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1. Convergence Analysis

In this section, we follow the analysis of (Liu and Wright, 2015) and prove the convergence
rate of AsyDSPG+ (Theorems 5 and 6). Specifically, AsyDSPG+ achieves a linear con-
vergence rate when the function f is with the optimal strong convexity property, and a
sublinear rate when f is with the general convexity (Theorems 5). In addition, AsyDSPG+
alsos achieves a sublinear rate when f is with the non-convexity (Theorems 6).

Before providing the theoretical analysis, we give the definitions of ff’t, 410 Tipls VF (xf)
and the explanation of xj used in the analysis as follows.

1. z7,: Assume the indices in K(t) are sorted in the increasing order, we use K (t)y to

denote the #'-th index in K(¢). For ¢ =0,1,---,|K(t)|, we define
t/ t’
Bo =8+ 2 (Biwa Ak, ) =+ D (@ — Txw,) (20)
=1 =1

Thus, we have that

T, = T (21)
T = T k@) (22)
[K(#)]-1 [K()]-1
S mSs s+1 s+1 ~S ~8
xl —T = <BK+(t)t//Al;r(t)t//) = Z ($t7t,+1 - xm/) (23)
=0 =0
K ()| ~1
Vf(zf) = Vf(@y) = (V@ ps1) = V(@) (24)
/=0

2. Tf, 2 T, is defined as:

LI (x— ) A) (25)



_ s+1
o = (@), Thus, we have

Ej (i —xf) = % (ffﬂ — xf) It means that T, ; — x{ captures the expectation of

Based on (25), it is easy to verify that (z7,,)g

S S

3. VF (xf): If the function f is a non-convex function, AsyDSPG+ may not converge to
the global optimum point. Thus, the closeness to the optimal solution (i.e., F(z) —
F* and ||z — Pg(y)|l) cannot be used for the convergence analysis. To analyze the
convergence rate of AsyDSPG+ in the non-convex setting, same with (Razaviyayn

et al., 2014; Yu and Tao, 2016), we use EVF(zf) as defined in (26).

= gy def Lmax s —s

It is easy to verify that EVFE (zf) will equal to 0 when AsyDSPG+ approaches to a
stationary point. Note that when g(x) = 0, we have that EVF(z}) = V f(&).

4. zi: As mentioned previously, AsyDSPG+ does not use any locks in the reading and
writing. Thus, in the line 10 of Algorithm 1, 27 (left side of ‘«-’) updated in the
shared memory may be inconsistent with the ideal one (right side of ‘—’) computed
by the proximal operator. In the analysis, we use x} to denote the ideal one computed
by the proximal operator. Same as mentioned in (Mania et al., 2015), there might not
be an actual time the ideal ones exist in the shared memory, except the first and last
iterates for each outer loop. It is noted that, z{ and x;, are exactly what is stored in
shared memory. Thus, we only consider the ideal zj in the analysis.

Then, we give two inequalities in Lemma 1 and 2 respectively. Based on Lemma 1 and
2, we prove that E|lzi_, — Z{||* < pE|z — 75,,]|* (Lemma 3), where p > 1 is a user
defined parameter. Then, we prove the monotonicity of the expectation of the objectives
EF(zj,,) < EF(z{) (Lemma 4). Note that the analyses only consider the case |B| = 1
without loss of generality. The case of |B| > 1 can be proved similarly.

Lemma 1 For ||V f(z}) —Vf(@})| in each iteration of AsyDSPG+, we have its upper
bound as

IVF(25) = VI@EDN < Lres Y A7 (27)

veK(t)

Proof Based on (24), we have that

|K(t)]—1
IVf(zf) = Vi@ = Z Vi@ ) = V@) (28)
|K(t)]—1 |K(t)]—1
< Z va(ff,t/'f‘l) - Vf xt t/ H < Lres Z Ha’,\;t’—l—l - /x\f,t/
t'=0 t'=0
|5 (t)] -1 |K(t)]-1

<L 3 |[Bro| Ak, | < L 3 1820
=0 t'eK(t)

= Lyes Z HBK(t A%k,



This completes the proof. |

Lemma 2 In each iteration of AsyDSPG+, Yx, we have the following inequality.

N L
<(Uf)gj(t) + %Ai (Ti1 — x)gj(t)> + 96,0 ((x§+1)gj(t)> — 96, ((x)gj(t)> <0 (29)

Proof The problem solved in lines 8 of Algorithm 1 is as follows

2

: N Linax
eh=mgmin ((0)g,0 (¢~ 2l)g, ) + 5o (30)

(‘T - xf)gj(t)
+ggj(t) <(x)gj(t))
st gy = (TG

If 7 is the solution of (30), the solution of optimization problem (31) is also x7, ; accord-
ing to the subdifferential version of Karush-Kuhn-Tucker (KKT) conditions (Ruszczyniski.,
2006).

: N Linax
P(x) = min <<vf>gm 2 (o = i) g (- xf>gj(t)> + 96,00 (@), ) (31)
st og,y = (@G,

Thus, we have that P(x) > P(x,,), Yo, which leads to (29). This completes the proof. H

1 T41
Lemma 3 Let p be a constant that satisfies p > 1, and define the quantities 0; = L2—L >
1—p2
1 m
and 0y = L2=L2 Suppose the nonnegative steplength parameter v > 0 satisfies v <
1—p§

min 21 —p )4 K12 under Assumptions 1, 2, 8 and 4, we
A res (TF0)+Arior (1702)) > TRT7252A 107 02+ Arests |7 P ’ ’

have

Ellz;_y —T|* < pEllzf — 7744 (32)
Proof According to (A.8) in (Liu and Wright, 2015), we have
iy = TN = ll2f =z l” < 20lefy = FEllllef — Ty —2f g + 7] (33)
The second part in the right half side of (33) is bound as follows if B = {i;} and J(t) = {j(¢)}.
[ o7 = Tiq — aiq + 7| (34)
T —P 5, <xf - 7A5> — T+ P, <x;‘1 = LZ@(@%)

S S S "}/ S S 7 S
xy —xp_ ||+ [P~ ry ———v; | —P_x Ti_q4— ——U;_
27 — x4 || H Lmaxg< t T t) ——g | Tt—1 t—1

max max

IN




< 2y o — o5
= 2llzf — @il +
V£ @) V@) + VG = Vi @) + Vi (37 - VAET)|
max
= 2|7 — a7 1H+L IV fie (@) — Vi, @Y = Vi (T5_1) + Vi, (@7
max
< 27 —aiy |+ V£ (@) = Vi) + Viu(ad) = V£, )|
Vi @) = Vi (#30) + Vi (@) = Vi, 07|
< 227 — @i 1H+L IV fi, (TF) — vf“(:”t)”J“L IV fi,(@5) = V fi, (@)
L IV Fires @) = Vi (@) T vau (@) = Vi, @)
< 20y —aigllFhves | 1AM+ DD 1A
tEK(t—-1) teK(t)
+YAnor (27 — | + llwiy — 7°])
t—1 t—1
< 2flaf — x|+ 2y (Ares > HA§,\|+AWZ”A§,H>
t'=0

t'=t—1—1
g» the fifth inequality use

A. 7 of (Liu and Wright, 2015), the sixth inequality comes from Ha:t —7| = |30 ! Al <
o A
If t =1, we have that K(0) =0 and K (1) C {0}. Thus, according to (34), we have

et =75 — ap + 71| < 2[27 — 25l + 27 (Ares + Anor) [|A]] (35)
Substituting (35) into (33), and takeing expectations, we have

|z — Z5|* — Ellz§ — 251> < 2E (||2f — =5 ||[|25 — 75 — 2§ + 73)) (36)
< AR (||lzg — Zi |2 — 25ll) + 4y (Aves + Anor) E (|l — Z7]|AG])
1
< 4k2E (fo) - ETHZ) + 47 (Apes + Anor)E(on leHA )

where the last inequality uses A.13 in (Liu and Wright, 2015). Further, we have the upper
bound of E (||zf — Z5, ||| Af]|) as

_ 1 _1 _ 1
E (llo7 = Zial1A71) < 5E (k732 = Tia 2 + k3 1A717) (37)
1 _1 _ 1 1 _1 _ _1 _
= SE (K 3lla — 32+ KBy 1A7IP) = SE (K73 llof — 7|2 + K 3El2f - 71, 1?)
= k2Bl - 7
Substituting (37) into (36), we have

_1 S =S
Ellzg — 75 )|* — Ellaf — 73] < k72 (4+ 4y (Aves + Anor)) E (25 = Z1[%)  (38)



which implies that

N 4+ 4’7 (Ares + Anor)
VEk

—1
E|laf - 7|2 < (1 ) Ellzt — 73|12 < pEllat — B (39)

where the last inequality follows from . Thus, we have (32) for t = 1.

1/2(1 _ —1y _
p_l <1_ 4+4’Y (Ares +Anor) < k (1 P ) 4

= 40
< WP VS Mo+ g (40)

Next, we consider the cases for t > 1. Fort —1—7 <t <t—1 and any § > 0, we have

_ 1 1, _ 1
E (o} = 7 llAy ) < 5B (K387 ) =zl + k281AIF)  (41)

1 1o 1ns  — 1 s
= —E (k; 23 1||$t—ZL’t+1H2+k2/8Ej(t)||At’”2)

2
1 1 _ _1 _
= SE(W 7 2 — Tl + k3 BBl — 7o)
1 ’
< GE(WE el Tl 4 kR PRl — 7 )
8 t’z—t
=p _1 =t _
< KRBl - m )

We assume that (32) holds V¢’ < t. By substituting (34) into (33) and taking expectation
on both sides of (33), we can have

IN

IN

IN

E (llz7-1 =71 = llaf — 7534 7) (42)

2B (|l -y — 7 ll2f — Ter — 27y + )

t—1 t—1
2E <|wa1 — | (2”@” — il +2y (Ares o 1AV + Ao Y HAZH)))
t'=0

t'=t—1—71
4E (llzi—y -zl —7]) +

t—1 -1
AE (A Yo lwig = FNAN + Aor Y ll251 — xflllAf/H)

=t—1—r =0
4k~VPE (loi_y - 75)1%) +
-1

- ~1
SN +Anor2p“2t>

t'=t—1-7 t'=0

/

4'7]{771/2E (fofl _T§H2) : (Ares
(4+ 4y (Apes + Anor) k™R (|21 — Z|%) +

T , t—1 ,
kT E (g, — 7]1?) (A S0+ A S p’%)

t'=1 t'=1
1 T+1 1 m
2 —p 2 2 —p2
k71/2E (fofl - ffH2) 4+ 47Ares 1+ % + 4’7Ano7‘ 1+ %
1-— p2 1— p2

V2R (l5y — T5)%) - (44 4y (Aves (14 01) + Anor (14 62)))



where the third inequality uses (41). Based on (42), we have that

E (lzi_y —z¢]?) (43)
< (1*145_1/2 (4+4'7 (Ares (1+91)+An07“ (1+92))))7 E(Hlififf—&—IHZ)
< PE (|27 =75 l)

where the last inequality follows from

'0_1 <1- k_l/Q (4 + 47 (Ares (1 + 91) + Anmn (1 + 92))) (44)
k1/2(1 _ p—l) 4
=7 <
4 (AT@S (1 + 01) + Anor (1 + 92))

This completes the proof. |
3op" 8
Lemma 4 Let p be a constant that satisfies p > 1, and define the quantities 6, = =L
1—p2
1 m
and 0y = L2=P% Suppose the nonnegative steplength parameter v > 0 satisfies v <
1—p2

. k/2(1—p1)—4 E1/2 .
mln{4(Ares(1+91)+A"OT(1+92)), EVSVENEY W v Under Assumptions 1, 2, 8 and 4, the

expectation of the objective function EF(x}) is monotonically decreasing, i.c., EF(xj ;) <

Proof Take expectation F(x7, ;) on j(t), we have that

EjinF(ziy1) = Ejw (f(z] + A7) + g(xf41)) (45)
< By (1) + (Vo0 £t (A0, ) + 25 A1, |

T9G;) ((mfﬂ)gju)) + Z 95, ((93§+1)gj,)

J'#3(t)

= 1)+ ol + By ((To fad) (A0 ) + 25 A0, |

96, <( 1)g (f)))
= F(x7) + Ejq < Gy ( )g](t)> +— Lmax (AD)g, 2 + 96,0 <($§+1)gj<t>)

96,00 ((w )y ) + <vgj(t)f<a:t> (U%W (A)5,0))
: < o Yict) 2+ Lgax (A2)g,0 2+

<Vg](t)f($ ) — (Ut) ](ty(AS) y(t>>>

2
o max . max s

6

> + Ej) <ng<t)f(xf) = (U)g;0 (AY)g; >



S Lmax 1 1 =S s S S S
= Flad)+ 2 (G = ) et ol + By (Vo0 (a0) = o0 (Ao

where the first inequality uses (6), and the second inequality uses (29) in Lemma 2. Consider
the expectation of the last term on the right-hand side of (45), we have

E (V0 f(@) = @), (B350 ) (46)
= B (Vg /() = (V@) = VI @) + VIE))g,  (Bay )
= E (Vg f(@]) = (Vi @) = Vi) + Vi) = Vfia () + F@))g, 00 (Ag )
= E (Vg /() = Va0 [, (A0)g, ) +E (Va0 fi (@) = Ve, fu@), (A, )
B (Vg,, fi @) = Vg, fir(@7), (AD)g,q, )

< E(|[Vo,0 £@) = Vo, £@)| 18311) +E (|| Yoy fi @) = Vg, £ @D 1251)
TE (|| Va0 /i @) = Ta, 0 fi ()| 1851)
1 S ~S8 —S S 1 S
= EE (||Vf(95t) = V@) th+1 - Iy H) + EE (vait(l‘t) Vi (@) th+1 Ly H)
1 ~S S -8 S
+2E (IV £ (@) = Vi @) |72 — i)
1 S ~S8 —S S S —S S
< LB\ 2Lnorllz = 284 — il + Lies > IAG @ — =]
veK(t)
t—1 t—1
< EE <2Lnor Z [AG e — 2F [ + Lres Z [AG T — fo)
=0 t'=t—r
t—1 t—t’ t—1 t t
< 2Lnor k‘3/2 57 BT — xf||2 + Lires k‘3/2 5z BTt — foQ
t= t'=t—7
3% 3
= k32 QLHOT% + LreS% Ellzi, - foQ
1—p2 1—p2

= k32 (2Lnorf2 + Lyesth) Ellffﬂ - fo2

where the first inequality uses the Cauchy-Schwarz inequality (Callebaut, 1965), the third
inequality uses (3) and (4), the sixth inequality uses (41).
By taking expectations on both sides of (45) and substituting (46), we have

EF(27141) (47)

Lpax (11 _ ~

< BF() + 2 (5= D) Blota - afl? + B{ Vo, 61 - @)eyes (o)
1 1 1 2Ly0r02 + Lyest

< EF(z5)— - - (Lmax <7 - > — Zonor¥2 ¥ Dres 1) |z, — 7|

k 2 kl/2

where Lax (% — %) — m”?ﬁ%“el > 0 because that v~ > %4— W. This com-

pletes the proof. |



. ‘ TH1_
Theorem 5 Let p be a constant that satisfies p > 1, and define the quantity 0’ = ppfl £,

Suppose the nonnegative steplength parameter~y > 0 satisfies 1—Apory—

ni/2

0. If the optimal strong convexity holds for f with I > 0, we have

Lo 1 ’ 9 .
EF(2%) — F* < 5 a ( e ) : (on — Ps(z)|| + S i (EF(2°) - F )) (48)
7 ]. + m max

If f is a general smooth convex function, we have

kLax||z — Ps(a?)||> + 29k (F(2°) — F*)

EF(z®%) — F* < 49
(%) . 29k + 2mrys (49)

Proof We have that
2541 = Ps(@f ) < 21 — Ps(@))|? = llzf + A7 — Ps(z)|? (50)

= i = Ps@)I? — IA717 = 2(Ps(af) — 27 — Af)g, - (A,
= o7 = Ps(@)|® = 1A% = 2((Ps(af) = 2741) g, » (Af)gq)

S S S 2’y S S S
< lxf = PS(%)W - HAtH2 + F. <<(Ps(xt) - $t+1)g 7<vt)gj(t)>) +

Giw’

3(t)

2y s s
o (99,0 (Ps o y) = 010 @ii1)e,0)

S S S 27 S S ~S
= llat = Ps(@DI? — 18317 + L (((Ps(ai) = ai)g,., » gy ) +

max

-~

T

2y s ~s 2y
(46, + gy +7—

Lmax max

(g](t) (Ps(xf)gj(t)) - gg]‘(t) (ajlf-i-l)gj(t) ))

T>

where the first inequality comes from the definition of function Pg(,) = arg minyeg ||y — z||?,
and the second inequality uses (29) in Lemma 2. For the expectation of T3, we have

E(T1) = E(((Ps(ai) = 2)g,,, (@), (51)
= CE(Ps(a}) — a1, 7)
= CE(Ps(a) — o, V(@) ~ Vi @)+ VIE))
= LE(Ps(ai) — 73, VI (E)) + 1 (E(Ps(a) — a), E(-V £, () + V)
= E(Ps(e}) ~ 7, Vi (@) + B - o, V@)

|K ()| -1
1 ~5 ~s 1 S s ~s
= EE<PS($§) — 23, Vi, (@) + EE Z @}y — Ty, Vi (T7))
/=0

8

~y16’ o 2(Ares‘gl +A7Lor92)'7 >
n



IN

IN

IN

[K(8)-1

1
—E(Ps(af) — ¢, V fi, (T )>+kE Z @}y — Ty, V(@)

[K()]-1

t'=0

1 =~ ~s S 7S
+EE Z <37t,t’ — Tt 41o Vi (@) — Vi (xt,t/»

t'=0

E (fi,(Ps(xf)) —

K (8)-1

fi (@) +

|K ()| -1

1 ~S ~S S s
%E Z <$t,t' — T+ Vi (@) — Vi (%,t/))

t'=0

L ~
+ E Z (fu i) flt(xtt’—i-l)—'_%‘ e 95%97t'+1”2>

1

K ()| -1

LmaX
E
ok tz_%

E (fi,(Ps(x7)) -

fzt(-%'f)) +

[K(#)-1

1 =~ =S =S s
%E Z <xt,t’ — Tip41s Vi (xF) = Vi (xt,t’»

t'=0

(1220 = Topall?)

K ()] -1

1 s S Lmax ~Ss ~Ss
E (fi,(Ps(xf)) — fi,(xf)) + o E Z (th,t’ - xt,t’+1”2)
t'=0
1 [K(t)]-1 t'—1
+%E Z <l’t v .l't 41 Z Vflt I‘t// Vflt (Zﬁ'\f’t//+1)>
t'=0 t'"=0
1 I [K()]-1
E (fi(Ps(27)) = fir(2i)) + —,—E > 7y =Tl
t'=0
|K(t)|—1

LmaxIE Z

t'—1
S =S S =S
[ E : [ |
=0

[K(t)]-1
1 s s max ~3 ~5
—E (fi,(Ps(z})) — fi,(xf)) + o E Z (Hmnt' - 1't,t'+1||2)
=0
I K ()] -1 2 EW)]-1
max ~5 ~5 ~S ~S
+ o E Z th,t' - xt,t’+1“ - Z (th,t’ - xt,t’+1||2)
=0 =0
) I K (1)1 2
B (fi(Ps(ad)) — fulad) + 2B | " [ats — Tl
=0
[ [K()|-1 )
S S max ~8 ~8
E (fi,(Ps(xf)) — fi,(zf)) + o E Z th,t’ - xt,t'+1H
=0
o [K ()1 )
E (fi(Ps(27)) = fiu(2)) + —51 > E|BiAY
=0



K ()| -1

1 LaxT —s s
< PE(a(Ps@) ~ fiuled) + 5 D Bl -]
=0
s LmaxT /
< E (fi,(Ps(xf)) — fi,(x)) 0%2 ZPtEHQCtH xt”
t'=1
1 s s Liaxtt’ s =
< TE(f(Ps(ad)) - f(a) + “TE(laf - )

where the fifth equality comes from that zj is independent to 7;, the sixth equality uses
Lemma 1, the first inequality uses the convexity of f; and (6), the second inequality uses
(5). For the expectation of T, we have

E(T2) = E(A]g, . » (8),0) (52)
= E{(Adg,,, + (VEa (@) - V(@) + VIE)g,, )
= E{(A)g,, . (Vi) ~ Vi) + Vi ) ~ Vi (3) + VI E)g, )
= E((A)g, (V&) - V@), ,) +
E{(Ad)g, - (Vfa(e) — VI @))g,,, ) + E(A)g, . . Vo, FE)
1 ~
< ZE(I1F -2 IV £ (@) = Vi (=)I]) +
1 ~ ~
TE (1781 — 221 IV fu (@) = Vi @) + BU(A)g, ) » Vg F(F)
LT@S —S K] s
< I ( 3 lea:tAt/)
veK(t)
Lnor —S s ~S
g (|2t — ol — 2°l) + E{(Adg, , - Va0 /)
LT@S —S s s
< = (Z xt—i—lxtAt’)
veK(t)
nor (Z 17541 — i || A ”) +E<(At)gw) vv9j<t)f(3~38)>
< k;/e; t/;T (=025 (|| _$%9+1||2)
ol
k;/O; Z 2R (|| — T ) +E((Ar)g. e Vg, (@)
=0
1
= 32 (Lresth + Lnorta) E(||lzf — T t+1” )+E<(At)g i) ng(t f(z*))
Lresg Lnore s — ~s
< Sl TR g - Tall?) + E((Adg,,, » Ve FE)

10



where the second inequality uses Lemma 1, the fourth inequality uses (41). By substituting
the upper bounds from (51) and (52) into (50), we have

IA

Ellzj1 — Ps(ii)]? (53)
S S 1 S —
Eljz} — PS(QTt)HQ - %E(H% - $t+1H2) +
2y ~T6

B (F(Ps(a) = @) +
2’7 (Lresal + Lnor62

?E(fo —Z7 07

+ k3/2 GE(fo - jf—|-1||2) + ]E<(At)gj(t) ’ng(t)f(?ﬁs»

Lmax

-1 .
kEg(a:t)>
Elz — Ps(x7)]* + &l E(f(Ps(xf)) — f(a7)) —

LEg(Ps(x)) — Eglatyy) +

Lmaxk
1 70" 2(Lyesbh + Liporba)y s 9 27y s
t(1- 58 - et Dol g0 — 3, 2+ 2 (B0, T, /@)

%Eg(Ps(wf)) ~Eg(af) + ’“;11@9@)

We consider a fixed stage s 4+ 1 such that a:5+1 x5 . By summing the the inequality (53)

overt =0, - — 1, we obtain
E[z*t! — Ps(a*t)|1? (54)
< E|jz® — Ps(z®)|? + Z F(Ps(asth)) — flasth)) —

max

m—1
Z 1 < 779’ 2(Lr6801 + anﬂg)’y) (H(ES+1 oot H )

k kY2 Loy T
t'=0

2’_)/ m—1
+Lmax =0 <(At )g 3t Vgﬂ(tl f( )>

—1

2y = (1 L

Lo 22 (kEg(Ps@ff“» —Eg(z3t)) + kEg@:,H))
t'=0

Elz* — Ps(z ||2+Z

F(Ps(xy™)) = f(ai™) =

max

m—1
1 ’)/7'9/ 2(Lr6501 + Lnor62)’y s —_ 7z
> (-1 - E(lay! - 34 )

=0 k k kl/QLmax t/+1

+ B g (z°% — 2 V f(T*))

Lmax

m—1

2y 1 s s k—1 s

T (kEgU?s(mt,“)) ~Eg(zpiy) + —— Eng))
max =0

11



< Efz® — Ps(a®)|? + Z L F(Ps(asth)) — fasth)) —
s 1 77—9/ 2<Lresel + Ln07‘62)7 s+1  —s+1
(1- T - St E(legt! — 734 7)
=0 max
2 Lyor s s
L () - )+ Bt - o ||2)
m—1
27 1 S S k; S
S (Ba(Ps(ey™) ~ Batait) + o Batept) )
max 4, o
m—1 27
= Ele® =Ps@)|* + 3 - E(F(Ps(@p™) - f(23) -
p—p Tmax
m—1
1 77—9/ 2<Lresel + LnOTHQ)'Y s+l —st1
2% (1 Tk kAL Elley™ = 75415
=0 max
2’7 m—1 L 7 m—1 2
s+1 s+1 nor s+1 s+1
+Lmax E(f(ap™) = fl@h) + Lo E Z (2™ —2pth)
t'=0 t'=0
m—1
2y 1 s s k—1 s
+L Z (kEg(Ps(:L‘t,H)) — Eg(:nt,fl) + kEg(:nt,Jrl)>
max ;.
24 2y — 1 5+ 2y — s+1 s+1
< Bl = Ps(@)|?+ v )+ > (BF(y) —EF (1))
= 0 max 4, o
77_0/ Q(Aresal + Anor02)7 s+1 =
o Z ( Anory = n_ L1/2 E(Hx +1 t’—:-11|| )
27 m— 1
< E|2® - Ps(z®)|* + T Fzth) + (EF(z°) — EF (2T1))
= 0 max
ar0’

where the second inequality uses (3), the final inequality comes from 1 — Aoy — 10
2Aresth+Anont2)Y > () Define S(z%) = E||x; — Ps(z%)]]* + %E (F(x®) — F*). According to

nl/2

(54), we have

m—1

S(xs+1) < S(z%) — 2y Z E (F(xf/—i-l) F*) < S(z®) — 2myy

Lmaxk

E (F(z*T) — F*) (55)

where the second inequality comes from the monotonicity of EF(zf). According to (55), we
have

E (F(z®) — F*) (56)

Thus, the sublinear convergence rate (49) for general smooth convex function f can be
obtained from (56).
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If the optimal strong convexity for the smooth convex function f holds with [ > 0, we
have (57) as proved in (A.28) of Liu and Wright (2015).

Liax!
E(F(z°) — F*) > ——S(z* 57
(Fa') = F") 2 5o 5(a) 57)
Thus, substituting (58) into (55), we have
2m~yl
S(z*t) < S(2°) — —— L —— S (2t 58
(@) < 5(") = g S (53)
Based on (58), we have (59) by induction.
S
s 1 0
S < [ ——5r— | S69) (59)
B (oES vy
Thus, the linear convergence rate (48) for the optimal strong convexity on f can be obtained
from (59). This completes the proof. [ |
3,
Theorem 6 Let p be a constant that satisfies p > 1, and define the quantities 6, = E=—L—
1—p2

1 m
and 0y = L2222 Suppose the nonnegative steplength parameter v > 0 satisfies v <
1—p§
. kl/2(1—p—1y_4 1/2 .
mln{4(Ares(1+él)fAnlr(1+92))’ %k1/2+2A]:,o7‘92+A7‘6561 } Let T denote the number of total it-

erations of AsyDSPG+. If f is a smooth non-convex function, we have

S—1m—1 -1 0 *
1 ~ 2 v (1 1 2Ly0r09 + Lyesty F(l’ ) —F
—EEEHF <(X(z-=-
T s=0 t=0 v (xt) B <k <’7 2 k1/2Lmax )> T (60)

Proof According to (47), we have that

¥ 1 1 2Lnor92 + Lresel — s\ (12
1o (55 - Bt Lo ) TR < BFGH - BFGE.) (o)

kl/?(l_p—l)_4 k1/2
4(A7‘65(1+91)+AW«07‘(1+92)) ’ %k1/2+2/\7w7'92+/\7'659

Because v < min{ - }, we have that

S Y (1 1 2Lnerba+ Lyesfi \\ s s
BIFFGIP < (7 (5 -5 - i) @Fen -EFGL) (62

Combining the inequalities (63) for all iterations in AsyDSPG+, we have
S—1m—1 -1
= S 2 Y 1 1 2Ly0r02 + Lyestr 0 S
> S efora| < (- (5 -5 - P (F(a*) ~EF(%)) (63)
s=0 t=0
Based on (63), we have that

S—1m—1 -1
1 ~ 2 v {1 1 2Lpo0s+ Lyestr F(2%) — F*
_ < [2L(Z_-Z_
T z:; tz:; £ HVF(xt) = (k <7 2 K20 )) T (64)
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This completes the proof. |

Remark 7 If we constraint |G;| = 1 for all j in (1), our AsyDSPG+ degenerates to
the asynchronous stochastic proximal coordinate descent algorithm with variance reduction.

Based on Theorem 4, we have the linear convergence rate (65) if the optimal strong convexity
holds for f with 1 > 0.

Linax 1 ’ 2 .
EF(2%) — F* < l (a0 = Ps@®)|? + 1 (BF(z°) — F*) ) (65)
2y \I+om:ites Linax

If f is a general smooth convex function, we have

nLmax ||z — Ps(2?) |2 + 2yn (F(xo) — F*)
2yn + 2myys

EF(2°) — F* < (66)

If f is a general smooth non-convex function, we have

S—1m—1 1 0 .
1 ~ 2 [y (1 1 2Lporbs+ Lyesty F(z°) = F
=53 P <{-|z-5- 67
T s=0 t=0 E Hv (wt) N (n (7 2 nl/QLmax >> T ( )

References

DK Callebaut. Generalization of the cauchy-schwarz inequality. Journal of mathematical
analysis and applications, 12(3):491-494, 1965.

Ji Liu and Stephen J Wright. Asynchronous stochastic coordinate descent: Parallelism and
convergence properties. SIAM Journal on Optimization, 25(1):351-376, 2015.

Horia Mania, Xinghao Pan, Dimitris Papailiopoulos, Benjamin Recht, Kannan Ramchan-
dran, and Michael I Jordan. Perturbed iterate analysis for asynchronous stochastic opti-
mization. arXiv preprint arXiw:1507.06970, 2015.

Meisam Razaviyayn, Mingyi Hong, Zhi-Quan Luo, and Jong-Shi Pang. Parallel successive
convex approximation for nonsmooth nonconvex optimization. In Advances in Neural
Information Processing Systems, pages 1440-1448, 2014.

Andrzej P Ruszczynski. Nonlinear Optimization. Number 13 in Nonlinear optimization.
Princeton University Press, 2006.

Xiyu Yu and Dacheng Tao. Variance-reduced proximal stochastic gradient descent for non-
convex composite optimization. arXiv preprint arXiv:1606.00602, 2016.

14



