An Optimization Approach to Learning Falling Rule Lists
(Supplementary Material)

8 Algorithm FRL

In this section, we present Algorithm FRL in detail. Given an instance (D, A, w,C) of Program 2.9, the
algorithm searches through the space of falling rule lists that are compatible with D and outputs a compatible
falling rule list that respects the constraints of Program 2.9, and whose objective value is the smallest among
all the falling rule lists that the algorithm explores. It does so by iterating over T steps, in each of which the
algorithm constructs a compatible falling rule list d, while keeping track of the falling rule list d* that has the
smallest objective value Lyest = L(d*, D,1/(1 + w), w,C) among all the falling rule lists that the algorithm
has constructed so far. At the end of T iterations, the algorithm outputs the falling rule list that has the
smallest objective value out of the T lists it has constructed.

In the process of constructing a falling rule list d, the algorithm chooses the antecedents successively: first

for the antecedent a(()d) in the top rule, then for the antecedent agd) in the next rule, and so forth. For each

antecedent ag.d) chosen, the algorithm also computes its empirical positive proportion ozgd’D). After p rules
have been constructed so that d currently holds the prefix e = {(a(()d), aéd’D)), (agd), agd’D)), . (a](odjl, ozz(i]lj))h

the algorithm either: (1) terminates the construction of d by computing the empirical positive proportion

after e, &. p, and then adding to d the final else clause with probability estimate &, p, or (2) randomly picks

an antecedent from a candidate set S of possible next antecedents, computes its empirical positive proportion,
(d) _(d,D)

and uses these as the next rule (ap ', ap ) for d.

The algorithm uses various properties of Program 2.9, which are presented in Section 4, to prune the search
space. More specifically, the algorithm terminates the construction of d if Inequality (9) in Theorem 4.6
holds. Otherwise it either terminates the construction of d with some probability, or proceeds to construct a

candidate set S of possible next antecedents, as follows. For every antecedent A; € A that has not been chosen
(d) _(d,D) (d) (d,D)

before, it constructs a candidate next rule (ap’,ap ') by setting ap = A; and computing « using
Definition 2.5. The algorithm then checks if the monotonicity constraint a,()d’D) < Oéz(i?) and the necessary

condition for optimality al(,d’D) > 1/(1+w) (Corollary 4.5) are satisfied, if the prefix ¢’ = {e, (a;d), al(,d’D))} is

feasible under Program 2.9 (i.e. whether there exists a compatible falling rule list that begins with the prefix
e’) using Proposition 4.2, and if the best possible objective value L*(¢’, D, w, C) achievable by any falling
rule list that begins with ¢’ and is compatible with D (Theorem 4.6) is less than the current best objective
value Lyest = L(d*, D,1/(1 + w),w,C). If all of the above conditions are satisfied, the algorithm adds A4;
to S. Once the construction of S is complete, the algorithm randomly chooses an antecedent A; € S with
probability P(A4;|S,e, D) and uses this antecedent, together with its empirical positive proportion, as the
next rule (aéd), oz;,d’D)) for d. If S is empty, the algorithm terminates the construction of d.

In practice, we define the probability P(4,|S,e, D) for A; € S by first defining a curiosity function fs. p :
S — R>¢ and then normalizing it:

e.0(A
P(4|S,¢,D) = %

A possible choice of the curiosity function fs. p for use in Algorithm FRL is given by

X
Fs.en(Ar) = Aa(Ar e, D) + (1 — )" Ane D) (1)

Ne.D

)



where a(A;, e, D) is the empirical positive proportion of A4;, and n*(4,;,e, D) is the number of positive
training inputs captured by A;, should A; be chosen as the next antecedent after the prefix e. The curiosity
function fs. p given by is a weighted sum of a(A;, e, D) and n* (A, e,D)/ﬁ‘;D for each A; € S: the
former encourages the algorithm to choose antecedents that have large empirical positive proportions, and
the latter encourages the algorithm to choose antecedents that have large positive supports in the training
data not captured by e. We used this curiosity function for Algorithm FRL in our experiments.

The pseudocode of Algorithm FRL is shown in Algorithm

Input: an instance (D, A, w, C) of Program 2.9

Result: a falling rule list d* that are compatible with D and whose antecedents come from A
initialize d* = 0, Lyest = 00;

fort=1,...,T do

setp=—1,a,=1,d=e=;

while Inequality (9) in Theorem 4.6 does not hold do

go to Terminate with some probability;

set p=p+1,5=0;

for every antecedent A; € A that is not in d do

set a;d) = A;, compute cul(jd’D)7 and let ¢/ = {e, (a;d), a,(,d’D))};

if a,(,d’D) < ozgf?), a](gd’D) > 1/(1 4+ w), and €' is feasible under Program 2.9 then
compute L*(e/, D, w,C) using Theorem 4.6;
if L*(¢/, D,w,C) < L(d*,D,1/(1 + w),w,C) then
‘ add A; to S;
end
end
end
f S # 0 then
choose an antecedent A; € S with probability P(4;|S, e, D) according to a discrete
probability distribution over S}
set aj(gd) = A; and add (aéd),oq(,d’D)) to d;
set e = d;
// save the partially constructed list d as the prefix e
else
| go to Terminate
end
end
Terminate: terminate the construction of d, and compute L(d, D,1/(1 + w),w, C);
if L(d,D,1/(1 4+ w),w,C) < Lpes: then
‘ set d* = d, Lyest = L(d, D, 1/(1 + w),w,C);
end

o

end
Algorithm 1: Algorithm FRL

9 Algorithm softFRL

In this section, we present Algorithm softFRL in detail. Given an instance (D, A, w, C, C}) of Program 5.1,
the algorithm searches through the space of rule lists that are compatible with D and finds a compatible
rule list whose antecedents come from A, and whose objective value is the smallest among all the rule
lists that the algorithm explores. It does so by iterating over T steps, in each of which the algorithm
constructs a compatible rule list d, while keeping track of the rule list d* that has the smallest objective value
Liest = L(d*, D, 1/(1 +w),w,C,Cy) among all the rule lists that the algorithm has constructed so far. At
the end of T iterations, the algorithm transforms the rule list d* that has the smallest objective value out of



the T lists it has constructed, into a falling rule list by setting d;d*) = ming<; a,id*’D).

In the process of constructing a rule list d, the algorithm chooses the antecedents successively: first for

(@) in the top rule, then for the antecedent agd) in the next rule, and so forth. For each

( ? )

the antecedent ay

(d)

antecedent a; chosen, the algorithm also computes its empirical positive proportion o; After p rules

have been constructed so that d currently holds the prefix e = {(agd)7 (d. )), (a(ld)7 agd D)), e ( ;d)l, az(i?))},

the algorithm either: (1) terminates the construction of d by Computmg the empirical positive proportion
after e, &. p, and then adding to d the final else clause with probability estimate &. p, or (2) randomly picks
an antecedent from a candidate set S of possible next antecedents, computes its empirical positive proportion,

and use these as the next rule (a,() ), a](gd D)) for d.

The algorithm uses Theorem 5.2 to prune the search space. More specifically, the algorithm terminates the
construction of d if L*(e, D, w,C,C}) defined by Equation (10) in Theorem 5.2 is equal to L(e, D,1/(1 +

w), w, C,Cy), where & = {e,dc,p} is the compatible rule list in which the prefix e is followed directly by the
final else clause. The condition L*(e, D,w,C,C}) = L(é, D,1/(1 + w),w,C,Cy) implies that € is an optimal
compatible rule list that begins with e. If we have L*(e, D,w,C,C}) < L(e D,1/(1 4+ w),w,C,C}) instead,
the algorithm either terminates the construction of d with some probability, or it proceeds to construct a
candidate set S of possible next antecedents, as follows. For every antecedent A; € A that has not been chosen
before, it constructs a candidate next rule (a;d),a,(;d D)) by setting a( ) = = A; and computing a( D) using
Definition 2.5. The algorithm then checks if the best possible obJectlve value L*(e D,w,C,Ch) achievable

by any rule list that begins with ¢’ = {e, (ap ,al(,d D))} and is compatible with D (Theorem 5.2) is less
than the current best objective value Lyesy = L(d* D,1/(1 + w),w,C,C1). If so, the algorithm adds A4;
to S. Once the construction of S is complete, the algorithm randomly chooses an antecedent A; € .S with
probability P(AZ\S e, D) and uses this antecedent, together with its empirical positive proportion, as the

next rule (ap ), oz](gd’ )) for d. If S is empty, the algorithm terminates the construction of d.

In practice, we define the probability P(A;|S,e, D) for A; € S by first defining a curiosity function fg. p :
S — R>¢ and then normalizing it:

[s.e.0(A1)
ZAV fse.0(Ar)’

A possible choice of the curiosity function fg. p for use in Algorithm softFRL is given by

P(A)|S, e, D) =

1.01 (e D) 1 (Alae D)
——a(A D +(1-)—m—m 12
0 01 X nin 0.01 ( 1€ ))J-i— ( )‘) e ) ( )

fs.e.p(A;) = A|min(a(4;, e, D),

where afji’nD ) = ming <|e| a,(:’D) is the minimum empirical positive proportion of the antecedents in the prefix

e, a(A;, e, D) is the empirical positive proportion of A;, and n*(4;,e, D) is the number of positive training
inputs captured by A;, should A; be chosen as the next antecedent after the prefix e. The curiosity function
fs.e.p given by 1.' is a weighted sum of [min(a(A4y,e, D), (1.01/0. 01)a, (e-D) —(1/0.01)a(A;,¢e,D)) |+ and

le|]—1
n* (A, e, D)/t for each A; € S: the former encourages the algorithm to choose antecedents that have

large empirical positive proportions but do not violate the monotonicity constraint a(A;,e, D) < afﬁi’f )

by more than 1%, and the latter encourages the algorithm to choose antecedents that have large positive
supports in the training data not captured by e. We used this curiosity function for Algorithm soft FRL in
our experiments.

The pseudocode of Algorithm softFRL is shown in Algorithm

10 Proofs of Theorem 2.8, Proposition 4.2, Lemma 4.4, Corollary 4.5, and
Theorem 4.6

Theorem 2.8. Given the training data D, a rule list d that is compatible with D, and the weight w for the
positive class, we have



Input: an instance (D, A, w,C,C}) of Program 5.1

Result: a falling rule list d* whose antecedents come from A
initialize d* = 0, Liest = 00;

fort=1,...,T do

setp=—-1,ap,=1,d=e=;

while L*(e, D,w,C,C}) < L(e,D,1/(1 4+ w),w,C,C;) do

go to Terminate with some probability;
setp=p+1,5=0;
for every antecedent A; € A that is not in d do
set a,(,d) = A;, compute a](gd’D), and let ¢ = {e, (a,(,d), oz;(,dﬂ))};
compute i*(e’7 D,w,C,C1) using Theorem 5.2;
if L*(¢/, D, w,C,Cy) < L(d*,D,1/(1 + w),w,C,C;) then
‘ add A4; to S,
end
end
if S # () then
choose an antecedent A; € S with probability P(A;|S,e, D) according to a discrete
probability distribution over S;
set az(,d) = A; and add (af,d), aéd’D)) to d;
set e = d;
// save the partially constructed list d as the prefix e
else
| go to Terminate
end
end

Terminate: terminate the construction of d, and compute L(d, D,1/(1 +w),w, C,C1);
if L(d,D,1/(14 w),w,C,Cy) < Lyest then
| set d* =d, Luest = L(d, D, 1/(1 + w), w,C,Cy);

end
end
. . . . Cd) . (d,D),
transform d* into a falling rule list by setting G; 0 =ming<; oy, ;

Algorithm 2: Algorithm softFRL




for all 7 > 0.

Proof. Suppose 7 > 1/(1 + w). Consider the j-th rule (aﬁd),ag-d’D)) in d, whose antecedent captures
aé-d’D) (d’D))nLdp negative training inputs. Let R;(d, D, 7, w) denote

n; 4,p Positive training inputs and (1 — a;
the contribution by the j-th rule to R(d, D, ,w), i.e.

1 (d,D) (d,D) no,p if a(d by s 7
B;(d, D,mw) = n|” Z Ieg <7+ Z Ly >l | = n-i)r ’ otherw1se
Ly =1A iy =—1A n'’j,d,D :
capt(x;,d)=j capt(x;,d)=j
(13)

Case 1. 1/(1+w) < a§d’D) < 7. In this case, we have

1
R;j(d,D,1/(14+w),w) = —n;, p (by the definition of R; in Equation (TE)))

n
1
n(nJ d,D — ;fdp) (by the definition of nzd7D7 N q.p>Njd,D in Definition 2.5)
1
= —(nj,4,0 — a(d7D)nj’d’D) (by the definition of a;d’D) in Definition 2.5)
n
1
=5, of™)nja.n
< 1 1 !
L (L R
n 1+w 7,d,D
w 1
T nltw PP
w ( D)
<4 Mjd.D
= % nfyp  (by the definition of o{™”) in Definition 2.5)
= Rj(d, D,7,w). (by the definition of R; in Equation )

Case 2. a(d D)

> 7. In this case, both R;(d,D,1/(1 + w),w) and R;(d, D, T, w) are equal to %n;dﬂ.
Case 3. agd’D) <1/(1+w). In this case, both R;(d, D,1/(14+w),w) and R;(d, D, T, w) are equal to %n;r,d,D‘

Hence, given 7 > 1/(1 4+ w), we have

|d| |d|
R(d,D,1/(1+w),w) =Y R;(d,D,1/(1+w),w) <> R;(d,D,7,w) = R(d, D, 7, w).
j=0 7=0
The proof for R(d, D,1/(1 +w),w) < R(d, D,7,w) given 7 < 1/(1 + w) is similar. O

Proposition 4.2. leen the training data D, the set of antecedents A, and a prefix e that is compatible
with D and satisfies a ) e Aforall je {0,1,...,|e] =1} and a,(: ) > a(e D) for all k € {1,2,..., le| = 1}, the

following statements are equivalent: (1) e is feasible for Program 2.9 under D and A; (2) &e,p < a‘(el D1 holds:
() fep = > ((1/a5P) - )i, holds.

le|—1

Proof. (1) = (3): Suppose that Statement (1) holds. Then there exists a falling rule list

(D) (d) (d.D)y (d.D)
d={e (a7 a7, (ay)_yafi ) aff”)



that is compatible with D, and we have

— _ =t
ne,D = Ne,D ne,D

— =+
= Ne|,d,D T -+ T NYd|,d,D — Te p

1 1 - .
= —@D) | ap Tt e —@D) \dl,d,D — 7. p (by Definition 2.5)
lel |d|
1 - - . :
> ﬁ | \ap Tt @m0 ~ Me,p (by the monotonicity constraint)
le]—1 le|]—1
1
= (dD)( lel,d,p T "+n|d|dD) e D
Ye|—1
|
= (d,D) ""e,D e D
«
le|—1

=+
O = ne7D s
Qe,D = — (by Definition 2.5)
Ne,D
ﬁ:,D + ﬁe_,D
=+
s - n(ecﬁ)) - (by Statement (3))
77’eD + ((1/a|e\, 1) — 1) e.D
=t
n
e.D —al®?).

= d,D -
(14 (/e ?) = Dif

(2) = (1): Suppose that Statement (2) holds. Then the falling rule list d = {e, &.,p} begins with e and is
compatible with D. By Definition 4.1, e is feasible for Program 2.9 under the training data D. O
Before we proceed with proving Lemma 4.4, we make the following observation.

Observation 10.1 For any rule list

@) 4(d) @) 4 &)
d' = {e,(af)),a(1)), . (afy )y, a{5) 1), 605}

that begins with a given prefix e, we have

S+ o+ +

Mg p =Mepar.p T Var|ar, 0> (14)

ne7D :n‘€|7d/7D+...n‘d/|7d/7D, (15)
and

Ne, D = Ne|,d',D + --Na&'|,d',D- (16)

Proof. Any positive training input x; that is not captured by the prefix e must be captured by some antecedent
ag»d) with |e|] < j < |d'| in d’, or the final else clause in d’. Conversely, any positive training input x; that

is captured by some antecedent agd ) with le] <j < |d'| in d', or the final else clause in d’, must not satisfy



any antecedent in the prefix e and is consequently not captured by the prefix e. This means that the set
of positive training inputs that are not captured by e is exactly the set of positive training inputs that are
captured by some antecedent ag.d ) with le] < j < |d|in d', or the final else clause in d'. It then follows that
these two sets have the same number of elements. The former set has ﬁ: p humber of elements, and the latter
has nr;\,d’,D + ...+ ”\Tm,d/,p number of elements. This establishes Equation .

We can establish Equations and using essentially the same argument. O

We now prove Lemma 4.4.

Lemma 4.4. Suppose that we are given an instance (D, A, w,C) of Program 2.9, a prefix e that is feasible
for Program 2.9 under the training data D and the set of antecedents A, and a (possibly hypothetical) falling
rule list d that begins with e and is compatible with D. Then there exists a falling rule list d’, possibly
hypothetical with respect to A, such that d’ begins with e, has at most one more rule (excluding the final
else clause) following e, is compatible with D, and satisfies

L(d',D,1/(1 +w),w,C) < L(d, D,1/(1 + w),w, C).

Moreover, if either ozgd’D) > 1/(1 4+ w) holds for all j € {le|,|e| + 1,...,]d|}, or ag-d’D) < 1/(1 + w) holds for
all j € {|e|, |e] +1,...,|d|}, then the falling rule list € = {e, &..p} (i.e. the falling rule list in which the final
else clause immediately follows the prefix e, and the probability estimate of the final else clause is G, p) is
compatible with D and satisfies L(e, D,1/(1 4+ w),w,C) < L(d,D,1/(1 + w),w, C).

Proof. Case 1. There exists some k € {|e|+1,...,|d|} that satisfies a,(cd;?) >1/(1+w) but oz,(cd’D) <1/(14w).

For any j € {le|, ...,k — 1}, we have a§ D) s 1/(1 4+ w), and the contribution R;(d,D,1/(1 + w),w) by the

j-th rule to R(d, D 1/(1 + w), w), defined by Equation with 7 = 1/(1 + w), is given by
1 _
Ry(d,D.1/(1+ w)w) = ns (17)

For any j € {k, ..., |d|}, we have agd’D) <1/(1+ w), and the contribution R;(d, D,1/(1 + w),w) by the j-th
rule to R(d, D,1/(1 + w),w) is given by

w
Rj(d, D,1/(1 +w),w) = —nT p,. (18)

The rest of the proof for this case proceeds in three steps.

Step 1. Construct a hypothetical falling rule list d’ that begins with e, has exactly one more rule (excluding
the final else clause) following e, and is compatible with D. In later steps, we shall show that the falling rule
list d’ constructed in this step satisfies L(d’, D,1/(1 + w),w,C) < L(d,D,1/(1 + w),w, C).

Let d' = e, (a |(d| ), A‘(d‘ )), A(jp)rl} be the falling rule list of size |d'| = |e| + 1 that is compatible with D, such
that

(d) _ (d) (d)
‘ | a‘ | V..Va,y

is the antecedent given by the logical or’s of the antecedents al(e‘) through a( ) , ind.
Step 2. Show that the empirical risk of misclassification by the falling rule list d’ is the same as that by the
falling rule list d.

To see this, we observe that the training instances captured by a‘ ‘ in d’ are exactly those captured by the

antecedents al( ‘) through a,(C )1 in d, and the training instances captured by a, ‘J)rl

(d) through a dl) in d. This observation implies

(i.e. the final else clause) in

d" are exactly those captured by the antecedents a,

+ _ ot +
Mep,dr,p = Mel,d,p T -+ M—1,4,0- (19)



Nela', 0 = Peld,p T+ M—1,4,0 (20)

Nel,d’,D = Ne|,d,D + - + Nk—1,d,D, (21)
+ _ +
Nel+1,0/,0 = "k,d,0 -+ T g a0 (22)
and
Ne|+1,d’,D = Nk,d,D + - + Nja|,d,D- (23)

Since d’ is compatible with D, using the definition of a compatible rule list in Definition 2.6 and the definition
of the empirical positive proportion in Definition 2.5, together with , , , and , we must have

+ + +
(@) (@D) _ Meld&,p _ Mepap Tt 14D
=« = =

Hel = Vel Nie|,d’,D Nie|,d,D T -+ T Nk—1,d,D
B CX‘(S{D)H\EW,D + ...+ a](;i_’?)nk—l,d,D 1
B Nel,d,D + -+ Nk—1,d,D 1+w’
and
~(d") (d',D) _ ”\t|+1,d',p _ nz,d,D t o +n|§|,d,p

« =
1 1
lel+ lel+ Nje|+1,d',D  Mkd,D + -+ Na|,d,D

d,D d,D
a( )nk7d,D + ...+ a‘(d| )n|d|,d,D < 1
nk7d7D+...+n|d|7d’D - 1+w'

This means that the contribution Rj.((d’, D,1/(1 +w),w) by the |e|-th rule to R(d’, D,1/(1 +w), w) is given
by
1 _ 1, _ _
Rie|(d',D,1/(1 4+ w),w) = ~Mieldr D = g<”\el,d,D + g p)
where we have used (20), and the contribution Rj.1(d’, D,1/(1 4 w),w) by the (|e| 4+ 1)-st “rule” (i.e. the
final else clause) to R(d', D,1/(1 + w),w) is given by

w w
Rle\-&-l(d/’D? 1/(1 + w),’w) = gnr;Hl,d’,D = 5(77’;@,[) tot n\tl\,d,D)’

where we have used .

It then follows that the empirical risk of misclassification by the rule list d’ is the same as that by the rule
list d:

R(d',D,1/(1 +w),w)
= R(e,D,1/(1 + w),w) + Rje|(d', D, 1/(1 + w),w) + Rjej+1(d', D,1/(1 + w), w)

1, _ _ w
= R(e,D,1/(1 +w),w) + E(n|e|,d,D +otny g ap)t E(”Z,d,D +.t n|J<ri|,d,D)

Id|
= R(e,D,1/(1 +w),w) + Z R;(d,D,1/(1+ w),w)
j=lel
= R(d,D,1/(1 + w),w). (24)

Step 3. Put everything together.
Using (24), together with the observation |d'| = |e[ + 1 < |d|, we must also have

L(d/,D, 1/1+w),w,C) = R(d',D, 1/(1+w),w)+ C|dl|
< R(d,D,1/(1 +w),w)+ C|d| = L(d,D,1/(1 + w),w,C),



as desired.

Case 2. aﬁ-d’D) > 1/(14w) holds for all j € {|e|, |e]+1,...,|d|}. Then the contribution R;(d,D,1/(14+ w),w)
by the j-th rule to R(d,D,1/(1 + w),w), for all j € {|e|,|e| + 1,...,|d|}, is given by Equation (17). Let
d = {e, al )} be the falling rule list of size |d’'| = |e| that is compatible with D. Then the instances captured

le]
by al(jl) (i.e. the final else clause) in d' are exactly those that are not captured by e, or equivalently, those

that are captured by al(j‘) through al(:iil) . This implies

+ — ot +
el = Meld,p T T Majaps (25)
el,a',0 = Mel,a,p T+ Mg.q,0 (26)
and
Njel,d',D = Ne|,d,D T - + Nd|.d,D- (27)

Since d’ is compatible with D, using the definition of a compatible rule list in Definition 2.6 and the definition
of the empirical positive proportion in Definition 2.5, together with and , we must have

+
(@) _ (@.D) _ "lel.d’.D

Q)" =" =
Ne|,d’,D
+ +
— n‘€|vd;D ot n|d|;d;D (28)
Ne|,d,D T -+ + Nd|.d,D
(d,D) (d,D)
Qg MNe|d,p F o F Qg Na)d,D - 1 (29)
Nel,d,D T -+ + Nd|,d,D I+w

Note that the right-hand side of Equality is equal to ﬁj p/Me,p = Ge p, by Equations and in
(d

/) -
le| = %eD-

Observation 10.1. Therefore, we also have &
Inequality (29) implies that the contribution R (d’, D,1/(1 + w),w) by the |e|-th “rule” (i.e. the final else
clause) to R(d’, D,1/(1 + w),w) is given by

, 1 _ 1, _ _

R\e|(d 7D7 1/(1 + ’LU), U)) = En\eLd’,D = E(n\eLd,D +.t n|d|,d,D)’
where we have used .
It then follows that the empirical risk of misclassification by the rule list d’ is the same as that by the rule
list d:
R(d', D,1/(1+ w),w)
= R(ea Da 1/(1 + ’U)),’LU) + R|e|(d/7D7 1/(1 + ’U)),U})

1, _ _
= R(e,D,1/(1 +w),w) + ﬁ(n\elﬁd,D + g 4p)
|d|
= R(e, D, 1/(1+w),w)+ Y R;(d, D, 1/(1 +w),w)
j=lel

= R(d,D,1/(1 +w), w).

Since we clearly have |d'| = |e| < |d|, we must also have

L(d/,D, 1/1+w),w,C) = R(d',D, 1/(1+w),w)+ C|dl|
< R(d,D,1/(1+w),w)+ C|d| = L(d,D,1/(1 + w),w,C),



as desired.

Case 3. a§-d’D) < 1/(1 4+ w) holds for all j € {le|,|e] + 1,...,]|d|}. The proof is similar to Case 2, with
R;(d,D,1/(1 4 w),w) for all j € {|e|,|e|+ 1,...,|d|} given by Equation (18), the “greater than” in Inequality
replaced by “less than or equal to”, and Ry.(d’, D,1/(1 +w),w) given by

Y+ W+ +
Rye)(d', D, 1/(1 + w),w) = 7 Mela.p = E(n\eLd,D + ot g a0)

O

Corollary 4.5. If d* is an optimal solution for a given instance (D, A, w,C) of Program 2.9, then we must
(@D) S 1/(1 +w) for all j € {0,1,..., |d*| — 1}.

have o
Proof. Suppose that d* were an optimal solution for a given instance (D, A, w,C) of Program 2.9, such that
ol ) < 1/(1 + w) form some k € {0,1, .., |d*| — 1}. Let

d* d*,D d* d*,D
e= {5, al""), (@), ol Py

be a prefix consisting of the top k rules in d*. By Lemma 4.4, the falling rule list & = {e, &. p} satisfies
L(e,D,1/(1 +w),w,C) < L(d*,D,1/(1 + w),w,C). In fact, the inequality is strict because the size of € is
strictly less than that of d*. This contradicts the optimality of d*. O

Before we proceed with proving Theorem 4.6, we make two other observations.
Observation 10.2. For any rule list d’, we have

— _ - +
n‘€|7d/,D — a(d,’D) 1 n|e\,d’,D’ (30)

Proof. By Definition 2.5, we have
(d'.D) _

+
X = ”|e|,d/,D/”\e\,d’,D~

Since nj¢|,a,p denotes the total number of training inputs captured by the |e|-th antecedent in d’, which is
exactly the sum of the number of positive training inputs captured by that antecedent (denoted ”\—Z| D)

and the number of negative training inputs captured by the same antecedent (denoted nfel’ ) p), we have
+
(D) _ "el.d',D
o= = .
Me.a',0 T Me|.dr.D
The desired equation follows from rearranging the terms. O
Observation 10.3. For any rule list
r_ (d) A(d)y ~(d)
d = {e, (a5 b)) Gpeppa
that has exactly one rule (excluding the final else clause) following a given prefix e, we have
+ _ st +
Yel+r,a,D = e, T Mel.ar, D (31)
Ne|+1,d0,D = Nep— Ne|,d', D> (32)
and
Nje|+1,d",D = Te,D — Nje|,d’,D- (33)

Note that since nlt\Jrl,d/,D’ Mol 1,0, p> @0d Nje|41,0/,p are non-negative, Equations 1 , 1' and li imply
+ S - - -
Meld',D < Ne.Ds el d',D < Ne. D> and Nie|,d’,D < Ne,D-



Proof. Applying Observation 10.1 with |d’| = |e| + 1, we have
St o+ +
Me,p = Pel,ar,0 T Vel 41,07,0°

Nep = n|_e\,d/,D + ”\_e|+1,d/,D7
and
Ne,D = Nje|,d',D + Ne|+1,d",D-
Equations , , and follow from rearranging the terms in the above equations. O

We now prove Theorem 4.6.

Theorem 4.6. Suppose that we are given an instance (D, A, w,C) of Program 2.9 and a prefix e that is
feasible for Program 2.9 under the training data D and the set of antecedents A. Then any falling rule list d
that begins with e and is compatible with D satisfies

L(d7 D7 1/(1 + w)’w7 C) Z L*(e7 D7w’ O)?

where
) . 1 ~ w., 1__
L*(e,D,w,C) = L(e,D,1/(1 + w),w,C) + min D) LInlp+C, gne,m Ene,D
le[—1

is a lower bound on the objective value of any compatible falling rule list that begins with e, which we call a
prefix bound for e, under the instance (D, A, w, C) of Program 2.9. Furthermore, if

1 1 1
C > min <7::ﬁj,D,nﬁe’D) o ot O (34)
jel—1

holds, then the falling rule list € = {e, &, p} satisfies L(e, D,1/(1 + w),w,C) = L*(e, D, w, C).

Proof. Let F(X, D, e) be the set of (hypothetical and non-hypothetical) falling rule lists that begin with e
and are compatible with D, and let F(X, D, e, k) be the subset of F(X, D, e), consisting of those falling rule
lists in F(X, D, e) that have exactly k rules (excluding the final else clause) following the prefix e.

Let d € F(X,D,e).
Case 1. O‘\(:ff)l) > 1/(1 4 w).

In this case, Lemma 4.4 implies

L(d,D,1/(1 C) > inf L(d',D,1/(1 ,w,C). 35
(@D w)w )= f L DL )0, 0) (35)

Note that we have F(X, D, e, 0) = {é&}, where € = {e, &, ,p} is the falling rule list in which the final else clause
immediately follows the prefix e, and the probability estimate of the final else clause is &. p. To see this, we
first observe € € F(X, D, e,0). This is because:

(i) e clearly begins with e, and has no additional rules (excluding the final else clause) following the prefix e;
(ii) the feasibility of e implies oz,(f’?) > a,(fD) for all k € {1,2, ..., |e| — 1} (otherwise we could not possibly have

N (e,D)

lel-1 (by Proposition

a falling rule list that begins with e, and we would violate Definition 4.1), and G p < «
4.2), which together imply that € is indeed a falling rule list; and

(iii) we have

Gep = = L (by the definition of @, in Definition 2.5)
e,D
nt .o
— _lele (by Equations and in Observation 10.1, applied to &)
Nel.e,D
N

éél ,  (by the definition of the empirical positive proportion in Definition 2.5)



which implies that € is indeed compatible with D.

Conversely, for any dy = {e, a(do)} € F(X,D,e,0), we must have

A‘(glo) = al(j‘o’D) (because dy must be compatible with D)

LoD

= _lebdo.D (by the definition of the empirical positive proportion in Definition 2.5)
Ne|,do,D
At

= JeD (by Equations (14) and (16)) in Observation 10.1, applied to dy here)
ne,D

= &e,Da

which implies dy = é. This establishes F(X, D, e,0) = {&}.
Let F'(X,D,e,1) be the subset of F(X, D, e, 1), consisting of those falling rule lists

d d',D d",D
d' = {e. (a7 0,0l € F(x.D,e,1)

with oz‘(jl/’D) > 1/(1+ w) and al(gllg) < 1/(1 4+ w). Note that for any d; = {e, (a (d) ol ) | |+1 } €

Alo| s Vel

F(X,D,e, 1) = F'(X,D,e, 1), we have either al(jll’D) > ‘(jlﬂf) >1/(14+w) or al( |1+11)) < a‘(;l P < 1/(14+w),

and Lemma 4.4 implies L(dy, D,1/(1 + w),w,C) > L(&, D,1/(1 + w),w,C). This means

inf L(d,D,1/(1 C)>L(e,D,1/(1 C). 36
d/Ef(X,D,e,llr)l_]:/(X7D7e71) ( ? ? /( +U}),w7 )— (67 ? /( +w)7w7 ) ( )

Using F(X, D, e,0) = {e} and (36]), we can write the right-hand side of as

inf L(d',D,1/(1+w),w,C)
d'€F(X,D,e,1)UF(X,D,e,0)

= inf L(d',D,1/(1 +w),w,C)

 dEeF!(X,D,e,)U(F(X,D,e,1)—F'(X,D,e,1))U{e}

i (d,e}-/%g,D,e,l) ( e /( +’U)),’LU, ),

L(d,D,1/(1 Le,D,1/(1
d’e]—'(X,D,e,llI)lf]-"(X,D,e,l) (@, D, 1/(1 +w),w, C), L(e, D, 1/( +w),w,C))

= mi inf L(d',D,1/(1 L(e,D,1/(1 .
win (,__inf L@ D1/( 4 0),0,0). 1. D.1/(1+ w),1,0)) (37)

The rest of the proof for this case proceeds in three steps.
Step 1. Compute L(e,D,1/(1 + w),w,C).
Since the contribution by the final else clause to L(e, D,1/(1 + w),w,C) is given by

if @ep>1/(1+w)

1
R\el(é’ D 1/(1 4 w),w) = {Z otherwise
n )

. . . . . ~+ _ + ~— _ —
where we have used Equation li and since Observation 10.1 implies Ne.p = Me|eD and Nep="n

lel,e, D’ it
is not difficult to see

L(e,D,1/(1 +w),w,C) +
Le,D,1/(1 +w),w,C) +

Ne p if Ge.p > 1/(1 4 w)
+

,D

L(e,D,l/(l—i—w),w,C):{

:\SS\’—‘

otherwise.



Since Gep > 1/(1 4+ w) is equlvalent to n] YA op tigp) > 1/(1+w), or wﬁj’D > 7, p, and similarly
Gep < 1/(1+ w) is equivalent to wneyD <, p, We can write

L@ D11+ ), 0,C) = min (Lle, D, 1/(1 4 0),w,C) + it
L(e,D,l/(1+w),w,C) n”:D) .

Step 2. Determine a lower bound of L(d', D,1/(1 4+ w),w,C) for all d' € F'(X,D,e,1).

Let d' = {e, ( al(d/’D)) \+1 } € F'(X,D,e,1). Since the contribution by both the |e|-th rule and the

le] ? el
final else clause to L(d', D, 1/(14w),w, C) is given by R |(d’, D, 1/(14+w), w)+ Rjej41(d’, D,1/(1+w),w)+C,
where Ry (d', D, 1/(1 + w),w) and R\e|+1(d/;D, 1/(1 4+ w),w) are defined by Equation and are given by

1 _ w
R‘E|(d/7 D7 1/(1 + ’U)), w) = En‘eLd’,D and R|6|+1(d17 D7 1/(1 + ’LU), w) - gnlt|+17d/7D

(because we have al( | ) > 1/(14w) and a|( \+1) <1/(1+w)for d € F'(X,D,e, 1)), it is not difficult to see

1
L(d, D,1/(1 +w),w,C) = L(e, D, 1/(1 +w),w,C) + —ni o+ %nﬁ;mw +C. (39)

Substituting in Observation 10.2 and in Observation 10.3 into Equation (39)), we have

L(d',D,1/(1 4+ w),w,C)

1 w,
:L(B,D, 1/(1—|—w),w,0)—|— (d' D) 1 nl—";l’de"!_E(n:D_nlt‘7d/7D)+C
Vel
1 1 -
:L(e,D,l/(l—Fw),w,C’)—Fﬁ (d, 5y —l-w nI—ZI,d/,D—i_wn:D +C. (40)

(d D)

Note that Equation (40| shows that given the prefix e, L(d’, D,1/(1 + w), w,C) is a function of a, and

of nt . Since we have

lel.d’,D

OL(.D.1/(1 +w).w.C) _1( 1

=— —-1-w] <0
(d’,D)
Onieyarp "\ e
because al( | ) > 1/(1 + w) holds for any d’' € F'(X,D,e, 1), and
OL(@,D,1/(1+ w),w,C)  Mgawp 1 <0
aa(d/p) n ( ‘(gl D)) )

le|

we see that L(d’,D,1/(1 + w),w,C) is indeed a monotonically decreasing function of both nlt‘ o p and

a‘(jl/’D). Thus, we can obtain a lower bound of L(d’, D,1/(1 + w),w,C) by substituting ”\—Z| o p and «

with their respective upper bound. The inequality nlt\- o.p S ﬁ: p in Observation 10.3 gives an upper bound

for n‘tl @D and the inequality a‘( | D) < fgll’]?) = a‘(e"Dl) from d’ being a falling rule list gives an upper

bound for a‘( | D), Substituting these upper bounds into l) we obtain the following inequality, which gives



a lower bound of L(d', D,1/(1 4+ w),w,C):
L(d',D,1/(1+ w),w,C)

1 1
ZL(e,D,l/(l—F’LU),’LU,C)-’-* (7[))—1—’11) ﬁjD—’—wﬁjD +C
n e, ) »
le]—1

1

(e,D)
le|—1

1
:L(e,D,l/(l—i—w),w,C)—i—E -1|n.p|+C.

This means

. / 1 ~ 4
d/ep&fz),e,l)L(d ,D,1/(1+w),w,C) > L(e,D,1/(1 + w),w,C) + - m —1)alp, | +C (41

Step 3. Put everything together.

Using 7 , , and 7 we have
L(d, D,1/(1+ w),w,C)

> mi inf L(d,D,1/(1 L(e,D,1/(1
Z min (d/e}—/%g,D,e,l) ( ? ? /( +U)),'UJ7C), (e’ I /( +'LU)7U),C)>

1

1
> min L(e,D,l/(l—i—w)ﬂU,C)—l—E W—l fi.p | +C,

le|—1

g

1
min <L(e,D, 1/(1+w),w,C) + —n_ p, Lle,D,1/(1 + w),w,C) + ﬁjD>
n ’ n ’

1 1 w 1
_ . _ St Wy Lo
= L(e,D,1/(1 + w),w,C) + min - ‘(el’D) L)l p +C,nne’D,nneﬁD ,
e|—1

as desired.
Case 2. O‘\(Sf?l) <1/(1+w).

This implies ag-d’D) <1/(1+w) for all j € {Je|,...,|d|}. By Lemma 4.4, we have

L(d,D,1/(1 +w),w,C) > L(e,D,1/(1 + w),w,C).
Since L(e, D,1/(1 4+ w),w,C) is given by Equation , we have
L(d,D,1/(1 4+ w),w,C) > L(e,D,1/(1 +w),w,C) + min <wﬁ:‘D, lfz:D) . (42)

(e,D)

Given a7 < 1/(1 + w), we must also have

1 1 w w

- - ~ st et

" a‘(dl,e) 1| alp +C > nne7D+CZ nn&D,

ol
which means
w 1 1 1 w 1
. ~+ ~ — _ . - _ ..,+ 7~+ 7,.,7
min (nne’D, n”e,D) = min - 704‘(‘1"]3) LInp |+ C, nn&D, nne7D . (43)

el—1



Substituting into completes the proof for Case 2.
Finally, if Inequality holds, then we have

1 1 . Cfw 1__
g W—l nzD +CZm1n (nnZD,nne’D),
le|]—1
which implies
1
L*(e,D,w,C) = L(e,D,1/(1 + w), w,C) 4+ min (wﬁ:D, fze_D> =L(e,D,1/(1+w),w,C).
n ““’'n ©

11 Proof of Theorem 5.2

Theorem 5.2. Suppose that we are given an instance (D, A, w,C,C1) of Program 5.1 and a prefix e that is
compatible with D. Then any rule list d that begins with e and is compatible with D satisfies

L(d,D,1/(1 +w),w,C,Cy) > L*(e, D,w,C, C}),

where

L*(e,D,w,C,C1) = L(e,D,1/(1 + w),w,C,Cy)

1 1
tmin |~ [ 55 1]y +C+ Cilden — a5 )4 + “id pllden > ),
n (B,D) ’ 5 n , , (44)
inf_ g(8), Zit p + Cilde.p —a(efD)JJmlfF +Cy|Gep — G2,
B:(<B<1 n &P ’ min n teD ; min

is a lower bound on the objective value of any compatible rule list that begins with e, under the instance
(D, A,w,C,C4) of Program 5.1. In Equation , ol&D)

min >

and g are defined by

D) — min ake’D , ¢= max(a(e’f),de’p, 1/(1 4+ w)),

mi

1/1 N e

o0) =% (5-1) itp+ O+ Q15— a5,
n \ B '

Note that infg.c<p<1 ¢g(8) can be computed analytically: infg.c<g<ig(8) = g(8*) if * = ﬁZD/(C’ln)

satisfies ( < B* <1, and infg.c<p<1 9(8) = min(g(¢), g(1)) otherwise.

To prove Theorem 5.2, we need the following lemma:

Lemma. Suppose that we are given an instance (D, A, w, C, C;) of Program 5.1, a prefix e that is compatible
with D, and a (possibly hypothetical) rule list d that begins with e and is compatible with D. Then there
exists a rule list d’, possibly hypothetical with respect to A, such that d’ begins with e, has at most one more
rule (excluding the final else clause) following e, is compatible with D, and satisfies

L(d/a D, 1/(1 + w)vwa C, Cl) < L(da D, 1/(1 + w)awa C, Cl) (45)
Moreover, if either oz;-d’D) > 1/(1+ w) holds for all j € {le|,|e|+1,...,|d|}, or ozg-d’D) <1/(1+ w) holds for all
J €{lel,le] +1,...,]d|}, then the rule list € = {e, & p} (i.e. the rule list in which the final else clause follows
immediately the prefix e, and the probability estimate of the final else clause is &, p) is compatible with D
and satisfies L(e, D,1/(1 + w),w,C,Cy) < L(d,D,1/(1 + w),w,C).



Proof. Case 1. There exists some k € {|e|, ..., |d|} that satisfies alPP) > 1/(1+w) and some k' € {|e, ..., |d|}
that satisfies agj’D) < 1/(1 +w). For any j € {le|,..., |d|} with a§-d’D) > 1/(1 + w), the contribution
R;(d,D,1/(1+w),w) by the j-th rule to R(d, D,1/(1 + w),w), defined by the right-hand side of Equation

with 7 = 1/(1 + w), is given by
1 _
R;(d,D,1/(1+w),w) = 4D

For any j € {le|, ..., |d|} with a§-d’D) <1/(1 4+ w), the contribution R;(d, D,1/(1 4+ w),w) by the j-th rule to
R(d,D,1/(1 4 w),w) is given by

w
Rj(daDa 1/(1 + ’U}),U}) = En;:d,D'

The rest of the proof for this case proceeds in four steps.

Step 1. Construct a hypothetical rule list d’ that begins with e, has exactly one more rule (excluding the
final else clause) following e, and is compatible with D. In later steps, we shall show that the rule list d’
constructed in this step satisfies (45).

Let d' = {e, (al(g‘,)7 d‘(gll)), &fjllj_l} be the hypothetical rule list of size |d'| = |e| 4+ 1 that is compatible with D,
and whose |e|-th antecedent a'®) is defined by

lel

(d,D)
capt(x,d

ol (x) = 1o ) > 1/(1+w)] - 1le] < capt(x, d) < |d]).

Step 2. Show that the empirical risk of misclassification by the rule list d’ is the same as that by the rule
list d.

To see this, we observe that the training instances in D captured by al(j‘/) in d’ are exactly those captured by
the antecedents aéd), le] <7 <|d|, in d whose empirical positive proportion satisfies ag.d’D) >1/(14w), and

the training instances in D captured by a@) (i.e. the final else clause) in d’ are exactly those captured by

le[+1
the antecedents a'?, le] < j < |d|, in d whose empirical positive proportion satisfies a§d’D) <1/(1+w). This

J
observation implies
+ _ +
Nel,a',0 = > N d,D (46)
jilel<i<ldinal ) > 1/ (14w)

Mel,d',D = Z "j.d,D> (47)
jilel<i<ldinal ) > 1/ (14w)

Ne|,d’,D = > nj,d,D> (48)
jilel<i<ldinal P > 1/ (14w)

+ — +
Mel+1,d,D = > 4,0 (49)
jilel<i<ldinal®P) <1/(14w)

and
Ne|+1,d',D = > Nj,d,D- (50)

jilel<i<ldInalt ) <1/(1+w)

Since d’ is compatible with D, using the definition of a compatible rule list in Definition 2.6 and the definition



of the empirical positive proportion in Definition 2.5, together with , 7 , and , we must have

+ . . n+
(@) _ @.D) _ "eld'.D _ Za:\asmdlm;d”’)>1/<1+w) 4,d,D

le| le

&

el d',D Do) <i<ldlnal®P) >1/(1 ) 0D
(d,D)

Zj:\e|§jg|d|m§d”3>>1/(1+w) @ "Mj,d,D - 1
- )
Zj:leISjSIdIAa§d’D)>1/(1+w) "j,d,D I+w
and
+ . , nt
& @) _ @0 _ Meltrap Zazle\éys\dlAaﬁ-d'D@l/(uw) 4,d,D
le]+1 = “lel+1 T - .
Ne|+1,d’,D Zj:le\gjg\dl/\a§d’D>§1/(1+w) Nj.d,D
Z d,D Oz(-d’D)n‘
jilel<i<ldnal®P) <1/ (1+w) Vi 4,d, D 1
T 14w

Z,A . (d,D) Tj.d,D
jilel <g<ldlAal™ P <1/ (14w) 1

This means that the contribution Rj.|(d’, D,1/(1 +w), w) by the |e|-th rule to R(d’, D,1/(1 +w), w) is given
by
1 _ 1 _
R|e|(d/,D, 1/(1 + w),w) = ﬁn|e|»d/vD = — Z .d,D>

n
jilel<i<ldnal® P >1/(1+w)

where we have used (47), and the contribution Rj.1(d’, D,1/(1 4 w),w) by the (|e| 4+ 1)-st “rule” (i.e. the
final else clause) to R(d', D,1/(1 + w),w) is given by

w w
Rjej41(d', D, 1/(1 +w), w) = gnltlﬂ,d’,D = Z n;r,dvD’

jilel<i<ldnalt ) <1/(14w)

where we have used .

It then follows that the empirical risk of misclassification by the rule list d’ is the same as that by the rule
list d:

R(d',D,1/(1 + w),w)
=R(e,D,1/(1 +w),w) + R‘e|(d’, D,1/(1 +w),w) + R‘e|+1(d', D,1/(1 4+ w),w)
= R(e, D,1/(1 + w),w)

1 _ w
+E Z njyd’D—&-E Z n;fd’D
jilel <i<ldinaltP) > 1/ (14w) jilel<i<ldinal®P) <1/(14w)
|d|
=R(e,D,1/(1+w),w)+ > R;(d,D,1/(1 + w), w)
i=lel

= R(d,D,1/(1 +w),w). (51)

Step 3. Show that the monotonicity penalty of the rule list d’ is at most that of d.

Let S(d,D) = ledzlo Lag-d’D) — ming; a,(cd’D)J+ be the monotonicity penalty of the rule list d. We now show
S(d',D) < S8(d,D). Let S;(d,D) = Lagd’D) — ming; a(d’D)J+ be the monotonicity penalty for the j-th rule
in d.

Let I € {Je|, ..., |d|} be any integer with

al(d’D) = max al® D), (52)

jilel<i<ldlAal®™ P >1/(14w)



d) (d,D) (d,D)

Then the total monotonicity penalty for all the rules (ag- ,a; ) ind with [e] < j < |d| and o >1/(14w)

J
satisfies

Z S;(d,D) > Si(d,D) (because S;(d, D) is included in the sum on the left)
jilel<i<ldinal ) > 1/ (14w)

= Lal(d’D) — min a,(cd’D)J+

k<l
> Lal(d’D) — min a,id’D)JJr.
k<le|

On the other hand, the monotonicity penalty for the |e|-th rule in d’ satisfies

Sie|(d', D) = o@D _ min o P, < 0P — min oD
|e|( ) L le] k<|el k J+ = L 1 k<|el k J+a
. d,p) . (d,D) , . .
because we have ming .|| o = ming.e| oy, (d and d’' begin with the same prefix ¢), and
+
@,y _ "e|,a',D i, . o . o
Q= (by the definition of the empirical positive proportion in Definition 2.5)
Nel,d’,D

2 i el<i< dinat®D) 51 /(14 w) M5.d,D
= Zolelsisldine >/ (tw) ) (by Equations and )

Zj:|e|Sj§|d|Aa§d’D)>1/<1+w> Nj,d,D

D
2jiel<ildinat™P >1/(u) 4 TidsD

(d,D
J

) in Definition 2.5)

(by the definition of «
Zj:leISjSIdI/\Oé§d"D)>1/(1+w) ",d,D

E d,D Oz(d’D)n'
jilel<i<ldinal™ P >1/(14+w) M 7,d,D

(by the definition of [ in (52]))

Zj:|e|sJ‘S|d|Aa§d’D)>1/<1+w> "j,d,D

= al(d’D).

Combining and , we have

Sjey(d', D) < > S;(d, D).

jilel<i<ldnal® P >1/(1+w)

A similar argument will show

Sjej11(d', D) < > S;(d, D).
jilel<i<ldinal®P) <1/(14w)

It then follows from and that the monotonicity penalty of d’ is at most that of d:

le]—1
S(d,,D) = Sj(d,,D) +S|e‘(d/,D) +S|e|+1(d/,D)
j=0
le]—1
< S;(d, D) | + > S;(d, D)
j=0 jilel<i<ldIAal™ D) > 1/ (14w)

+ > S;(d, D)

jilel<i<ldnas P <1/(14w)

= 5(d, D).

(55)



Step 4. Put everything together.
Using and (58)), together with the observation |d’| = |e| 4+ 1 < |d|, we must also have
L(d',D,1/(1 4+ w),w,C,C1) = R(d', D,1/(1 + w),w) + C|d'| + C15(d’, D)
< R(d,D,1/(1 +w),w) + C|d| + C15(d, D)
L(d,D,1/(1 +w),w,C,C).

Case 2. Either ag.d’D) > 1/(1 + w) holds for all j € {|e|,...,|d|}, or agd’D) < 1/(1 4+ w) holds for all
j €{lel,...,|d|}. The construction of d’ = € and the proof for R(d’, D,1/(1 4+ w),w) = R(d, D,1/(1 + w), w)
is similar to those given in the proof of Lemma 4.4. The proof for S(d’, D) < S(d, D) is similar to that in
Case 1. The desired inequality then follows from |d'| = |e| < |d]. O

Before we proceed with proving Theorem 5.2, we make the following four observations. Observations 11.1,
11.2, and 11.3 are the same as Observations 10.1, 10.2 and 10.3. They are repeated here for convenience.

Observation 11.1 For any rule list

() () @) (@) ) @)
d'={e, ()" &1 )y s @iy Y1) Y }

that begins with a given prefix e, we have

S+ o+ +

Mg p =Ngarp T~ Ma|.a 0> (59)

Ne.p = Mepar,p T Mar|,ar,0> (60)
and

Ne, D = Ne|,d’,D + --Na&'|,d’,D- (61)
Proof. Same as Observation 10.1. O

Observation 11.2. For any rule list d’, we have

- I +
Mel,d',D = o(@-D) L) nga.ps (62)

Proof. Same as Observation 10.2. O

Observation 11.3. For any rule list

d) ~(d ~(d’
d = {ev (a‘(e‘ )7 a|(e| ))7 afe‘j_l}

that has exactly one rule (excluding the final else clause) following a given prefix e, we have

+ o+ o+
Mel+1,d,D = e, = Me|,d’, D" (63)
Nel+1,d/,0 = "e,D ~ Me|,a’, D> (64)
and
Nje|+1,d,D = Te,D — Nje|,d’,D- (65)

Note that since n;|+17d/7D, o414, pe A0d Nje11,0, p are non-negative, Equations 1 , 1' and li imply
+ g o — N
Nelar,0 = ey Mejar,p < Te,D> and njej,ar,p < e, D-

e7



Proof. Same as Observation 10.3. O

Observation 11.4. For any rule list

= {e, ( (d) A(d))

afl ). el

that has exactly one rule (excluding the final else clause) following a given prefix e, we have

S+ o+
QD) _ e D = Ne|,d,D
|e\+1 -

~ ~— 1 +
ne,D + ne7D (d’ D) n\e| d’',D
Ylel

Proof. By Definition 2.5, we have

nt nt
(d.D) _ Ne|+1,d/,D . le|4+1,d’,D
le|+1

+ —_
Ne|+1,d",D Ne|+1,d/,D + e|+1,d/,D
Applying Equations (63)) and (64]) in Observation 11.3, we have
S+ o+
oz(d/ D) Ne.p = el ,ar,D
lel4+1 = (m+ _ _ + 5=
(.0 = Myepar,p) T (e.p = T . p)

S+ o+
Ne.D = Mel,d',D

~+ ~— o + _ -
Nep tNep = Nelar, D~ Ve|,a’,D

Applying Equation in Observation 11.2, we have

+ 7t
(d',D) "e,0 = e, a,D

le]+1
. S _ 1 +
Nep TN p = Mo D mCER Ling ap

-+ nt
e, ™ We|,a/,D

~+ ~— 1
Ne D + Nep — N )n\e| d',D
Ye|

We are now ready to prove Theorem 5.2.

Proof of Theorem 5.2. Let D(X, D, e) be the set of (hypothetical and non-hypothetical) rule lists that begin
with e and are compatible with D, and let D(X, D, e, k) be the subset of D(X, D, e), consisting of those
rule lists in D(X, D, e) that have exactly k rules (excluding the final else clause) following the prefix e. Let
S(X,D,e, 1) be the subset of D(X, D, e, 1), consisting of those rule lists

d' = {e. (a7, al™), 0V} € D(X. D, e,1)

(d',D)

with a7 > 1/(1 4+ w) and aldD)

D <1/(1+w).

Note that we have D(X, D, e,0) = {€}, where & = {e, &, p} is the rule list in which the final else clause
immediately follows the prefix e, and the probability estimate of the final else clause is & p, by a similar
argument as that given in the proof of Theorem 4.6 for (X, D,e,0) = {é}.

Let d € D(X, D, e).

The lemma that we have proved in this section, along with its proof, implies

T(a
L(d,D,1/(1 + w),w,C,Cy) > dles(xDelr)l{JD(XDeO)L(d,D,l/(1+w),w,C,C’1). (67)



This is because if d obeys Case 1 in the proof of the lemma, then using the same argument as in the proof of
the lemma we can construct a rule list d; = {e, (a(dl) a‘(gll’D)) d“D)} € S(X, D, e, 1) that satisfies

le| 2 Yef+1
L(d,D,1/(1 + w),w,C,Cy) > L(dy, D,1/(1 + w), w, C,Cy). (68)
Since d; must also obey
L(dy,D,1/(1 +w),w,C,Cy) > inf  L(d,D,1/(1+w),w,C,C)

d’€S(X,D,e,1)

inf L(d,D.1/(1
_d’ES(X,D,e,ir)lUD(X7D,e,O) ( y /( +w),w,C,C’1), (69)

combining the inequalities in and gives us @ On the other hand, if d obeys Case 2 in the proof
of the lemma, then by the lemma itself we know

L(d, D,1/(1 4+ w),w,C,Cy) > L(e, D, 1/(1+ w),w,C, Cy). (70)
Since we have D(X, D, e, 0) = {€}, it is straightforward to see

L(e,D,1/(1 + w),w,C,Cy) = d,ED(ing oo L(d',D,1/(1 +w),w,C,Cy)

inf L(d',D,1/(1 , 1
2 peS(x.D e D(E.Den) (d',D,1/(1+w),w,C,Cy) (71)

Combining the inequalities in and again gives us .
Note that if S(X, D, e, 1) is not empty, then the right-hand side of can be expressed as

inf L(d',D,1/(1 4+ w),w,C,Cy)
d'eS(X,D,e,1)|JD(X,D,e,0)

inf L(d',D,1/(1 4 w),w,C,Cy)
T wes(¥,Doe,) ULe)

_ . . ’
= min (d/68($27671)L(d D,1/(1 +w),w,C,Cy), L(e,D,1/(1 +w),w,C, Cl)> (72)

The rest of the proof proceeds in six steps.
Step 1. Compute L(é, D,1/(1 + w),w,C, C}).

Since the contribution by the final else clause to L(é, D,1/(1 + w),w,C, Cy) is glven by R (e, D,1/(1 +
W), w) + [&e.p — alsP )J+, where Rjcj(e,D,1/(1+4 w),w) is defined by Equation (13)) and is given by

mlIl
1 —_ . ~
X _ ifaep>1/(1+w
Ry |(e,D,1/(1 + w), . i’e’D the, . A )
W Mele,p  Otherwise,
and since Observation 11.1 implies nj‘D = nl e,p Al ﬁe_D = nl L&D it is not difficult to see

,€

L(€,D,1/(1 +w),w,C,Cy)

_ JLe, D1/ 4 w),w,C.Ch) + i+ CrlGep — ali |4 if Gep > 1/(14w)
L(e,D,1/(1 4+ w),w,C,Cy) + %af , + Ci|aep — aS;f)J+ otherwise.

Since &e,p > 1/(1 + w) is equivalent to ﬁ:D/(ﬁ:D + 7, p) > 1/(1 +w), or wﬁj’D > N, p, and similarly

Gep < 1/(1+ w) is equivalent to wﬁj,D < f_ p, We can write

[N’(aDal/(l_'_w)awaCaCl)

7 1
= min <L(e,D, 1/(1+w),w,C,C1) + Eﬁ;D + C1|@ep — 0‘55{5”4-,
[ ~ ~ e (73)
L(B,D, 1/(1 +w)7wa07 Cl) + %TLZD + 4 I_OZe,D — a( BD)J+)

min

1 e
= L(e,D,1/(1 + w),w,C,Cy) + min (Zﬁ:p, nﬁe’D> +C1lGep — oD,

min



Step 2. Partition the set S(X, D, e, 1) into three subsets based on how the softly falling objective is computed.

") (d’ D) ) (d',D)

Foranyd—{e(l‘, el ||+1

} € S(X, D, e, 1), the softly falling objective is given by

L(d',D,1/(1 +w),w,C,Cy)

1

+Cy Loz(d ) oz(e.’D) l++C wd ) oz(e.’D) J+. (74)

min le]+1 min
This is because for any d’ € S(X, D, e, 1), the contribution by both the |e|-th rule and the final else clause to
L(d',D,1/(1 4+ w),w,C,C) is given by

Rioy(d', D,1/(1 +w),w) + Riej 1 (&, D, 1/(1 +w),w) + C + Cy |l —alsD |+ Cilalf D —alsl |,

min le|+1 ¥nin

where R (d', D,1/(1 +w),w) and Rje41(d’, D,1/(1 4 w),w) are defined by Equation and are given by

1 _
R‘el(d/7D71/(1+w)?w) = ﬁn\eLd/,D and R|€|+1(d/7D71/(1+w)?w) |e|+1 d/

(because we have al(gll’D) >1/(1+ w) and al(g|/’+D1) <1/(14+w) for d' € S(X, D, e, 1)).
Let
& d',D) e,D d'.D d'.D
Si(X.D.e1) = {d = {e, (a7 o).l D} € S(X. D.e,1) 0l > o) > ol DY,
d) (d.D d'.D d',D D d',D
Sa(X.D.e.1) = {d = {e, (a0l a7V} € S(X.D.e. 1) 1o > al5? > a0},
and

a4 d'.D d',D) d d',D (e,D
Ss(X.D.e.1) = {d = {e,(a), o), 0V} € S(X.D.e. 1) 1o > o) > a5},

It is easy to see
S(X,D,e, 1) =85(X,D,e, 1) US (X, D,e, 1) US2 (X, D,e, 1).

We observe here that given the preﬁx e, we can write L(d', D,1/(1 +w), w,C,C}) as a function of nltl oD

and al | by substltutlng , , and in Observations 11.1, 11.2, and 11.3 into

Step 3. Determine a lower bound of L(d’, D,1/(1 4+ w),w,C,C}) for all d' € S;(X, D, e,1).

Let d' = {e, (a (gl)’ (d‘l D)) I(dle)} € §1(X, D, e, 1). By the definition of S;(X, D, e, 1), we have

(e.D) o (d'.D) 1 (d'.D)
Cmin =Yl 7 Ty 7 Vel (75)

We first prove the following inequality

(e,D) (d’,
O[mm > a| |

D) > max(1/(1 + w), de.p), (76)

which will be useful later.

To prove , we use Definition 2.5 as well as and in Observation 11.3 to obtain

- + + (d',D) (d',D)
G — Nep M.V Mejyr,a.p  Xe| Mel,d,D T Qo1 Me|+1,d,D (77)
e, D — = = = .
Ne,D  Mie|,d',D T Ne|+1,d',D Ne|,d’,D + Ne|+1,d',D

)

Substituting 0‘|(e\ +1) < oz‘(jl D) from into 1' we obtain &, p < oz‘(jll’D). Combining this inequality with

ozflme) > al(dl D) S ﬂ from , we obtain 1) as desired.



Note that since || has to hold for any d' € §1(X, D, e, 1), if a(e D)

given prefix e, then S;(X, D, e, 1) is empty.

<max(1/(1 4+ w), &, p) is true for the

We now show that given the prefix e, the softly falling objective L(d’, D,1/(1 4+ w),w,C,C}) for d’ is a

monotonically decreasing function of both nl d'\D and oz(d‘ D)

To do so, we substitute and ( in Observations 11.1 and 11.2 into to obtain
L(d',D,1/(1 4 w),w,C,Cy)

- 1 1
:L(67D,1/(1+U)),w70,01)+ﬁ W_l_w n‘tl’d,’D‘f’w’fL:D +C (78)
(%
lel

Note that Equation shows that given the prefix e, L(d’, D,1/(1 4+ w),w, C,C}) is a function of nl @D
(d',D)

and IR Since we have

OL(d',D,1/(1 +w),w,C,Cy) 1 1

8” le|,d’,D n a‘(jl D)
because al( | ) > 1/(1 + w) holds for any d’ € §;(X, D, e, 1), and
OLW.D.1/(1+w),w.C.C) _ Maap 1 _
o (d ,D) n ( \(j| D)) )

we see that Ii(d’7 D,1/(1 + w),w,C,C}) is indeed a monotonically decreasing function of both nl‘z‘ & p and

a‘(;il',D). Thus, we can obtain a lower bound of INJ(d/’D7 1/(1 + w),w,C,Cy) by substituting nltl & p and
‘(dl D) with their respective upper bound. The inequality n‘tl’ op < ﬁj p in Observation 11.3 gives an

+ : : (d',D) (e,D) : (d',D)
upper bound for Ne|.dr. D and the inequality Q| < ap’ from gives an upper bound for Qe

Substituting these upper bounds into , we obtain the following inequality, which gives a lower bound of
L(d/a Dv 1/(1 + U}), w, 07 Cl):

L(d',D,1/(1 4+ w),w,C,Cy)

. 1 1
> L(e,D,1/(1 +w),w,C,Cy) + - (((w) -1 —w) ntp +wﬁZD> +C

min

(e,D
min

- 1 1
:L(e,D,l/(1+w),w,C,C’1)+E <)1) ﬁZD+C.

Step 4. Determine a lower bound of E(al’7 D,1/(1+w),w,C,Cy) for all d’ € S3(X, D, e, 1).
Let d’ = {e, (a, (d) ( lel )) (d, D)} € S53(X, D, e, 1). By the definition of So(X, D, e, 1), we have

le] > Yel+1
(d',D) 1
e T+w (79)
and (d' D) (e,D) (d',D)
| ‘ > mi’n Z a|eH’>1 (80)

We first prove the following inequality

1>a‘(d|’ )>max( fm’n),apD,l/(ler)):C, (81)



which will be useful later.

To prove | , we use Definition 2.5 as well as and (| in Observation 11.3 to obtain ((77). Substituting

a‘(jlljr?) < al( | D) from (75) into 77, we obtain &, p < al(d‘ D)

. Combining this mequahty with 1l and
(d’,D) (e,D)
Q| > a'%?) from 1@) we obtain , as desired.

min

We now show that given the prefix e and a particular value of aldl D) that obeys , the softly falling

objective L(d', D,1/(1 + w),w,C,C}) for d’ is a decreasing function of nﬁ\,ng
To do so, we substitute and in Observations 11.1 and 11.2 into to obtain
L(d',D,1/(1 +w),w,C,C))

~ 1 1

=L(e,D,1/(1 + w),w,C,C1) + - —@D) 1—w n|-:|,d’,D +wﬁ;D +C
le|
+Culaf ) —alil): (82)
Note that Equation shows that given the prefix e, L(d’, D, 1/(1 + w),w,C,Cy) is a function of nl LD
and al(dl D) . Differentiating L(d’, D,1/(1 +w),w,C,C) given in with respect to n‘el & p» We obtain
OL(d',D,1/(1 c,C 1 1
( ) /( +U.)),’LU, ) 1):7 (d/D)_l_w ) (83)
Onlel.a.p T\ el

Since ozl(:j/’D) obeys (8 , in particular, it obeys ozl( ‘/’ > 1/(1+ w), we have

1

’
o @D)
el

—1—-w<0,

which then gives L(d’,D,1/(1 + w),w,C, 01)/an|+‘ o.p < 0. This means that given the prefix e and a

particular value of a‘(jl,’D) that obeys (81), L(d’, D,1/(1 + w),w, C,C}) is a decreasing function of n lel,d/,D

Thus, given the prefix e and a particular value of a‘(gl’ ) that obeys , we can obtain a lower bound of
f/(d’7 D,1/(14w),w,C,C) by substituting nlt‘,d,’D with its upper bound. The inequality nlt‘!d,’D < ﬁ;fD in
Observation 11.3 gives an upper bound for n‘tl)d,’D. Substituting n|+| &.D with its upper bound ﬁ+D into

, we obtain a lower bound of L(d’, D,1/(1 4 w),w, C,C}), denoted by g(o ‘( | )), when a‘( / D) is held
constant:

D - 1 1 d',D ,D
3(afy ™) = Lle. D 1/(1+ w),w,C.C1) + — | —gpy = 1| ilp + O+ Cilaf]™” — ol
lel

= L(e, D,1/(1 +w),w,C,C1) + g(af")

where g is defined in the statement of the theorem. In other words, given the prefix e and a particular

value of oz‘(jll’ ) that obeys (81), we have L(d’, D,1/(1 4 w),w,C,C}) > j(a ‘( ’ )) Since is true for any

d € 8 (X, D, e, 1), we always have L( (d,D,1/(1+w),w,C,C1) > g(a ‘( / )) for any d’ € SQ(X D,e,1). This
implies

- . (d’,D)
L(d, D,1/(1+w),w,C,Cy) > mefwmqﬂ%a )
= L(e,D,1/(1 + w),w,C,Cy) + inf g(alfP).

al@ P <al® P <1



Step 5. Determine a lower bound of i(d’7 D,1/(1 +w),w,C,Cy) for all d’ € S3(X, D, e, 1).
Let d' = {e, ( €| o ( lel )) I(d‘ﬁ)} € S3(X, D, e, 1). By the definition of S3(X, D, e, 1), we have

o@D 1 @.D) _ (e,D)
Vel T = el ~ Cmin - (84)
We first prove the following inequality
12 aff? > max(al5y, &.p, 1/ (1+w) = ¢, (85)

which will be useful later.

To prove , we use Definition 2.5 as well as ) and (| in Observation 11.3 to obtain . Substituting

O‘\(j|/+£1)) < oz(d‘ D) from into (77), we obtaln Qe,p < a‘( |’D). Combining this inequality with a‘(gl/’D) >
H_—w > afﬁlf) from , we obtain l.) as desired.
To determine a lower bound of L(d’, D,1/(1 4+ w),w, C,C1), we observe
L(d',D,1/(1 +w),w,C,C})
= 1 d D e,D
2L(€D1/(1+w)w001)+ nle‘d/D_F |e|+1d/D+C+C\- ) O(Enin)J“F (86)
- 1 1 i "
=L(e,D,1/(1 + w),w,C,Cy) + - W —1-w N aptwigp | + C
le
+0i(af]” —af) (87)

where the last equality follows by substituting and in Observations 11.1 and 11.2 into . Using
and applying the same argument as in Step 4, the quantity labeled is also lower-bounded by

- . d'.D
L(ea Da 1/(1 + w)7 w, C’ Cl) (d/ D) lnf(d/ D) g(a‘(€| ))7
iG<ay, sl

Fe|

so that we again have

(d/ D, 1/(1+w),w,C,Cy) > (6 D, 1/(1+w),w,C,Cy) + . inf g(a(d/’D))~

o
lel

Step 6. Put everything together.
Suppose, first, that S(X, D, e, 1) is not empty.

In the case where S;(X, D, e, 1) is not empty, we observe the following inequality

: , 1 1 _
d’eSl(lgl(f,.D,e,l) L(d',D,1/(1 +w),w,C,Cy) > L(e, D,1/(1 + w),w,C,C) + o) —1|a.p,+C, (88)

which follows from the definition of inf being the greatest lower bound, as well as the lower bound of
L(d',D,1/(14+ w),w,C,Cy) for d € §;(X,D,e,1), which we have derived in Step 3.

In the case where So(X, D, e, 1) USs(X, D, e, 1) is not empty, we observe the following inequality

f L(d',D,1/(1 C,C1) > L(e,D,1/(1 c,C inf 89

d/GSQ(X,D,egl)us;;(X,D,e,l) ( ) B /( + U)),’UJ, 5 1) = <67 3 /( + ’U)),U}, ) 1) + 5(12,8§19(ﬂ)’ ( )
which follows from the definition of inf being the greatest lower bound, as well as the lower bound of
L(d',D,1/(1+w),w,C,Cy) for d' € Sa(X, D, e, 1), which we have derived in Step 4, and the lower bound of
L(d',D,1/(1 4+ w),w,C,Cy) for d € S3(X, D, e, 1), which we have derived in Step 5.



To derive a lower bound of IN/(d’,D7 1/(1 4+ w),w,C,Cy) for d' € S(X,D,e, 1), we further observe that if

afﬁi’nD) < max(1/(1+w), G, p) holds, then by our remark in Step 3, S1(X, D, e, 1) is empty, and consequently,

using , we have

inf L(d.D,1/(1 C,Cy) = inf L(d',D,1/(1 c,C
@eS(XD.e1) (d, D, 1/ +w),w, G, Ch) @ E€5a(X, D) USa (X, De.1) (d, D, 1/(1 +w),w,C,C1)
> I i )
> L(e,D,1/(1+w),w,C,Cy) + 5;¢1££g1g<6) (90)

On the other hand, if oleP) s max(1/(1 4+ w), &, p) holds, then (X, D, e, 1) may or may not be empty. If,

in addition, both & (X, D, e, 1) and Sy(X, D, e, 1) US3(X, D, e, 1) are not empty, then using and ,
we have

inf L(d',D,1/(1 +w),w,C,Cy)
d'€S(X,D,e,1)

—mm< inf L(d',D,1/(1+w),w,C,C)), inf L(d',D,1/(1 +w),w,C, cl)>
d’'€81(X,D,e,1) d’'€82(X,D,e,1)US5(X,D,e,1)
N 1 1
> n({—|—= —1]|n i .
> Lle,D,1/(1 4+ w),w,C,C1) + min (n (a(ejD) 1) iy p +C, /3:(12[%19(@) (91)

If either S1(X, D, e, 1) or So(X, D, e, 1)US3(X, D, e, 1) is empty, then inf g cs(x,p,e,1 L(d',D,1/(14w),w,C,C})
is given by either

in L(d',D,1/(1+w),w,C,Cy) or inf L(d',D,1/(1 +w),w,C,Cy),
d'€82(X,D,e,1)USs (X, D,e,1) d'€S(X,D,e,1)

both of which are lower-bounded by the quantity labeled because of and .

Putting these cases together, we have

inf  L(d',D,1/(1 c.c
d'es(l)rcl,D,e,l) (d,D,1/(1+w),w,C,Ch)

> f/(e,D, 1/(1 4+ w),w,C,Ch)

min (711 ((SD) — 1) ﬁ:D + C,infg.c<p<1 g(ﬂ)) if ozfs;f) > max(1/(1+ w), @&..p),

(92)
infg.c<p<1 9(5) otherwise.
Combining , , , and , we have
f’(da Da 1/(1 =+ UJ), w, Ca Cl)
> L(e, D,1/(1 +w),w,C,C1)
min (31 (a(1D> - 1) it p+Cinfgcepcn g(B), L0t + Crlde,p — S
1x- A _ (e.,D) : (EID) ~
+ nne,D + Cl Lae,D amln J"F) lf amln > max(l/(l + UJ), aE,D)? (93)
min (inf6:4<ﬁ§1 9(B), L7t p + CilGep — ol |,
%ﬁ;D + Cy|@e,p — afgi’f)j +> otherwise.

Note that the quantity labeled is precisely equal to f/*(e,D, w, C, C1) given by Equation in the
statement of the theorem, because:
(i) if alsP) max(1/(1 4+ w), &e,p) holds, then the first term in the minimum on the right-hand side of

min

Equation (44) is precisely % ﬁ — 1) ﬁjD + C;
o ;

min



) <1/(1+w) or al) < dep) - in

min —=

(ii) if alsl) s max(1/(1 + w), & p) does not hold, then we have «

min

the former case where afﬁi’f) < 1/(1 + w) holds, we have

1 1 w
I =+ et
n (aﬁﬁ{f : 1) ep =
which implies that the first term in the minimum on the right-hand side of Equation (44)) is bounded below

(e,D

by %ﬁj’D + C1|@ep — @ )J+, and thus has no influence over the computation of the minimum; in the

latter case where afﬁi’f ) < @&, p) holds, the first term in the minimum on the right-hand side of Equation

is clearly bounded below by %ﬁ: p+Cilaep — afgi’f)J +, and again has no influence over the computation
of the minimum.

This proves that L*(e, D,w,C,C}) given by Equation is indeed a lower bound of L(d,D,1/(1 +

w),w,C,Cy) for d € D(X, D, e), in the case where S(X, D, e,1) is not empty. In the case where S(X, D, e, 1)
is empty, using (67) and (73), along with the fact D(X, D, e,0) = {€}, we have
L(d,D,1/(1 > inf  L(d,D,1/(1
( s /( + U)),’LU,C, Cl) = d’ED(I/’{fl,D,e,O) ( s /( + ’UJ),’U),C, Cl)

= z’(éva 1/(1 +’LU),1U,C, Cl)

- 1 e
= L(e, D,1/(1 + w),w,C,Cy) + min (wﬁjD, ﬁeD> +Cilep — %P,
n ’ n ’

where the last quantity is clearly lower-bounded by L*(e,D,w,C, C1) defined in Equation 1] We have
now proven that L*(e, D,w,C, C}) given by Equation (44) is a lower bound of L(d, D,1/(1 + w),w,C, C})
for d € D(X, D,e).

Finally, we compute infg.c<g<1 g(8) analytically. Since the derivative of g is given by

=+
/ ne D
=—-— C
g (6) n52 + Ch,

and 8 must be positive, the only stationary point 8* of g that could satisfy the constraint { < §* < 1 is given

by
~+
* 7/Le,D
BT = Cin’

and the second derivative test confirms that 8* is a local minimum of g. It then follows that infg.c<g<1 g(5)
is given by

wt g = {90 if¢<pr <1
B:C</3S19 min(g(¢),g(1)) otherwise.

12 Additional Rule Lists Demonstrating the Effect of Varying Parameter
Values

In this section, we include some additional rule lists created using Algorithm FRL and Algorithm softFRL
with varying parameter values. The default parameter values we used in creating these rule lists are w = 7,
C = 0.000001, and C7 = 0.5. In each of the following subsections, the rule lists were created with default
parameter values, other than the parameter that was being varied.

12.1 Effect of Varying w on Algorithm FRL

Running Algorithm FRL with w = 1 on the bank-full dataset produces the following falling rule list:



antecedent probability  positive negative
support support
IF poutcome=success THEN success prob. is  0.65 934 495
AND loan=no
ELSE IF  poutcome=success THEN success prob. is  0.62 31 19
AND marital=married
ELSE IF  poutcome=success THEN success prob. is  0.56 9 7
AND campaign=1
ELSE success prob. is 0.10 4315 39401

Table 2: Falling rule list for bank-full dataset, created using Algorithm FRL with w =1

Running Algorithm FRL with w = 3 on the bank-full dataset produces the following falling rule list:

antecedent probability positive negative
support support

IF poutcome=success THEN success prob. is  0.65 677 361
AND previous > 2

ELSE IF  poutcome=success THEN success prob. is  0.65 185 99
AND campaign=1

ELSE IF  poutcome=success THEN success prob. is  0.63 111 65
AND loan=no

ELSE IF  poutcome=success THEN success prob. is  0.56 5 4
AND marital=married

ELSE IF 60 < age < 100 THEN success prob. is  0.30 390 919
AND housing=no

ELSE success prob. is 0.09 3921 38474

Table 3: Falling rule list for bank-full dataset, created using Algorithm FRL with w =3

Running Algorithm FRL with w = 5 on the bank-full dataset produces the following falling rule list:

antecedent probability  positive negative
support  support

IF poutcome=success THEN success prob. is 0.65 978 531
AND default=no

ELSE IF 60 < age < 100 THEN success prob. is  0.29 426 1030
AND loan=no

ELSE IF 17 < age < 30 THEN success prob. is  0.25 504 1539
AND housing=no

ELSE IF  previous > 2 THEN success prob. is  0.23 242 796
AND housing=no

ELSE success prob. is 0.08 3139 36026

Table 4: Falling rule list for bank-full dataset, created using Algorithm FRL with w =5

Running Algorithm FRL with w = 7 on the bank-full dataset produces the following falling rule list:



antecedent probability  positive negative
support support

IF poutcome=success THEN success prob. is  0.65 978 531
AND default=no

ELSE IF 60 < age < 100 THEN success prob. is  0.28 434 1113
AND default=no

ELSE IF 17 < age < 30 THEN success prob. is  0.25 504 1539
AND housing=no

ELSE IF  previous > 2 THEN success prob. is  0.23 242 794
AND housing=no

ELSE IF campaign=1 THEN success prob. is  0.14 658 4092
AND housing=no

ELSE IF  previous > 2 AND THEN success prob. is  0.13 108 707
education=tertiary

ELSE success prob. is 0.07 2365 31146

Table 5: Falling rule list for bank-full dataset, created using Algorithm FRL with w =7

As the positive class weight w increases, the falling rule list created using Algorithm FRL tends to have
rules whose probability estimates are smaller. This is not surprising — a larger value of w means a smaller
threshold 7 = 1/(1 + w), and by including rules whose probability estimates are not much larger than the
threshold, the falling rule list produced by the algorithm will more likely predict positive, thereby reducing
the (weighted) empirical risk of misclassification. Note that Algorithm FRL will never include rules whose
probability estimates are less than the threshold (see Corollary 4.5).

12.2 Effect of Varying w on Algorithm soft FRL

Running Algorithm softFRL with w = 1 on the bank-full dataset produces the following softly falling rule list:

antecedent probability  positive positive  negative
proportion support support

IF poutcome=success THEN prob. is  0.67 0.67 557 280
AND campaign=1

ELSE IF  poutcome=success THEN prob. is  0.65 0.65 263 143
AND marital=married

ELSE IF  poutcome=success THEN prob. is  0.61 0.61 154 98
AND loan=no

ELSE prob. is 0.10 0.10 4315 39401

Table 6: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with w =1

Note that there is an extra column “positive proportion” in a table showing a softly falling rule list. This
column gives the empirical positive proportion of each antecedent in the softly falling rule list. When the
probability estimate of a rule is less than the positive proportion of the antecedent in the same rule, we know
that the softly falling rule list has been transformed from a non-falling compatible rule list, and that the
monotonicity penalty has been incurred in the process of running Algorithm softFRL.

Running Algorithm softFRL with w = 3 on the bank-full dataset produces the following softly falling rule list:



antecedent probability  positive positive negative
proportion support support

IF poutcome=success THEN prob. is  0.65 0.65 547 289
AND marital=married

ELSE IF  poutcome=success THEN prob. is  0.65 0.65 418 225
AND loan=no

ELSE IF  poutcome=success THEN prob. is 0.56 0.56 9 7
AND campaign=1

ELSE IF  poutcome=success THEN prob. is  0.33 0.33 4 8
AND previous > 2

ELSE IF 60 < age < 100 THEN prob. is  0.30 0.30 390 919
AND housing=no

ELSE IF  previous > 2 THEN prob. is  0.15 0.15 281 1559
AND campaign=1

ELSE prob. is 0.09 0.09 3640 36915

Table 7: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with w = 3

Running Algorithm softFRL with w = 5 on the bank-full dataset produces the following softly falling rule list:

antecedent probability  positive positive negative
proportion support support
IF poutcome=success THEN prob. is  0.65 0.65 978 533
ELSE IF 60 < age < 100 THEN prob. is  0.29 0.29 426 1030
AND loan=no
ELSE IF  poutcome=unknown THEN prob. is  0.11 0.11 2380 18659
AND contact=cellular
ELSE prob. is 0.07 0.07 1505 19700

Table 8: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with w =5

Running Algorithm softFRL with w = 7 on the bank-full dataset produces the following softly falling rule list:

antecedent probability  positive positive negative
proportion support support
IF poutcome=success THEN prob. is 0.65 0.65 978 533
ELSE IF 60 < age < 100 THEN prob. is  0.28 0.28 435 1120
ELSE IF  marital=single THEN prob. is  0.18 0.18 970 4504
AND housing=no
ELSE IF  contact=cellular THEN prob. is  0.10 0.10 2255 19970
AND default=no
ELSE prob. is 0.05 0.05 651 13795

Table 9: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with w =7

As the positive class weight w increases, the softly falling rule list created using Algorithm softFRL also
tends to have rules whose probability estimates are smaller. This is again not surprising — a larger value
of w means a smaller threshold 7 = 1/(1 4+ w), and by including rules whose probability estimates are not
much larger than the threshold, the softly falling rule list produced by the algorithm will more likely predict
positive, thereby reducing the (weighted) empirical risk of misclassification.



12.3 Effect of Varying C on Algorithm FRL

Running Algorithm FRL with C' = 0.000001 on the bank-full dataset produces the following falling rule list:

antecedent probability  positive negative
support support

IF poutcome=success THEN success prob. is 0.65 978 531
AND default=no

ELSE IF 60 < age < 100 THEN success prob. is  0.28 434 1113
AND default=no

ELSE IF 17 < age < 30 THEN success prob. is  0.25 504 1539
AND housing=no

ELSE IF  previous > 2 THEN success prob. is  0.23 242 794
AND housing=no

ELSE IF  campaign=1 THEN success prob. is  0.14 658 4092
AND housing=no

ELSE IF  previous > 2 AND THEN success prob. is 0.13 108 707
education=tertiary

ELSE success prob. is 0.07 2365 31146

Table 10: Falling rule list for bank-full dataset, created using Algorithm FRL with C' = 0.000001

Running Algorithm FRL with C' = 0.01 on the bank-full dataset produces the following falling rule list:

antecedent probability  positive negative
support support

IF poutcome=success THEN success prob. is  0.65 978 531
AND default=no

ELSE IF 60 < age < 100 THEN success prob. is  0.29 426 1030
AND loan=no

ELSE IF 17 < age < 30 THEN success prob. is  0.20 653 2621
AND contact=cellular

ELSE IF  campaign=1 THEN success prob. is  0.15 803 4634
AND housing=no

ELSE success prob. is 0.07 2429 31106

Table 11: Falling rule list for bank-full dataset, created using Algorithm FRL with C' = 0.01

Running Algorithm FRL with C' = 0.1 on the bank-full dataset produces the following falling rule list:

antecedent probability  positive negative
support support
IF housing=no THEN success prob. is  0.20 2883 11799
AND contact=cellular
ELSE success prob. is 0.08 2406 28123

Table 12: Falling rule list for bank-full dataset, created using Algorithm FRL with C' = 0.1

As the cost C of adding a rule increases, the size of the falling rule list created by Algorithm FRL decreases,
as expected.



12.4 Effect of Varying C on Algorithm soft FRL

Running Algorithm softFRL with C' = 0.000001 on the bank-full dataset produces the following softly falling
rule list:

antecedent probability  positive positive negative
proportion support support
IF poutcome=success THEN prob. is 0.65 0.65 978 533
ELSE IF 60 < age < 100 THEN prob. is  0.28 0.28 435 1120
ELSE IF  marital=single THEN prob. is 0.18 0.18 970 4504
AND housing=no
ELSE IF  contact=cellular THEN prob. is  0.10 0.10 2255 19970
AND default=no
ELSE prob. is 0.05 0.05 651 13795

Table 13: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with C' = 0.000001

Running Algorithm softFRL with C' = 0.01 on the bank-full dataset produces the following softly falling rule
list:

antecedent probability  positive positive  negative
proportion support support

IF poutcome=success THEN prob. is 0.65 0.65 934 495
AND loan=no

ELSE IF  housing=no THEN prob. is  0.16 0.16 2245 11535
AND contact=cellular

ELSE IF  housing=yes THEN prob. is  0.07 0.07 1677 22591
AND default=no

ELSE prob. is 0.07 0.08 433 5301

Table 14: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with C' = 0.01

Running Algorithm softFRL with C' = 0.1 on the bank-full dataset produces the following softly falling rule
list:

antecedent probability  positive positive  negative
proportion support support
IF housing=no THEN prob. is  0.20 0.20 2883 11799
AND contact=cellular
ELSE prob. is 0.08 0.08 2406 28123

Table 15: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with C' = 0.1

As the cost C of adding a rule increases, the size of the softly falling rule list created by Algorithm softFRL
decreases, as expected.

12.5 Effect of Varying C; on Algorithm soft FRL

Running Algorithm softFRL with C; € {0.005,0.05,0.5} on the bank-full dataset produces the softly falling
rule lists shown in Tables and

When the monotonicity penalty C; is small, the softly falling rule list created by Algorithm soft FRL exhibits
the “pulling down” of the empirical positive proportion for a substantial number of rules, because with little
monotonicity penalty the algorithm will more likely choose a rule list that frequently violates monotonicity



antecedent probability  positive positive  negative
proportion support support

IF poutcome=success THEN prob. is  0.65 0.65 978 533

ELSE IF 60 < age < 100 THEN prob. is  0.30 0.30 599 1177
AND housing=no

ELSE IF  marital=single THEN prob. is  0.18 0.18 970 4504
AND housing=no

ELSE IF  marital=single THEN prob. is 0.08 0.08 456 4936
AND previous=0

ELSE IF  campaign > 3 THEN prob. is  0.06 0.06 323 5294
AND education=secondary

ELSE IF 30 < age < 40 THEN prob. is  0.06 0.08 568 6849
AND previous=0

ELSE IF  education=tertiary THEN prob. is 0.06 0.14 361 2237
AND housing=no

ELSE IF  loan=yes THEN prob. is  0.05 0.05 106 1972
AND previous=0

ELSE IF  education=secondary THEN prob. is 0.05 0.09 595 5779
AND default=no

ELSE IF  campaign=1 THEN prob. is  0.05 0.08 233 2564

ELSE IF  housing=no THEN prob. is  0.05 0.05 68 1176
AND previous=0

ELSE IF  job=management THEN prob. is 0.05 0.10 75 693
AND contact=cellular

ELSE IF  job=technician THEN prob. is  0.05 0.07 10 143
AND poutcome=unknown

ELSE IF  marital=married THEN prob. is  0.05 0.06 110 1841

ELSE IF  campaign > 3 THEN prob. is  0.05 0.06 16 238
AND housing=yes

ELSE IF  marital=single THEN prob. is 0.05 0.13 13 91
AND housing=yes

ELSE IF  housing=yes THEN prob. is  0.05 0.10 8 69
AND contact=cellular

ELSE IF  job=blue-collar THEN prob. is  0.05 0.16 4 21
AND loan=no

ELSE prob. is 0.05 0.07 5 63

Table 16: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with C; = 0.005



antecedent probability  positive positive negative
proportion support support

IF poutcome=success THEN prob. is  0.65 0.65 978 531
AND default=no

ELSE IF  housing=yes THEN prob. is  0.07 0.07 1686 22974

ELSE IF 50 < age < 60 THEN prob. is  0.07 0.09 367 3806
AND poutcome=unknown

ELSE IF  contact=cellular THEN prob. is  0.07 0.18 1927 8961
AND default=no

ELSE IF  campaign=1 THEN prob. is  0.07 0.08 126 1374
AND poutcome=unknown

ELSE IF  campaign > 3 THEN prob. is  0.07 0.08 93 1110
AND loan=no

ELSE IF  campaign=2 THEN prob. is  0.07 0.09 18 192
AND education=tertiary

ELSE IF  loan=no THEN prob. is  0.07 0.10 72 648

ELSE prob. is 0.06 0.06 22 326

Table 17: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with C; = 0.05

antecedent probability  positive positive negative
proportion support support
IF poutcome=success THEN prob. is 0.65 0.65 978 533
ELSE IF 60 < age < 100 THEN prob. is  0.28 0.28 435 1120
ELSE IF  marital=single THEN prob. is 0.18 0.18 970 4504
AND housing=no
ELSE IF  contact=cellular THEN prob. is  0.10 0.10 2255 19970
AND default=no
ELSE prob. is 0.05 0.05 651 13795

Table 18: Softly falling rule list for bank-full dataset, created using Algorithm softFRL with C; = 0.5

but that has a small empirical risk on the training set, in the hope of getting more of the training instances
“right”. This is also why the softly falling rule list tends to be longer when C; is small: in minimizing the
empirical risk on the training set with little regularization (the default C = 0.000001 is very small), the
algorithm tends to overfit the training data.

When Cj becomes larger, the softly falling rule list created by Algorithm softFRL exhibits less “pulling down”
of the empirical positive proportion. This is consistent with our expectation that when C; is larger, the
penalty for violating monotonicity is higher and the algorithm will less likely choose a rule list that frequently
violates monotonicity.

13 Additional Experiments Comparing Algorithm FRL and Algorithm
soft FRL to Other Classification Algorithms

Figure [3| shows the ROC curves on the test set using different values of w, for four additional training-test
splits. As we can see, the curves in Figure |3|lie close to each other, again demonstrating the effectiveness of
our algorithms in producing falling rule lists that, when used as classifiers, are comparable with classifiers
produced by other widely used classification algorithms, in a cost-sensitive setting.
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Figure 3: ROC curves on the test set using different w values for four additional training-test splits

14 Additional Experiments Comparing Bayesian Approach to Our
Optimization Approach

We conducted a set of experiments comparing the Bayesian approach to our optimization approach. We
trained falling rule lists on the entire bank-full dataset using both the Bayesian approach and our optimization
approach (Algorithm FRL), and plotted the weighted training loss over real runtime. In particular, for
each positive class weight w € {1,3,5,7}, we set the threshold to 1/(1 + w) (By Theorem 2.8, this is the
threshold with the least weighted training loss for any given rule list), and computed the weighted training
loss using this threshold. For the Bayesian approach, we recorded the runtime and computed the weighted
training loss for every 100 iterations of Markov chain Monte-Carlo sampling with simulated annealing, up
to 6000 iterations. For our optimization approach, we ran Algorithm FRL for 3000 iterations and recorded
the runtime and the weighted training loss whenever the algorithm finds a falling rule list with a smaller
(regularized) weighted training loss. Since we want to focus our experiments on the efficiency of searching the
model space, the runtimes recorded do not include the time for mining the antecedents. Due to the random
nature of both approaches, the experiments were repeated several times.

Figures [ to [7] show the plots of the weighted training loss over real runtime for the Bayesian approach and
our optimization approach (Algorithm FRL), for four additional runs of the same algorithms. Due to the
random nature of both approaches, it is sometimes possible that our approach (Algorithm FRL) may find
in 3000 iterations a falling rule list with a slightly larger weighted training loss, compared to the Bayesian



approach with 6000 iterations (see Figure . However, in general, our approach tends to find a falling rule
list with a smaller weighted training loss faster, due to aggressive pruning of the search space.
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Figure 4: Plots of the weighted training loss over real runtime for the Bayesian approach and our optimization
approach (Algorithm FRL): first additional run

It is worth pointing out that both the Bayesian approach and our optimization approach produce similar
falling rule lists. Table [19shows a falling rule list for the bank-full dataset, obtained in a particular run of
the Bayesian approach with 6000 iterations. Table [20] shows a falling rule list for the same dataset, obtained
in a particular run of Algorithm FRL with 3000 iterations and the positive class weight w = 7. As we can
see, the top four rules in both falling rule lists are identical. Tables 21 and 22] show another pair of falling
rule lists obtained using both approaches in different runs, and in this case, both approaches have identified
some common rules for a high chance of marketing success. This means that both the Bayesian approach and
our optimization approach tend to identify similar conditions that are significant, but our approach has the
added advantage of faster training convergence over the Bayesian approach in general.
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Figure 5: Plots of the weighted training loss over real runtime for the Bayesian approach and our optimization
approach (Algorithm FRL): second additional run

antecedent probability  positive negative
support  support

IF poutcome=success THEN success prob. is  0.65 978 531
AND default=no

ELSE IF 60 < age < 100 THEN success prob. is  0.29 426 1030
AND loan=no

ELSE IF 17 < age < 30 THEN success prob. is  0.25 504 1539
AND housing=no

ELSE IF  campaign=1 THEN success prob. is  0.15 787 4471
AND housing=no

ELSE IF  education=tertiary THEN success prob. is  0.12 460 3313
AND housing=no

ELSE IF  marital=single THEN success prob. is  0.11 550 4331
AND contact=cellular

ELSE IF  contact=cellular THEN success prob. is  0.08 1080 12709

ELSE success prob. is 0.04 504 11998

Table 19: Falling rule list for bank-full dataset, trained using the Bayesian approach with 6000 iterations.
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Figure 6: Plots of the weighted training loss over real runtime for the Bayesian approach and our optimization

approach (Algorithm FRL): third additional run

antecedent probability  positive negative
support support

IF poutcome=success THEN success prob. is 0.65 978 531
AND default=no

ELSE IF 60 < age < 100 THEN success prob. is  0.29 426 1030
AND loan=no

ELSE IF 17 < age < 30 THEN success prob. is  0.25 504 1539
AND housing=no

ELSE IF  campaign=1 THEN success prob. is  0.15 787 4471
AND housing=no

ELSE success prob. is 0.07 2594 32351

Table 20: Falling rule list for bank-full dataset, trained using the optimization approach (Algorithm FRL)

with 3000 iterations and the positive class weight w = 7.
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Figure 7: Plots of the weighted training loss over real runtime for the Bayesian approach and our optimization

approach (Algorithm FRL): fourth additional run



antecedent probability positive negative
support support

IF poutcome=success THEN success prob. is  0.70 729 311
AND housing=no

ELSE IF  poutcome=success THEN success prob. is  0.53 249 222

ELSE IF 60 < age < 100 THEN success prob. is  0.29 426 1030
AND loan=no

ELSE IF 17 < age < 30 THEN success prob. is  0.25 504 1538
AND housing=no

ELSE IF  education=tertiary THEN success prob. is  0.14 790 4750
AND housing=no

ELSE IF  marital=single THEN success prob. is  0.12 648 4754
AND contact=cellular

ELSE IF 1000 < balance < 2000 THEN success prob. is 0.11 135 1061
AND housing=no

ELSE IF  campaign=1 THEN success prob. is  0.10 571 4904
AND contact=cellular

ELSE IF  contact=cellular THEN success prob. is  0.08 587 6800
AND loan=no

ELSE success prob. is 0.04 650 14552

Table 21: Falling rule list for bank-full dataset, trained using the Bayesian approach with 6000 iterations.

antecedent probability  positive negative
support support

IF poutcome=success THEN success prob. is 0.70 729 311
AND housing=no

ELSE IF  poutcome=success THEN success prob. is  0.55 185 154
AND previous > 2

ELSE IF  poutcome=success THEN success prob. is 0.48 64 68
AND default=no

ELSE IF 60 < age < 100 THEN success prob. is  0.29 426 1030
AND loan=no

ELSE IF  previous > 2 THEN success prob. is  0.25 302 921
AND housing=no

ELSE IF 17 < age < 30 THEN success prob. is  0.24 444 1413
AND housing=no

ELSE IF  education=tertiary THEN success prob. is 0.13 671 4435
AND housing=no

ELSE success prob. is 0.07 2468 31590

Table 22: Falling rule list for bank-full dataset, trained using the optimization approach (Algorithm FRL)
with 3000 iterations and the positive class weight w = 7.
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