AZTZ+ZATZ+ZZTA) +2 > Nifee] , AAT). (A.2)
i=1

Let R be the optimal rotation with respect to Z and Z*, i.e., R = argming ., [|Z — Z*R||p, where Q, is the set of r-by-r
orthogonal matrices. For any ¢ € [d; + da], if h;(Z) = 0, then we have

(Vhi(Z),Z*'R — Z) = 2(eie] Z,Z'R) — 2{eie Z,Z) < 2| Zy.l2 - 12|12 — 2] Zis]I3 < 0,

where the first inequality follows from Cauchy-Schwarz inequality, and the second inequality holds because ||Z; .2 =
1Z; .ll2 < [|Z*[]2,00 < cv. Thus according to Lemma 3.4, we obtain

vec(Z*'R — Z) ' VEL(Z, \)vec(Z*R — Z) > 0. (A.3)
Denote A = Z — Z*R, then according to (A.2), we further obtain the equivalent form of (A.3)

vec(UA + Ay V) TV2E, (X)vec(UAJ, + Ay VT
I
+2(VFu(X), ApAL) + 235512 )\ (eie] ,AAT) +7(A,AZTZ + ZATZ + ZZT A) > 0.

Iz I3
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Consider [; first. Since UA‘T/ + AV =X - X* 4+ AUAg, thus we have

I = vee(X — X*) T V2F, (X)vec(X — X*) + vec(ApAY,) T VEF, (X)vec(ApAyy)
+ 2vec(X — X*) T V2F, (X)vec(ApyAY)
= —vec(X — X*)TV2F, (X)vec(X — X*) 4+ vec(Ay Ay, T V2F, (X)vec(AyAY)
+ 2vec(X — X*)TV2F, (X)vec(UAJ, + Ay V')
< —pl|X = X*|% + LA AL |2 + 2vec(X — X*) TV2F, (X)vec(UA + Ap V), (A4)

Iy

where the inequality follows from Lemma A.l. Next, we are going to prove that I;; is close to 2(VF,(X) —
VF.(X*),UAJ, + Ay V). More specifically, according to Lemma A.1, we have
L—p

[ = (L4 ) (X =X UAY + Ap V| < == (X = X[} + [UA] + AuVT[E). (A.5)

Besides, according to the integral form of the mean value theorem, we have
12(VF(X) — VF(X*), UA} + Ay VT) — (L+p)(X — X", UA| + Ay V)|
1
<| / dvec(X — X TV2F, (X + (1 — )X Jvec(UAT + Ay VT )dt
0

—(L+p) (X -X" UA} + Ay V)]
'L— K 2 T T2
< i — X =X"F +[UAy + Ay V |[F)dt
LR X X2 4 [UAT + AV 6
= 17+ [[UAy + AV |7), (A.6)
where the second inequality follows from Lemma A.1. Combining (A.5) and (A.6), we obtain
|11 = 2(VFo(X) = VF(X*), UAY + Ap V)| < (L—p) - (IIX = X*||7 + [UAL + AgVTF), (A7)

which implies that I11 is close to 2(VF,,(X) — VF,(X*),UA{, + Ay V"), as long as (L — ) is small enough. Noticing
that — A is a feasible direction for problem (3.1), according to Lemma 3.2, we have
(VG(Z),A) = (V2 Fn(UVT) +~ZZ" Z, A)
= (VFn(X), UA] + AyVT) + WZZ7Z,A) < 0. (A.8)

Therefore, we further obtain the upper bound of 77, as follows

Iy < 2AVF(X) = VFo(X*), UAY + Ay V) + (L= p) - (|IX = X5 + [UA] + ApVT[7)
< —29(ZZ"Z, A) + 2[(VF,(X*), UA) + Ay V| + (L — o) - (| X = X*|[7 + [UA] + ApVT3)
< —29(ZZ"Z,A) + (L — ) - (X = X*[3 + [UA) + AgVT|3)
+2V2r |V, (XY)|2 - [UA] + Ap VT, (A9)
where the first inequality follows from (A.7), the second inequality follows from (A.8), and the last inequality holds because
|(A,B)] < ||Allz - || B« and (UA{, + Ay V") has rank at most 2r. Hence, combining (A.4) and (A.9), we obtain the
upper bound of I; as follows
I < (3L — 4w)|X = X* |} + (3L — 2) | Au AT |3 — 21(ZZ7 Z, A)
+2V2r|VF.(XY) 2 - [UAY + Ap VT3, (A.10)
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where the inequality follows from the fact that UA{, + Ay V' = X —X*+ Ay A, and ||A +BJ||% < 2|Al|% +2||BJ%.
Furthermore, we turn to upper bound 5. To begin with, we have

di+da

I =2(VF,(X),X* = X+ UAJ + AgVT) +2 > Ai(eje] ,Z°Z"" —ZZ" + ZA" + AZT)
=1
d1+d2 d1+d2
<2(VF,(X),X* = X)+2 Y N[Z'ZT —ZZ];; +2(VzFo(UVT) +2 > Neje/ Z,A).
I =1 =1
Ia2 Ias

According to the restricted strong convexity Condition 3.5, we can upper bound I»; as follows
Iy = —(VF,(X) = VF,(X*), X — X*) = (VF,(X"), X — X*)
< —plX = X+ [V (X5), X = X)), (A.11)

Denote index set Z = {i € [dy + d2] | hi(Z) = 0}, then according to the complimentary slacknees condition in Lemma 3.3,
we have A\;h;(Z) = 0,Vi € [d1 + dz], which implies that A; = 0, if i ¢ Z. Therefore, we have

Lo =Y N(Z°Z" i — [Z2Z7]i) <D M(|Z7.]3,00 — %) <0. (A.12)
€T €T

According to the stationarity condition in Lemma 3.3, we have I53 = —fy@ZTZ, A). Combining (A.11) and (A.12), we
obtain

I < —2p||X — X*||3 + 2/(VF,(X*), X — X*)| — 2v(ZZ" Z, A)
< —2u||X = X*|[3 + 2V2r [ VF(X) |2 - [|X — X* || — 29(ZZ7 Z, A), (A.13)

where the last inequality is due to [(A,B)| < ||A]|s - ||B||« and the fact that (X — X*) has rank at most 2r. Therefore,
combining (A.10) and (A.13), we have

L+ 1 < (3L — 6p)[|X — X734+ (3L — 2u) [Av A |} — 47(2Z7 Z, A)
+2V2r|[VEL.(X) 2 - (JUAY + Ap VT |p + [|X = X*| ). (A.14)

Finally, we are going to upper bound the remaining term I3 — 4v(ZZ ' Z, A). Recall Z = [U; —V], and denote A =
[Ay; —Avy]. According to the definition of I3, we have

Is —4y(ZZZ,A) = v(AZ Z + ZATZ + 27" A — 477" Z, A)
= %@&T +AZTZAT + AZT) + (ZZT AATY — 29(ZZT AZ +ZAT).  (A.15)
Denote Z* = [U*; —V*]. Given the fact that Z*T Z* = 0, we have
(ZZ7 ,AATY = (ZZ" - Z*Z* T, AAT) + (Z*Z* T, AAT)
= (22" - 27T AATY +(Z°Z,ZZ7). (A.16)
Similarly, we have
(ZZ7 ,AZ+ZAT) = (22" —Z*Z" T, AZ +ZAT) + 2Z*Z* T ZZ7). (A.17)
Thus, plugging (A.16) and (A.17) into (A.15), we obtain

Iy — A(ZZ Z,A) = L(ZAT + AZT,ZAT + AZT) 4y (ZZ" — Z°Z* T, AAT)

131 132

— 2 (ZZT — 77T AZ+ZAT) -3y (22T, 2ZT). (A.18)

I3 I3q
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Moreover, we have

Vg — Iy = LZZT — 277 + AAT AZT + ZAT) —(ZZT — 77, AZT + ZAT

2 2
%(AAT AATY + <&AT, /AR A AL %@ZT —Z*Z° T AZT + ZAT)
7<AAT AAT) -2 2z7"T - 777,227 — 27277, (A.19)

where the third equality holds because (AAT,ZZT — Z*Z*T) = (AAT ,ZZ" — Z*Z*T). Besides, we have
sy — 33 = —(ZZT — 227,227 — 772+ 7). (A.20)
Since I34 = || Z*TZ||% > 0, thus plugging (A.19) and (A.20) into (A.18), we obtain the upper bound of Is —4~v(ZZT Z, A)
Iy — 4(ZZ7Z, A) < 1(&31 AAT) - 327<zzT 72°7°7,227 — 777
= ||AATHF*27||AUA [ ’Y||ZZT —Z°Z % + 69X - XF|[3 (A21)
Finally, combining (A.14) and (A.21), we conclude

0 < (3L — 6+ 69)[X — X*||5 + (3L — 2u — 29) | Ay Ay || + *HAAII% -5 lZzt -2z
+2V2r|[VE(XY) 2 - (IUAY + Ap VT [|r + | X = X*||r)
< (BL—6u+67+5) |X = X[} + (8L —2u— 2y +8) - | Av Ay [} + S AA}
3 N 10r «
- S l22T - 27T+ VA (A22)
where the second inequality holds because of triangle inequality and 2ab < Ba? + b?/3, for any 3 > 0. Choose ~ and 3
such that 3L — 6 + 6y + 8 > 0and 3L — 2u — 2y + S > 0, then according to (A.22), we have

1 s 1 10r N
0< gBL—6ut3y+5)- 1227 — 22" |l + 5L =2 =7+ B) - [AAT[E + —= [ VFL(XT)3

1 s 10r N
< 5(9L = 10p + 7 +36) - 122" - Z* 2|7 + 7HW" (X3,

where the first inequality holds because 2[| X —X*||% < |ZZ"T —Z*Z*"||% and 2|| Ay A/ ||% < ||AAT |2, and the second
inequality is due to Lemma D.1 and the fact that 3L — 2u — v + 8 > 0. Therefore, under condition that L/u < 18/17,
set 5 = (18u — 17L)/12, and choose ~y such that 4 — L/2 < ~ < min{(22u — 19L)/4, (3L — 2u)/2}, we have
9L — 10u + v + 38 < 0. Thus, we conclude

1
X = X*|[f < 51227 = 2727 [} < Tr|[ V(X5 < Tre*(n, ),

with probability at least 1 — &, where I is a constant depending on L,u and -y, and the last inequality follows from Condition
3.7. Thus we complete the proof. O

B. Proofs for Specific Examples

In this section, we present proofs for the specific models including matrix completion and one-bit matrix completion. In the
following discussions, we denote d = max{dy, ds} for simplicity.

B.1. Proof for Matrix Completion

In order to prove the results for noisy matrix completion, we need to make use of the following lemmas, which are
tailored for noisy matrix completion. In the following discussions, we let 2] = n, and A = ejez, where e; €
R% e, € R are basis vectors. Define A as the corresponding linear transformation operator such that A(A) =
[<Aj(1)k(1)a A), ey <Aj(n)k(n)7 A>]T, where (](Z), k‘(l)) € () for any 1 € [n]
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Lemma B.1. (Negahban & Wainwright, 2012) There are universal constants {c,;}?:1 such that if n > ¢yrdlogd, and for
all A € R% %4z that satisfy the following condition

didy [|Alloc,0  [|1A]] < 1 n/(dlogd), (B.1)
roAle Alle

C2

with probability at least 1 — c3/d, we have

‘HA(A)Hz _ Al | ‘o |A[lF (1+ Csvd1d2||A||oo,oo)_
Vn Vdida| T V/dida VnllAllF

Lemma B.2. (Negahban & Wainwright, 2012) Consider noisy matrix completion with uniform sampling model. Suppose
the noisy entry E;j, follows i.i.d. zero mean distribution with variance /2. Then, with probability at least 1 — cg/d, we have

dlogd
S crv ’
2 p

Proof of Corollary 4.1. In order to prove Corollary 4.1, we need to verify the restricted strong convexity and smoothness
conditions in Condition 3.5, 3.6 for F,,(X). Moreover, we need to establish Condition 3.7.

1
p
(4:k)eQ

where cg, c7 are universal constants, and p = n/(d1ds).

To begin with, we recast the objective loss function for matrix completion as F,,(X) = (2p)~* 2ok ((Ajr, X)—Yji) 2,
Thus for all matrices X, Xy € R%1%d2 with rank at most r we have

Fu(X1) = Fu(Xs) = (VFa(X2), X2 — X1) = (2p) [ A(A) |13,

where A = X; — X,. Next, we establish the restricted strong convexity and smoothness conditions for F,,(X) based on
Lemma B.1.

Case 1: If A violates condition (B.1), we have
dlogd
AL < eo (Vi Al ALy 2

[dlogd
SQCQO/\/ledQHAHF ng 5

where o = Bro; /v/dida, which comes from the incoherence condition of low rank matrices X; and X». Hence we can
obtain

dlogd
INE sCla“—pg . (B2)
Case 2: If A satisfies condition (B.1), by Lemma B.1, we have
A(A 1 c3vVd1da || Allso.co
AR _jae| < gplate(1+ D 00IE =)
VP 90 VnllAllr
If03\/d1d2||AHoo’oo/(\/ﬁ”AHF) Z 1/25, we have
12
A7 < 05%. (B.3)

Otherwise, if c3v/d1dz2||Allco.c0/ (V1| A7) < 1/25, we have

42 AA)|Z 44
Blalk < R < DA,
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Thus we obtain the restricted strong convexity and smoothness conditions for F,,(X) with parameters p = 42/43, L =
44/43. Next, for Condition 3.7, we have V.F,(X*) = p~! 2o (ke E;1eje/ . Since each Ejj, follows i.i.d. Gaussian

distribution with variance 2 /(d; ds). Therefore, according to Lemma B.2, we can obtain || V.F,, (X*)||2 < csv+/dlogd/n
holds with probability at least 1 — ¢g/d. In addition, combining this result with the additional error bounds (B.2) and (B.3),
with probability at least 1 — cg/d, we can establish Condition 3.7 with parameter €? = ¢; max {v2,r?3%07 }dlog d/n.

Therefore, for matrix completion (2.5), we set o2 = ¢ in all constraints hi(Z) <0,i=1,...,d; + do. Then we can
apply our general framework to matrix completion, and for any local minima Z of matrix completion (2.5), we obtain the
following standardized estimation error between UV T and X*

rdlogd

HUV—r — X*||% <ecy maX{VQ,rﬁzaf} —

which completes the proof. ]

B.2. Proof for One-Bit Matrix Completion

For one-bit matrix completion, we also consider the uniform sampling model as discussed in matrix completion. In the
following discussion, let 2 denote the observed index set with cardinality || = n, and A, = e;e; with corresponding
transformation operator .A. In addition, we define the following two quantities y¢/, L g/, which control the quadratic lower
and upper bounds of the second-order Taylor expansion of the sample loss function.

L
Lo > max (p { 725 - J‘:/((x))}Wfl;%/{(lilgf(( o +1f—//§f<)>}>' 5

Note that when f(-) and /5’ are given, p15 and Lg are fixed constants, which do not depend on the dimension of the
unknonw low-rank matrix.

Proof of Corollary 4.3. In order to prove Corollary 4.3, we need to verify the restricted strong convexity and smoothness
conditions in Conditions 3.5, 3.6 for F,,(X). Furthermore, we need to establish Condition 3.7. Note that we impose the
constraint D to ensure the estimator X satisfies incoherence condition (2.4) such that || X|| 0,00 < rf01/+/d1d2. Thus we
should consider the twice differentiable function f(x) = g(x/7), where 7 = v/+/d1d> is a scale parameter. For example,
one common used function is the Probit function f(x) = ®(x/0) with 0 = v/+/d1ds, where ® denotes the cumulative
distribution function of standard Gaussian distribution. And this is equivalent to observation model (2.6) with Z;, i.i.d.
following normal distribution with variance v%/(d;ds).

We can rewrite the objective function for one-bit matrix completion as follows
Fa(X):= = 37 {1{ (¥ = 1) }og (9((A0,X)/) + 1{ (Vi = ~1) } og (1 - g((Aze, X)/m)) }
(] k)eQ
Therefore, we obtain
V2F.(X Z B (X)vec(A ) vec(Ax) T, (B.6)
(] k)eQ

where B, (X) is defined as

e (PUARXD) (A X))
Bik(X) <g<< AL X)) g((AX)/7) )”YJ’“ Y

9"(Aj. X)/1)  gP (A X)/7) —
+(1 9(A;X)/7) (1 —g((Ajr, X)/7)? )]l{YJk 1}.

Therefore, using mean value theorem, for all matrices X, Xy € R91%d2 with rank at most 7, we can obtain

F7L(X1) = fn(Xg) =+ <an(X2),X2 — X1> + %(Xg - Xl)TVQJT'.n(W)(Xg — Xl),
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where W = X; + t(Xo — X;) for some ¢ € [0,1], and x; = vec(X), X2 = vec(Xz). Thus according to (B.6), we have

(x2 —x1) T VEF, (W) (x2 — x1) = % > Bir(W)(vec(Ajx) T (x2 — x1), vec(Ax) T (x2 — x1))

(7,k)EQ
1
=3 > Bi(W)(A; A
p (7,k)EQ
where A = X5 — X;. This implies
A(A)]|2 1 A(A)||2
GABNE L (a7 < o AE,

(4,k)€Q
where the inequalities come from the definition of s/, Lg:. Next, for the term || A(A)||3/p, we can follow the same proofs
as in matrix completion. Therefore, if n > c3rd log d, with probability at least 1 — ¢4 /d, we can obtain the restricted strong

convexity and smoothness conditions for F,,(X) with parameters 1 = pug:/42/(43v2), L = Lg/44/(431v2). Moreover, we
will have an additional statistical error bound that || X — X*||% < cga/?dlog d/p, where o’ = Bro’ /v/dids.

Next, for Condition 3.7, we have V.F,,(X*) = (nu/\/dldg) ! Z(j,k)eﬂ b A i, where we have

AR (AR X))
LTINS < yis Sl L L S e () Wy

Thus accordding to Lemma B.2, we can obtain || V.F,, (X*)||2 < ¢77varv/dlog d/n holds with probability at least 1 — cg/d,
where c7, cg are some constants.

{Yj, = -1}

Therefore, for one-bit matrix completion problem (2.8), we set a® = o in all constraints h;(U) <0, i = 1,...,d; + da.
Then we can apply our general framework to one-bit matrix completion, and for any local minima Z of one-bit matrix
completion problem (2.8), we can obtain the following estimation error between UV T and X*

dlogd
IUVT — X*|13 < comax{y3, rf%o?} 2l
n

which completes the proof. O

C. Proof of Lemma A.1

Proof. According to the restricted strong convexity and smoothness Conditions 3.5 and 3.6, for all matrices Y1, Yy €
R4 %42 with rank at most 6, we have

ul[ Yo = Y17 < (VFu(Y2) = VFu (Y1), Y2 = Y1) < L|[Y2 — Yi[7. (C.1)

According to the definition of Hessian, we have

vec(W) TV2F, (Y)vec(W) = <w, lim VFn(Y + tVZ) — V]:n(Y)>

=1lim{((Y +tW) - Y,VF,(Y +tW) - VF,(Y)) /2. (C.2)

t—0

For all matrices Y € R% %92 with rank at most 27, and matrices W € R% %42 with rank at most 47, we have Y + tW has
rank at most 6r, thus applying (C.1) to (C.2), we obtain

p[ W2 < vec(W) TV2F, (Y)vec(W) < L|W|%. (C3)

Since W1, Wy, has rank at most 27, we have W1 + Wy, W; — W, has rank at most 4. Thus, by substituting W by
Wi + W5 and W; — Wy in (C.3) respectively, we obtain

pl|W1 + Ws||2 < vec(W; + W) T V2F, (Y)vec(W; + Wy) < L|W; + Wy||%,
1| W1 — Wy |3 < vec(Wy — W) T V2F, (Y)vec(W; — Wy) < L|W; — W,|)%.
Therefore, by taking difference, we further obtain
|[4vec(W1) T V2F, (Y)vec(Wa) — 2(L + ) (W1, Wa)| < (L —p) - (W17 + [|[W2]7),
which completes the proof. O
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D. Auxiliary Lemma

Lemma D.1. (Ge et al., 2017) Let Z, Z* be two d x r matrices. Let R be the optimal rotation with respect to Z and Z*
such that R = argming_, [|Z — Z*R||r. Then we have that Z"Z*R is positive semidefinite. Moreover, we have the
following inequality

I(Z - Z*R)(Z ~ Z'R)" ||} < 2|2Z7 - Z°Z" |3



