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A Structure of This Document
This document gives some other necessary notations and preliminaries for our analysis in Sec. B.1 and provides auxiliary
lemmas in Sec. B.2. Then in Sec. C, we present the technical lemmas for proving our final results and their proofs. Next, in
Sec. D, we utilize these technical lemmas to prove our desired results. Finally, we give the proofs of other auxiliary lemmas
in Sec. E.

As for the results in manuscript, the proofs of Lemma 1 and Theorem 1 in Sec. 3.1 in the manuscript are respectively
provided in Sec. D.1 and Sec. D.2. As for the results in Sec. 4 in the manuscript, Sec. D.3 and D.4 present the proofs of
Theorem 2 and Corollary 1, respectively. Finally, we respectively introduce the proofs of Theorem 3 and Corollary 2 in
Sec. D.5 and D.6.

B Notations and Preliminary Tools
Beyond the notations introduced in the manuscript, we need some other notations used in this document. Then we introduce
several lemmas that will be used later.

B.1 Notations

Throughout this document, we use 〈·, ·〉 to denote the inner product and use ~̃ to denote the convolution operation with
stride 1. A⊗C denotes the Kronecker product betweenA andC. Note thatA andC inA⊗C can be matrices or vectors.

For a matrixA ∈ Rn1×n2 , we use ‖A‖F =
√∑

i,jA
2
ij to denote its Frobenius norm, whereAij is the (i, j)-th entry of

A. We use ‖A‖op = maxi |λi(A)| to denote the operation norm of a matrixA ∈ Rn1×n1 , where λi(A) denotes the i-th
eigenvalue of the matrixA. For a 3-way tensorA ∈ Rs×t×q , its operation norm is computed as

‖A‖op = sup
‖λ‖2≤1

〈
λ⊗

3

,A
〉

=
∑
i,j,k

Aijkλiλjλk,

whereAijk denotes the (i, j, k)-th entry ofA.

For brevity, in this document we use f(w,D) to denote f(g(w;D),y) in the manuscript. Let w(i) = (w1
(i); · · · ;wdi

(i)) ∈

Rki2di−1di (i = 1, · · · , l) be the parameter of the i-th layer where wk
(i) = vec

(
W k

(i)

)
∈ Rki2di−1 is the vectorization

of W k
(i). Similarly, let w(l+1) = vec

(
W(l+1)

)
∈ Rrlcldldl+1 . Then, we further define w = (w(1), · · · ,w(l),w(l+1)) ∈

Rrlcldldl+1+
∑l
i=1 ki

2di−1di which contains all the parameter in the network. Here we useW k
(i) to denote the k-th kernel in

the i-th convolutional layer. For brevity, letW k,j
(i) denotes the j-th slice ofW k

(i), i.e. W k,j
(i) = W k

(i)(:, :, j).

For a matrixM ∈ Rs×t, M̂ denotes the matrix which is obtained by rotating the matrixM by 180 degrees. Then we use
δi to denote the gradient of f(w,D) w.r.t. X(i):

δi = ∇X(i)
f(w,D) ∈ Rri×ci×di , (i = 1, · · · , l),
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Based on δi, we further define δ̃i ∈ R(r̃i−1−ki+1)×(c̃i−1−ki+1)×di . Each slice δ̃ki+1 can be computed as follows. Firstly, let
δ̃ki+1 = δki+1. Then, we pad zeros of si − 1 rows between the neighboring rows in δ̃ki+1 and similarly we pad zeros of si − 1

columns between the neighboring columns in δ̃ki+1. Accordingly, the size of δ̃ki+1 is (si(ri − 1) + 1)× (si(ci − 1) + 1).
Finally, we pad zeros of width ki − 1 around δ̃ki+1 to obtain new δ̃ki+1 ∈ R(si(ri−1)+2ki−1)×(si(ci−1)+2ki−1). Note that
since ri+1 = (r̃i − ki+1)/si+1 + 1 and ri+1 = (r̃i − ki+1)/si+1 + 1, we have si(ri − 1) + 2ki − 1 = r̃i−1 − ki + 1 and
si(ci − 1) + 2ki − 1 = c̃i−1 − ki + 1.

Then we define four operators G (·), Q (·), up (·) and vec(·), which are useful for explaining the following analysis.

Operation G (·): It maps an arbitrary vector z ∈ Rd into a diagonal matrix G (z) ∈ Rd×d with its i-th diagonal entry
equal to σ1(zi)(1− σ1(zi)) in which zi denotes the i-th entry of z.

Operation Q (·): it maps a vector z ∈ Rd into a matrix of size d2 × d whose ((i − 1)d + i, i) (i = 1, · · · , d) entry
equal to σ1(zi)(1− σ1(zi))(1− 2σ1(zi)) and rest entries are all 0.

Operation up (·): up (M) represents conducting upsampling on M ∈ Rs×t×q. Let N = up (M) ∈ Rps×pt×q.
Specifically, for each sliceN(:, :, i) (i = 1, · · · , q), we haveN(:, :, i) = up (M(:, :, i)). It actually upsamples each
entryM(g, h, i) into a matrix of p2 same entries 1

p2M(g, h, i).

Operation vec(·): For a matrix A ∈ Rs×t, vec(A) is defined as vec(A) = (A(:, 1); · · · ;A(:, t)) ∈ Rst that
vectorizes A ∈ Rs×t along its columns. If A ∈ Rt×s×q is a 3-way tensor, vec(A) = [vec(A(:, :, 1)); vec(A(:, :
, 2)), · · · , vec(A(:, :, q))] ∈ Rstq .

B.2 Auxiliary Lemmas

We first introduce Lemmas 2 and 3 which are respectively used for bounding the `2-norm of a vector and the operation norm
of a matrix. Then we introduce Lemmas 4 and 5 which discuss the topology of functions. In Lemma 6, we introduce the
Hoeffding’s inequality which provides an upper bound on the probability that the sum of independent random variables
deviates from its expected value. In Lemma 7, we provide the covering number of an ε-net for a low-rank matrix. Finally,
several commonly used inequalities are presented in Lemma 8 for our analysis.
Lemma 2. (Vershynin, 2012) For any vector x ∈ Rd, its `2-norm can be bounded as

‖x‖2 ≤
1

1− ε
sup
λ∈λε

〈λ,x〉 .

where λε = {λ1, . . . ,λkw} be an ε-covering net of Bd(1).
Lemma 3. (Vershynin, 2012) For any symmetric matrixX ∈ Rd×d, its operator norm can be bounded as

‖X‖op ≤
1

1− 2ε
sup
λ∈λε

|〈λ,Xλ〉| .

where λε = {λ1, . . . ,λkw} be an ε-covering net of Bd(1).
Lemma 4. (Mei et al., 2017) Let D ⊆ Rd be a compact set with a C2 boundary ∂D, and f, g : A→ R be C2 functions
defined on an open set A, with D ⊆ A. Assume that for all w ∈ ∂D and all t ∈ [0, 1], t∇f(w) + (1 − t)∇g(w) 6= 0.
Finally, assume that the Hessian ∇2f(w) is non-degenerate and has index equal to r for all w ∈ D. Then the following
properties hold:

(1) If g has no critical point in D, then f has no critical point in D.

(2) If g has a unique critical point w in D that is non-degenerate with an index of r, then f also has a unique critical
point w′ in D with the index equal to r.

Lemma 5. (Mei et al., 2017) Suppose that F (w) : Θ→ R is a C2 function where w ∈ Θ. Assume that {w(1), . . . , w(m)}
is its non-degenerate critical points and let D = {w ∈ Θ : ‖∇F (w)‖2 < ε and infi

∣∣λi (∇2F (w)
)∣∣ ≥ ζ}. Then D can

be decomposed into (at most) countably components, with each component containing either exactly one critical point, or
no critical point. Concretely, there exist disjoint open sets {Dk}k∈N, with Dk possibly empty for k ≥ m+ 1, such that

D = ∪∞k=1Dk .

Furthermore, w(k) ∈ Dk for 1 ≤ k ≤ m and each Di, k ≥ m+ 1 contains no stationary points.
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Lemma 6. (Hoeffding, 1963) Let x1, · · · , xn be independent random variables where xi is bounded by the interval [ai, bi].
Suppose sn = 1

n

∑n
i=1 xi, then the following properties hold:

P (sn − Esn ≥ t) ≤ exp

(
− 2n2t2∑n

i=1(bi − ai)2

)
.

where t is an arbitrary positive value.

Lemma 7. (Candes & Plan, 2009) Let Sr = {X ∈ Rn1×n2 : rank (X) ≤ r, ‖X‖F = b}. Then there exists an ε-net S̃r
for the Frobenius norm obeying

|S̃r| ≤
(

9b

ε

)r(n1+n2+1)

.

Then we give a lemma to summarize the properties of G (·), Q (·) and up (·) defined in Section B.1, the convolutional
operation ~ defined in manuscript.

Lemma 8. For G (·), Q (·) and up (·) defined in Section B.1, the convolutional operation ~ defined in manuscript, we have
the following properties:

(1) For arbitrary vector z, and arbitrary matricesM andN of proper sizes, we have

‖G (z)M‖2F ≤
1

16
‖M‖2F and ‖NG (z)‖2F ≤

1

16
‖N‖2F .

(2) For arbitrary vector z, and arbitrary matricesM andN of proper sizes, we have

‖Q (z)M‖2F ≤
26

38
‖M‖2F and ‖NQ (z)‖2F ≤

26

38
‖N‖2F .

(3) For any tensorM ∈ Rs×t×q , we have

‖up (M)‖2F ≤
1

p2
‖M‖2F .

(4) For any kernelW ∈ Rki×ki×di and δ̃i+1 ∈ R(r̃i−1−ki+1)×(c̃i−1−ki+1)×di defined in Sec. B.1, then we have

‖δ̃i+1~̃W ‖2F ≤ (ki − si + 1)2‖W ‖2F ‖δ̃i+1‖2F .

(5) For softmax activation function σ2, we can bound the norm of difference between output v and its corresponding
ont-hot label as

0 ≤ ‖v − y‖22 ≤ 2.

It should be pointed out that we defer the proof of Lemma 8 to Sec. E.

C Technical Lemmas and Their Proofs
Here we present the key lemmas and theorems for proving our desired results. For brevity, in this document we use f(w,D)
to denote f(g(w;D),y) in the manuscript.

Lemma 9. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Then the gradient of f(w,D) with respect to w(j) can be written as

∇W(l+1)
f(w,D) =S(v − y)zT(l) ∈ Rdl+1×r̃lc̃ldl ,

∇W k,j
(i)
f(w,D) =Zj(i−1)~̃δ̃

k
i ∈ Rki×ki , (j = 1, · · · , di−1; k = 1, · · · , di; i = 1, · · · , l),
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where δki is the k-slice (i.e. δi(:, :, k)) of δi which is defined as

δi = ∇X(i)
f(w,D) ∈ Rri×ci×di , (i = 1, · · · , l),

and further satisfies

δji =up

di+1∑
k=1

δ̃ki+1~̃Ŵ
k,j
(i+1)

� σ′1(Xj
(i)) ∈ Rri×ci , (j = 1, · · · , di; i = 1, · · · , l − 1),

where the matrix Ŵ k,j
(i+1) ∈ Rki+1×ki+1 is obtained by rotatingW k,j

(i+1) with 180 degrees. Also, δl is computed as follows:

∇uf(w,D) = S(v − y) ∈ Rdl+1 , ∇z(l)f(w,D) = (W(l+1))
TS(v − y) ∈ Rr̃lc̃ldl ,

∇Z(l)
f(w,D)= reshape

(
∇z(l)f(w,D)

)
∈ Rr̃l×c̃l×dl , δl=σ′1(X(l))� up

(
∂f(w,D)

∂Z(l)

)
∈ Rri×ci×di .

where S = G (u).

Proof. We use chain rule to compute the gradient of f(w,D) with respect to Z(i). We first compute several basis gradient.
According to the relationship betweenX(i),Y(i),Z(i) and f(w,D), we have

∇uf(w,D) = S(v − y) ∈ Rdl+1 ,

∇z(l)f(w,D) = (W(l+1))
TS(v − y) ∈ Rr̃lc̃ldl ,

∇Z(l)
f(w,D) = reshape

(
∇z(l)f(w,D)

)
∈ Rr̃l×c̃l×dl ,

∇X(l)
f(w,D) =

∂Y(l)

∂X(l)

∂Z(l)

∂Y(l)

∂f(w,D)

∂Z(l)
= σ′1(X(l))� up

(
∂f(w,D)

∂Z(l)

)
, δl ∈ Rri×ci×di .

Then we can further obtain

δji =up

di+1∑
k=1

δ̃ki+1~̃Ŵ
k,j
(i+1)

� σ′1(Xj
(i)) ∈ Rri×ci , (j = 1, · · · , di; i = 1, · · · , l − 1).

where Ŵ k,j
(i) denotes the j-th slice Ŵ k

(i)(:, : j) of Ŵ k
(i). Note, we clockwise rotate the matrix W k,j

(i+1) by 180 degrees to

obtain Ŵ k,j
(i+1). Finally, we can compute the gradient w.r.t. W(l+1) andW (i) (i = 1, · · · , l):

∇W(l+1)
f(w,D) =S(v − y)zT(l) ∈ Rdl+1×r̃lc̃ldl ,

∇W k,j
(i)
f(w,D) =Xj

(i−1)~̃δ̃
k
i ∈ Rki×ki , (j = 1, · · · , di−1; k = 1, · · · , di; i = 1, · · · , l).

The proof is completed.

Lemma 10. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Then the gradient of f(w,D) with respect to w(j) can be written as

‖δl‖
2
F ≤

ϑ

16p2
bl+1

2, ‖δi‖
2
F ≤

di+1bi+1
2(ki+1 − si+1 + 1)2

16p2

∥∥δi+1

∥∥2

F
, ‖δi‖

2
F ≤

ϑbl+1
2

16p2

l∏
s=i+1

dsbs
2(ks − ss + 1)2

16p2
,

where ϑ = 1/8.

Proof. We first bound δl. By Lemma 9, we have

‖δl‖
2
F =

∥∥∥∥σ′1(X(l))� up
(
∂f(w,D)

∂Z(l)

)∥∥∥∥2

F

¬
≤ 1

16p2

∥∥∥∥∂f(w,D)

∂Z(l)

∥∥∥∥2

F

=
1

16p2

∥∥∥∥∂f(w,D)

∂z(l)

∥∥∥∥2

2

≤ 1

16p2

∥∥(W(l+1))
TS(v − y)

∥∥2

2


≤ ϑ

16p2
bl+1

2,
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where ¬ holds since the values of the entries in the tensor σ′1(X(l)) ∈ Rrl×cl×dl belong to [0, 1/4], and the up (·) operation
does repeat one entry into p2 entries but the entry value becomes 1/p2 of the original entry value.  holds since we have
‖S(v − y)‖22 ≤ 1/8 in Lemma 8.

Also by Lemma 9, we can further bound ‖δji ‖2F as follows:

‖δi‖
2
F =

di∑
j=1

∥∥∥δji ∥∥∥2

F
=

di∑
j=1

∥∥∥∥∥∥up

di+1∑
k=1

δ̃ki+1~̃Ŵ
k,j
(i+1)

� σ′1(Xj
(i))

∥∥∥∥∥∥
2

F

≤ 1

16p2

di∑
j=1

∥∥∥∥∥∥
di+1∑
k=1

δ̃ki+1~̃Ŵ
k,j
(i+1)

∥∥∥∥∥∥
2

F

≤ di+1

16p2

di∑
j=1

di+1∑
k=1

∥∥∥δ̃ki+1~̃Ŵ
k,j
(i+1)

∥∥∥2

F
≤ di+1(ki+1 − si+1 + 1)2

16p2

di∑
j=1

di+1∑
k=1

∥∥∥δ̃ki+1

∥∥∥2

F

∥∥∥Ŵ k,j
(i+1)

∥∥∥2

F

¬
=
di+1(ki+1 − si+1 + 1)2

16p2

di+1∑
k=1

∥∥δki+1

∥∥2

F

∥∥∥W k
(i+1)

∥∥∥2

F
≤ di+1bi+1

2(ki+1 − si+1 + 1)2

16p2

∥∥δi+1

∥∥2

F
,

where Ŵ k,j
(i+1) denotes the j-th slice Ŵ k

(i+1)(:, :, j) of the tensor Ŵ k
(i+1). ¬ holds since we rotate the matrix W k,j

(i+1)

by 180 degrees to obtain Ŵ k
(i+1), indicating ‖W k,j

(i+1)‖
2
F = ‖Ŵ k,j

(i+1)‖
2
F and

∑di
j=1

∥∥∥W k,j
(i+1)

∥∥∥2

F
=
∥∥∥W k

(i+1)

∥∥∥2

F
≤ bi+1

2.
Accordingly, the above inequality gives

‖δi‖
2
F ≤

di+1bi+1
2(ki+1 − si+1 + 1)2

16p2

∥∥δi+1

∥∥2

F
≤· · ·≤‖δl‖

2
F

l∏
s=i+1

dsbs
2(ks − ss + 1)2

16p2

≤ϑbl+1
2

16p2

l∏
s=i+1

dsbs
2(ks − ss + 1)2

16p2
.

The proof is completed.

Lemma 11. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Then the gradient of f(w,D) with respect toW (l+1) and w can be respectively bounded as follows:∥∥∇W(l+1)

f(w,D)
∥∥2

F
≤ ϑr̃lc̃ldl and ‖∇wf(w,D)‖22 ≤ β

2,

where ϑ = 1/8 and β ,
[
ϑr̃lc̃ldl +

∑l
i=1

ϑbl+1
2di−1

p2bi2di
ri−1ci−1

∏l
s=i

dsbs
2(ks−ss+1)2

16p2

]1/2
.

Proof. By utilizing Lemma 10, we can bound

l∑
i=1

∥∥∇w(i)
f(w,D)

∥∥2

F
=

l∑
i=1

di∑
k=1

di−1∑
j=1

∥∥∥∇W k,j
(i)
f(w,D)

∥∥∥2

F
=

l∑
i=1

di∑
k=1

di−1∑
j=1

∥∥∥Zj(i−1)~̃δ
k
i

∥∥∥2

F

¬
≤

l∑
i=1

di∑
k=1

di−1∑
j=1

(ki − si + 1)2
∥∥∥Zj(i−1)

∥∥∥2

F

∥∥δki ∥∥2

F


≤

l∑
i=1

di∑
k=1

di−1∑
j=1

r̃i−1c̃i−1(ki − si + 1)2
∥∥δki ∥∥2

F

≤
l∑
i=1

r̃i−1c̃i−1di−1(ki − si + 1)2 ‖δi‖
2
F

≤
l∑
i=1

r̃i−1c̃i−1di−1(ki − si + 1)2ϑbl+1
2

16p2

l∏
s=i+1

dsbs
2(ks − ss + 1)2

16p2

=

l∑
i=1

ϑbl+1
2di−1

p2bi
2di

ri−1ci−1

l∏
s=i

dsbs
2(ks − ss + 1)2

16p2
,



Understanding Generalization and Optimization Performance for Deep CNNs

where ¬ holds since
∥∥∥Zj(i−1)~̃δ

k
i

∥∥∥2

F
≤ (ki− si + 1)2

∥∥∥Zj(i−1)

∥∥∥2

F

∥∥δki ∥∥2

F
; and  holds since the values of entries in Zj(i−1)

belong to [0, 1].

On the other hand, we can bound ∥∥∇W(l+1)
f(w,D)

∥∥2

F
=
∥∥∥S(v − y)zT(l)

∥∥∥2

F
≤ ϑr̃lc̃ldl.

So we can bound the `2 norm of the gradient as follows:

‖∇wf(w,D)‖2F =
∥∥∇W(l+1)

f(w,x)
∥∥2

F
+

l∑
i=1

∥∥∇w(i)
f(w,D)

∥∥2

F

≤ϑr̃lc̃ldl +

l∑
i=1

ϑbl+1
2di−1

p2bi
2di

ri−1ci−1

l∏
s=i

dsbs
2(ks − ss + 1)2

16p2
.

The proof is completed.

Lemma 12. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Then for both cases, the gradient of x(i) with respect to w(j) can be bounded as follows:

∥∥∥∥∥∥
∂vec

(
X(i)

)
∂w(j)

∥∥∥∥∥∥
2

F

=

∥∥∥∥ ∂x(i)

∂w(j)

∥∥∥∥2

F

≤ diricir̃j−1c̃j−1dj−1(kj − sj + 1)2
i∏

s=j+1

dsbs
2(ks − ss + 1)2

16p2

and

max
s

∥∥∥∥∥∥
∂vec

(
Xs

(i)

)
∂w(j)

∥∥∥∥∥∥
2

F

= max
s

∥∥∥∥ ∂xs(i)∂w(j)

∥∥∥∥2

F

≤ ricir̃j−1c̃j−1dj−1(kj − sj + 1)2
i∏

s=j+1

dsbs
2(ks − ss + 1)2

16p2
.

Proof. For brevity, letXk
(i)(s, t) denotes the (s, t)-th entry in the matrixXk

(i) ∈ Rri×ci . We also let φ(i,m) =
∂Xk

(i)(s,t)

∂X(m)
∈

Rrm×cm×dm . So similar to Lemma 9, we have

φq(i,m) =up

dm+1∑
k=1

φ̃k(i,m+1)~̃Ŵ
k,q
(m+1)

� σ′1(Xq
(m)) ∈ Rrm×cm , (q = 1, · · · , dm),

where the matrix Ŵ k,q
(m+1) ∈ Rkm+1×km+1 is obtained by rotating W k,q

(m+1) with 180 degrees. Then according to the
relationship betweenX(j) andW(j), we can compute

∂Xk
(i)(s, t)

∂W g,h
(j)

= Zh(j−1)~̃φ
g
(i,j) ∈ Rkj×kj , (h = 1, · · · , dj−1; g = 1, · · · , dj).

Therefore, we can further obtain∥∥∥∥∥∂X
k
(i)(s, t)

∂w(j)

∥∥∥∥∥
2

F

=

dj∑
g=1

dj−1∑
h=1

∥∥∥∥∥∂X
k
(i)(s, t)

∂W g,h
(j)

∥∥∥∥∥
2

F

=

dj∑
g=1

dj−1∑
h=1

∥∥∥∥∥∂X
k
(i)(s, t)

∂W g,h
(j)

∥∥∥∥∥
2

F

=

dj∑
g=1

dj−1∑
h=1

∥∥∥Zh(j−1)~̃φ
g
(i,j)

∥∥∥2

F

≤
dj∑
g=1

dj−1∑
h=1

(kj − sj + 1)2
∥∥∥Zh(j−1)

∥∥∥2

F

∥∥∥φg(i,j)∥∥∥2

F
≤ (kj − sj + 1)2

∥∥∥Z(j−1)

∥∥∥2

F

∥∥∥φ(i,j)

∥∥∥2

F

≤r̃j−1c̃j−1dj−1(kj − sj + 1)2
∥∥∥φ(i,j)

∥∥∥2

F
.
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On the other hand, by Lemma 9, we can further bound ‖φ(i,j)‖
2
F as follows:

∥∥∥φ(i,m)

∥∥∥2

F
=

dm∑
q=1

∥∥∥φq(i,m)

∥∥∥2

F
=

dm∑
q=1

∥∥∥∥∥∥up

dm+1∑
k=1

φ̃k(i,m+1)~̃Ŵ
k,q
(m+1)

� σ′1(Xq
(m))

∥∥∥∥∥∥
2

F

≤ 1

16p2

dm∑
q=1

∥∥∥∥∥∥
dm+1∑
k=1

φ̃k(i,m+1)~̃Ŵ
k,q
(m+1)

∥∥∥∥∥∥
2

F

≤ dm+1

16p2

dm∑
q=1

dm+1∑
k=1

∥∥∥φ̃k(i,m+1)~̃Ŵ
k,q
(m+1)

∥∥∥2

F

≤dm+1(km+1 − sm+1 + 1)2

16p2

dm∑
q=1

dm+1∑
k=1

∥∥∥φ̃k(i,m+1)

∥∥∥2

F

∥∥∥Ŵ k,q
(m+1)

∥∥∥2

F

¬
=
dm+1(km+1 − sm+1 + 1)2

16p2

dm+1∑
k=1

∥∥∥φ̃k(i,m+1)

∥∥∥2

F

∥∥∥Ŵ k
(m+1)

∥∥∥2

F

≤dm+1bm+1
2(km+1 − sm+1 + 1)2

16p2

∥∥∥φ(i,m+1)

∥∥∥2

F
,

where ¬ holds since ‖W k,q
(m+1)‖

2
F = ‖Ŵ k,q

(m+1)‖
2
F . It further yields

∥∥∥φ(i,m)

∥∥∥2

F
≤
∥∥∥φ(i,i)

∥∥∥2

F

i∏
s=m+1

dsbs
2(ks − ss + 1)2

16p2

¬
=

i∏
s=m+1

dsbs
2(ks − ss + 1)2

16p2
.

where ¬ holds since we have
∥∥∥φ(i,i)

∥∥∥2

F
=

∥∥∥∥∂Xk
(i)(s,t)

∂X(i)

∥∥∥∥2

F

= 1.

Therefore, we have∥∥∥∥∥ ∂x
k
(i)

∂w(j)

∥∥∥∥∥
2

F

=

ri∑
s=1

ci∑
t=1

∥∥∥∥∥∂X
k
(i)(s, t)

∂w(j)

∥∥∥∥∥
2

F

≤
ri∑
s=1

ci∑
t=1

r̃j−1c̃j−1dj−1(kj − sj + 1)2
∥∥∥φ(i,j)

∥∥∥2

F

=ricir̃j−1c̃j−1dj−1(kj − sj + 1)2
∥∥∥φ(i,j)

∥∥∥2

F

≤ricir̃j−1c̃j−1dj−1(kj − sj + 1)2
i∏

s=j+1

dsbs
2(ks − ss + 1)2

16p2
.

It further gives∥∥∥∥ ∂x(i)

∂w(j)

∥∥∥∥2

F

=

di∑
s=1

∥∥∥∥ ∂xs(i)∂w(j)

∥∥∥∥2

F

≤ diricir̃j−1c̃j−1dj−1(kj − sj + 1)2
i∏

s=j+1

dsbs
2(ks − ss + 1)2

16p2
.

The proof is completed.

Lemma 13. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Then the gradient of δsl with respect to w(j) can be bounded as follows:∥∥∥∥ ∂δsl

∂w(j)

∥∥∥∥2

F

≤ ϑ̃bl+1
2

16p2

∥∥∥W s
(l+1)

∥∥∥2

F
dlrlclr̃j−1c̃j−1dj−1(kj − sj + 1)2

l∏
s=j+1

dsbs
2(ks − ss + 1)2

16p2

and ∥∥∥∥ ∂δl
∂w(j)

∥∥∥∥2

F

≤ ϑ̃bl+1
4

16p2
dlrlclr̃j−1c̃j−1dj−1(kj − sj + 1)2

l∏
s=j+1

dsbs
2(ks − ss + 1)2

16p2
,

where ϑ̃ = 3
64 .
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Proof. Assume thatW(l+1) = [W 1
(l+1),W

2
(l+1), · · · ,W

dl
(l+1)] whereW i

(l+1) ∈ Rdl+1×r̃lc̃l is a submatrix inW(l+1). Then

we have v = σ2(
∑dl
k=1W

k
(l+1)z

k
(l)). For brevity, we further define a matrixG(k) as follows:

G(k)=
[
σ′1
(
x(k)

)
, σ′1

(
x(k)

)
, · · · , σ′1

(
x(k)

)︸ ︷︷ ︸
rkck columns

]
∈ Rrkckdk×rkck ,

Then we have

∂

∂z(l)

(
∂f(w,D)

∂zs(l)

)
=
[
(v − y)T ⊗ (W s

(l+1))
T
]

Q (u)W(l+1) + (W s
(l+1))

TG (u)G (u)W(l+1),

where Q (u) is a matrix of size d2
l+1 × dl+1 whose (s, (s− 1)dl+1 + s) entry equal to σ1(us)(1− σ1(us))(1− 2σ1(us))

and rest entries are all 0. Accordingly, we have∥∥∥∥∥ ∂

∂z(l)

(
∂f(w,D)

∂zs(l)

)∥∥∥∥∥
2

F

≤2

(∥∥∥[(v − y)T ⊗ (W s
(l+1))

T
]

Q (u)W(l+1)

∥∥∥2

F
+
∥∥∥(W s

(l+1))
TG (u)G (u)W(l+1)

∥∥∥2

F

)
≤2

(
26

38
‖v − y‖2F

∥∥∥W s
(l+1)

∥∥∥2

F

∥∥W(l+1)

∥∥2

F
+

1

162

∥∥∥W s
(l+1)

∥∥∥2

F

∥∥W(l+1)

∥∥2

F

)
¬
≤2

(
27

38
+

1

162

)
bl+1

2
∥∥∥W s

(l+1)

∥∥∥2

F

≤ 3

64
bl+1

2
∥∥∥W s

(l+1)

∥∥∥2

F
,

where we have ‖v − y‖2F ≤ 2 by Lemma 8. Then by similar way, we can have

∥∥∥∥ ∂δsl
∂w(j)

∥∥∥∥2

F

=

∥∥∥∥∥ ∂

∂z(l)

(
∂f(w,D)

∂zs(l)

)
∂z(l)

∂yl

∂yl
∂x(l)

∂x(l)

∂w(j)

∥∥∥∥∥
2

F

≤ 3

64 ∗ 16p2
bl+1

2
∥∥∥W s

(l+1)

∥∥∥2

F

∥∥∥∥ ∂x(l)

∂w(j)

∥∥∥∥2

F

≤ 3

64 ∗ 16p2
bl+1

2
∥∥∥W s

(l+1)

∥∥∥2

F
dlrlclr̃j−1c̃j−1dj−1(kj − sj + 1)2

l∏
s=j+1

dsbs
2(ks − ss + 1)2

16p2
.

Therefore, we can further obtain:∥∥∥∥ ∂δl
∂w(j)

∥∥∥∥2

F

=

dl+1∑
s=1

∥∥∥∥ ∂δsl
∂w(j)

∥∥∥∥2

F

≤ 3

64 ∗ 16p2
bl+1

4dlrlclr̃j−1c̃j−1dj−1(kj − sj + 1)2
l∏

s=j+1

dsbs
2(ks − ss + 1)2

16p2
.

The proof is completed.

Lemma 14. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Then the Hessian of f(w,x) with respect to w can be bounded as follows:∥∥∇2

wf(w,D)
∥∥2

F
≤ O

(
γ2
)
,

where γ =

(
ϑbl+1

2d20
b14d21

l2r2
0c

2
0

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]2)1/2

. With the same condition, we can bound the operation norm of

∇3
wf(w,D). That is, there exists a universal constant ν such that

∥∥∇3
wf(w,D)

∥∥
op ≤ ν.

Proof. From Lemma 9, we can further compute the Hessian matrix ∇2
wf(w,D). Recall that wk

(i) ∈ Rki2di−1 (k =

1, · · · , dl) is the vectorization of W k
(i) ∈ Rki×ki×di−1 , i.e. wk

(i) =
[
vec

(
W 1

(i)(:, : 1)
)

; · · · ; vec
(
W di

(i)(:, :, di−1)
)]

.
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Let w(i) =
[
w1

(i); · · · ;wdi
(i)

]
∈ Rki2di−1×di (i = 1, · · · , l). Also, w(l+1) ∈ Rr̃lc̃ldldl+1 is the vectorization of the weight

matrixW(l+1). Then if 1 ≤ i, j ≤ l, we can have

∂2f(w,D)

∂w(j)∂w
k
(i)

=



∂2f(w,D)

∂w(j)∂w
k,1
(i)

∂2f(w,D)

∂w(j)∂w
k,2
(i)

...
∂2f(w,D)

∂w(j)∂w
k,di−1
(i)


=



∂(vec(Z1
(i−1)~̃δ̃

k
i ))

∂w(j)

∂(vec(Z2
(i−1)~̃δ̃

k
i ))

∂w(j)

...
∂
(

vec
(
Z
di−1
(i−1)

~̃δ̃ki
))

∂w(j)



=



P1

(
δ̃ki

)
∂(vec(Z1

(i−1)))
∂w(j)

+ P2

(
Z1

(i−1)

)
∂(vec(δ̃ki ))
∂w(j)

P1

(
δ̃ki

)
∂(vec(Z2

(i−1)))
∂w(j)

+ P2

(
Z2

(i−1)

)
∂(vec(δ̃ki ))
∂w(j)

...

P1

(
δ̃ki

)∂(vec
(
Z
di−1
(i−1)

))
∂w(j)

+ P2

(
Z
di−1

(i−1)

)
∂(vec(δ̃ki ))
∂w(j)


∈ Rki

2di−1×kj2djdj−1 ,

(4)

where P1

(
δ̃ki

)
∈ Rki2×r̃i−1c̃i−1di−1 and P2

(
Z
di−1

(i−1)

)
∈ Rki2×(r̃i−ki+1)(c̃i−ki+1) satisfy: each row in P1

(
δ̃ki

)
contains

the vectorization of (δ̃ki )T at the right position and the remaining entries are 0s, and each row in P2

(
Z
di−1

(i−1)

)
is the

submatrix in Zdi−1

(i−1) that need to conduct inner product with δ̃ki in turn. Note that there are si− 1 rows and columns between

each neighboring nonzero entries inN which is decided by the definition of δ̃i+1 in Sec. B.1. Accordingly, we have

∥∥∥∥∥∥P1

(
δ̃ki

)∂ (vec
(
Z
di−1

(i−1)

))
∂w(j)

∥∥∥∥∥∥
2

F

≤ (ki − si + 1)2‖δ̃ki ‖2F

∥∥∥∥∥∥
∂
(

vec
(
Z
di−1

(i−1)

))
∂w(j)

∥∥∥∥∥∥
2

F

= (ki − si + 1)2‖δki ‖2F

∥∥∥∥∥∥
∂
(

vec
(
Z
di−1

(i−1)

))
∂w(j)

∥∥∥∥∥∥
2

F

and

∥∥∥∥∥∥P2

(
Z
di−1

(i−1)

)∂ (vec
(
δ̃ki

))
∂w(j)

∥∥∥∥∥∥
2

F

≤ (ki − si + 1)2‖Zdi−1

(i−1)‖
2
F

∥∥∥∥∥∥
∂
(

vec
(
δ̃ki

))
∂w(j)

∥∥∥∥∥∥
2

F

= (ki − si + 1)2‖Zdi−1

(i−1)‖
2
F

∥∥∥∥∥∂
(
vec

(
δki
))

∂w(j)

∥∥∥∥∥
2

F

.

Then in order to bound

‖∇2
wf(w,D)‖2F =

l+1∑
i=1

l+1∑
j=1

∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(i)

∥∥∥∥2

F

,

we try to bound each term separately. So we consider the following five cases: l ≥ i ≥ j, i ≤ j ≤ l, l + 1 = i > j,
l + 1 = j > i and l + 1 = i = j.

Case 1: l ≥ i ≥ j
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In the following, we first consider the first case, i.e. i ≥ j, and bound∥∥∥∥∥∥
∂
(

vec
(
δ̃ki

))
∂w(j)

∥∥∥∥∥∥
2

F

=

∥∥∥∥∥∂
(
vec

(
δki
))

∂w(j)

∥∥∥∥∥
2

F

=

∥∥∥∥∥∥ ∂

∂w(j)
vec

up

di+1∑
s=1

δ̃si+1~̃Ŵ
s,k
(i+1)

� σ′1(Xk
(i))

∥∥∥∥∥∥
2

F

¬
≤ 2

16

∥∥∥∥∥∥ ∂

∂w(j)
vec

up

di+1∑
s=1

δ̃si+1~̃Ŵ
s,k
(i+1)

∥∥∥∥∥∥
2

F

+ 2

∥∥∥∥∥∥up

di+1∑
s=1

δ̃si+1~̃Ŵ
s,k
(i+1)

∥∥∥∥∥∥
2

F

∥∥∥∥∥∂σ
′
1(Xk

(i))

∂w(j)

∥∥∥∥∥
2

F

=
2

16p2

∥∥∥∥∥∥ ∂

∂w(j)
vec

di+1∑
s=1

δ̃si+1~̃Ŵ
s,k
(i+1)

∥∥∥∥∥∥
2

F

+
2

p2

∥∥∥∥∥∥
di+1∑
s=1

δ̃si+1~̃Ŵ
s,k
(i+1)

∥∥∥∥∥∥
2

F

∥∥∥∥∥∥
∂vec

(
σ′(xk(i))

)
∂xk(i)

∂xk(i)

∂w(j)

∥∥∥∥∥∥
2

F


≤ 2

16p2

∥∥∥∥∥∥ ∂

∂w(j)
vec

di+1∑
s=1

δ̃si+1~̃Ŵ
s,k
(i+1)

∥∥∥∥∥∥
2

F

+
2 · 26

38p2

∥∥∥∥∥∥
di+1∑
s=1

δ̃si+1~̃Ŵ
s,k
(i+1)

∥∥∥∥∥∥
2

F

∥∥∥∥∥∂X
k
(i)

∂w(j)

∥∥∥∥∥
2

F

®
≤2di+1

16p2
(ki+1−si+1+1)2

di+1∑
s=1

‖Ŵ s,k
(i+1)‖

2
F

∥∥∥∥∥∂δ̃si+1

∂w(j)

∥∥∥∥∥
2

F

+
2 · 26

38p2
di+1(ki+1−si+1+1)2

di+1∑
s=1

∥∥∥Ŵ s,k
(i+1)

∥∥∥2

F

∥∥∥δ̃si+1

∥∥∥2

F

∥∥∥∥∥∂X
k
(i)

∂w(j)

∥∥∥∥∥
2

F

¯
=

2di+1

16p2
(ki+1−si+1+1)2

di+1∑
s=1

‖W s,k
(i+1)‖

2
F

∥∥∥∥∂δsi+1

∂w(j)

∥∥∥∥2

F

+
2 · 26

38p2
di+1(ki+1−si+1+1)2

di+1∑
s=1

∥∥∥W s,k
(i+1)

∥∥∥2

F

∥∥δsi+1

∥∥2

F

∥∥∥∥∥∂X
k
(i)

∂w(j)

∥∥∥∥∥
2

F

.

(5)

¬ holds sinceXk
(i) is independent onw(j) and the values of entries in σ′1(Xk

(i)) is not larger than 1/4 since for any constant
a, σ′(a) = σ(a)(1− σ(a)) ≤ 1/4.  holds since for arbitrary tensorM , we have ‖up (M)‖2F ≤ ‖M‖2F /p2 in Lemma 8,
and we also have∥∥∥∥∥∥

∂vec
(
σ′(xk(i))

)
∂xk(i)

∂xk(i)

∂w(j)

∥∥∥∥∥∥
2

F

=

∥∥∥∥∥Q
(
xk(i)

) ∂xk(i)
∂w(j)

∥∥∥∥∥
2

F

≤ 26

38

∥∥∥∥∥ ∂x
k
(i)

∂w(j)

∥∥∥∥∥
2

F

=
26

38

∥∥∥∥∥∂X
k
(i)

∂w(j)

∥∥∥∥∥
2

F

.

® holds since we can just adopt similar strategy in Eqn. (4) to separate Ŵ s,k
(i+1) and the conclusion in Lemma 8; ¯ holds

since the difference between δ̃si+1 and δsi+1 is that we pad 0 around δsi+1 to obtain δ̃si+1, indicating ‖δsi+1‖2F = ‖δ̃si+1‖2F .

Accordingly, we can further bound∥∥∥∥∥ ∂δ̃i
∂w(j)

∥∥∥∥∥
2

F

=

di−1∑
k=1

∥∥∥∥∥∂
(
vec

(
δki
))

∂w(j)

∥∥∥∥∥
2

F

≤2di+1

16p2
(ki+1−si+1+1)2

di−1∑
k=1

di+1∑
s=1

‖W s,k
(i+1)‖

2
F

∥∥∥∥∂δsi+1

∂w(j)

∥∥∥∥2

F

+
2 · 26

38p2
di+1(ki+1−si+1+1)2

di−1∑
k=1

di+1∑
s=1

∥∥∥W s,k
(i+1)

∥∥∥2

F

∥∥δsi+1

∥∥2

F

∥∥∥∥∥∂X
k
(i)

∂w(j)

∥∥∥∥∥
2

F

≤2di+1

16p2
(ki+1−si+1+1)2

di+1∑
s=1

‖W s
(i+1)‖

2
F

∥∥∥∥∂δsi+1

∂w(j)

∥∥∥∥2

F

+
2 · 26

38p2
di+1(ki+1−si+1+1)2

∥∥δi+1

∥∥2

F
max
s

∥∥∥W s
(i+1)

∥∥∥2

F
max
k

∥∥∥∥∥∂X
k
(i)

∂w(j)

∥∥∥∥∥
2

F

¬
≤2di+1

16p2
(ki+1−si+1+1)2bi+1

2

∥∥∥∥∂δi+1

∂w(j)

∥∥∥∥2

F

+
2 · 26

38p2
di+1(ki+1−si+1+1)2bi+1

2
∥∥δi+1

∥∥2

F
max
k

∥∥∥∥∥∂X
k
(i)

∂w(j)

∥∥∥∥∥
2

F


≤2di+1

16p2
(ki+1−si+1+1)2bi+1

2

∥∥∥∥∂δi+1

∂w(j)

∥∥∥∥2

F

+
ϑbl+1

2dj−1

3p2bj
2dj

ricirj−1cj−1

l∏
s=j

dsbs
2(ks − ss + 1)2

16p2
,

where ¬ holds since we have ‖W s
(i+1)‖F ≤ rw;  holds due to the bounds of

∥∥δi+1

∥∥2

F
and

∥∥∥∥∂Xk
(i)

∂w(j)

∥∥∥∥2

F

in Lemma 10

and 12.
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Then, we can use the above recursion inequality to further obtain∥∥∥∥ ∂δi
∂w(j)

∥∥∥∥2

F

≤

[
i+1∏
s=i+1

2ds
16p2

(ks−ss+1)2bs
2

]2di+2

16p2
(ki+2−si+2+1)2bi+2

2

∥∥∥∥∂δi+2

∂w(j)

∥∥∥∥2

F

+
ϑbl+1

2dj−1

3p2bj
2dj

rj−1cj−1ri+1ci+1

l∏
s=j

dsbs
2(ks−ss+1)2

16p2


+
ϑbl+1

2dj−1

3p2bj
2dj

ricirj−1cj−1

l∏
s=j

dsbs
2(ks − ss + 1)2

16p2

≤

[
l∏

s=i+1

2ds
16p2

(ks−ss+1)2bs
2

]∥∥∥∥ ∂δl
∂w(j)

∥∥∥∥2

F

+
ϑbl+1

2dj−1

3p2bj
2dj

rj−1cj−1

l∏
s=j

dsbs
2(ks − ss + 1)2

16p2

[
rici + ri+1ci+1

[
i+1∏
s=i+1

2ds
16p2

(ks−ss+1)2bs
2

]

+ri+2ci+2

[
i+2∏
s=i+1

2ds
16p2

(ks−ss+1)2bs
2

]
+ · · ·+ rlcl

[
l∏

s=i+1

2ds
16p2

(ks−ss+1)2bs
2

]]
.

By Lemma 13, we have ∥∥∥∥ ∂δl
∂w(j)

∥∥∥∥2

F

≤ ϑ̃bl+1
4dj−1

p2bj
2dj

dlrlclrj−1cj−1

l∏
s=j

dsbs
2(ks − ss + 1)2

16p2
,

where ϑ̃ = 3
64 . Thus, we can establish∥∥∥∥ ∂δi

∂w(j)

∥∥∥∥2

F

≤ ϑ̃bl+1
2dj−1

p2bj
2dj

rj−1cj−1

[
τ

3
+ bl+1

2dlrlcl

l∏
s=i+1

dsbs
2(ks − ss + 1)2

16p2

]
l∏

s=j

dsbs
2(ks − ss + 1)2

16p2
.

where τ = rici + ri+1ci+1

[∏i+1
s=i+1

2ds
16p2 (ks−ss+1)2bs

2
]

+ · · ·+ rlcl

[∏l
s=i+1

2ds
16p2 (ks−ss+1)2bs

2
]
. It further gives the

bound of
∥∥∥ ∂2f(w,x)
∂w(j)∂w(i)

∥∥∥2

F
as follows:

∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(i)

∥∥∥∥2

F

=

di−1∑
k=1

∥∥∥∥∥ ∂2f(w,D)

∂w(j)∂w
k
(i)

∥∥∥∥∥
2

F

=

di−1∑
k=1

di∑
s=1

∥∥∥∥∥∥P1

(
δki
)∂ (vec

(
Xs

(i−1)

))
∂w(j)

+ P2

(
Xs

(i−1)

)∂ (vec
(
δki
))

∂w(j)

∥∥∥∥∥∥
2

F

≤2

di−1∑
k=1

di∑
s=1


∥∥∥∥∥∥P1

(
δki
)∂ (vec

(
Xs

(i−1)

))
∂w(j)

∥∥∥∥∥∥
2

F

+

∥∥∥∥∥P2

(
Xs

(i−1)

)∂ (vec
(
δki
))

∂w(j)

∥∥∥∥∥
2

F


≤2(ki−si+1)2

di−1∑
k=1

di∑
s=1

∥∥δki ∥∥2

F

∥∥∥∥∥∥
∂
(

vec
(
Xs

(i−1)

))
∂w(j)

∥∥∥∥∥∥
2

F

+
∥∥∥Xs

(i−1)

∥∥∥2

F

∥∥∥∥∥∂
(
vec

(
δki
))

∂w(j)

∥∥∥∥∥
2

F


≤2(ki−si+1)2

‖δi‖2F
∥∥∥∥∥∥
∂
(

vec
(
X(i−1)

))
∂w(j)

∥∥∥∥∥∥
2

F

+
∥∥∥X(i−1)

∥∥∥2

F

∥∥∥∥∂ (vec (δi))

∂w(j)

∥∥∥∥2

F


¬
≤32ϑbl+1

2di−1

bi
2bj

2didj
ri−1ci−1rj−1cj−1

l∏
s=i+1

dsbs
2(ks − ss + 1)2

16p2
+ ri−1ci−1di−1

∥∥∥∥∂ (vec (δi))

∂w(j)

∥∥∥∥2

F


≤O

ϑbl+1
2di−1dj−1

bi
2bj

2didj
ri−1ci−1rj−1cj−1

 l∏
s=j

dsbs
2(ks − ss + 1)2

16p2

[ l∏
s=i

2dsbs
2(ks − ss + 1)2

16p2

] .
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where ¬ holds because of Lemma 12, while  holds due to 13.

Case 2: i ≤ j ≤ l

Since ∂2f(w,D)
∂w∂wT

is symmetrical, we have ∂2f(w,D)

∂wT
(i)
∂w(j)

=

(
∂2f(w,D)

∂wT
(j)
∂w(i)

)T
(1 ≤ i, j ≤ l). Thus, it yields

∥∥∥∥∥ ∂2f(w,D)

∂wT
(i)∂w(j)

∥∥∥∥∥
2

F

=

∥∥∥∥∥ ∂2f(w,D)

∂wT
(j)∂w(i)

∥∥∥∥∥
2

F

.

Case 3: l + 1 = i > j

In the following, we first consider the first case, i.e. cross entropy and softmax activation, and bound

∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(l+1)

∥∥∥∥2

F

=

∥∥∥∥∥∂(v − y)zT(l)

∂w(j)

∥∥∥∥∥
2

F

=

∥∥∥∥∥[Ir̃lc̃ldl ⊗ (v − y)]
∂zT(l)

∂x(l)

∂x(l)

∂w(j)
+
[
z(l) ⊗ Idl+1

] ∂v

∂z(l)

∂z(l)

∂x(l)

∂x(l)

∂w(j)

∥∥∥∥∥
2

F

=

∥∥∥∥ũp
(
[Ir̃lc̃ldl ⊗ (v − y)] +

[
z(l) ⊗ Idl+1

]
diag (σ′2(u))W(l+1)

)
�G(l)

∂x(l)

∂w(j)

∥∥∥∥2

F

,

whereG(l) is defined as

G(l)=
[
σ′1
(
x(l)

)
, σ′1

(
x(l)

)
, · · · , σ′1

(
x(l)

)︸ ︷︷ ︸
rlcl columns

]
∈ Rrlcldl×rlcl .

Thus, we can further obtain∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(l+1)

∥∥∥∥2

F

≤ 1

16p2

∥∥[Ir̃lc̃ldl ⊗ (v − y)] +
[
z(l) ⊗ Idl+1

]
diag (σ′2(u))W(l+1)

∥∥2

F

∥∥∥∥ ∂x(l)

∂w(j)

∥∥∥∥2

F

≤ 2

16p2

(
‖Ir̃lc̃ldl ⊗ (v − y)‖2F +

∥∥[z(l) ⊗ Idl+1

]
diag (σ′2(u))W(l+1)

∥∥2

F

)∥∥∥∥ ∂x(l)

∂w(j)

∥∥∥∥2

F

¬
≤ 2

16p2

(
‖Ir̃lc̃ldl ⊗ (v − y)‖2F +

∥∥z(l) ⊗
[
diag (σ′2(u))W(l+1)

]∥∥2

F

)∥∥∥∥ ∂x(l)

∂w(j)

∥∥∥∥2

F


≤ 1

8p2
r̃lc̃ldl

(
2 +

1

16
bl+1

2

)
dlrlclr̃j−1c̃j−1dj−1(kj − sj + 1)2

l∏
s=j+1

dsbs
2(ks − ss + 1)2

16p2

=
2dj−1

p4bj
2dj

r2
l c

2
l d

2
l rj−1cj−1

(
2 +

1

16
bl+1

2

) l∏
s=j

dsbs
2(ks − ss + 1)2

16p2

where ¬ holds since for an arbitrary vector u ∈ Rk and an arbitrary matrixM ∈ Rk×k, we have (u⊗ Ik)M = u⊗M ;
 holds since we use Lemma 12 and the assumption that ‖W(l+1)‖2F ≤ bl+1

2.

Now we consider the least square loss and softmax activation function. In such a case, we can further obtain:∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(l+1)

∥∥∥∥2

F

=

∥∥∥∥∥∂(v − y)G (u)zT(l)

∂w(j)

∥∥∥∥∥
2

F

=

∥∥∥∥∥[Ir̃lc̃ldl ⊗ (v − y)]
∂zT(l)

∂x(l)

∂x(l)

∂w(j)
+
[
z(l) ⊗ (v − y)

] ∂vec (G (u))

∂u

∂u

∂z(l)

∂z(l)

∂x(l)

∂x(l)

∂w(j)
+
[
z(l) ⊗ Idl+1

] ∂v

∂z(l)

∂z(l)

∂x(l)

∂x(l)

∂w(j)

∥∥∥∥∥
2

F

=

∥∥∥∥ũp
(
[Ir̃lc̃ldl ⊗ (v − y)] +

[
z(l) ⊗ (v − y)

]
Q (u)W(l+1) +

[
z(l) ⊗ Idl+1

]
Q (u)G (u)W(l+1)

)
�G(l)

∂x(l)

∂w(j)

∥∥∥∥2

F

.
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Thus, we can further obtain∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(l+1)

∥∥∥∥2

F

≤ 1

16p2

∥∥[Ir̃lc̃ldl ⊗ (v − y)] +
[
z(l) ⊗ (v − y)

]
Q (u)W(l+1) +

[
z(l) ⊗ Idl+1

]
Q (u)G (u)W(l+1)

∥∥2

F

∥∥∥∥ ∂x(l)

∂w(j)

∥∥∥∥2

F

≤ 3

16p2

(
‖Ir̃lc̃ldl ⊗ (v − y)‖2F +

∥∥[z(l) ⊗ (v − y)
]

Q (u)W(l+1)

∥∥2

F
+
∥∥[z(l) ⊗ Idl+1

]
Q (u)G (u)W(l+1)

∥∥2

F

)∥∥∥∥ ∂x(l)

∂w(j)

∥∥∥∥2

F

¬
≤ 3

16p2
r̃lc̃ldl

(
2 +

3

100
bl+1

2

)
dlrlclr̃j−1c̃j−1dj−1(kj − sj + 1)2

l∏
s=j+1

dsbs
2(ks − ss + 1)2

16p2

=
3dj−1

p4bj
2dj

rj−1cj−1d
2
l r

2
l c

2
l

(
2 +

27

38
bl+1

2 +
26

16 · 38
bl+1

2

) l∏
s=j

dsbs
2(ks − ss + 1)2

16p2
,

where ¬ holds since we use Lemma 12 and the fact that ‖W(l+1)‖2F ≤ bl+1
2.

Case 4: i < j = l + 1

Similar to the Case 2, we also can have ∥∥∥∥∥ ∂2f(w,D)

∂wT
(i)∂w(j)

∥∥∥∥∥
2

F

=

∥∥∥∥∥ ∂2f(w,D)

∂wT
(j)∂w(i)

∥∥∥∥∥
2

F

.

So in this case, we can just directly use the bound in case 3 to bound
∥∥∥∥ ∂2f(w,D)

∂wT
(i)
∂w(j)

∥∥∥∥2

F

.

Case 5: i = j = l + 1

In the following, we first consider the first case, i.e. i = l + 1, and bound

∥∥∥∥ ∂2f(w,D)

∂w(l+1)∂w(l+1)

∥∥∥∥2

F

=

∥∥∥∥∥∂(v − y)zT(l)

∂w(l+1)

∥∥∥∥∥
2

F

=

∥∥∥∥[z(l) ⊗ Idl+1

] ∂v

∂w(l+1)

∥∥∥∥2

F

=
∥∥∥[z(l) ⊗ Idl+1

]
G (u)

[
z(l) ⊗ Idl+1

]T∥∥∥2

F

¬
=

∥∥∥∥[z(l)

(
z(l) ⊗G (u)

)T ]T∥∥∥∥2

F

≤
∥∥z(l)‖4F ‖G (u)

∥∥2

F
≤ 1

16
r̃2
l c̃

2
l d

2
l dl+1,

where ¬ holds since for an arbitrary vector u ∈ Rk and an arbitrary matrixM ∈ Rk×k, we have (u⊗ Ik)M = u⊗M .

Now we can bound
∥∥∥∂2f(w,D)

∂w∂w

∥∥∥2

F
as follows:

∥∥∥∥∂2f(w,D)

∂w∂w

∥∥∥∥2

F

=

∥∥∥∥ ∂2f(w,D)

∂w(l+1)∂w(l+1)

∥∥∥∥2

F

+ 2

l∑
j=1

∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(l+1)

∥∥∥∥2

F

+ 2

l∑
j=1

l∑
i=j

∥∥∥∥ ∂2f(w,D)

∂w(j)∂w(i)

∥∥∥∥2

F

≤O
(
l2

k1
4 max

1≤i,j≤l
r̃ic̃irjcj

bl+1
4

16p2

(
rw

2

8
√

2p2

)2l−2 l∏
s=1

(dsks
2)2

)

≤O

ϑbl+1
2d2

0

b1
4d2

1

l2r2
0c

2
0

[
l∏

s=1

dsbs
2(ks − ss + 1)2

8
√

2p2

]2
 .
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On the other hand, if the activation functions σ1 and σ2 are respectively sigmoid function and softmax function, f(w,D) is
infinitely differentiable. Also σ(a), σ′(a), σ′′(a) and σ′′′(a) are all bounded. This means that ∇3

wf(w,D) exists. Also
since inputD and the parameter w are bounded, we can always find a universal constant ν such that

‖∇3
wf(w,D)‖op = sup

‖λ‖2≤1

〈
λ⊗

3

,∇3
wf(w,D)

〉
=
∑
i,j,k

[∇3
wf(w,D)]ijkλiλjλk ≤ ν < +∞.

The proof is completed.

Lemma 15. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Suppose Assumption 1 on the input dataD holds. Then for any t > 0, the objective f(w,x) obeys

P

(
1

n

n∑
i=1

(
f(w,D(i))−E(f(w,D(i)))

)
>t

)
≤ 2 exp

(
−2nt2

α2

)
,

where α = 1.

Proof. Since the input D(i) (i = 1, · · · , n) are independent from each other, then the output f(w,D(i)) (i = 1, · · · , n)
are also independent. Meanwhile, when the loss is the square loss, we can easily bound 0 ≤ f(w,D(i)) = 1

2‖v − y‖
2
2 ≤ 1,

since the value of entries in v belongs to [0, 1] and y is a one-hot vector label of v.

Besides, for arbitrary random variable x, |x− Ex| ≤ |x|. So by Hoeffding’s inequality in Lemma 6, we have

P

(
1

n

n∑
i=1

(
f(w,D(i))−E(f(w,D(i)))

)
>t

)
≤ exp

(
−2nt2

α2

)
,

where α = 1. This means that 1
n

∑n
i=1

(
f(w,D(i))−E(f(w,D(i)))

)
has exponential tails.

Lemma 16. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Suppose Assumption 1 on the input dataD holds. Then for any t > 0 and arbitrary unit vector λ ∈ Sd−1, the gradient
∇f(w,x) obeys

P

(
1

n

n∑
i=1

(〈
λ,∇wf(w,D(i))−ED∼D∇wf(w,D(i))

〉)
>t

)
≤ exp

(
− nt

2

2β2

)
.

where β ,
[
ϑr̃lc̃ldl +

∑l
i=1

ϑbl+1
2di−1

p2bi2di
ri−1ci−1

∏l
s=i

dsbs
2(ks−ss+1)2

16p2

]1/2
in which ϑ = 1/8.

Proof. Since the inputD(i) (i = 1, · · · , n) are independent from each other, then the output∇wf(w,D(i)) (i = 1, · · · , n)
are also independent. Furthermore, for arbitrary vector x, ‖x−Ex‖22 ≤ ‖x‖22. Hence, for an arbitrary unit vector λ ∈ Sd−1

where d = r̃lc̃ldldl+1 +
∑l
i=1 ki

2di−1di, we have

〈λ,∇wf(w,D(i))− ED∼D∇wf(w,D(i))〉 ≤‖λ‖2‖∇wf(w,D(i))− ED∼D∇wf(w,D(i))‖2

≤‖λ‖2‖∇wf(w,D(i))‖2
¬
≤ β,

where ¬ holds since ‖λ‖2 = 1 (λ ∈ Sd−1) and by Lemma 11, we have ‖∇wf(w,D(i))‖ ≤ β where β ,[
ϑr̃lc̃ldl +

∑l
i=1

ϑbl+1
2di−1

p2bi2di
ri−1ci−1

∏l
s=i

dsbs
2(ks−ss+1)2

16p2

]1/2
in which ϑ = 1/8.

Thus, we can use Hoeffding’s inequality in Lemma 6 to bound

P

(
1

n

n∑
i=1

(〈
λ,∇wf(w,D(i))−ED∼D∇wf(w,D(i))

〉)
>t

)
≤ exp

(
− nt

2

2β2

)
.

The proof is completed.
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Lemma 17. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Suppose that Assumption 1 on the input data D and the parameter w holds. Then for any t > 0 and arbitrary unit
vector λ ∈ Sd−1, the Hessian∇2f(w,D) obeys

P

(
1

n

n∑
i=1

(〈
λ, (∇2

wf(w,D(i))− ED∼D∇2
wf(w,D(i)))λ

〉)
> t

)
≤ 2 exp

(
−nt

2

2γ2

)
.

where γ =

(
ϑbl+1

2d20
b14d21

l2r2
0c

2
0

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]2)1/2

.

Proof. Since the inputD(i) (i = 1, · · · , n) are independent from each other, then the output∇wf(w,D(i)) (i = 1, · · · , n)
are also independent. On the other hand, for arbitrary random matrix X , ‖X − EX‖2F ≤ ‖X‖2F . Thus, for an arbitrary
unit vector λ ∈ Sd−1 where d = r̃lc̃ldldl+1 +

∑l
i=1 ki

2di−1di, we have

〈λ, (∇2
wf(w,D(i))− ED∼D∇2

wf(w,D(i)))λ〉 ≤‖λ‖2‖(∇2
wf(w,D(i))− ED∼D∇2

wf(w,D(i)))λ‖2
≤‖∇2

wf(w,D(i))− ED∼D∇2
wf(w,D(i))‖op‖λ‖2

≤‖∇2
wf(w,D(i))− ED∼D∇2

wf(w,D(i))‖F
≤‖∇2

wf(w,D(i))‖F
¬
≤γ,

where ¬ holds since ‖λ‖2 = 1 (λ ∈ Sd−1) and by Lemma 14, we have ‖∇2
wf(w,D(i))‖ ≤ γ where γ =(

ϑbl+1
2d20

b14d21
l2r2

0c
2
0

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]2)1/2

.

Thus, we can use Hoeffding’s inequality in Lemma 6 to bound

P

(
1

n

n∑
i=1

(〈
λ, (∇2

wf(w,D(i))− ED∼D∇2
wf(w,D(i)))λ

〉)
> t

)
≤ exp

(
−nt

2

2γ2

)
.

The proof is completed.

Lemma 18. Suppose that the activation function σ1 is sigmoid and σ2 is softmax, and the loss function f(w,D) is squared
loss. Suppose that Assumption 1 on the input dataD and the parameter w holds. Then the empirical Hessian converges
uniformly to the population Hessian in operator norm. Specifically, there exit two universal constants cv′ and cv such that if

n ≥ cv′ ν
2

d%ε2

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]−1

, then with probability at least 1− ε

sup
w∈Ω

∥∥∥∇2Q̃n(w)−∇2Q(w)
∥∥∥

op
≤ cvγ

√
2d+ θ%+ log

(
4
ε

)
2n

,

holds with probability at least 1 − ε, where d = r̃lc̃ldldl+1 +
∑l
i=1 ki

2di−1di, θ = al+1(dl+1 + r̃lc̃ldl −
2al+1 + 1) +

∑l
i=1 ai(ki

2di + di−1 − 2ai + 1), % =
∑l
i=1log

(√
dibi(ki−si+1)

4p

)
+ log(bl+1) + log

(
n

128p2

)
, and

γ =

(
ϑbl+1

2d20
b14d21

l2r2
0c

2
0

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]2)1/2

.

Proof. Recall that the weight of each kernel and the feature maps has magnitude bound separately, i.e. wk
(i) ∈

Bki
2di−1(rw) (i = 1, · · · , l; k = 1, · · · , di) and w(l+1) ∈ Br̃lc̃ldldl+1(bl+1). Since W̃(i) = [vec(W 1

(i)), vec(W 2
(i)), · · · ,

vec(W
di−1

(i) )] ∈ Rk2i di×di−1 , we have ‖W̃(i)‖F ≤ dibi.
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So here we assume W̃(i,ε) is the dibiε/(bl+1 +
∑l
i=1 dibi)-covering net of the matrix W̃(i) which is the set of all parameters

in the i-th layer. Then by Lemma 7, we have the covering number

nε
i ≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)ai(ki2di+di−1−2ai+1)

,

since the rank of W̃(i) obeys rank(W̃(i)) ≤ ai for 1 ≤ i ≤ l. For the last layer, we also can construct an bl+1ε/(bl+1 +∑l
i=1 dibi)-covering net for the weight matrixW(l+1). Here we have

nε
l+1 ≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)al+1(dl+1+r̃lc̃ldl−2al+1+1)

,

since the rank of W(l+1) obeys rank(W(l+1)) ≤ al+1. Finally, we arrange them together to construct a set Θ and claim
that there is always an ε-covering net wε in Θ for any parameter w. Accordingly, we have

|Θ| ≤
l+1∏
i=1

nε
i=

(
9(bl+1 +

∑l
i=1 dibi)

ε

)al+1(dl+1+r̃lc̃ldl−2al+1+1)+
∑l
i=1 ai(ki

2di+di−1−2ai+1)

=

(
9(bl+1 +

∑l
i=1 dibi)

ε

)θ
,

where θ = al+1(dl+1 + r̃lc̃ldl − 2al+1 + 1) +
∑l
i=1 ai(ki

2di + di−1 − 2ai + 1) which is the total freedom degree of the
network. So we can always find a vector wkw ∈ Θ such that ‖w −wkw‖2 ≤ ε. Now we use the decomposition strategy to
bound our goal:

∥∥∥∇2Q̃n(w)−∇2Q(w)
∥∥∥

op

=

∥∥∥∥∥ 1

n

n∑
i=1

∇2f(w,D(i))− ED∼D(∇2f(w,D))

∥∥∥∥∥
op

=

∥∥∥∥∥ 1

n

n∑
i=1

(
∇2f(w,D(i))−∇2f(wkw ,D

(i))
)

+
1

n

n∑
i=1

∇2f(wkw ,D
(i))− E(∇2f(wkw ,D))

+ ED∼D(∇2f(wkw ,D))− ED∼D(∇2f(w,D))

∥∥∥∥∥
op

≤

∥∥∥∥∥ 1

n

n∑
i=1

(
∇2f(w,D(i))−∇2f(wkw ,D

(i))
)∥∥∥∥∥

op
+

∥∥∥∥∥ 1

n

n∑
i=1

∇2f(wkw ,D
(i))− ED∼D(∇2f(wkw ,D))

∥∥∥∥∥
op

+

∥∥∥∥∥ED∼D(∇2f(wkw ,D))− ED∼D(∇2f(w,D))

∥∥∥∥∥
op
.

Here we also define four events E0, E1, E2 and E3 as

E0 =

{
sup
w∈Ω

∥∥∥∇2Q̃n(w)−∇2Q(w)
∥∥∥

op
≥ t
}
,

E1 =

 sup
w∈Ω

∥∥∥∥∥ 1

n

n∑
i=1

(
∇2f(w,D(i))−∇2f(wkw ,D

(i))
)∥∥∥∥∥

op
≥ t

3

 ,

E2 =

 sup
wkw∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

∇2f(wkw ,D
(i))− ED∼D(∇2f(wkw ,D))

∥∥∥∥∥
op
≥ t

3

 ,

E3 =

{
sup
w∈Ω

∥∥ED∼D(∇2f(wkw ,D))− ED∼D(∇2f(w,D))
∥∥

op ≥
t

3

}
.
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Accordingly, we have
P (E0) ≤ P (E1) + P (E2) + P (E3) .

So we can respectively bound P (E1), P (E2) and P (E3) to bound P (E0).

Step 1. Bound P (E1): We first bound P (E1) as follows:

P (E1) =P

(
sup
w∈Ω

∥∥∥∥∥ 1

n

n∑
i=1

(
∇2f(w,D(i))−∇2f(wkw ,D

(i))
)∥∥∥∥∥

2

≥ t

3

)
¬
≤3

t
ED∼D

(
sup
w∈Ω

∥∥∥∥∥ 1

n

n∑
i=1

(
∇2f(w,D(i))−∇2f(wkw ,D

(i))
)∥∥∥∥∥

2

)

≤3

t
ED∼D

(
sup
w∈Ω

∥∥∇2f(w,D)−∇2f(wkw ,D)
∥∥

2

)
≤3

t
ED∼D

(
sup
w∈Ω

∥∥ 1
n

∑n
i=1

(
∇2f(w,D(i))−∇2f(wkw ,D

(i))
)∥∥

2

‖w −wkw‖2
sup
w∈Ω
‖w −wkw‖2

)

≤3νε

t
,

where ¬ holds since by Markov inequality and  holds because of Lemma 14. Therefore, we can set

t ≥ 6νε

ε
.

Then we can bound P(E1):

P(E1) ≤ ε

2
.

Step 2. Bound P (E2): By Lemma 3, we know that for any matrixX ∈ Rd×d, its operator norm can be computed as

‖X‖op ≤
1

1− 2ε
sup
λ∈λε

|〈λ,Xλ〉| .

where λε = {λ1, . . . ,λkw} be an ε-covering net of Bd(1).

Let λ1/4 be the 1
4 -covering net of Bd(1), where d = r̃lc̃ldldl+1 +

∑l
i=1 ki

2di−1di. Recall that we use Θ to denote the ε-net

of wkw and we have |Θ| ≤
∏l+1
i=1 nε

i =
(

3(bl+1+
∑l
i=1 dibi)

ε

)θ
. Then we can bound P (E2) as follows:

P (E2) =P

(
sup

wkw∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

∇2f(wkw ,D
(i))− ED∼D(∇2f(wkw ,D))

∥∥∥∥∥
2

≥ t

3

)

≤P

(
sup

wkw∈Θ,λ∈λ1/4

2

∣∣∣∣∣
〈
λ,

(
1

n

n∑
i=1

∇2f(wkw ,D
(i))− ED∼D

(
∇2f(wkw ,D)

))
λ

〉∣∣∣∣∣ ≥ t

3

)

≤12d

(
3(bl+1 +

∑l
i=1 dibi)

ε

)θ
sup

wkw∈Θ,λ∈λ1/4

P
(∣∣∣∣ 1n

n∑
i=1

〈
λ,

(
∇2f(wkw ,D

(i))− ED∼D
(
∇2f(wkw ,D)

))
λ

〉∣∣∣∣≥ t

6

)
¬
≤12d

(
3(bl+1 +

∑l
i=1 dibi)

ε

)θ
2 exp

(
− nt2

72γ2

)
,

where ¬ holds since by Lemma 17, we have

P

(
1

n

n∑
i=1

(〈
λ, (∇2

wf(w,D(i))− ED∼D∇2
wf(w,D(i)))λ

〉)
> t

)
≤ exp

(
−nt

2

2γ2

)
.



Understanding Generalization and Optimization Performance for Deep CNNs

where γ =

(
ϑbl+1

2d20
b14d21

l2r2
0c

2
0

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]2)1/2

.

Thus, if we set

t ≥

√√√√72γ2
(
d log(12) + θ log

(
3(bl+1+

∑l
i=1 dibi)

ε

)
+ log

(
4
ε

))
n

,

then we have
P (E2) ≤ ε

2
.

Step 3. Bound P (E3): We first bound P (E3) as follows:

P (E3) =P
(

sup
w∈Ω

∥∥ED∼D(∇2f(wkw ,D))− ED∼D(∇2f(w,D))
∥∥

2
≥ t

3

)
≤P
(
ED∼D sup

w∈Ω

∥∥(∇2f(wkw ,D)−∇2f(w,D)
∥∥

2
≥ t

3

)
≤P

(
sup
w∈Ω

∣∣ 1
n

∑n
i=1

(
∇2f(w,D(i))−∇2f(wkw ,D

(i))
)∣∣

‖w −wkw‖2
sup
w∈Ω
‖w −wkw‖2 ≥

t

3

)
¬
≤P
(
νε ≥ t

3

)
,

where ¬ holds because of Lemma 14. We set ε enough small such that νε < t/3 always holds. Then it yields P (E3) = 0.

Step 4. Final result: To ensure P(E0) ≤ ε, we just set ε =
36(bl+1+

∑l
i=1 dibi)

ϑ2nbl+1

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]− 1
2

. Note that
6εν
ε > 3εν. Thus we can obtain

t ≥ max

6νε

ε
,

√√√√72γ2
(
d log(12) + θ log

(
3(bl+1+

∑l
i=1 dibi)

ε

)
+ log

(
4
ε

))
n

 .

Thus, if n ≥ cv′ ν
2

d%ε2

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]−1

where cv′ is a constant, there exists a universal constant cv such that

sup
w∈Ω

∥∥∥∇2Q̃n(w)−∇2Q(w)
∥∥∥

op
≤ĉvγ

√√√√d log(12) + θ
(∑l

i=1 log
(√

dsbs(ks−ss+1)
4p

)
+ log(bl+1) + log

(
n

128p2

))
+ log

(
4
ε

)
n

=cvγ

√
2d+ θ%+ log

(
4
ε

)
2n

holds with probability at least 1 − ε, where d = r̃lc̃ldldl+1 +
∑l
i=1 ki

2di−1di, θ = al+1(dl+1 + r̃lc̃ldl −
2al+1 + 1) +

∑l
i=1 ai(ki

2di + di−1 − 2ai + 1), % =
∑l
i=1log

(√
dibi(ki−si+1)

4p

)
+ log(bl+1) + log

(
n

128p2

)
, and

γ =

(
ϑbl+1

2d20
b14d21

l2r2
0c

2
0

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]2)1/2

. The proof is completed.

D Proofs of Main Theorems

D.1 Proof of Lemma 1

Proof. Recall that the weight of each kernel and the feature maps has magnitude bound separately, i.e. wk
(i) ∈

Bki
2di−1(rw) (i = 1, · · · , l; k = 1, · · · , di) and w(l+1) ∈ Br̃lc̃ldldl+1(bl+1). Since W̃(i) = [vec(W 1

(i)), vec(W 2
(i)), · · · ,

vec(W
di−1

(i) )] ∈ Rk2i di×di−1 , we have ‖W̃(i)‖F ≤ dibi.
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So here we assume W̃(i,ε) is the dibiε/(bl+1 +
∑l
i=1 dibi)-covering net of the matrix W̃(i) which is the set of all parameters

in the i-th layer. Then by Lemma 7, we have the covering number

nε
i ≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)ai(ki2di+di−1−2ai+1)

,

since the rank of W̃(i) obeys rank(W̃(i)) ≤ ai for 1 ≤ i ≤ l. For the last layer, we also can construct an bl+1ε/(bl+1 +∑l
i=1 dibi)-covering net for the weight matrixW(l+1). Here we have

nε
l+1 ≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)al+1(dl+1+r̃lc̃ldl−2al+1+1)

,

since the rank of W(l+1) obeys rank(W(l+1)) ≤ al+1. Finally, we arrange them together to construct a set Θ and claim
that there is always an ε-covering net wε in Θ for any parameter w. Accordingly, we have

|Θ| ≤
l+1∏
i=1

nε
i=

(
9(bl+1 +

∑l
i=1 dibi)

ε

)al+1(dl+1+r̃lc̃ldl−2al+1+1)+
∑l
i=1 ai(ki

2di+di−1−2ai+1)

=

(
9(bl+1 +

∑l
i=1 dibi)

ε

)θ
,

where θ = al+1(dl+1 + r̃lc̃ldl − 2al+1 + 1) +
∑l
i=1 ai(ki

2di + di−1 − 2ai + 1) which is the total freedom degree of the
network. So we can always find a vector wkw ∈ Θ such that ‖w −wkw‖2 ≤ ε. Now we use the decomposition strategy to
bound our goal:

∣∣∣Q̃n(w)−Q(w)
∣∣∣= ∣∣∣∣∣ 1n

n∑
i=1

f(w,D(i))− ED∼D(f(w,D))

∣∣∣∣∣
=

∣∣∣∣∣ 1n
n∑
i=1

(
f(w,D(i))−f(wkw ,D

(i))
)

+
1

n

n∑
i=1

f(wkw ,D
(i))−Ef(wkw ,D)+ED∼Df(wkw ,D)−ED∼Df(w,D)

∣∣∣∣∣
≤

∣∣∣∣∣ 1n
n∑
i=1

(
f(w,D(i))−f(wkw ,D

(i))
)∣∣∣∣∣+

∣∣∣∣∣ 1n
n∑
i=1

f(wkw ,D
(i))−ED∼Df(wkw ,D)

∣∣∣∣∣
+

∣∣∣∣∣ED∼Df(wkw ,D)−ED∼Df(w,D)

∣∣∣∣∣.
Then, we define four events E0, E1, E2 and E3 as

E0 =

{
sup
w∈Ω

∣∣∣Q̃n(w)−Q(w)
∣∣∣ ≥ t} ,

E1 =

{
sup
w∈Ω

∣∣∣∣∣ 1n
n∑
i=1

(
f(w,D(i))− f(wkw ,x(i))

)∣∣∣∣∣ ≥ t

3

}
,

E2 =

{
sup

wkw∈Θ

∣∣∣∣∣ 1n
n∑
i=1

f(wkw ,D
(i))−ED∼D(f(wkw ,D))

∣∣∣∣∣≥ t

3

}
,

E3 =

{
sup
w∈Ω

∣∣∣∣∣ED∼D(f(wkw ,D))−ED∼D(f(w,D))

∣∣∣∣∣≥ t

3

}
.

Accordingly, we have
P (E0) ≤ P (E1) + P (E2) + P (E3) .

So we can respectively bound P (E1), P (E2) and P (E3) to bound P (E0).
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Step 1. Bound P (E1): We first bound P (E1) as follows:

P (E1) =P

(
sup
w∈Ω

∣∣∣∣∣ 1n
n∑
i=1

(
f(w,D(i))− f(wkw ,D

(i))
)∣∣∣∣∣ ≥ t

3

)
¬
≤3

t
ED∼D

(
sup
w∈Ω

∣∣∣∣∣ 1n
n∑
i=1

(
f(w,D(i))− f(wkw ,D

(i))
)∣∣∣∣∣
)

≤3

t
ED∼D

(
sup
w∈Ω

∣∣ 1
n

∑n
i=1

(
f(w,D(i))− f(wkw ,D

(i))
)∣∣

‖w −wkw‖2
sup
w∈Ω
‖w −wkw‖2

)

≤3ε

t
ED∼D

(
sup
w∈Ω

∥∥∥∇Q̃n(w,D)
∥∥∥

2

)
,

where ¬ holds since by Markov inequality, we have that for an arbitrary nonnegative random variable x, then

P(x ≥ t) ≤ E(x)

t
.

Now we only need to bound ED∼D
(

supw∈Ω

∥∥∥∇Q̃n(w,D)
∥∥∥

2

)
. Therefore, by Lemma 11, we have

ED∼D
(

sup
w∈Ω

∥∥∥∇Q̃n(w,D)
∥∥∥

2

)
=ED∼D

(
sup
w∈Ω

∥∥∥∥∥ 1

n

n∑
i=1

∇f(w,D(i))

∥∥∥∥∥
2

)
≤ED∼D

(
sup
w∈Ω
‖∇f(w,D)‖2

)
≤β.

where β ,
[
ϑr̃lc̃ldl +

∑l
i=1

ϑbl+1
2di−1

p2bi2di
ri−1ci−1

∏l
s=i

dsbs
2(ks−ss+1)2

16p2

]1/2
in which ϑ = 1/8. Therefore, we have

P (E1) ≤ 3εβ

t
.

We further let

t ≥ 6εβ

ε
.

Then we can bound P(E1):

P(E1) ≤ ε

2
.

Step 2. Bound P (E2): Recall that we use Θ to denote the index of wkw and we have |Θ| ≤
∏l+1
i=1 nε

i =(
9(bl+1+

∑l
i=1 dibi)

ε

)θ
. We can bound P (E2) as follows:

P (E2) =P

(
sup

wkw∈Θ

∣∣∣∣∣ 1n
n∑
i=1

f(wkw ,D
(i))− ED∼D(f(wkw ,D))

∣∣∣∣∣ ≥ t

3

)

≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)θ
sup

wkw∈Θ
P

(∣∣∣ 1
n

n∑
i=1

f(wkw ,D
(i))− ED∼D(f(wkw ,D))

∣∣∣ ≥ t

3

)
¬
≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)θ
2 exp

(
−2nt2

α2

)
,

where ¬ holds because in Lemma 15, we have

P

(
1

n

n∑
i=1

(
f(w,D(i))−E(f(w,D(i)))

)
>t

)
≤ exp

(
−2nt2

α2

)
,
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where α = 1. Thus, if we set

t ≥

√√√√α2
(
θ log

(
9(bl+1+

∑l
i=1 dibi)

ε

)
+ log

(
4
ε

))
2n

,

then we have
P (E2) ≤ ε

2
.

Step 3. Bound P (E3): We first bound P (E3) as follows:

P (E3) =P
(

sup
w∈Ω
‖ED∼D(f(wkw ,D))− ED∼D(f(w,D))‖2 ≥

t

3

)
=P
(

sup
w∈Ω

‖ED∼D (f(wkw ,D)− f(w,D)‖2)

‖w −wkw‖2
sup
w∈Ω
‖w −wkw‖2 ≥

t

3

)
≤P
(
εED∼D sup

w∈Ω
‖∇Qw(w,D)‖2 ≥

t

3

)
¬
≤P
(
βε ≥ t

3

)
,

where ¬ holds since we utilize Lemma 11. We set ε enough small such that βε < t/3 always holds. Then it yields
P (E3) = 0.

Step 4. Final result: To ensure P(E0) ≤ ε, we just set ε =
18p2(bl+1+

∑l
i=1 dibi)

ϑ2nbl+1

[∏l
s=1

dsbs
2(ks−ss+1)2

16p2

]− 1
2

. Note that
6εβ
ε > 3εβ due to ε ≤ 1. Thus we can obtain

t≥max

6εβ

ε
,

√√√√α2
(
θ log

(
9(bl+1+

∑l
i=1 dibi)

ε

)
+ log

(
4
ε

))
2n

 .

By comparing the values of α, we can observe that if n ≥ cf ′
l2(bl+1+

∑l
i=1 dibi)

2 maxi
√
rici

θ%ε2 where cf ′ is a constant, there
exists such a universal constant cf such that

sup
w∈Ω

∣∣∣Q̃n(w)−Q(w)
∣∣∣≤α

√√√√θ
(∑l

i=1 log
(√

dsbs(ks−ss+1)
4p

)
+ log(bl+1)+log

(
n

128p2

))
+log

(
4
ε

)
2n

=

√
θ%+log

(
4
ε

)
2n

holds with probability at least 1 − ε, where θ = al+1(dl+1 + r̃lc̃ldl − 2al+1 + 1) +
∑l
i=1 ai(ki

2di + di−1 − 2ai + 1),

% =
∑l
i=1log

(√
dibi(ki−si+1)

4p

)
+ log(bl+1) + log

(
n

128p2

)
, and α = 1. The proof is completed.

D.2 Proof of Theorem 1

Proof. By Lemma 1 in the manuscript, we know that if n ≥ cf ′ l2(bl+1 +
∑l
i=1 dibi)

2 maxi
√
rici/(θ%ε

2) where cf ′ is a
universal constant, then with probability at least 1− ε, we have

sup
w∈Ω

∣∣∣Q̃n(w)−Q(w)
∣∣∣ ≤

√
θ%+ log

(
4
ε

)
2n

,

where the total freedom degree θ of the network is θ = al+1(dl+1 + r̃lc̃ldl + 1) +
∑l
i=1 ai(ki

2di−1 + di + 1) and

% =
∑l
i=1log

(√
dibi(ki−si+1)

4p

)
+ log(bl+1) + log

(
n

128p2

)
.
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Thus based on such a result, we can derive the following generalization bound:

ES∼D

∣∣∣EA(Q(w̃)− Q̃n(w̃))
∣∣∣ ≤ ES∼D

(
sup
w∈Ω

∣∣∣Q̃n(w)−Q(w)
∣∣∣) ≤ sup

w∈Ω

∣∣∣Q̃n(w)−Q(w)
∣∣∣ ≤

√
θ%+ log

(
4
ε

)
2n

.

Thus, the conclusion holds. The proof is completed.

D.3 Proof of Theorem 2

Proof. Recall that the weight of each kernel and the feature maps has magnitude bound separately, i.e. wk
(i) ∈

Bki
2di−1(rw) (i = 1, · · · , l; k = 1, · · · , di) and w(l+1) ∈ Br̃lc̃ldldl+1(bl+1). Since W̃(i) = [vec(W 1

(i)), vec(W 2
(i)), · · · ,

vec(W
di−1

(i) )] ∈ Rk2i di−1×di , we have ‖W̃(i)‖F ≤ dibi.

So here we assume W̃(i,ε) is the dibiε/(bl+1 +
∑l
i=1 dibi)-covering net of the matrix W̃(i) which is the set of all parameters

in the i-th layer. Then by Lemma 7, we have the covering number

nε
i ≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)ai(ki2di−1+di−2ai+1)

,

since the rank of W̃(i) obeys rank(W̃(i)) ≤ ai for 1 ≤ i ≤ l. For the last layer, we also can construct an bl+1ε/(bl+1 +∑l
i=1 dibi)-covering net for the weight matrixW(l+1). Here we have

nε
l+1 ≤

(
9(bl+1 +

∑l
i=1 dibi)

ε

)al+1(dl+1+r̃lc̃ldl−2al+1+1)

,

since the rank of W(l+1) obeys rank(W(l+1)) ≤ al+1. Finally, we arrange them together to construct a set Θ and claim
that there is always an ε-covering net wε in Θ for any parameter w. Accordingly, we have

|Θ| ≤
l+1∏
i=1

nε
i=

(
9(bl+1 +

∑l
i=1 dibi)

ε

)al+1(dl+1+r̃lc̃ldl−2al+1+1)+
∑l
i=1 ai(ki

2di−1+di−2ai+1)

=

(
9(bl+1 +

∑l
i=1 dibi)

ε

)θ
,

where θ = al+1(dl+1 + r̃lc̃ldl − 2al+1 + 1) +
∑l
i=1 ai(ki

2di−1 + di − 2ai + 1) which is the total freedom degree of
the network. So we can always find a vector wkw ∈ Θ such that ‖w − wkw‖2 ≤ ε. Accordingly, we can decompose∥∥∥∇Q̃n(w)−∇Q(w)

∥∥∥
2

as

∥∥∥∇Q̃n(w)−∇Q(w)
∥∥∥

2

=

∥∥∥∥∥ 1

n

n∑
i=1

∇f(w,D(i))− ED∼D(∇f(w,D))

∥∥∥∥∥
2

=

∥∥∥∥∥ 1

n

n∑
i=1

(
∇f(w,D(i))−∇f(wkw ,D

(i))
)

+
1

n

n∑
i=1

∇f(wkw ,D
(i))− ED∼D(∇f(wkw ,D))

+ ED∼D(∇f(wkw ,D))− ED∼D(∇f(w,D))

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1

n

n∑
i=1

(
∇f(w,D(i))−∇f(wkw ,D

(i))
)∥∥∥∥∥

2

+

∥∥∥∥∥ 1

n

n∑
i=1

∇f(wkw ,D
(i))− ED∼D(∇f(wkw ,D))

∥∥∥∥∥
2

+

∥∥∥∥∥ED∼D(∇f(wkw ,D))− ED∼D(∇f(w,D))

∥∥∥∥∥
2

.
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Here we also define four events E0, E1, E2 and E3 as

E0 =

{
sup
w∈Ω

∥∥∥∇Q̃n(w)−∇Q(w)
∥∥∥

2
≥ t
}
,

E1 =

{
sup
w∈Ω

∥∥∥∥∥ 1

n

n∑
i=1

(
∇f(w,D(i))−∇f(wkw ,D

(i))
)∥∥∥∥∥

2

≥ t

3

}
,

E2 =

{
sup

wkw∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

∇f(wkw ,D
(i))− ED∼D(∇f(wkw ,D))

∥∥∥∥∥
2

≥ t

3

}
,

E3 =

{
sup
w∈Ω

∥∥∥∥∥ED∼D(∇f(wkw ,D))− ED∼D(∇f(w,D))

∥∥∥∥∥
2

≥ t

3

}
.

Accordingly, we have
P (E0) ≤ P (E1) + P (E2) + P (E3) .

So we can respectively bound P (E1), P (E2) and P (E3) to bound P (E0).

Step 1. Bound P (E1): We first bound P (E1) as follows:

P (E1) =P

(
sup
w∈Ω

∥∥∥∥∥ 1

n

n∑
i=1

(
∇f(w,D(i))−∇f(wkw ,D

(i))
)∥∥∥∥∥

2

≥ t

3

)
¬
≤3

t
ED∼D

(
sup
w∈Ω

∥∥∥∥∥ 1

n

n∑
i=1

(
∇f(w,D(i))−∇f(wkw ,D

(i))
)∥∥∥∥∥

2

)

≤3

t
ED∼D

(
sup
w∈Ω

∥∥ 1
n

∑n
i=1

(
∇f(w,D(i))−∇f(wkw ,D

(i))
)∥∥

2

‖w −wkw‖2
sup
w∈Ω
‖w −wkw‖2

)

≤3ε

t
ED∼D

(
sup
w∈Ω

∥∥∥∇2Q̃n(w,D)
∥∥∥

2

)
,

where ¬ holds since by Markov inequality, we have that for an arbitrary nonnegative random variable x, then P(x ≥ t) ≤
E(x)
t .

Now we only need to bound ED∼D
(

supw∈Ω

∥∥∥∇2Q̃n(w,D)
∥∥∥

2

)
. Here we utilize Lemma 14 to achieve this goal:

ED∼D
(

sup
w∈Ω

∥∥∥∇2Q̃n(w,D)
∥∥∥

2

)
≤ ED∼D

(
sup
w∈Ω

∥∥∇2f(w,D)−∇2f(w∗,D)
∥∥

2

)
≤ γ.

where γ =

(
ϑbl+1

2d20
b14d21

l2r2
0c

2
0

[∏l
s=1

dsbs
2(ks−ss+1)2

8
√

2p2

]2)1/2

. Therefore, we have

P (E1) ≤ 3γε

t
.

We further let
t ≥ 6γε

ε
.

Then we can bound P(E1):
P(E1) ≤ ε

2
.

Step 2. Bound P (E2): By Lemma 2, we know that for any vector x ∈ Rd, its `2-norm can be computed as

‖x‖2 ≤
1

1− ε
sup
λ∈λε

〈λ,x〉 .
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where λε = {λ1, . . . ,λkw} be an ε-covering net of Bd(1).

Let λ be the 1
2 -covering net of Bd(1), where d = r̃lc̃ldldl+1 +

∑l
i=1 ki

2di−1di. Recall that we use Θ to denote the index of

wkw so that ‖w −wkw‖ ≤ ε. Besides, |Θ| ≤
∏l+1
i=1 nε

i =
(

3(bl+1+
∑l
i=1 dibi)

ε

)θ
. Then we can bound P (E2) as follows:

P (E2) =P

(
sup

wkw∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

∇f(wkw ,D
(i))− ED∼D(∇f(wkw ,D))

∥∥∥∥∥
2

≥ t

3

)

=P

(
sup

wkw∈Θ,λ∈λ1/2

2

〈
λ,

1

n

n∑
i=1

∇f(wkw ,D
(i))− ED∼D (∇f(wkw ,D))

〉
≥ t

3

)

≤6d

(
9(bl+1 +

∑l
i=1 dibi)

ε

)θ
sup

wkw∈Θ,λ∈λ1/2

P
(

1

n

n∑
i=1

〈
λ,∇f(wkw ,D

(i))− ED∼D (∇f(wkw ,D))

〉
≥ t

6

)
¬
≤6d

(
9(bl+1 +

∑l
i=1 dibi)

ε

)θ
2 exp

(
− nt2

72β2

)
,

where ¬ holds since by Lemma 16, we have

P

(
1

n

n∑
i=1

(〈
λ,∇wf(w,D(i))−ED∼D∇wf(w,D(i))

〉)
>t

)
≤ exp

(
− nt

2

2β2

)
.

where β ,
[
ϑr̃lc̃ldl +

∑l
i=1

ϑbl+1
2di−1

p2bi2di
ri−1ci−1

∏l
s=i

dsbs
2(ks−ss+1)2

16p2

]1/2
in which ϑ = 1/8.

Thus, if we set

t≥

√√√√72β2
(
d log(6) + θ log

(
9(bl+1+

∑l
i=1 dibi)

ε

)
+ log

(
4
ε

))
n

,

then we have
P (E2) ≤ ε

2
.

Step 3. Bound P (E3): We first bound P (E3) as follows:

P (E3) =P
(

sup
w∈Ω
‖E(∇f(wkw ,x))− ED∼D(∇f(w,x))‖2 ≥

t

3

)
=P
(

sup
w∈Ω

‖ED∼D (∇f(wkw ,x)−∇f(w,x)‖2)

‖w −wkw‖2
sup
w∈Ω
‖w −wkw‖2 ≥

t

3

)
≤P
(
εED∼D sup

w∈Ω

∥∥∥∇2Q̃n(w,x)
∥∥∥

2
≥ t

3

)
≤P
(
γε ≥ t

3

)
.

We set ε enough small such that γε < t/3 always holds. Then it yields P (E3) = 0.

Step 4. Final result: Note that 6βε
ε ≥ 3βε. Finally, to ensure P(E0) ≤ ε, we just set ε =

18p2(bl+1+
∑l
i=1 dibi)

ϑ2nbl+1

[∏l
s=i

dsbs
2(ks−ss+1)2

16p2

]− 1
2

.

t ≥ max

6γε

ε
,

√√√√72β2
(
d log(6) + θ log

(
9(bl+1+

∑l
i=1 dibi)

ε

)
+ log

(
4
ε

))
n

 .
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By comparing the values of β and γ, we have if n ≥ cg′
l2bl+1

2(bl+1+
∑l
i=1 dibi)

2(r0c0d0)4

d40b1
8(d log(6)+θ%)ε2 maxi(rici)

where cg′ is a universal constant,
then there exists a universal constant cg such that

sup
w∈Ω

∥∥∥∇wQ̃n(w)−∇wQ(w)
∥∥∥

2
≤cgβ

√√√√d+ 1
log(6)θ

[(∑l
i=1 log

(√
dsbs(ks−ss+1)

4p

)
+log(bl+1)+log

(
n

128p2

))
+log

(
4
ε

)]
n

≤cgβ

√
d+ 1

2θ%+ 1
2 log

(
4
ε

)
n

,

holds with probability at least 1 − ε, where d = r̃lc̃ldldl+1 +
∑l
i=1 ki

2di−1di, θ = al+1(dl+1 + r̃lc̃ldl +

1) +
∑l
i=1 ai(ki

2di−1 + di + 1), % =
∑l
i=1log

(√
dibi(ki−si+1)

4p

)
+ log(bl+1) + log

(
n

128p2

)
, and β ,[

ϑr̃lc̃ldl +
∑l
i=1

ϑbl+1
2di−1

p2bi2di
ri−1ci−1

∏l
s=i

dsbs
2(ks−ss+1)2

16p2

]1/2
in which ϑ = 1/8. The proof is completed.

D.4 Proof of Corollary 1

Proof. By Theorem 2, we know that there exist universal constants cg′ and cg such that if n ≥
cg′

l2bl+1
2(bl+1+

∑l
i=1 dibi)

2(r0c0d0)4

d40b1
8(d log(6)+θ%)ε2 maxi(rici)

, then

sup
w∈Ω

∥∥∥∇wQ̃n(w)−∇wQ(w)
∥∥∥

2
≤ cgβ

√
2d+ θ%+ log

(
4
ε

)
2n

holds with probability at least 1 − ε, where % is provided in Lemma 1. Here β and d are defined as β =[
rlcldl
8p2 +

∑l
i=1

bl+1
2di−1

8p2bi2di
ri−1ci−1

∏l
j=i

djbj
2(kj−sj+1)2

16p2

]1/2
and d = r̃lc̃ldldl+1 +

∑l
i=1 ki

2di−1di, respectively.

So based on such a result, we can derive that if n ≥ c2g(2d+ θ%+ log(4/ε))β2/(2ε), then we have

‖∇Q(w̃)‖2 ≤
∥∥∥∇wQ̃n(w̃)

∥∥∥
2

+
∥∥∥∇wQ̃n(w̃)−∇wQ(w̃)

∥∥∥
2
≤
√
ε+ cgβ

√
2d+ θ%+ log

(
4
ε

)
2n

≤ 2
√
ε.

Thus, we have ‖∇Q(w̃)‖22 ≤ 4ε, which means that w̃ is a 4ε-approximate stationary point in population risk with probability
at least 1− ε. The proof is completed.

D.5 Proof of Theorem 3

Proof. Suppose that {w(1),w(2), · · · ,w(m)} are the non-degenerate critical points ofQ(w). So for any w(k), it obeys

inf
i

∣∣λki (∇2Q(w(k))
)∣∣ ≥ ζ,

where λki
(
∇2Q(w(k))

)
denotes the i-th eigenvalue of the Hessian ∇2Q(w(k)) and ζ is a constant. We further define a

set D = {w ∈ Rd | ‖∇Q(w)‖2 ≤ ε and infi |λi
(
∇2Q(w(k))

)
| ≥ ζ}. According to Lemma 5, D = ∪∞k=1Dk where each

Dk is a disjoint component with w(k) ∈ Dk for k ≤ m and Dk does not contain any critical point ofQ(w) for k ≥ m+ 1.
On the other hand, by the continuity of∇Q(w), it yields ‖∇Q(w)‖2 = ε for w ∈ ∂Dk. Notice, we set the value of ε blow
which is actually a function related to n.

Then by utilizing Theorem 2, we let sample number n sufficient large such that

sup
w∈Ω

∥∥∥∇Q̃n(w)−∇Q(w)
∥∥∥

2
≤ ε

2

holds with probability at least 1− ε, where ε is defined as

ε

2
, cgβ

√√√√d log(6) + θ
(∑l

i=1 log
(√

dsbs(ks−ss+1)
4p

)
+ log(bl+1) + log

(
n

128p2

))
+ log

(
4
ε

)
n

.
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This further gives that for arbitrary w ∈ Dk, we have

inf
w∈Dk

∥∥∥t∇Q̃n(w) + (1− t)∇Q(w)
∥∥∥

2
= inf
w∈Dk

∥∥∥t(∇Q̃n(w)−∇Q(w)
)

+∇Q(w)
∥∥∥

2

≥ inf
w∈Dk

‖∇Q(w)‖2 − sup
w∈Dk

t
∥∥∥∇Q̃n(w)−∇Q(w)

∥∥∥
2

≥ ε
2
. (6)

Similarly, by utilizing Lemma 18, let n be sufficient large such that

sup
w∈Ω

∥∥∥∇2Q̃n(w)−∇2Q(w)
∥∥∥

op
≤ ζ

2

holds with probability at least 1− ε, where ζ satisfies

ζ

2
≥ cvγ

√
d+ θ%+ log

(
4
ε

)
n

.

Assume that b ∈ Rd is a vector and satisfies bT b = 1. In this case, we can bound λki
(
∇2Q̃n(w)

)
for arbitrary w ∈ Dk as

follows:

inf
w∈Dk

∣∣∣λki (∇2Q̃n(w)
)∣∣∣ = inf

w∈Dk
min
bT b=1

∣∣∣bT∇2Q̃n(w)b
∣∣∣

= inf
w∈Dk

min
bT b=1

∣∣∣bT (∇2Q̃n(w)−∇2Q(w)
)
b+ bT∇2Q(w)b

∣∣∣
≥ inf
w∈Dk

min
bT b=1

∣∣bT∇2Q(w)b
∣∣− min

bT b=1

∣∣∣bT (∇2Q̃n(w)−∇2Q(w)
)
b
∣∣∣

≥ inf
w∈Dk

min
bT b=1

∣∣bT∇2Q(w)b
∣∣− max

bT b=1

∣∣∣bT (∇2Q̃n(w)−∇2Q(w)
)
b
∣∣∣

= inf
w∈Dk

inf
i
|λki
(
∇2f(w(k),x)

)
| −
∥∥∥∇2Q̃n(w)−∇2Q(w)

∥∥∥
op

≥ζ
2
.

(7)

This means that in each set Dk,∇2Q̃n(w) has no zero eigenvalues. Then, combine this and Eqn. (6), by Lemma 4 we know
that if the population riskQ(w) has no critical point in Dk, then the empirical risk Q̃n(w) has also no critical point in Dk;
otherwise it also holds.

Now we bound the distance between the corresponding critical points ofQ(w) and Q̃n(w). Assume that in Dk,Q(w) has
a unique critical point w(k) and Q̃n(w) also has a unique critical point w(k)

n . Then, there exists t ∈ [0, 1] such that for any
z ∈ ∂Bd(1), we have

ε ≥‖∇Q(w(k)
n )‖2

= max
zT z=1

〈∇Q(w(k)
n ), z〉

= max
zT z=1

〈∇Q(w(k)), z〉+ 〈∇2Q(w(k) + t(w(k)
n −w(k)))(w

(k)
n −w(k)), z〉

¬
≥
〈(
∇2Q(w(k))

)2
(w(k)

n −w(k)), (w
(k)
n −w(k))

〉1/2


≥ζ‖w(k)

n −w(k)‖2,

where ¬ holds since ∇Q(w(k)) = 0 and  holds since w(k) + t(w
(k)
n −w(k)) is in Dk and for any w ∈ Dk we have

infi |λi
(
∇2Q(w)

)
| ≥ ζ. So if n ≥ ch max

(
l2bl+1

2(bl+1+
∑l
i=1 dibi)

2(r0c0d0)4

d40b1
8d%ε2 maxi(rici)

, d+θ%
ζ2

)
where ch is a constant, then

‖w(k)
n −w(k)‖2 ≤

2cgβ

ζ

√√√√d log(6) + θ
(∑l

i=1 log
(√

dsbs(ks−ss+1)
4p

)
+ log(bl+1) + log

(
n

128p2

))
+ log

(
4
ε

)
n
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holds with probability at least 1− ε.

D.6 Proof of Corollary 2

Proof. By Theorem 3, we know that the non-degenerate stationary point w(k) in the m non-degenerate stationary points in
population risk, denoted by {w(1),w(2), · · · ,w(m)} uniquely corresponding to a non-degenerate stationary point w(k)

n in
the empirical risk.

On the other hand, for any w(k), it obeys

inf
i

∣∣λki (∇2Q(w(k))
)∣∣ ≥ ζ,

where λki
(
∇2Q(w(k))

)
denotes the i-th eigenvalue of the Hessian ∇2Q(w(k)) and ζ is a constant. We further define a

set D = {w ∈ Rd | ‖∇Q(w)‖2 ≤ ε and infi |λi
(
∇2Q(w(k))

)
| ≥ ζ}. According to Lemma 5, D = ∪∞k=1Dk where each

Dk is a disjoint component with w(k) ∈ Dk for k ≤ m and Dk does not contain any critical point ofQ(w) for k ≥ m+ 1.
Thenw(k)

n also belong to the component Dk due to the unique corresponding relation betweenw(k) andw(k)
n . Then from

Eqn. (6) and (7), we know that if the assumptions in Theorem 3 hold, then for arbitrary w ∈ Dk and t ∈ (0, 1),

inf
w∈Dk

∥∥∥t∇Q̃n(w) + (1− t)∇Q(w)
∥∥∥

2
≥ ε

2
and inf

w∈Dk

∣∣∣λki (∇2Q̃n(w)
)∣∣∣ ≥ ζ

2
,

where ε and ζ are constants. This means that in each set Dk,∇2Q̃n(w) has no zero eigenvalues. Then, combine this and
Eqn. (6), we can obtain that in Dk, ifQ(w) has a unique critical pointw(k) with non-degenerate index sk, then Q̃n(w) also
has a unique critical point wn

(k) in Dk with the same non-degenerate index sk. Namely, the number of negative eigenvalues

of the Hessian matrices∇2Q(w(k)) and ∇2Q(w
(k)
n ) are the same. This further gives that if one of the pair (w(k),w

(k)
n ) is

a local minimum or saddle point, then another one is also a local minimum or a saddle point. The proof is completed.

E Proof of Auxiliary Lemmas

E.1 Proof of Lemma 8

Proof. (1) Since G (z) is a diagonal matrix and its diagonal values are upper bounded by σ1(zi)(1− σ1(z)) ≤ 1/4 where
zi denotes the i-th entry of zi, we can conclude

‖G (z)M‖2F ≤
1

16
‖M‖2F and ‖NG (z)‖2F ≤

1

16
‖N‖2F .

(2) The operator Q (·) maps a vector z ∈ Rd into a matrix of size d2 × d whose ((i− 1)d+ i, i) (i = 1, · · · , d) entry equal
to σ1(zi)(1− σ1(zi))(1− 2σ1(zi)) and rest entries are all 0. This gives

σ1(zi)(1− σ1(zi))(1− 2σ1(zi)) =
1

3
(3σ1(zi))(1− σ1(zi))(1− 2σ1(zi))

≤1

3

(
3σ1(zi) + 1− σ1(zi) + 1− 2σ1(zi)

3

)3

≤23

34
.

This means the maximal value in Q (z) is at most 23

34 . Consider the structure in Q (z), we can obtain

‖Q (z)M‖2F ≤
26

38
‖M‖2F and ‖NQ (z)‖2F ≤

26

38
‖N‖2F .

(3) up (M) represents conducting upsampling on M ∈ Rs×t×q. Let N = up (M) ∈ Rps×pt×q. Specifically, for each
slice N(:, :, i) (i = 1, · · · , q), we have N(:, :, i) = up (M(:, :, i)). It actually upsamples each entry M(g, h, i) into a
matrix of p2 same entries 1

p2M(g, h, i). So it is easy to obtain

‖up (M)‖2F ≤
1

p2
‖M‖2F .
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(4) Let M = W (:, :, i) and N = δ̃i+1(:, : i). Assume that H = M ~N ∈ Rm1×m2 , where m1 = r̃i−1 − 2ki + 2 and
m2 = c̃i−1 − 2ki + 2. Then we have

‖H‖2F =

m1∑
i=1

m2∑
j=1

|H(i, j)|2 =

m1∑
i=1

m2∑
j=1

〈MΩi,j ,N〉2 ≤
m1∑
i=1

m2∑
j=1

‖MΩi,j‖2F ‖N‖2F ,

where Ωi,j denotes the entry index ofM for the (i, j)-th convolution operation (i.e. computing theH(i, j)).

Since for each convolution computing, each element in M is involved at most one time, we can claim that any element
in M in

∑m1

i=1

∑m2

j=1 ‖MΩi,j‖2F occurs at most (ki − si + 1)2 since there are si − 1 rows and columns between each

neighboring nonzero entries inN which is decided by the definition of δ̃i+1 in Sec. B.1. Therefore, we have

m1∑
i=1

m2∑
j=1

‖MΩi,j‖2F ≤ (ki − si + 1)2‖M‖2F ,

which further gives

‖M~̃N‖2F ≤ (ki − si + 1)2‖M‖2F ‖N‖2F .

Consider all the slices in δ̃i+1, we can obtain

‖δ̃i+1~̃W ‖2F ≤ (ki − si + 1)2‖W ‖2F ‖δ̃i+1‖2F .

(5) Since for softmax activation function σ2, we have
∑dl+1

i=1 vi = 1 (vi ≥ 0) and there is only one nonzero entry (i.e. 1) in
y, we can obtain

0 ≤ ‖v − y‖22 = ‖v‖22 + ‖y‖22 − 2〈v,y〉 = 2− 2〈v,y〉 ≤ 2.

The proof is completed.
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