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Supplementary Material for “Approximate ranking from pairwise comparisons”

6 Proofs

In this section, we provide the proofs of our theorems. In order to simplify notation, we assume without
loss of generality (re-indexing as needed) that the underlying permutation 7 equal to the identity, so that
T1L >To > ... > Tp.

6.1 Proof of Theorem [1]

Our analysis uses an argument inspired by the proof of the performance guarantee of the original LUCB algorithm
from the bandit literature, presented in [Kal+12]. We begin by showing that the estimate 7;(T;) is guaranteed
to be a;-close to 7;, for all 4, with high probability.

Lemma 1 ([Kau+16, Lem. 19]). For any ¢ € (0,0.0005), with probability at least 1 — &, the event

Eo ={|7i(t) — | <y, foralli€[n] and for allt > 1} (12)

occurs. The statement continues to hold for any 6 € (0,1) with «; =a(T;) = B(QT%'T’;S/), and
B(t,0") = 2log(1251og(1.12t)/d").

Underlying Lemma (1| is a non-asymptotic version of the law of the iterated logarithm |[Kau+16; |[Jam+14].

We first show that, on the event &, defined in equation , the Hamming-LUCB algorithm returns sets §1 and
S, obeying D(‘SA'Z,SE) < 2h for £ = 1,2, as desired. Indeed, suppose that {(1),...,(k — h)} C S;. This implies
that &; and ‘51 differ in at most h values, which in turn implies that Ss and §2 differ by at most h values.
Therefore, D(Sp, S¢) < 2h for £ = 1,2. Next, suppose that {(1),...,(k — h)} € S;. Then, at least one item in
{(1)y...,(k = h)} is in S3. Thus, on &,, the termination conditionA implies that {(k+ 1+ h),...,(n)} C

{k+1,...,n} = Ss. Similarly as above, this in turn implies that D(Sy, S¢) < 2h for £ =1,2.

We next show that on the event &,, Hamming-LUCB terminates after the desired number of comparisons. Let
= W, and define the event that item 4 is bad as

7 <+ 3, ie{l,... k—h)
Epaa (i) = § 75 > v — 3a, i€{k+1+h,...,n}
ai>7-k7h_;-k+1+h

, otherwise.

Lemma 2. If £, occurs and the termination condition is false, then either Epgq(b1) or Epaa(bz) occurs.

Given Lemma [2] we can complete the proof in the following way. For an item ¢, define

Ti = Tht1+h, ie{l,....k—h}
Ai = Thon —T; i€{k+1+h,...,n}
Tk—h — Tk+14+h, Otherwise,

and let T; be the largest integer u satisfying the bound a(u) < A;/4. A simple calculation (see Section for
the details) yields that

On the event &,, if T; > T} holds, then Epaq (7) is false. (13)

Let ¢t > 1 be the t-th iteration of the steps in the LUCB algorithm, and let b; and by be the two items selected
in Step 5 of the algorithm. Note that in each iteration only those two items are compared to other items. By
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Lemma [2| we can therefore bound the total number comparisons by

Qi]l{gbad(bl) Ugbad(bg)} < Qizn:]l{@ =by Ui =by) ﬂgbad(i)}

t=1 t=1 =1
(i) o0 n B
<2 M 1{(i=bUi=b)nT, <T}
t=1 =1
(i) n

< 2ZT (14)

For inequality (i), we used the fact (I3), and inequality (ii) follows because T;(t) < T; can only be true for T;
iterations t.

We conclude the proof by noting that the definition of a(-) and some algebra yields (see [Hec+16, Eq. (20)])
that for ¢; sufficiently large

n Y 0g(2/A;)
1”<@/®1%(H%(mng) c2log Q)“%H§?>'

Applying this inequality to the RHS of equation concludes the proof.

6.1.1 Proof of fact

First, consider an item i € {k+ 1+ h,...,n}. We show that if T; > T;, then Ebaa (i) is false. On the event &,,

= = @) A; A; —h—Ti — T
AT +a(f) < mit2a(f) St S=y b 5o T TET T T o (15)
where inequality (i) follows from o(T}) < A;/4 for T; > T;, by definition of T}, and the last inequality follows

from A; = 7—p — 7 and Tgy14n — 7; > 0. Thus, Epaa(i) does not occur.

For an item ¢ € {1,...,k — h}, &baa(?) that is false, the argument is equivalent. For an item in the middle
ie{k—h+1,....k+ h} the event &p,q(7) is false by definition. This concludes the proof.

6.1.2 Proof of Lemma [2]

We prove the lemma by considering all different values the indices b; and by selected by the LUCB algorithm
can take on, and showing that in each case Epad(b1) and Epaa(b2) cannot occur simultaneously. For notational
convenience, we define the indices

my = arg max a;, and mg = arg max a;,
i€{(k—h+1),...,(k)} i€{(k+1),...,(k+h)}

and note that

by = argmax «a;, and by = argmax «;.
i€{d1,m1} ie{da,mz}

1. Suppose that b; € {1,...,k —h} and by € {k+ 1+ h,...,n}, and that both Eyaq(b1) and Epaa(b2) do not
occur. First note that

Tdy, — Qd

1 > ?51 — Qp, - (16)

In order to establish this claim, note that the inequality holds trivially with equality if by = dy. If by = mq,
then it follows from 74, > 7, and ag, < ap,. Thus, we obtain

?dl — Qyq, > ?bl —Qp, >, (].7)

where the last inequality holds by the assumption that Epaq(b1) does not occur. An analogous argument
yields that

v > ?bz + ap, > 7/:d2 + ag,- (18)

Combining those inequalities yields 74, —aq, > T4, +a4,, which contradicts that the termination condition
is false.
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2. Next, suppose that by is an index in the middle and by is in the very bottom, i.e., by € {k—h+1,...,k+h},
and bs € {k+1+h,...,n}, and both Enaq(b1) and Epaa(b2) do not occur.

First note that from by € {k+ 1+ h,...,n} and Epaq(b2) not occurring, we have that

(1) (ii)
V> To, +3ap, > Ta, + gy + 200, > T+ + 20, fori€{(k+1+h),...,(n)}.

Here, inequality (i) holds by 75, > 74, and as, > ag4,, and inequality (ii) follows by the definition of dz. On
the event &,, this implies

Y= T+ 20, (19)
Inequality can only be true for alli € {(k+1+h),...,(n)} if v —Tky14n > 204,, which is equivalent to
by < A= Tp p = Tht1th-
Again using that by € {k+ 1+ h,...,n} and Epaq(b2) not occurring, we have that

. @ @) A
V2 Tdy + Qdy 2 Tdy — Qdy 2> Tdy = (20)
where inequality (i) holds since the termination condition is false, and inequality (ii) follows from

og, < op, < %, where the last inequality holds since Epad(b2) does not occur, by assumption.
From 74, > 7; for alli € {(k —h+1),...,(n)}, it follows that for i € {d1} U{(k —h+1),...,(n)},

~ A

7>Ti*ZZTi*az’*Z- (21)

Below, we show that

A
aiSZ, forallie {di}U{(k—h+1),...,(k+h)}. (22)
It follows that
A A .

Y>1T———— & T >7, forallie{di}U{(k—h+1),....,(k+h)}. (23)

4 4
Together with equation (19)), this yields that 74,—j, > 7; for all i € {d1} U{(k —h+1),...,(n)}, which is a
contradiction. This concludes the proof.
It remains to establish the claim . From the bound ap, < %, as shown above, we have % > ap, >

Qm, > oy foralli € {(k+1),...,(k+ h)}, by defintion of my. Moreover, for i € {(k —h),...,(k)}, we have
a; <ag, <ap, < %, where the last inequality holds since b; is in the middle and is not bad. This concludes

the proof of .

3. The case where b; lies in the very top and by lies in the middle, i.e., by € {1,...,k —h} and by € {k — h +
1,...,k+h}, and both Epag(b1) and Epad(b2) do not occur, can be treated analogously as the previous case.

4. Next suppose that both b; and b lie in the middle, i.e., by,bs € {k —h+1,...,k + h} and both Epaq(by)
and Epaq(b2) do not occur. We show that this leads a contradiction.

Towards this goal, first note that either

v < ?dz + ayq,- (24&)
holds true or
v > ?dl — Qg , (24b)

holds true, but not both. In order to see this fact, note that if inequality (24a)) is violated, then

~ 1)
Y2 Tay + Qdy < Tay — Oy s (25)
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where step (i) follows from the termination condition being false, by assumption. Likewise, if inequal-

ity (24b)) does not hold, then

Y < Ta, — Qg < Ty +Qq,-

Thus, we have shown that either condition (24a)) or (24a)) holds true, but not both simultaneously; conse-
quently, we may conclude that at least one of these two conditions does not hold. Next, we show that this
fact leads to a contradiction, which concludes the proof.

First, suppose that inequality (24al) does not hold true. Then by the definition of dy, on &,,
V> Tay Fa, > T+, >1, forallie {(k+14+h),...,(n)}. (26)

Moreover, by inequality together with £b,q(b1) and Epad(b2) not occurring, which implies that ap, , ap, <
%7 the following inequality follows by the same argument as inequality follow from inequality :

Th—p >T;, forallie{di}U{(k—h+1),....(k+h)}. (27)

Together with , this yields a contradiction. The argument for the case in which condition (24a)) is true
is entirely analogous.

5. Finally, if by e {k+1+h,...,n} orif by € {1,...,k — h}, and both E,aq(b1) and Epaa(b2) do not occur, we

reach a contradiction using similar arguments as in the previous cases.

6.2 Proof of Theorem [2]

We now turn to the proof of the lower bound from Theorem

We first introduce some notation required to state a useful lemma [Kau+16, Lem. 1] from the bandit literature.
Let v = {Vj};":l be a collection of m probability distributions, each supported on the real line R. Consider
an algorithm A, that, at times t = 1,2,..., selects the index i; € [m] and receives an independent draw X;
from the distribution v;, in response. Algorithm A may select i; only based on past observations, that is, i; is
Fi—1 measurable, where F; is the o-algebra generated by i1, X;,, ..., 4, X;,. Algorithm A has a stopping rule &
that determines the termination of A. We assume that £ is a stopping time measurable with respect to F; and
obeying P[¢ < oo] = 1.

Let N;(¢) denote the total number of times index i has been selected by the algorithm A (until termination).
For any pair of distributions v and v/, we let KL(v,v") denote their Kullback-Leibler divergence, and for any
p,q € [0,1], let d(p,q) = plog% + (1 —p)log }_Tg denote the Kullback-Leiber divergence between two binary
random variables with success probabilities p, gq.

With this notation, the following lemma relates the cumulative number of comparisons to the uncertainty between
the actual distribution v and an alternative distribution v/.

Lemma 3 ([Kau+16, Lem. 1]). Let v,v’ be two collections of m probability distributions on R. Then for any
& € Fe with P, [€] € (0,1), we have
> E [Ni(€)]KL(vy,v)) = d(P, [€] By [E]). (28)

i=1

Let us now use Lemma [3] to prove Theorem

Define the event

&= {D@,sg) < 2h for £ = 1,2},
corresponding to success of the algorithm A. Recalling that £ is the stopping rule of algorithm A, we are
guaranteed that & € F;. Given the linear relations M;; = 1 — Mj;, the pairwise comparison matrix M is
determined by the entries {M;;,i =1,...,n, j =i+ 1,...,n}. Let N;;(&) be the total number of comparisons
between items ¢ and j made by A. For any other pairwise comparison matrix M’ € Cy, Lemma ensures that

Enas [Nij] d(Mij, Mj;) > d(Par €], Pase [E]). (29)
1
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Let M := {mi,...,manq1} be a set of distinct items in S;. We next construct M’ € Cy;s such that
my,...,Mmapt1 & S1(M’) under the distribution M’. Since we assume algorithm A to be uniformly (h,d)-
Hamming-accurate over Cy /g, we have both Py [€] > 1 — ¢ and Py [€] < 6. To see this note that since Sy and
S1 (M) differ in 2h + 1 elements, there is no set of cardinality k that differs from both & and Sy (M) in only h
elements. It follows that

1-96 1
d(Ppr [E],Pasr [E]) = d(6,1 = 6) = (1 — 26) log > log % (30)
where the last inequality holds for § < 0.15.
It remains to specify the alternative matrix M’ € Cy. The alternative matrix M’ is defined as
Mmj #gh( _Tk+1+2h)» ifi:mformeM,je [n]\/\/l
M{j =< M, + n7172h( m — Thtl42n), if j=mforme M, i€ [n]\ M (31)

M otherwise.

It follows that, for m € M,

1
Th=——1 >, My,

jeln\{m}
1 1 n—1
- M, — —— Ut SN
n—1 > j n—l_z n 1 _on (T T Tetie2n)
jemN{m} jeln\M
= Tk+1+2h-

Similarly, all other scores 7/ are larger than 7; by a common constant, that is, for ¢ € [n] \ M,
T{ZTiﬁ-il Z (T = Tt 142n)-
’ n—1-2h
meM

It follows that, under the distribution M’ the items in the set M are not among the k highest scoring items,
which ensures that M N Sy (M) = (). Moreover, M’ € Cy /5. This follows from the assumption M € Cs/s, which

implies
5 5 3 7
M/ e
mj8+(8 8)87

and similarity M/m- > é

Next consider the total number of comparisons of item m with all others items,
that is, N, = Eje[n]\{m} Np,j. By linearity of expectation, we have

max  d(M,j, M), VEr [Ny] = max de,M/ Ear [Ny s
Z < jelnl\{m} (Mung, M JEnt [Non] Z < jelnl\{m} (Mo )j,e[%\:{m} M (N ]

é Z Z ]EM m] (Mm]7M/ )

mGMJE[n]\{m}

(11 Z Z EM zy Mz]aM/)
1=1j=1+1

(iii)

> d(Py [€], P [€])

> log — (32)

25"

Here steps (i) and (ii) follows from the fact that d(M;;, M;;) = 0 for all (i, j) not in {(m,j) |meM,je[n]\M}

and not in {(i,m) | m € M, i € [n]\ M}, by definition of the M}; (see equation (31])), and step (iii) follows from
inequality (29| . that is, from Lemma |3 ' Finally, inequality (32 . follows from inequality ([30] .
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We next upper bound the KL divergence on the left hand side of inequality . Using the inequality logx < x—1
valid for x > 0, we have that

A(Moy, M) < M < dpy o = 16(r — T rsan)’. (33)

Here, the last inequality follows from the definition of M’ in equation (B1)), for j € [n] \ {m}, and from g

MT’nj < , which implies m < 16. Applying inequality (33| . to the left hand side of inequality (3
yields
Z dmEnr [Nm] > log 55" valid for each subset M C §; of cardinality 2h + 1. (34)
meM

We can therefore obtain a lower bound on ;s Eus [Ny] by solving the minimization problem:

1
minimize em subject to Z dmem > log % for each subset M C S; of cardinality 2h + 1. (35)

em>0
- meS; meM
Since the d,, are decreasing in m, the solution to this optimization problem is eg_sp,...,ex =0 and
— log(1/26) /dm

Using an analogous line of arguments for items in the set So, we arrive at the following lower bound

1 k—2h 1
lo —_— + YR Y
895 20 ( Z 8( — Tk+1+2h) Z 8(Tk—2h - T’L))

i=1 i=k+1+2h

on the number of comparisons. This concludes the proof.

6.3 Alternative lower bound

In this section, we state a second lower bound on the number of comparisons, which shows that to obtain an
(h, §)-Hamming accurate ranking, an algorithm has to compare each item a certain number of times. The proof
of this lower bound also forms the foundation for the proof of Theorem

Theorem 4. Let A be a symmetric algorithm, i.e., its distribution of comparisons commutes with permutations
of the items, that is uniformly (h,d)-Hamming accurate over C, with § < 1 min(3, —1). Choose an integer
q > 1. Then, for any item a € [n], when applied to a given pairwise comparison model M € C, the algorithm A

must make at least

2
2 (2g—1
3 d(Meaj, My;),d(Map, 1/2
3<2h+Q) /(be{k 2t gkt 142 )} (1;«2%} (Maj> My ), d(Mus “))

comparisons on average.

In the remainder of this section, we provide a proof of Theorem 4} For a given item a, we divide our proof into

17(;17(;2

two cases, corresponding to whether or not P |a ¢ gl} > ¢1 + 1, where we define the scalar 7 := 5

Case 1: First, suppose that P {a ¢ 3\1} > ¢; + 7. Pick some other item b in {k — h’,... k} that obeys

P [b ¢ §1:| < ¢1. The following lemma guarantees that such an item exists:

Lemma 4. Let A be an algorithm that is (h,0)-Hamming accurate, with § < %min(%, nf) Let 8, and Sy be
A’s estimate of the top k items Sy and the bottom n — k items Sa, respectively. Choose constants c1,co and b’

such that h + % <ch, h+ % < coh', and c1 +co < 1. Then

i) there exists an item b € {k —h',... k} such that P [b ¢ §1} <c¢i, and
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i) there exists an item b’ € {k+1,...,k+ 1+ h'} such that P {b' € gl} <eo.

We use Lemma [3] from Kaufmann et al., which relates the expected number of comparisons to the uncertainty
between the actual distribution M and an alternative distribution M’ about the events &, := {a ¢ Sl} and
& = {b ¢ S1}. Concretely, define the alternative matrix M’ as

Myj, i=a,j€[n]\{a,b}

My, j=ai€ [TL] \ {aab}

M =
“ 1/2, i=aandj=b, ori=bandj=a

(36)
M; ;, otherwise.

Since the algorithm A is invariant to permutations of the labels, by assumption, we have that Py [E,] = P [E],
since a and b have the same distribution under the distribution specified by M’, and we assume A to be symmetric.
Moreover, by construction of M’, we have

Z Z E, [Nij () KL(Myj, Mf;) = > Eag [Naj ()| KL(Maj, Myj) + Enr [Nap(€)] KL(Mqj, 1/2).
i=1 j=i+1 Jj¢{a,b}

Applying Lemma [3| from Kaufmann et al. (see equation (29)) then yields
> Ear [Naj(©)KL(My, My;) + Ear [Nan ()] KL(M,;, 1/2)

j¢{ab}
> max{d(P, [E.], P [E]), APy [Eb] , Pur [Eb])}
= max{d(P, [E.], P, [Ea]), d(P, [E], Pur [Ea])}
> min max{d(P, [£,],p),d(P, [E)],p)}
p€e(0,1]
> %7727 (37)

where the last inequality follows from Lemma [5|stated below, together with P {a ¢ §1] —-P [b ¢ gl} > 1, which
follows from P [a ¢ 31} >c;+nand P [b ¢ 31} <.

Lemma 5. For scalar pa,py € [0,1], let p denote their average p““”’. Then,

| —

d(pa,p) + d(py, ) > H%m max{d(pa,p), d(py, p)} > (d(pa;P) + d(ps, D)) (38)

p€(0,1]

Moreover, if py — pg > 1, then

S (dlpa, ) + dlps, 7)) 2

Wl N

. (39)

Case 2: Turning to the other case, suppose that P [a ¢ 3‘1} < ¢1 4. Pick some other item ¢/ in {k+1,...,k+

1+ h'} obeying P [b’ ¢ 3’1] > 1 — ¢o, and note that Lemma [4| ensures that such an item exits. Using a line of
argument analogous to that above, we find that

> Ear [Ny (O] KL(Maz, My ) + Enr [Nap () KL(Mqj,1/2) > S0, (40)

j¢{a,b}

W N

Here we used that Lemma |5| together with the lower bound P [a IS 3‘1} - P [b’ c 31} >(l—c—1n)—co =mn,
which in turn follows from the relations P {a ¢ 31} <c+n P {b’ ¢ 3‘1} >1—co,and 1 —cy —co = 2n.

Combining inequalities and yields

Z IEM a] KL(Maijbj) +EM [Nab(f)] KL(MaJ71/2) >
i {ab)

Choosing h' = 2(h + q) and ¢; = c2 = 1/2 — 1 concludes the proof.

n*. (41)

[N )

max
be{k—h',...,k+14+h"}
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6.3.1 Proof of Lemma [4]

Since A is (h, §)-accurate, we have

S pli¢s gh+5k§h+%sc1h',
1€S1

where the last inequality holds by assumption. Thus, there are at most A’ many ¢ € S; with P [z ¢ <SA'} > ¢,
which implies that for at least kK — A’ many items ¢ € Sy, we have that P [z ¢ S\} < ¢1. This in turn implies that
there is at least one item b € {k — h/,..., k} obeying P {b ¢ 3\} <¢.

Likewise, assuming that A is (h, d)-accurate, we have

ZIP’[Z‘E&A‘] §h+5(nfk)§h+%§62h'.
1€Sy

Then there exists at least one arm b’ € {k+1,...,k+ 1+ h’} such that P [b’ € gl} < cs.

6.3.2 Proof of Lemma [5]

We start with proving inequality . Observe that, since d(z,y) > 0, we have

) . .1
min (d(pa,p) + d(py,p) > min max{d(ps,p),d(ps,p)} > min —(d(pa,p) + d(ps,p))-
p€(0,1] pE[0,1] pel0,1] 2

Hence, it suffices to show that min,co, 1 %(d(pa,p) + d(py,p)) = %(d(pmf)) + d(py,p)). To this end, define the
binary entropy H(q) := —qlogq — (1 — ¢) log(1 — q). We then have

5((a.0) + d(pn.) = ~5(H(pa) + H(p) +plog -+ (1= p) Iog 1~

= S (H(pa) + H(p)) + H(p) +plog§ +(1-p)log (1_1’;)
_ —%(H(pa) + H(py)) + H(p) + d(p.p),

which is minimized by taking p = p, for which d(p,p) = 0. We can then expand

) =P o) + (1- P Yo (1 - )

= 2 log(p) + T log(1 ) + 2 log(p) + 2 log(1 — ).
Thus
5 (H ) + Hip)) + H(2) = 3 (~H(pa) ~ palos(p) — (1~ pa) log(1 ~ 5))
4 S (~H(p) ~pylog(p) — (1 py) log(1 — 7))
= 2 {d(pe,p) + s, ),
as needed.

We next prove inequality . We have
_ Db — Pa
d(PmP) :d( ay B +pa)

> min d(p,n/2+p) = d(1/2+n/4,1/2=n/4) = 3108 (M>

2 1/2+n/4) =3
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where the second to last, and the last inequality follow from logaz > 1 — 1/2 and n € [0, 1], respectively. This
concludes the proof of inequality .

6.4 Proof of Theorem [3]

The proof is analogous to that of the proof of Theorem [ in Section and only requires minor changes.
Specifically, we only need to show that for a given pairwise comparison Inatrlx M € Cpara) NCu, we can
construct an alternative matrix obeying equality ([36] . that lies in Cpar(@) N Ch,y, as well.

min

min ?

Consider any parametric pairwise comparison matrix M € Cpar(e) N Ch,,;,- Then there exists a parameter

vector w € R™ such that M;; = ®(w; — w;). For the items a,b € [n], in the proof of Theorem {4} define a set of
alternative parameters as

, Wy ifi=a,
w; = i
w; otherwise.
Now let M’ be the matrix with pairwise comparison probabilities Mi’j = ®(w] —w ) Note that M’ € CpAr(a) N
Ch...., and observe that it obeys equality , as desired.

min 7

Thus, the proof of Theorem |4 yields that for any item a, when applied to a given pairwise comparison model
M € Cpar(a) N Ci,yyy,» the algorithm A must make at least

min

2
2 (2g—1
3 A(M,;, My,), d(Mgp, 1/2
3 <2h+q> /(be{k 2(h+q), k+1+2(h+q)}max <]23}2} (Maj, My;), d(May, 1/ )))
2 (2qg—1 202 )
< — _
=3 <2h+q> / (Mmm<z>mm (7a =)

comparisons on average. Here, the last inequality follows from [Hec+16, Eq. (31)], which holds for any ¢ € [n]:

2¢;,
Miq, M},) < ——102% (7, — 7,)% 42
d( iay ) Mmln¢m1n (Ta Tb) ( )
Moreover, we used that
2
UM 1/2) < o7, — (13)

which follows along the lines as [Hec+16, Eq. (31)]. This concludes the proof.

A Proof of equation @D

Equation @ follows by upper bounding the terms in

k—3h
Nup ( Z Az ,k+143h + Z Ak 3h,i + 2(3h)A1; 3h k+1+3h>
i=k+1+3h

Specifically, if i1 < iz and ja > ji, then Ay, ;, < Ay, ;. Therefore, the terms above can be upper bounded by

k—3h k—3h

E :Az k+1+3h < 2 :Az k+1+42h> 2 : Ak 3h,i < E : Ak 2h,3’
i=k+1+43h i=k+1+43h
k—2h k—3h

-2
and 2hAL %5, 4y an S E Az k—2h+1 T Z A2 2h,e
i=k—3h+1 i=k+2h+1



