Community Detection in Hypergraphs: Optimal Statistical Limit and Efficient Algorithms

A Experimental Results on Real-World Data

A.1 Categorical Data

We evaluate the performance of Algorithm 2 on two datasets: Congressional Voting Records and Mushroom. In
the congressional voting records, the task is to group 435 Congressmen into two parties, Democrats and Republi-
cans, based on whether they fovored or vetoed 16 different issues, or abstained their votes. The other categorical
dataset consists of a total of 8124 mushroom species. Based on the 22 different physical or biological features,
one needs to separate the edible from the poisonous apart. The authors in (Ghoshdastidar and Dukkipati, 2017)
used the following way to embed the categorical data into a hypergraph. Take the political data for example. For
each attribute (issue) and each possible value of that attribute (favor, veto or abstain), a hyperedge is formed
among all instances (Congressmen) that share this particular value of the attribute. This generates a rather
sparse non-uniform hypergraph. In order to have a fair comparison, though, we also adopt this non-uniform
construction and implement our algorithm on top of these sparse hypergraphs. Table 1 compares the mismatch
ratio of different algorithms with our spectral initialization.

Table 1: Experimental Results on Categorical Data
ROCK COOLCAT LIMBO hMETIS SnHP GTS Algo 2

Voting 0.16 0.15 0.13 0.24 0.1263 0.3819  0.1129
Mushroom 0.43 0.27 0.11 0.48 0.1129  0.4979  0.1103

The results for ROCK, COOLCAT and LIMBO algorithms are taken from (Andritsos et al., 2004), while the
multi-level approach (hWMETIS) is taken from (Ghoshdastidar and Dukkipati, 2017). We can see that Algorithm 2
outperforms other algorithms on the voting databset and is on a par with the known best on the mushroom
dataset.

A.2 Numerical Data

As for the numerical data, the authors in (Ghoshdastidar and Dukkipati, 2015) point out that a 3-way similarity
measure can be utilized to construct a 3-uniform hypergraph, which gives an overall more robust performance
empirically. In particular, for any three data points x,y, z, the similarity among these three nodes is defined as

2 2 2
exp (—Bmax { [l — yll} . = - 2113 Iy — I3 })

where £ is a tuning parameter. It is inspired by the pairwise gaussian-density-like similarity exp(—g ||x — y||§)
between data points @,y often seen when performing spectral clustering (Ghoshdastidar and Dukkipati, 2015).
In constrast to the affinity tensor where each entry is a real number in [0, 1] considered in (Ghoshdastidar and
Dukkipati, 2015), the adjacency tensor that we use is binary-valued. Instead of directly using these 3-way
similarity values, we treat them as the connecting probability parameters, i.e. the success probabilities of the
appearance of hyperedges. Table 2 compares our method with the generalized tensor spectral method (GTS)
and conventional spectral clustering on similarity graph (SP) taken from (Ghoshdastidar and Dukkipati, 2015)
in the first two columns. As above, our results are the average over 20 runs of realizations with regard to the
randomness in the embedding process.

Table 2: Experimental Results on Numerical Data
Dataset SP GTS Algo2 Algo1l

Wine 0.342 0.331 0.105 0.087
Haberman’s Survival 0.423  0.392 0.485 0.397
Vertebral Column 0.345 0.333 0.262 0.275
Tonosphere 0.325 0.316 0.319 0.315



I (Eli) Chien, Chung-Yi Lin, I-Hsiang Wang

First, we want to make clear that we does not optimize our results by choosing the § that leverages the best
performance according to each specific ground truth. In our experiment, we choose the value of 3 to control the
edge density in the hypergraph. From Table 2, we could see that our two-step algorithm does outperform the one
proposed in (Ghoshdastidar and Dukkipati, 2015) and traditional graph-based method, endorsing the advantage
of using a higher-order relational information to perform the task of clustering. Except for the Vertebral Column
data where the second refinement step fails to have a gain from the first initialization step, we could see that,
overally speaking, the refinement step helps reducing the number of misclassified nodes and achieves a better
performance on the real-world data.

B Proof of Theorem 3.2

We first introduce the concept of local loss. The equivalence class of a community assignment o is defined as
I(o) 2 {0/ |36€ Sk st. o/ =doa}. Let S,(G) = {0’ €T(G) | du(o’,0) = du(5,0)} be the set of all permu-
tations in the equivalence class of & that achieve the minimum distance. For each i € [n], the local loss function
is defined as the proportion of false labeling of node 4 in S, (7).

It turns out that it is rather easy to study the local loss. Recall the sub-parameter space GdL of @g defined in
(1) where the sizes of all communities are almost equal (nj, € {n’ —1,n’,n’ + 1} to be more specific). Since ©%
is closed under permutation, we can apply the global-to-local lemma in Zhang and Zhou, 2016.

Lemma 2.1 (Lemma 2.1 in Zhang and Zhou, 2016): Let © be any homogeneous parameter space that is closed
under permutation. Let Unif be the uniform prior over all the elements in ©. Define the global Bayesian risk as
Rotmit(0) = @1' > wco Eql(T,0) and the local Bayesian risk Ro~unit(0(1)) = ﬁ > wco Eql(a(1),0(1)) for the
first node. Then

Hif RJNUnif (a\) - Hif RO'NUnif (8(1))

Second, the local Bayesian risk can be transformed into the risk function of a hypothesis testing problem. We
consider the most indistinguishable case where the potential candidate only disagrees with the ground truth on
a single node. The key observation is that the situation is exactly the same as our testing one node at a time in
the local version of the MLE method.

Lemma 2.2:

RUNUnif((/T\(l)) > P{ Z Z CTM,- (Xi(fj) — Xﬁh)) > 0}

1<j:(ri,r;)ENG u=1

where f(t) £ ﬁ for Cyy = log %, and for each (r;,r;) pair in Ng, quj) i Ber(p;), x{) i Ber(p;) Vu =
L,..., My, are all mutually indepedent random variables.

With the aid of the Rozovsky lower bound Rozovsky, 2003, we are able to prove the following auxiliary result.

Lemma 2.3: If > ) EN Torir; Iy, p, — 00, then there exists a positive sequence C, — 0 such that

1<j:(rq,

v

]P’{ Z Z Cror, (Xz(fj) — qurz‘)) > O} > exp ( (1+¢n) Z mmrjfpipj> (9)
1<g:(

ri,r;)ENg u=1 i<j:(ri,r;)ENg
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Proof of Theorem 8.2. Finally, since the Bayesian risk always lower bound the minimax risk, we have

R}, = inf sup E,¢(7,0) > inf sup E,{4(7,0)

CARCASCH G ocOk

> inf Ryunit (0) = inf Ry~unit(0(1))

M,
> IP{ > > Crpr (X = X(0) > o}

1<j:(ri,r; )ENG u=1

> exp ( —(1+¢n) Z mrﬂjlpztpj)

1<j:(ri,r; ) ENG

C Proof of Theorem 5.1

Fix any (B,0) in ©9. Let Cp, § > 0 and v = 7, be constants in Condition 5.1. For each u € [n], there exists
some 7, € Sk so that
]P)o {ZO((au)wuaa’) S 'Yn} Z 1- C’Oni(lJﬂs)

In consequence,

Eoly(o,0) = E, [ Z 1 {WCSS(/O'\U(U)) £ U(u)}:|

u€[n]

= 3 B (S (Euw) £ ow)
I

u€(n

IN

% > B {Guw),, # 0w} + Py {795 £}
u€[n]

where 78

u € [n],

S is the consensus permutation (4) in Algorithm 1. By Lemma 5.2, for any (B,o) € ©9 and each

o {(Gul),, #000} < (K- Dew (= 0-¢) X il ) 4000

1<j:(ri,r;)ENG

for some constants C,§ > 0 and C;L/ — 0. Moreover, Lemma 5.3 implies that JP’{WCSS % 7Tu} < Cn~(+9),
Together,

T YICE P (IR SRR FEA s
(B,0)€0? i<gi(rim; ) ENG

Since we assume lim,, oo Zi<j:(m,rj)€/\/d My, Ip,p, — 00, we further have

sup Egﬁo(ﬁ, 0') < exp ( _ (1 _ C;l”) Z mrm"jlpipj) + Cln*(1+5)
(B,0)€6f i<ji(rerg) EN

=D+®

for some ¢, — 0. If D decays faster than @), then R = o(nl%) < L for sufficiently large n. Therefore, R} =0
and the corresponding parameters satisfy the criterion of exact recovery. On the other hand, if O dominates ),
then there exists ¢, — 0 such that

R} <exp < —(1—=¢) Z mTiTjIPin)

1<j:(ri,r;)ENG

In either case, the claimed upper bound is achieved.
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D Proof of Theorem 5.2

To prove Theorem 5.2, we first introduce some notations. For a matrix M, we denote its operator norm by
[M]|,,, and its Frobenius norm by ||M||p. Also, let O(K1, K2) = {V e RE:XE2 | VIV =1k, } for Ky > K> be
the set of all orthogonal K7 x K5 matrices. The proof requires the following two lemmas. First, we demonstrates
that the hypergraph Laplacian after trimming does not deviate too much from its original expectation.

Lemma 4.1: VC' > 0, 3 C > 0 such that
[T-(L(A)) —EL(A)],, < CVni~lpr +1

with probability at least 1-n=¢ uniformly over T € [C’l (n?=1p; +1),Co(n?1py + 1)] for some sufficiently large
constants Cy and Cs.

The next lemma analyzes the spectrum of EL(A) and pinpoints a special structure.
Lemma 4.2 (Lemma 6 in Gao et al., 2017): We have

SVDg (EL(A)) = UAUT

where U = ZATIW with A = diag(\/n1, ..., nK). Z € {0,1}*K is a matriz with ezactly one nonzero entry
in each row at (i,0(7)) taking value 1 and W € O(K, K).

Proof of Theorem 5.2. Under the assumption p; > p;Vi < j , we have Er € [Cjn?1p;,Cind~1p] for

some large constant C7,C%5. Thus by Bernstein’s inequality, with probability at least 1 — e’C/”, we have
7 € [C1n%'py, Con?'py]. By Davis-Kahan theorem (Davis and Kahan, 1970), we have
_ VE
10 = UWi e < O T (£(A)) = EL(A) o
for some W1 € O(K, K) and some constant C' > 0. Then applying Lemma 4.2, we have
_ VE
U = V]|r < CXIITT(E(A)) —EL(A)llop (10)

where V = ZA~'W = [v]..v!]T as we state in Lemma 4.2. Combining (10), Lemma 4.1 and the conclusion

7 € [C1n%1py, Cond~1p,] with probability at least 1 — e=9'" we have
~ CVEK\/nd-1
10 - Vijp < =5 (11)
K

with probability at least 1 — n~C". The definition of V implies that

o — w3l {2 VA i) £

=0, , otherwise.

Let X = AW, which means v; = Z,(;)- Recall the definition of critical radius r = m/% in Algorithm 2.

Define the sets

T, = {s € o 1(i) ¢ ||t — il < g} i € [K] (12)

By definition, T; N T; = @ for i # j and

U T={sem: g -ovl, <3}
i€[K]

Thus
’ r2 s C2Knilp,
I
K
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where the last inequality is due to (11). The rest of the proof is identical to the proof of Theorem 3 in Gao et al.,
2017. For completeness, we shall repeat it again here. After some rearrangements, we have

(U n)]< S

P o
— 212
i€[K] WA

(13)

It means most nodes are close to the centers and are in the set we defined in (12). Also note that the sets
{T;} ek are disjoint. Suppose there is some i € [K] such that |T;| < [0~ (i)| = |(Uiex)T3)¢|, we have [U;e(x) Ti| =

. Til <n—|(UicinTi)¢| = | Userr Ti|, which leads to a contradiction. Thus, we must have
i€[K] €[K] €[K]
n  4C?*nip, n
T3] > |0~ KIIT”>—22>
(K] RPN 2K

where the last inequality is from the assumption (8). Since the cluster centers are at least 4/ % apart from each
others and both {T;},¢(x, {@}ie[K] (recall that C; are defined in Algorithm 2) are defined through the critical

radius r = py/ %, each @ should intersect with only one T;. We claim that there is a permutation 7 of set [K],
such that

éﬁi(“]z;(i)ié 2,
We could now continue the proof with claim (14), where the proof of (14) can be found in Gao et al., 2017 (in
their proof of Theorem 3). It is mainly established by an easy mathematical induction. From the definition of
C; and (14), we have for any i # j, ,r( y N C’ = @. This directly implies that for any i # j, Ty C C’ Thus,

we know that T(;) N Ci C ( le[K]C) Therefore,
U (meNé)c (U &)
i€[K] i€[K]
Combining with the fact that 7; NT; = @ Vi # j, we have

> [ronel<|(Ua)

i€[K] i€[K]

Ci| > |Trp)| Vi € [K] (14)

By definition, C; ﬂé] = @ Vi # j. Along with (14), we have
‘(U@) —n—z <n—Z|T| ’(U )’ (16)
i€[K] ic[K]
Together with (13), (15) and (16), we have

D

1€[K]

4C%*np,

(17)
PN

7;@)(1623 <

Since for each u € U (k] (Tﬂ(i) N 62>, we have o (u) = ¢ when o(u) = (i), the mis-classification ratio is bounded
by

@) <+ (U @oNE)
1€[K]
S% ‘( U (Twmﬂ@))cﬂ( U T) +‘( U T)
L 1€[K] 1€[K] 1€[K]
S% o AT CF +‘< U T)
Li€[K] i€[K]
8021’Ld71p1
W

where the last inequality is from (13) and (17). This proves the desired conclusion. [ ]
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Remark. Essentially, Theorem 5.2 says that the performance of Algorithm 2 will be upper-bounded in regard
to the K-th largest singular value. When Ak is large, it means that the singular vectors are well separated,
ensuring the algorithm to have a good performance. This is similar to classical spectral clustering methods.

E Proof of Theorem 5.3

Theorem 5.3 is established through controling the A term. For convinience, we introduce the notions below
regarding asymptotic relation. f & g is to mean that f and g are in the same order if f(n)/C < g(n) < Cf(n)
for some constant C' > 1 independent of n. f < g, defined by lim, . (f(n) — g(n)) < 0, means that f(n) is
asymtotically smaller than g(n). f 2 g is equivalent to g < f. To take out the dependency on Ak, we use the
observation below.

Lemma 5.1: For d-hSBM in ©Y(n, K, p,n), we have

AK Z Z My;r; (pi _pj) (18)
1<j:(ry,r;)ENG

Proof. Let Py 2 EL(A) for an adjacency tensor A. We start from analyzing the entries of Py. Under the
transformation from a d-dimensional tensor into a two-dimensional matrix, each entry in Py is a weighted com-
bination of the probability parameters p;’s. To be specific, (Py);; aggregates the contribution from other nodes
u € [n]\ {u,v}, and the value depends on the community relation induced by each hyperedge correspondingly.
Depending on whether or not the two nodes u and v are in the same community, we have, Vi # j

(Pro)s; ~ {u o(i) = o(j) 19)

v, otherwise.

The explicit expression for (Py);; changes for different values of d, the order of the underlying hypergraph.
Observe that u > v since we assume that p;’s are in decreasing order, i.e. p; > p; for ¢ < j. Below are u,v for
the case d = 3 and 4.

~n' K-1
When d =3 *~ "0+ (E=1a) (20)
van'(2g+ (K —2)r)
~ 2 K—1 E K-1
Whend— 4"~ " )2(2p1+( e )p2)+ ps+ (%5 )pa) (21)
v~ (n)2(p2 +ps + 25 2ps + (557 ps)
Deducting v for each entry in Py, we have
Py — (1 —n)vl,15 ~ (u—v) th'uf (22)

where v, is defined as v, = (0% ,..., 17 ..., OZK) for each ¢ € [K]. Note that {vt}tK:l are orthogonal to each
other. Therefore,

<Z v, ) > mln] ny > (1—n)n’
By Weyl’s inequality,
Ak (Pu) > (u—v) Ak (Z V0, ) + A ((1 —nvl,1}) > () (u—v)

To further control u — v, let’s first look at a few cases for lower-order d. For the case d = 3, we have
u—vmn(p—q+ (K —-2)(g—r))

while for the case d = 4,
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Note that u—v could be represented as a weighted sum of pairwise comparisons, that is, >, Jirs i) EN M., (pi—
p;j) for some M,, ,.,’s. Recall that in our definition, (i, j) : (r;,7;) € Ng if the hyperedges of type r; and r; have
community assignments that differ on only one node. The new coefficient M, ., would be similar to m;,. In
fact, they will only differ up to a constant related only to d (in fact, up to d — 1).

Moreover, n'Cl.,,;, > my,,, for all possible (13, ;). When counting, in m,, ,, we fix one dimension (the first
dimension to node 1), while in M,, ., two dimensions are fixated at u and v. Essentially, u — v counts the
difference of the number of random variables between two assignments, one being o(u) = o(v) and the other
being otherwise. Without loss of generality, we may think of the community labeled of u as a fixed number as in
the operational definition of m,., ,,, while the community label of v should be different from o(u). By multiplying
back n’ to get the expression n'M,, ,., we unshackle v and allow it to vary within the o(v)-th community, the
cardinality of which is approximately n/. Undoubtedly, there are double countings in both the number m,., .,
and M,, ;. The value of m,, ,, is normalized with respect to d — 1 companions (only one dimension is fixed),
while the value of M,, ., is normalized with respect to d — 2 companions (two dimension are fixed). As a result,
there are still some I = (u,v,13,...,lq)’s being doubled counted in coefficient n’M,. .., as opposed to coefficient
My, ;- This is the reason why the former is always larger than or equal to the latter.

Recall that the probability parameter p = {p1,...,px,} follows the majorization rule, which means that p; < p,
for all ¢ < j. Combined with these fact, we have

AkPr) 2 () > Coni—p)Z D, M (i — D))

i<g:(rs,ri)ENG i<j:(rs,ri)ENG
Hence we complete the proof. |
F Proof of Lemma 5.1
Fix any (B, o) € ©Y and u € [n]. Define the event
Ey 2 {to((@)nr0) <7} (23)
For simplicity, we assume that 7, is the identity permutation. Fix any ¢ € [K]. Then, on E, we have

ni > [CENCi| > ni —mn, [CFNCi| < 7an (24)

where 71,72 > 0 and 71 +7v2 < 7. Let C/ be any deterministic subset of [n] such that (24) holds with CNZ'Z‘ replaced
by C!. By definition, there are at most

()£ (157) 2o )

=0 m=0

different subsets with this property where C; > 0 is an absolute constant. We will only prove the case |]§§‘1 -
Bi1| < o(max(,, »,yen, Pi — p;j) where 1 is the d-dimensional all-one (row) vector. For the rest of the cases, we
can easily follow an similar procedure to obtain the desired upper bound.

Let & be the edges within C;. Note that & consists of (") independent Bernoulli random variables. The number
of truly Ber(B;.1)’s is at least ("”"). By an simple combinatorial argument, we have

’ l (Eé)] % o {p e pKd)} )
d

]E[ |§,| ] > max {pi—F(l_(l_t)d)(pl_pi)} @7
d

( ) T t€[0,9K]

Note that p; equals p; in this case. In general, though, the estimation of all the parameters have a similar
formula, and therefore we use p; still. Since K is constant, (26) becomes p; —o(max,, ,,)en;, Pi —p;) by breaking
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pi — px, into pairwise difference. Similarly, (27) would be p; + o(max(,, ,.)en;, Pj — pi) (since Ky = o(1) is
assumed). Together,

[
E L — B.. §0< max p; — ) 28
’ [(|C{|) 1 (T‘,',,Tj)ENdp p] ( )
3
On the other hand, by the Bernstein’s inequality,
(1)~ | >t} L
P& —El§] ] >t SQGXP(— — )
2(("" )+ 31)
Let
2= (""" (Crynlogy ™' + (3 +6)1 20 ynlogy~! +2(3 + 8) logn)’
=", ) (Crymlogy™" + (3+9)logn) v (2C1ynlogy™" +2(3 +8) logn)
n' 2
N (Kd—l Vnid=lpiylogy=t +n logvl)
We have

/

n _ _ _
P{( &l —E & ] > Cé(ﬁvn“pwlogv* +ynlogy 1)} < exp (—Crynlogy~t) n~ (9

Hence, with probability at least
1 —exp (—Cwn log 7_1) n~(3+9)

, we have
’ / 1\d—-1 K3
‘ |§Jj{| —]E[ Eﬁ‘ H < O ((n) nd_1p1’ylog7_1+7n210g71)
( dz ) ( d1 )

Since Kylogy~! = O(1) and with the assumption max(y, r)eNy Mrir; Ipip; — 00, P1 X prc,, We further have

& _E[(SH)HQ( o (20)

(chél) I%‘,I (rirs)EN

at least 1 — exp (—Ciynlogy™t) n~(3+%) in probability. Combining (29), (28) and apply the Union Bound over
(25), we have

U
| &g

(%)

<0< max ;i — )
- (’I“i,’l”]’)GNdpl pJ

with probability at least 1 — n~(3+9),

The proof for the rest By, s € [K]? are all similar and thus omit. The key observation is that by the requirement
on v, we will only have o(1) misclassification proportion. Which means for each sample mean, the proportion
of "correct” random variables will dominate the ”incorrect” ones. Thus we obtain the result of the expectation
of sample mean will deviate from the true parameter no larger than o(max(n.,,ﬂj)e N, Pi —Dpj). The second part
is nothing but bounding the probability of sample mean deviate from its expectation. Note that we choose the
proper t in Berstein’s inequality to make sure the error probability will still be desirably small after the union
bound. Hence we complete the proof.

G Proof of Lemma 5.2

Without loss of generality, we assume that m, is the identity permutation and node w belongs to the first
community. Also, the access index is denoted as 4, = (u,ia,...,iq) and M,(t) = pe! + 1 — p is the MGF of a
Ber(p) random variable. We have
P{o.(u) # 1 and E,} < Zpl
1#1



Community Detection in Hypergraphs: Optimal Statistical Limit and Efficient Algorithms

where E, is the event (23) of a good initialization and, on E,, p; is defined as the probability of the following
error event.

ACRINESMCRI (30)

Recall that the initial method &, determines all the assignments except for the u-th node before the refining

process. We write 1, ES r(ky) to indicate the fact that now the community relation r within nodes u, i, ..., %4
depends on the label of node u, which is to be decided. Similarly, we denote the estimated connection probabilit
parameter p as p(k,). Then, (30) is equivalent to

o BB 1 50)
{;A’“l <G00 50 >

Note that the summation is over all possible is < -+ < i5. We can also write (30) in the form of pairwise
1:’;@;"}((3 . The error event is
J

comparison. Specifically, let 7;; = 7;;(1,1) £ log % and Xij = Xij(l, 1) £ log T

thus further equal to

(X AL+ Y ﬁjiAiu+in)>0}

(Tiﬂ”j)ENd iu%r(l):n iu,%r(l):ﬂ (31)
i R (l)=r, i (1) =r;
Note that the inner two summations will contain ng;’l) and n%’l) random variables, respectively, where

(L) &
n;; =

{iu | 2y % r(1) =r; and i, % r(l) = TjH

Observe that not all A;, in the summand associated with nz(-l.’l) would really be Ber(p;). The reason is that

there are still a few nodes misclassified by the initialization &,. Nevertheless, since we require that &, satisfy
(1,1)

n;

with ng;’l) are not Ber(p;). Therefore, we apply the Chernoff bound on P{(31)} to obtain

Condition 5.1, it can be shown that there are only o(1) of random variables in the summand associated

P{BU}< [] (Part1-Part?2) (32)
(ri,rj)ENa
where ) R - R .
3 1,0) 1,1 Vij\nis —Vjj\nt
Part 1 = exp ( - 5)\ﬂ(n§l - nl(.j ))> - M, (g) i M, 5 S
and (1,1) (1,1)
Uij O(Ky)nji’ Dy O(K'y)nij’
_ MP( QJ) Mp(_ 2])
Part 2 = sup —— . sup —
pe{pr,..py} Mj( 5’) pe{pipr,t Mi( 2”)

First, since the parameter space we consider is a approximately equal-size one, each community has a size
(I £o0(1))n’. In addition, Condition 5.1 makes sure that the community size generated from &, will still lie in
(1 +0(1))n’. Thus, it is easy to find that

nl(.jl.’l) = nﬁ’l) X My VIEF# 1
Moreover, by a similar combinatorial argument as in our proof of Lemma 5.1, we know that the proportion of
wrongly added random variables is O(K+~). That is the reason we use O(K v)nl(jl-’l)

added random variables.

for the number of wrongly

In the following, we are going to show that Part 1 can be upper bounded by exp(—(1—o(1))my,, Ip,p,) and Part
2 can be upper bounded by a vanishing term with respect to Part 1. With a similar technique as in (Gao et al.,
2017), we could immediately prove that

Part 1 < exp(—(1 —o(1))my,r; Ip;p;) (33)
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For the second part, we have, for all 7 < j,
e 7 —1‘\/|6_#—1|§Cgu
pi

for some constant Cy > 0. Thus,

Dy

M. ij —p:)(e2 —1 _m. Ly
sup p(ggu) T 1;;_)( ) 1+O( wp PP pg))
pE{p1,..picy } Mj( 57) PE{P1,-- Py } pje% +1—p; PE{P1,--sPcy } Di

gexp(O( sup (p—m)(m—m)))

PE{P1,-prcy} Di
The second term of Part 2 can be bounded similarly. Together, Part 2 is upper bounded by

exp (O(Ky)mmj sup ij)(pi_pj)) = exp (0(1)mm,- max Imj) (34)
PE{P1,.- Py } Di (rirj)ENG

Note that this term will still be absorbed to the term corresponding to max(,, ,,)en;, Ir;r; since K = O(1).
Combining (33) and (34) into (32), we complete the proof.

H Proof of Lemma 4.1

In this section, we're going to proof Lemma 4.1. First we state the lemma we are going to use.

Lemma 8.1: For independent Bernoulli random variables X,, ~ Ber(p,) and p = % Zue[n] Pu, we have

]P( Z (Xu —Dpu) 2 t) < exp (t — (np +t)log(1 + nip))th >0
u€[n]

This lemma is Corollary A.1.10 in (Alon and Spencer, 2004).

Lemma 8.2: Consider the matriz An derived from the unnormalized graph Laplacian for a hypergraph. Suppose
maxy,e(n] Zve[n] (Ag)uw < d and for any S,T C [n], one of the following statements hold with some constant
C > 0:

e(5.T)
ISITIS —

S7 n
2. e(S,T) log(lg(HTTlé) < C|Tlog 1y

where e(S,T) =3 cs 2 per(An)uv- Then, 37, ey Tu(An)uwlo < c'Vd uniformly over all unit vectors x,y,

where U = {(u,v) | |Zuyo| > \ﬁ} and C' > 0 is some constant.

Note that this is the direct result to the lemma 21 in (Chin et al., 2015).
Lemma 8.3: For any 7 > C (nd_1p1 + 1) with some sufficiently large C' > 0, we have

fueln)ld,2r} <=
-
with probability at least 1 — exp (—C'n) for some constant C' > 0.
Proof. Note that in this lemma, the edges e(S) and e(S,S¢) are counting the real hyperedges in A. This is
different with the definition in Lemma 8.2.

Let us consider a subset of nodes S C [n] which contains all nodes with degree at least 7 and |S| = [ for some
[ € [n]. By the requirement on .S, we have either e(S) > Cii7 or e(S,S¢) > Cylr for some constant C;. We
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want to show that both P{e(S) > Cylr} and P{e(S5,S¢) > Cylr} are small. First, observe that e(S) consists
of (fl) Bernoulli random variables and e(.S, S¢) consists of Zf;ll (";l) ( dis) Bernoulli random variables. Thus,

Ee(S) < Colip; and Ee(S,S¢) < Can?~lip; for some constant Cy. Then, when 7 > C (nd_lpl + 1) for some
sufficiently large C' > 0, we have

P{e(S) > Cilr} =P{e(S) — Ee(S) > Cylr — Ee(S)}

<e <0117 — Ee(S) — Cylrlog <E(’; 1&;)) by Lemma 8.1
017'
(C’llr — Ciltlog (and1p1>>
< exp (Cylt — Cylrlog(Cs)) where C3 = Ccl,C
2
< exp (—CylT) for some Cy > 0

where the last inequality holds since Cj is sufficiently large. Similarly, the same bound applies for
P{e(S,S°) > Cylr}

Thus, we have, by Union Bound

P{{u€n]|dy>7} >¢&n} < Z 2 exp (l log (?)) -exp (—Cy4l7) < exp(—Csn)

I>&n
A A ==, .
here we choose i We are done |

Lemma 8.4: Given 7 > 0, define the subset J = {u € [n]|dy, <7}. Then for any C' > 0, there is some
constant C' > 0 such that

i1
1(Ar)ss = Pr)ssllop < C | Vnd=1py + V7 + dl—pl
Vnd=lpy + /7

with probability at least 1 — n=¢

Proof. By definition,

[(An)ss — (Pu)sall,, = sup > wu((Ar)uw — (Pr)uv) v

n—1
z,yeS (u,w)exJ

where x, 3 are some unit vectors lying on the unit sphere S?~! in R”~!. Define the following two sets
= { o) oyl < (V7 + Vol Tp) /n}
U= {(u,v) Cwaye] > (ﬁ+ \/nd*1p1> /n}

Then we have

H(AH)JJ — (PH)JJHOP < sup Z xu((AH)uv - (PH)u'U)yu
TYES™TY (4 vyeLnIx T
+ sup Z To (A uo — (PH)uwv) Yo

n—1
YEST T (L v)eUnIx g

We will upper-bound these two parts separately. First we will bound the light pairs {(u,v) € L}. A discretization
argument in (Chin et al., 2015) implies that

sup Z Iu((AH)uv - (PH)uv)yv
TYEST T (o v)eLnIx J
< max_ max Z xu((AH)W —IE(AH)uU)yU

z,yeN SC
v ) wvyernixg
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where N'C S"~1 and |N| < 5™ Let ryy = 2,y 1 {|xuyv| < \/(;/n} and \/5: VT + /n%1p;. Then we have

P{ Zruv((AH)uv *E(AH)uv) > C\/g}

u<<v

— { Z Z Tuw (Auw’ig —EAum’ig) > C\/Zi} by definition
u<v ige[n]d—z

= ]P{ Z Z Tuw (Au,v,ig - EAu,u,ig) > (1 \/g} where C1 = C x (d — 2)!
u<viz<...<ig

= ]P’{ Z ( Z Tiniy) (Aiii — IEAifli) > Cl\/ZZ Simple rearrangement according to independent terms
11<...<ig 1<a<b<d

Z (riaib)(Ai? - ]EAif) > 02\/3} (a) Union bound, Cy = C’l/(62l>

SZP{

1<a<b<d 11<...<1q
1/2C3d s .
<2 Z exp ( — /2 - ~) Bernstein’s inequality
1<a<b<d PLY iy Thiy 2 nng\/&

d 1/2C2d
< 2(2> exp ( - / Qf ~) (b)
2pind=2 4+ 2¥4Cy\/d

<2 d exp (—n s ) Since d > pyn®~!
- \2 4_5_% 1

The inequality (b) holds since Y-, _, 77, <23, @ y; < 2n%=2 (recall that x,y are all unit vectors).

iqly —

Then, we apply the Union Bound over the space N and the other half of the Laplacian matrix Ay, we have

max max > wu((An)u — E(An)u)ys < C (V7 + Vni 1)

z,yeEN S
Y I vyemnx

with probability at least 1 — exp (—C’n). Thus we complete the bound for light pairs. Here we want to highlight
that the the above argument are all similar to (Chin et al., 2015), except the key step (a). Step (a) allows us to
have a similar result under the d-hSBM setting.

Next we show how to bound the heavy pairs {(u,v) € U}. Same as (Gao et al., 2017), we bound

sup Z Ly (AH)uva (35)

n—1
YEST T (L v)eUnI X J

and

sup Z Loy (PH)uvyv
©y€S™L () vyeUndx

separately. By the definition of U, we have

(P ) < xiyg (P ) < nd71p1

sup 5 Ty FH)uwwYo = SUP g Huw S —F/——
n— n— A/ mad—

zyesn (u,0)eUNT xJ zyesn (u,v)eUNT xJ |xuyv| n=lp; + \/F

The last equation hold since (Py)maz < 7% 2p;. Then, we bound (35). Note that by the definition of the set .J,
the degree of the sub-graph (Ag) s, is bounded above by 7. We need to prove that the condition (the discrepancy
property) of Lemma 8.2 is satisfied with d = 7 +n9~1p; with probability at least 1 — n~". The proof mainly
follows the arguments in (Lei and Rinaldo, 2015) and apply the Union Bound to make sure the independence
(like what we have done in (a) above) . We have

sup > zu(An)uwyy <C (\E—F V nd_1p1)

n—1
wYEST L (o vyeUnTxJ

with probability at least 1 — n=<. Together with all the results above, we are done. ]
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Now we are going to prove Lemma 4.1.

Proof. By triangle inequality,

IT-(An) — Pullop, < IT-(An) = T-(Pu)ll,p, + IT-(Pr) — Pully,

op —

Then we have || T-(An) — T-(Pu)ll, = [[(Au)ss — (Pu)ssll,p, Which is bounded by Lemma 8.4. By Lemma 8.3,
we have |.J¢| < 2 with probability at least 1 — exp (—C’n). This implies

\/in(pH)m \/ind_lpl
I.(Pg)—P <||T-(Pyg)—P <2 c 2 < X <
|| ( H) H”op — || ( H) H”F — n|J |(pH)max — \/7- — \/,7.

Taking T € [Cl(l +nd71py), Ca(1 + nd_lpl)}. Proof completed. [ ]

I Proof of Lemma 2.2

First recall that 1
Rounr(@(1) = 515 > Eol(o(1),5(1))
d

Ue@ﬁ

In order to connect Ry unif(c(1)) with the risk function of a hypothesis testing problem, we shall find an equiva-
lent form of E,¢(c(1),5(1)). The idea is to find another assignment ¢’ such that d(o,o’) = du(o(1),0'(1)) = 1.
o' is the most indistinguishable opponent against o in the sense that their assignments differ by only one node.
Specifically, for each oy € ©F, we construct a new assignment o[og] based on oy:

oloo](1) = argmin {n, ;y = n’
[o0](1) = argmin {ng ) =n'}
and o[o0] (i) = oo (i) for 2 < i < n. Note that {i | n,, ;) =n'} # @Vo, € OF and o[og] € ©F. In addition, for any
o1, 02 € OL we can see that oy # o5 if and only if o[o1] # o[oa]. Therefore, {og | 09 € OL} = {0¢ | 09 € OL}
and thus

Rmumf(au)):'@l{il S By l(oo(1),5(1))
0’06@5‘
= S B l00(1),5(1)) + By (olo0](1),5(1)))
©F] 4,2

00695

In the testing problem, we can use the optimal Bayes risk as a lower bound. Let Ggayes be an assignment
that achieves the minimum Bayes risk infz 1 (E,,£(00(1),5(1)) + E,(5,1€(c[00](1),5(1))). Notice that Tpayes(1)
is a Bayes estimator concerning the 0-1 loss, indicating that Opayes(1) must to be the mode of the posterior
distribution. Roughly speaking, the team who has a larger value of sum of the supporting random variables wins
the test.

Grouping terms together according to each community relation, the log-likelihood function under the true com-
munity assignment o( given an observation A becomes

Ka
L(oo; A) =logP{A | oo} = > > Al {l ~ Ti} (log? + logpz‘)
1=(1,la,...,lq) i=1 v

Similarly, we can obtain the expression L(c[og]; A) when the underlying community assignment changes to oo].
Hence, the probability of error is

Egol(00(1), TBayes (1)) = Poy {L(0]o0]; A) > L(00; A)}

_ P{ Z zi:j (Xq(fj) _ Xl(fi)) > O} (36)
1<g:(

ri,r;)ENg u=1
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where where f(s) £ vy = log ;E‘;;, and for each (r;,r;) pair in Ny, X x(ri) i Ber(p;), x (o) Bk
Ber(p;) Yu = 1,... vmrm are all mutually indepedent random variables. Note that when summing over all

possible I’s in the log-likelihood function, the indices can be partitioned into two kinds of set: one whose label
changes from r; to r; for some (r;,7;) € Ny when there is exactly one node disagreement and one whose label
does not change whether the community assignment is o or o[og]. Specifically,

{l:(1712,...7ld)}:JUJC

where
[70] - oo0]
J= U {l%n,l%‘“ rj} and JC:U{lfvori,l <P ri}
i<j:(ri,r;)ENg i=1
The former contributes to the difference between two Bernoulli random variables with cardinality m..,,;, while
the latter is invariant to the hypothesis testing problem and its likelihood remains the same at both sides of

the first inequality in (36). Note also that we rearrange terms on the specific side of the inequality to make
Crir; 2 0V(ri,m5) € Ny due to the non-decreasing property of the probability parameters p;’s.

By symmetry, the situation is exactly the same for E,[,,£(c[00](1), TBayes(1)). Finally, since (36) holds for all
oo € ©F and inf(+) is a concave function, we have

Ryt (3(1)) > inf Rt (3(1))

—inf ST L (B t00(1),5(1)) + Byl lolonl(1),5(1)))
7 |®d 6652
> or 2 it 5 (Baulloo(1), 1) + Eppololool(1). (1)
00695

_ @15| 11»{ 3 Z (XW X (o) ) >0}

1<j:(ri,r;)ENG u=1

K

—]P’{ 3 mz (X{fj)—Xyﬂ) zo}

i<j:(ri,rj)ENg u=1
J Proof of Lemma 2.3

We can break the L.H.S. of (9) dirctly into

SO ICE R TN I PG E
YENa

1<j:(ri,r;)ENG u=1 i<j:(ri,r; u=1

Note that there are only finitely many terms involving in the product since we assume the order d is constant
and so does the total number of community relations kg = |KCg4| in d-hSBM. Though naive, we could still arrive at
the same order as the minimax rate. By symmetry, it suffices to focus on the first term in the above equation.

IP{ n; o (Xy"‘) - Xg'ﬂ) > 0}

Here, we utilize a result from large deviation.

Conseder i.i.d. random variables {X;}? ; where each X; ~ X. We assume X is nondegenerate and that
EX%eM < 00 (37)

for some A > 0. The former condition ensures, for 0 < u < A, the existence of the functions m(u) £ (log L X(u)),,

o?(u) £ m’(u) and Q(u) £ um(u) —log Lx (u) where Lx (u) = Ee*X is the Moment Generating Function (MGF)
of the random variable X. Recall some known results:

li%m(u) =m(0) =EX < 0
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and
sup (ux —log Lx(u)) = Q(u") (38)

O<u<A
for m(0) < x < m(\), where u* is the unique solution of the equation
m(u) =z (39)

Note that it is the sup-achieving condition in (38). The main theorem goes as follows.
Theorem 10.1 (Theorem 1 in Rozovsky, 2003): Va such that m(0) < x < m(X) and Vn > 1, the relation

R > p {Z X; > nf} 2 e_"Q(u*)_c(H_ nQ(u*))

i=1
holds, where the constant ¢ does not depend on x and n.

The first inequality is essentially the Chernoff Bound, while here we use the second one, i.e. the lower bound
result.

First, we identify that X = C,,,, (X,(F) — Xi(fl)) and n = m,,,, for our problem. Besides, since X < oo, we can
take X large enough so that (37) holds. The MGF now becomes

Lx(u) = Ee"X = E[euCT”Zij)] ) E[e_“CTszXffl)]

Also, since m(0) = EX < 0, we make a trick here to take = 0. The corresponding optimalilty condition (39)
becomes

Ly (u)
mu)=z=0c X~ —
& Ly(u)=0
It can be shown that u* = % and the supremum achieved is
Q(u*) = sup (uzx —logLx(u))
0<u<A

= —log Lx (u")
= IP1P2

Combining the expressions for each C,,; corresponding to a (r;,7;) € Ny, we can conclude that

M
]P’{ Z Z (qurj) _X’L(LT'L)) > 0}

1<j:(ri,r;)ENg u=1

Mr;r;
> H P{ Z (XI(LTJ) _X’g”'i)) > 0}
i<g:(ri,ri)ENG u=1
> e_mrﬂ‘jlpipj_criw“j (1+ m'“irjlpwj)

i<g:(ri,75)ENa

= €xp ( - Z (mrﬁj [Pipj + CTﬂ”j (1 + \/ mTﬂ”jL"in)))
1<g:(

ri,r;)ENg
= exp <_ Z (mrﬁjlpma‘ +e(l+ \ mri?‘j@)i%‘)))
1<j:(ri,r;)ENG
where ¢ = maxi<j:(ri_rrj)€,\/d{c”rj} is independent of m’ and hence n. Finally, since we assume that

ZK o My L. p. goes to infinity as n becomes large, the second term with the constant ¢ in the above
ji(ri,r;)ENG iTj L DiPj
equation would be dominated by the first term. We have the desired asymtotic result consequently.
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