Convergence of Value Aggregation for Imitation Learning

Appendix
A Proofs

Proof of Proposition 1. Let m be parametrized by x. We prove the sufficient conditions by showing that
Ar«¢(s,a) is strongly convex in a for all s € S, which by the linear policy assumption implies f,(7) is strongly
convex in z.

For the first case, since Qr+(s,a) = ¢t(s,a) + Eg|s.a[Vreje41(5")], given the constant assumption, it follows that
Are1(8,0) = Qre)e(8,a) — Viwpi(s) = ¢i(s, a) + const.
is strongly convex in terms of a.

For the second case, consider a system ds = (f(s) + g(s)a) dt + h(s)dw, where f, g, h are some matrix functions
and dw is a Wiener process. By Hamilton-Jacobi-Bellman equation (Bertsekas et al., 1995), the advantage
function can be written as

Areii(s,a) = ¢i(s,a) + 0V (s) g (s)a + r(s)
where 7(s) is some function in s. Therefore, A« ;(s,a) is strongly convex in a. |
Proof of Theorem 1. The proof is based on a basic perturbation lemma in convex analysis (Lemma 4), which for
example can be found in (McMahan, 2014), and a lemma for online learning (Lemma 5).

Lemma 4. Let ¢ : R +— R|J{oo} be a convex function such that vy = argmin, ¢;(x) exits. Let 1) be a function
such that ¢a(x) = ¢1(x) +1(x) is a-strongly convex with respect to || -||. Let xo = argmin, ¢o(z). Then, for any
g € OyY(x1), we have

1
lz1 — 22| < —||g]l«
«
and for any x'
1
da(a1) — Pa(2') < %Ilgllf
When ¢1 and v are quadratics (with ¢ possibly linear) the above holds with equality.
t

Lemma 5. Let l;(z) be a sequence of functions. Denote l14(x) =>"__, (). and let

xy = arg grvrélg l1.¢(x)

Then for any sequence {x1,...,x7}, 7 > 1, and any z* € K, it holds
T
th(xt) <lir(zyr) = i1 (27 q)
t=71

T
+ Z Lig(ze) — Lig(2))
t=71

Proof. Introduce a slack loss function lp(-) = 0 and define zf; = 0 for index convenience. This does not change
the optimum, since lo.;(x) = l1.+(z).

T T
th(%t) = ZZO:t(xt) —lo:—1(21)

T

<Y o) = loaa(xi4)
t=1

= lO:T(x;) - 10:771(-'17:—,1)

T
+ Z lo:t(xe) — loe(}) n
t=1
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Note Lemma 5 does not require /; to be convex and the minimum to be unique.

To prove Theorem 1, we first note that by definition of &y, it satisfies F(Zn,Zn) < % Zﬁ;l fn(xy). To bound
the average performance, we use Lemma 5 and write

N
Z (@n) < frv(@ni1) +Zf1n:cn) Frin(@ni1)

n=1

since x, = argmin ¢y fi.n—1(x). Then because fi.; is ka-strongly convex, by Lemma 4,

v’I’L”LQ
o) < fon Z” Fula)

an

Finally, dividing the upper-bound by n and using the facts that > ;_, % < In(n) 4+ 1 and mina; < %Zai for
any scalar sequence {a,}, we have the desired result. ]

Proof of Theorem 8. Consider the example in Section 4. For this problem, T' = 2, J(z*) = 0, and €+« = 0,
implying F(z,z) = 3J(2) = $(6 — 1)?z%. Therefore, to prove the theorem, we focus on the lower bound of z%;.
Since x,, = argmin, ¢ y fim—1(z) and the cost is quadratic, we can write
Tpi1 = arg min fl:n(x)
rzeX
= argmin(n — 1)(z — x,)* + (z — 0z,)>
reX
1-0
n

=(1-

)xn

If § = 1, then 2y = 1 and the bound holds trivially. For general cases, let p,, = In(z2).

N-—1 1_0
— =2 1 1-—
pr — 2 zn( - )

n=2

N—-1 1
—2(1-0) ) oy g

n=2

where the inequality is due to the fact that In(1 —z) > =% for 2 < 1. We consider two scenarios. Suppose
0 <1

N—-1
pN —p2 > —2(1 — 0)/1 ﬁdz
=21 —0)In(z— (1 -0)N!
=—-2(1-0)(In(N + 6 —2) —1n(9))
> —2(1-60)In(N +0—2)

Therefore, 2%, > 23(N + 6 — 2)2(0=1 > Q(N2(0-1),
On the other hand, suppose 6 > 1.

N 1
— > — -
PN — P2 > 2(0 1)/2 x—(l—(‘))dx

(6 —1Dn(z - (1-0)
(0 —1)(In(N — 1+ 6) — In(1 +0))

Therefore, 3 > x3(N — 1+ 0)20-1 (1 + )20 > Q(N2(0=1). Substituting the lower bound on z% into the
definition of F(z,z) concludes the proof. [ ]
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Proof of Corollary 1. To prove the corollary, we introduce a basic lemma

Lemma 6. (Lan, 2018, Lemma 1) Let v, € (0,1), k=1,2,... be given. If the sequence {Ay}r>0 satisfies
A1 < (1 =) Ax + By,

then
k

A <T% +sz
im1

B;
Lita

where Ty = Ay and Tiy1 = (1 — )T

To bound the sequence Sy,.,+1, we first apply Lemma 2. Fixed m, for any n > m + 1, we have

1

Sm'n <ll-—
'+1_( n—m-+1

) Sm:n + ||xn+l - ‘Tn”

where ¢ = Spel 9.

Then we apply Lemma 6. Let kK =n —m + 1 and define Ry = Spmtk—1 = Smwn for £ > 2. Then we rewrite the
above inequality as

1 Oc
<(1-= S
R < ( k) B+ (k+m —1)2-¢

and define

, k=1
Fk = 1
By Proposition 2, the above conversion implies for some positive constant c,

0S, Oc
RQ = Sm:erl = ||xm+1 - xm” < Tm < m279

and T'y, < O(1/k) and 1;—’“ < O(%). Thus, by Lemma 6, we can derive

k.
1 ) 1
< = - -
Ry < 2Ry +0 <9c; T Fr— 1)29>
1 Ock 1
kR2+O<k9(m+k—1)19)
1 1
=gl to ((m+k1)19>

1 0Oc 1 1
< _— = —_—
- km2—9+0<(m—|—k—1)1—9> O(nl—")

IN
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where we use the following upper bound in the second inequality

(3 k X
m+(1—-0)zr—1
(1 —0)(m+x—1)1-9|,

. (1-0)k+m—1 m—1
T 01 —-0)(m+k—1)19 01 —0)(m—1)-0

k
dx

i=1

k

1 m—1 1 1
(m+k—1)1-0 + 9(1—0) ((m+k1)19 B (m1)10)
|

Proof of Lemma 3. Define d., such that dr|s,q(s) = (1—¢")01(s)+¢"dx- (), and define g.;;(s) = V. Ex[Qr+¢](s),
for 7 parametrized by z; then by assumption, [[g.+[|+ < G2. Let m, ' be two policies parameterized by x,y € X,
respectively. Then

IV2E (2, 2) = V2 F (y, 2)]|.

= |Ed,[92)¢] — Ea,, [g21]]l«
T—1

=l (1= @) (Bs, 9o ~ s [oi Dl
t=0

T—1
1
< =q") g D B, (9210 = Esiy,, 02101
t=0

2Gy =2

2

S (1 - qT)T Z ||67r\t;q - 577/\t;q||1
t=0

T-1
2G5
S (1 - qT) T E ||d7r\t - d'/r’|t||1
t=0

<1 —=q¢"Bllz—yll

in which the second to the last inequality is because the divergence between dr|; and d,/|; is the largest among
all state distributions generated by the mixing policies. |

Proof of Corollary 2. The proof is similar to Lemma 3 and the proof of (Ross et al., 2011, Theorem 4.1). ]

B Analysis of AggreVaTe in Stochastic Problems

Here we give the complete analysis of the convergence of AGGREVATE in stochastic problems using finite-
sample approximation. For completeness, we restate the results below: Let f(x;5) = Ex[Ar« ] (ie. fo(z) =
Eq, [f(z;s)], where policy 7 is a policy parametrized by z. Instead of using f,(-) as the per-round cost in the
nth iteration, we use consider its finite samples approximation g,,(-) = 7", f(*; $n,k), where m,, is the number

of independent samples collected in the nth iteration.

Theorem 4. In addition to Assumptions 5 and 6, assume f(x;s) is a-strongly convez in = and || f(z;s)|l« < G2
almost surely. Let 0 = 5 and suppose m,, = mgn’ for some r > 0. For all N > 0, with probability at least 1 — 9,

“ ~ (92 In(1/9) +CX>

F(zn,zn) < émpe + O ¢ Nmin{r,2,2—20}

5 (ln(l/é) +CX>

cNmin{2,1+r}
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where ¢ = and Cx is a constant’ of the complexity of II.

(]
G%mg
B.1 TUniform Convergence of Vector-Valued Martingales

To prove Theorem 4, we first introduces several concentration inequalities of vector-valued martingales by (Hayes,
2005) in Section B.1.1. Then we prove some basic lemmas regarding the convergence the stochastic dynamical
systems of Vg, (x) specified by AGGREVATE in Section B.1.2 and B.1.3. Finally, the lemmas in these two
sections are extended to provide uniform bounds, which are required to prove Theorem 4. In this section, we
will state the results generally without limiting ourselves to the specific functions used in AGGREVATE.

B.1.1 Generalization of Azuma-Hoeffding Lemma

First we introduce two theorems by Hayes (2005) which extend Azuma-Hoeffding lemma to vector-valued mar-
tingales but without dependency on dimension.

Theorem 5. (Hayes, 2005, Theorem 1.8) Let {X,} be a (very-weak) vector-valued martingale such that Xo = 0
and for every n, | X,, — Xn—1|| <1 almost surely. Then, for every a > 0, it holds

Pr(||X,|| > a) < 2eexp <—<2;1>>

Theorem 6. (Hayes, 2005, Theorem 7.4) Let {X,} be a (very-weak) vector-valued martingale such that Xo = 0
and for every n, || X, — Xn_1|| < ¢n almost surely. Then, for every a > 0, it holds

—(a —Yp 2
Pr(||Xn|l > a) < 2exp (2(21_1622)

where Yy = max{1l + max ¢;, 2maxc; }.

B.1.2 Concentration of i.i.d. Vector-Valued Functions

Theorem 5 immediately implies the concentration of approximating vector-valued functions with finite samples.

Lemma 7. Let x € X and let f(x) = E,[f(z;w)], where f: X — E and E is equipped with norm || -||. Assume
| f(z;w)|| < G almost surely. Let g(z) = 2 an\le f(z;wi) be its finite sample approximation. Then, for all
€ >0,

Pr(lg(x) - f(z)]| > ©) < 2eexp <_<Ma>>
B oM

In particular, for 0 < e < 2G,

e2
Pr(|g(z) — f(@)]] > €) < 2¢*exp ( e )

Proof. Define X, = 5= > 1", f(#;wg) — f(x). Then X,, is vector-value martingale and || X,, — X,,,—1]| < 1. By
Theorem 5,

Me _ 1)2
Pr(llg(a) — f()] = €) = Pr(| Xarl| > 50) < 2eexp <(G”>

Suppose 55 < 1. Then Pr(||[ Xy > €) < 2e? exp (— ggj) [ |

9The constant Cx can be thought as In |X|, where |X| measures the size of X’ in e.g. Rademacher complexity or
covering number (Mohri et al., 2012). For example, In |[X| can be linear in dim X.
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B.1.3 Concentration of the Stochastic Process of AggreVaTe

Here we consider a stochastic process that shares the same characteristics of the dynamics of +Vgi.,(z) in
AGGREVATE and provide a lemma about its concentration.

Lemma 8. Let n = 1...N and {m;} be a non-decreasing sequence of positive integers. Given x € X, let
Y, = {fo(@;wni)} i be a set of random vectors in some normed space with norm || - || defined as follows:
Let Vi, = {Yi}i_1. Given Yi—1, {fo(®;wnk)}iry are my, independent random vectors such that f,(x) =
Eo[fn(z;w)|[Y1.n—1] and ||frn(z;w)|| < G almost surely. Define g, (x) = Zk 1 fn(@swn k), and let g, = %glm
and f, = %flm. Then for all € > 0,

nM*e — 2
Pr<|an<z>fn<x>uze><gexp< —(nM m)

8G2M>~<2 Z

i=1m

in which M* = [[;—, m; and Yy = max{1 + 2M*G,22MZG}_

m

In particular, 1 2M G >1, for0<e< Gm“ S

=1 ml

_ —n2e?
Pr(||gn(x) — fu(z)|| > €) < 2eexp <8G221>
i=1 m;

Proof. Let M = >""" | m;. Consider a martingale, for m =1 + Z 1 ms,

™my

M*kazwki fk +ZM*Z‘]25L’W¢J f’L( )

That is, Xpr = nM*(§, — fr) and || X,, — Xpna|| < 21\7/7[176; for some appropriate m;. Applying Theorem 6, we
have

_ . —(nM*e — Yp)?
Pr(lgn — Full = €) = Pr(|Xar]| = nb*e) < 2exp | A= Yo)”
QZm 1C$n

where

M n m 2 n
S [(2GM* 1
2 27 72
S =33 (Y ey L
m=1 i=1 j=1 i=1
In addition, by assumption m; < m;_1, Yo = max{l + %, 2%} This gives the first inequality.

For the special case, the following holds

—(nM*e — Y0)2 _ —n2M*2e2 n 2nM*eYy — Y02 < —n2e? +1
25 M 2, 8GEM*2 301 L 8GEM*2YTE | - T AGEYL -

if € satisfies

"1
2nM*eYy < 8GPM*?D ~ —

i=1 "

Substituting the condition that Yy = % when 2% € > 1, a sufficient range of € can be obtained as

AGPM* I~ 1 Gmyg 1
— > e
Yon D>

i=1 i=1
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B.1.4 TUniform Convergence

The above inequality holds for a particular x € X'. Here we use the concept of covering number to derive uniform
bounds that holds for all x € X'. (Similar (and tighter) uniform bounds can also be derived using Rademacher
complexity.)

Definition 1. Let S be a metric space and i > 0. The covering number A(S,7n) is the minimal [ € N such that
S is is covered by [ balls of radius . When S is compact, N'(S,n) is finite.

As we are concerned with vector-valued functions, let E' be a normed space with norm || -||. Consider a mapping
f: X — Bdefined as f : @ — f(x,-), where B = {g : Q@ — E} is a Banach space of vector-valued functions

with norm ||g||g = supy,cq |g(w)]]. Assume By = {f(z,-) : € X'} is a compact subset in B. Then the covering

number of H is finite and given as N'(Bx,n). That is, there exists a finite set Cx = {x; € X}fﬁl&"n) such that

Vo € X, mingecy |[f(2,-) = f(y:)lls <7

Usually, the covering is a polynomial function of 1. For example, suppose X is a ball of radius R in a d-
dimensional Euclidean space, and f is L-Lipschitz in = (i.e. || f(z, ) — f(y, )|l < L||x — y||). Then (Cucker and

d
Zhou, 2007) N'(Bx,n) < N(X,4) < (% + 1) . Therefore, henceforth we will assume

A (Bx X, 1) < Cix 1n(%) <o (15)

for some constant Cy independent of 1, which characterizes the complexity of X.

Using covering number, we derive uniform bounds for the lemmas in Section B.1.2 and B.1.3.
Lemma 9. Under the assumptions in Lemma 7, for 0 < € < 2G,

Pr(sup lg(z) — F()]| = ) < 2N (B, <) exp ( — 21
1“;161?{ gl‘ X =~ € e X,4 eXp 32G2

Proof. Choose Cx be the set of the centers of the covering balls such that Vo € X', minyec,, || f(z,-)—f(y, )8 < n.
Since f(z) = Ey[f(x,w)], it also holds minyec, ||f(z) — f(y)|| < n. Let By be the n-ball centered for y € Cx.
Then

sup lg(x) = f(z)]| < max sup lg(@) =gl + llg(y) = fFWI + 11f(y) = f(2)]]
< max lg(y) — f(w)|l +2n

Choose n = § and then it follows that

DN o

sup ||lg(z) — f(z)|| = ¢ = max|lg(y) — f(y)ll =
zEX yECx

The final result can be obtained by first for each y € Cx applying the concentration inequality with ¢/2 and then
a uniform bound over Cy. |

Similarly, we can give a uniform version of Lemma 8.

Lemma 10. Under the assumptions in Lemma 8, if % >1, for0<e< % S L and for a fived n > 0,

i=1 m;

B - € —n2e2
Pr(sup [3(x) ~ fu(z)| 2 ©) < 20N (B, ) exp (mz)

=1 m;

B.2 Proof of Theorem 4

We now refine Lemma 2 and Proposition 2 to prove the convergence of AGGREVATE in stochastic problems.
We use ~ to denote the average (e.g. f, = %flm.)
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B.2.1 Bound on ||z,11 — x|

First, we show the error due to finite-sample approximation.

Lemma 11. Let &, = Vf, — Vg,. Running AGGREVATE with ¢g,(-) as per-round cost gives, for n > 2,

0S,, =
= (@)l + &zl

Proof. Because ¢1.,(x) is na-strongly convex in x, we have

na||xn+1 - zTL”2 S <v9n(xn)7$n - $n+1>

S <vgn(xn) - Vgn—l(xn)ymn - xn-‘r1> Ty = arg mingl:n—l(m)

reX
< |Vfu(zn) — an—l(xn)”*”xﬁ — Tpi1|
HIVfu(zn) = Vgn(zn) = Vn_1(2n) + Vin—1(zn)|l«l|Tn — Znt1l]

Now we use the fact that the smoothness applies to f (not necessarily to ¢g) and derive the statement

05s, = _
[Znt1 —znl| < — + 7||vfn(xn) Vgn(rn) = Vin—1(zn) + Vn_1(zs) ||«

95 1 3
< B L eaan)lle + 1€ (ea)ll) "

Given the intermediate step in Lemma 11, we apply Lemma 5 to bound the norm of & and give the refinement
of Lemma 2 for stochastic problems.

Lemma 12. Suppose m,, = mon” for some r > 0. Under previous assumptions, running AGGREVATE with
gn(+) as per-round cost, the following holds with probability at least 1 — §: For a fixred n > 2,

0S, G, In(1/6) \/ Cx/n
[Zns1 — 2n| < n +0 (nam (\/nmin{r,Q} + pmin{r,1}

where Cy is a constant depending on the complexity of X and the constant term in big-O is some universal
constant.

Proof. To show the statement, we bound ||, ()|« and ||€1.n—1(2y)|l« in Lemma 11 using the concentration
lemmas derived in Section B.1.4.

The First Term: To bound ||&,(x,)||«, because the sampling of &, is independent of x,,, bounding ||&, (zy, )]«
does not require a uniform bound. Here we use Lemma 7 and consider ¢; such that

2 2 2
2¢? exp <_ng;21> :g = € = %ln <4§) —O( Ti In <5)) (16)
2 n n

Note we we used the particular range of ¢ in Lemma 7 for convenience, which is valid if we choose mg >

2G5 1In (%). This condition is not necessary; it is only used to simplify the derivation, and using a different

range of € would simply lead to a different constant.

The Second Term: To bound ||€n 1(xn)||*, we apply a uniform bound using Lemma 10. For simplicity, we
use the particular range 0 < € < 2m° S ﬁ and assume 2anOG2 > 1 (which implies Yy = %) (again this
is not necessary). We choose €5 such that

€2 —(n— 1)2 2 8 €2 —(n— 1)2 2 2

11m
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Since In N (Bx, 2) =Cxln (é) < ¢;Cyey® for arbitrary s > 0 and some cg, a sufficient condition can be
obtained by solving for €5 such that
co

— = 0263 =—c = 0263“ —ci1e5—cp =0
€2
1 . . .
where cg = ¢;Cy, co = 3205”27)11, and ¢; = ln(%). To this end, we use a basic lemma of polynomials.

i=1 my

Lemma 13. (Cucker and Zhou, 2007, Lemma 7.2) Let ¢1,ca,...,¢c; > 0 and s > q1 > qa > -+ > q—1 > 0.
Then the equation

¥ — gz —cpa® — - —z? Tt — =0
has a unique solution x*. In addition,

z* < max {(101)1/(57(11)7 (lea)/ =) [ (leyy ) (570 (101)1/5}

Therefore, we can choose an €5 which satisfies

201\ % [ 2c0\ VT 64In(%)G3 >0 L Y2 64e,CrGE ] ; e
€2 < max — | — = max ,
Co Co ( ) (TL _ 1)

<ol . (ce+1 Gzii
- xo 5 n2 — m;

Error Bound Suppose m, = mgn”, for r > 0. Now we combine the two bounds above: fix n > 2, with
probability at least 1 — 4,

2 2 n
fenton)ll + 1na(enlle <0 |42 () + | (cxrm(5)) sty 3

mon’ ) ) mon? 4 < 4"
1=

Due to the nature of harmonic series, we consider two scenarios.

1. If r € [0, 1], then the bound can be simplified as
1 2 1
+ Cx+1In|( < G -
mOnT ) mon? —ir
2 1 2, 1—7r In(1
—of, /-2 = Cy +1n G Lo gy /000 L ] Cx
monr 1) (5 mon? mon” monlitr

2. If r > 1, then the bound can be simplified as
2 2 n
@ G In ! + Cyx +1n 1 G2 l
mon” 0 0 mon? — i
2 1 1 2 In(1/6
=0 G2 In{=)+ Cy+Inl= G2 =0 | Gy 11(7/) + 0| Gy Cx
mon” ) ) mon? monmin{r.2} mon?

Therefore, we conclude for r > 0,

16n ()|« + ||f_n_1(xn)||* =0 \/G% lngl/é) +\/ G%C,X

monm1n{r,2} m0n1+n11n{r,1}

@)

Combining this inequality with Lemma 11 gives the final statement. |
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B.2.2 Bound on S,

Now we use Lemma 12 to refine Proposition 2 for stochastic problems.

Proposition 3. Under the assumptions Proposition 2, suppose m, = mon". For a fited n > 2, the following
holds with probability at least 1 — §.

~ G2 11’1(1/(5) vV CX
Sn <O (Oé mo (nmin{r/Q,l,IG} + pmin{(1+7)/2,1,1-60}

Proof. The proof is similar to that of Proposition 2, but we use the results from Lemma 12. Note Lemma 12
holds for a particular n. Here need the bound to apply for all n = 1... N so we can apply the bound for each
Sy. This will add an additional v/In N factor to the bounds in Lemma 12.

First, we recall that

1
S < (1 _ n) S+ [ms1 — 2

G24/1In(1/6) G2v/Cx
oy and ¢y = 22X NGTE and it holds that

65, Gy In(1/0) \/ Cyx 08, c1 ca
[#nt1 = znl < —=+0O <nam <\/nmin{r,2} + nl+min{r,1} T + O(n1+min{r,2}/2 + n3/2+min{r,1}/2)

which implies

By Lemma 12, let ¢; =

1-— C1 C2

1
Sn+1 S <1 o n> Sn + ||'r"+1 o x"” = (1 - n > Sn + O( nl+min{r,2}/2 + n3/2+min{r,1}/2)'

Recall
Lemma 6. (Lan, 2018, Lemma 1) Let v, € (0,1), k=1,2,... be given. If the sequence {Ay}r>0 satisfies

Apt1 < (1 —v)Ak + By,

then
k

A <Ty +sz
i=1

B;
Lita

where 'y = Ay and Tiy1 = (1 — )Ty

From Proposition 2, we know the unperturbed dynamics is bounded by e!~?n?~1S, (and can be shown in ©(n?~1)
as in the proof of Theorem 3). To consider the effect of the perturbations, due to linearity we can treat each
perturbation separately and combine the results by superposition. Suppose a particular perturbation is of the
form O(-; %2 for some Cy and s > 0. By Lemma 6, suppose 6 + 5 < 1,

Cy - 11— - s
S, <O(n’1) +o< = 12/& ka) <O ) +0 (Con ') = 0(n?~1) + O (Con ™)
For  —s =1, 8, < O(n’™') + O(Con’1In(n)); for 6 +s > 1, S, < O(n?~1) + O(Cyn?~1). Therefore, we
can conclude S <Oon?t 4 O(an_ min{s,1— 9}) where the constant C; = e'~?S,. Finally, using S, < % and
setting Cs as ¢1 or co gives the final result

~ Gg 11’1(]./5) vV CX
Sn < o (O[\/TTTO (nmin{r/2,1,1«9} + nmin{(1+r)/2,1,17«9}
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B.2.3 Performance Guarantee

Given Proposition 3, now we can prove the performance of the last iterate.

Theorem 4. In addition to Assumptions 5 and 6, assume f(x; ) is a-strongly convez in x and || f(x; )]« < G2
almost surely. Let 0 = 5 and suppose my, = mon’” for some r > 0. For all N > 0, with probability at least 1 —§,

e

B ~ (6% In(1/6 + Cy
Flzny,zn) < émpe + O (CNn(mn/{r)zz_zoq>

L0 (111(1/5) + CX)

cNmin{2,1+r}

[e3

10
G%m,g t

where ¢ = and Cy is a constant'® of the complezity of 1.

Proof. The proof is similar to the proof of Theorem 2. Let ) := argmin, ¢y fr(z). Then
: * « *
fal@n) —min fo(2) <AV fu(@n), 20 — 23) = 5 |20 — 5]
TEX 2
r * r — * « *
< <an(xn) - vfn—l(xn)vxn - $n> + <an—1(xn) - Vgn—l(xn)’xn - xn> - §||$71 - anQ

< Vfalzn) — an—l(xn)n*”xn - m:;” + HVgn—l(xn) - vfn—l(xn)”*llxn - Z‘ZH - %”xn - x;HQ
IV fal@n) = Vuoi(@n)lls + 1VGn_1(2n) = Vuo1(n)ll+)?

2
< ”an(xn) — an—l(iﬁn)Hz + HVgnfl(mn) — anfl(xn)”i
- «

<

where the second inequality is due to x, = argmin,cy gn—1(z). To bound the first term, recall the fact that
IV fr(xn) — V fr—1(zp)]l« < BS, and recall by Proposition 3 that

SHSO<GQ< W(i/3) VCx ))

a/mg pmin{r/2,1,1-0} pmin{(1+7)/2,1,1-0}

For the second term, we use the proof in Lemma 12 with an additional In(N) factor, i.e.

i . -( G, [m(/s)+C
Hv!]n—l(zn) - vfn—l(xn)‘l* =0 ( /7,,7,2110 n(l—(mgn{r,l}x>

Let ¢ = “5*. Therefore, combining all the results, we have the following with probability at least 1 —¢:
2

< IV fn(zn) — an—l(xn)ni + IVgn-1(zn) — an—l(xn)”i

h@d*ﬁ%h@)

«
< 625721 + Vgn—1(2n) — V,fn—l(xn)”i

« «o
= amg n2min{r/2,1,1-0} amg n2min{(r+1)/2,1,1-6} amg nitmin{ri}

I
(@)

?anin{r/Q,l,l—Q} ¢ n2min{(r+1)/2,1,1-6} ¢ npltmin{r1}

5 <92 In(1/6) + Ca )+O(1H(1/5)+Cx>

¢ n2min{r/2,1,1-0} cnltmin{r,1}

<o2 In(1/9) ) 5 (92 o ) 5 (1111(1/5) +0X>

IN

Note the last inequality is unnecessary and is used to simplify the result. It can be seen that the upper bound
originally has a weaker dependency on Cly.

10The constant Cx can be thought as In |X|, where |X| measures the size of X’ in e.g. Rademacher complexity or
covering number (Mohri et al., 2012). For example, In |[X| can be linear in dim X.
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C AggreVaTe with Function Approximations
Here we give a sketch of applying the techniques used in Theorem 4 to problems where a function approximator
is used to learn f(-;s), as in the case considered by Ross et al. (2011) for learning the Q-function.

We consider a meta learning scenario where a linear function approximator f (r,8) = ¢(x,8)Tw is used to
approximate f(x;s). We assume ¢(z,s)Tw satisfies Assumption 3 and Assumption 5 with some appropriate
constants.

Now we analyze the case where > " f(, Sn,i) is used as the per-round cost in AGGREVATE. Specifically, in the
nth iteration of AGGREVATE, m,, samples{ f(2,; sn 1)} are first collected, and then w,, is updated by
n m; 5
Wy, = arg minz Z (f(l‘z, Si)j) — ¢($i, Si’j)TU}) (17)

weW =1 j=1

where W is the domain of w. Given the new w,, the policy is updated by

n m;

Tpt1 = argr/’réinZZqS(xi,siﬁj)Twn (18)
EAS

i=1j=1
To prove the performance, we focus on the inequality used in the proof of performance in Theorem 4.
: * « *
fu(@n) —min fr,(2) <AV fu(@n), 20 — 23,) — 5 [|20 — anQ
TeX 2
And we expand the inner product term:
(Vin(zn), xn —2,) = <V§n;wn71(mn)»xn —zy,) + <Vgn:,wn = Vnw,_1Tn — ry,) +(Vin(zn) — Vinw,, Tn — T,)
where gp,,, is the finite-sample approximation using wy, . By (18), , = argmin ¢ y Jn:w,_, («), and therefore

<vfn<xn)7 Tn — .’E:L> S <v§n;w” - Vgn;wn,lal'n - x;k1> + <an(l'n) - Vgn;wnaxn - ZC:;)

In the first term, |Vinw, — Vinw, 111+ < O(||lwn — wp—1]]). As w, is updated by another value aggregation
algorithm, this term can be further bounded similarly as in Lemma 2, by assuming a similar condition like
Assumption 5 but on the change of the gradient in the objective function in (17). In the second term, ||V f,,(z,)—
VGn.w, ||« can be bounded by the uniform bound of vector-valued martingale in Lemma 10. Given these two
bounds, it follows that

IV Gniw, = Vnw,_, Hi + |V fn(zn) — Vnw, Hf
«

fn(xn) — ;réi)r(l fn(x) <

Compared with Theorem 4, since here additional Lipschitz constant is introduced to bound the change ||V g, —
VGn:w, 1 |l+, one can expect that the stability constant § for this meta-learning problem will increase.

D Weighted Regularization

Here we discuss the case where R(z) = F(r*, z) regardless the condition R(z) > 0.

Corollary 4. Let F(x,x) = F(z,x) + \F(n*,x). Suppose Y& € X, mingey F(x,2) < (1 4 N)émq-. Define
Ay =(1+ )\)WNQ(&*”. Running AGGREVATE with F in (14) as the per-round cost has performance
satisfies: for all N > 0,

F(SCN,.TN) < (1 +)\)€H,7r* — )\F(SC*,I'N) + Ay

ING 2A
< AN + & + AGa ( - 2 ﬂ/(j)




Convergence of Value Aggregation for Imitation Learning

Proof. The first inequality can be seen by the definition F(xn,zn) = F(zy,zn) — M\F(z*,2y) and then by
applying Theorem 2 to F(zy,zn).

The second inequality shows that —F(z*,zy) cannot be too large. Let fi.(z) = F(z*,z) and z}y =
argmin ¢y fa(x). Then

In(@n) = fn(an) + Afa(@n) = Afu(zn)
< AN = Afulzy) + ;Iél}ylf]v(w) + AMu()

< AN+ fu(ey) + Afu(zy) = fe(zn)
S AN A+ fn(@y) + AGo|zy — ]

where the first inequality is due to Theorem 2 and the third inequality is due to f, is G2-Lipschitz continuous.
Further, since fy is a-strongly convex,

%a — 2w < fulan) - ()

< Ay +/\G2||1‘7V —l‘NH

which implies

ey —an| <

MG +VA2G2 + 20A N
(0%

< 20\Gs + V2aA N

(07

Therefore,

In(en) < An+ fa(ay) + AGa|lzy — N ||

ING 2A
< Ay + & + AGo < - 2 +\/aN>

Corollary 4 indicates that when 7* is better than all policies under the distribution of #* (i.e. F(z*,z) >
0,Vx € X), then using AGGREVATE with the weighted problem such that 6<1 generates a convergent sequence
and then the performance on the last iterate is bounded by (1 4+ A)ém -~ + Ax. That is, it only introduces a
multiplicative constant on € ,«. Therefore, the bias due to regularization can be ignored by choosing a larger
policy class. This suggests for applications like DAGGER introducing additional weighted cost AF(x*,z) (i.e.
demonstration samples collected under the expert policy’s distribution) does not hurt.

However, in generally, F'(z*, zy) can be negative, when there is a better policy in IT than 7* in sense of the state
distribution d,«(s) generated by the expert policy 7*. Corollary 4 also shows this additional bias introduced by

AGGREVATE is bounded at most O(%)



