Supplementary Material for

SDCA-Powered Inexact Dual Augmented Lagrangian Method
for Fast CRF Learning

A Loss-Augmented CRF

In order to extend our learning formulation so as to encompass as well max-margin structured learning (i.e.,
structured SVM) in additional to maximum likelihood learning, we show in this section that our formulation
can be generalized to cover the loss-augmented CRF learning introduced by Pletscher et al. (2010) and Hazan
and Urtasun (2010).

The loss-augmented CRF p.,(y | y*,«) is an extension of the standard CRF with additional user-
defined loss functions ¢.(y%,y.) for all cliques and an extra temperature hyperparameter v € (0, +o00). We
introduce a modified natural parameter ny(w) := n(w) + £ (similarly we have 6;) that includes the loss term
0= [[lc(y%,yc): Yo € Ve]: ¢ € C]. The density function of the loss-augmented CRF then takes the form

Pyl | w) = e ({ew) /7, T)) — Fle(w) /) ). (1)

A justification for the form of the loss-augmented CRF is based on a rationale that distinguishes the label
to predict y (which is essentially true unknown label) from the label provided by the annotation y*. The
assumption made is then that, given y., the annotation y is independent of x and y.s for ¢’ # ¢. This entails
that p(y,y*|z) = py (v | y*, ) x p(y | ¥*)py(y | ), which yields the above form for p,(y | y*, z; w) by Bayes’

rule for p(y | y*) o exp(P e le(yr, Ye))-
For learning, we use a rescaled maximum likelihood objective (i.e., multiplied by ) of the form

) A
minyF (20,(w)) + 5 lwl3, ®

with which we can see v only affects the entropy term in the variational representation of F', thus it plays a
role to determine the learning regime. When v — 0, we retrieve a max-margin formulation for structured
output learning, since the corresponding variational problem based on Fenchel duality is

A
. P A 2 3
min mas (u, ) + 5 [|wlf2 3)
Note that this is identical to the linear programming relaxation of the structured SVM formulation studied
by Meshi et al. (2010).

It is also possible to retrieve the maximum likelihood regime by making a change of variable: w’ = w/~.
Then, (2) becomes

1y A
min F (6(w') + ;e) + S |13 (4)

Increasing v decreases the effect of the loss term and simultaneously increases the effect of the regularization.
The maximum likelihood regime is thus retrieved by letting v — +o00 and A — 0.



B Derivations of dual, and relaxed primal and dual objectives

In this section, we derive the dual objective D(u) of P(w). Given the augmented Lagrangian D,(u,§), we first
introduce a relaxed primal pp(w, d,&) involving a new primal variable § whose components can be interpreted
as messages exchanged between cliques in the context of marginal inference via message-passing algorithms.
The partial minimization with respect to § then yields the corresponding primal of D, (u, &) with respect to p
for a fixed &: P,(w,§) := mins Pp(w, 0,€), which can be interpreted as a Moreau-Yoshida smoothing of the
original objective P,(w).

B.1 Derivation of the dual objective D(u)
Given that 6;(w) = ¥Tw + ¢ and introducing the Fenchel conjugate of F, we have

P(w) ’YFL(%HK(IU)) + %IIwII%

A
T _ * - 2
max [(‘If w £, 1) VFL(M)} + 2lelg-

Given that the local polytope constraints are defined by linear inequalities, weak Slater constraint qualification
are satisfied, so that strong duality holds and an equivalent dual problem in p is obtained by switching the
order of min,, and max,:

D) = (b, ) = YF5 () + min [ (07w, 1) + 5 ]3]
1

= (€.1) = 7FE(p) — Amax | -

(W, w) = 5 wll3]

* 1 2
= (l, ) — Y7 (1) — 5|I‘Pullg~

B.2 Derivation of an extended primal pp(w, 9,€)
Proposition 4. For a fized £, the primal objective function of D,(u,&) takes the form

(Q(w) + AT(S)

= A
Py(w,€) = min | By(w,6,€) = 7Py + Sllel3 + Zlls - €l

Proof. Clearly, we have D(u) = ming D,(u,&). For a fixed value of £, consider the Lagrangian
. 1 1
Lpe(p,v,v',w,8) = (€)= vF7 () = 5wl = 2*'0||V/||2 (& V) + (w, T —v) + (6, Ap — V');

Then clearly min,, s L, ¢ (i, v, v';w,d) = D,(, €). We compute the associated primal as

P,(w,6,¢) = ;nuaz(, L,e(p,v, v, w,0)
= [, €+ 90+ AT8) =1 )] + [ =) = 5 IR + max [0, € = ) = oo 10/,
which yields the desired form of P,(w,{) = min; 15p (w, 6,&) upon expliciting Fenchel conjugates. O
Proposition 5.
méin FI(

(0(w) + AT8)) = Fr(20(w))  and min P,(w,3,£) = P(w).

1
~



Proof. We have

min Fr((0(w) + 475)) = minmax (%(9(11)) +ATS, 1) + Happrox (i) — 12(1))

mSX (%(0(10), ,u> + HApprOX(:u’) - LI(,U) - L{AM:O})

FL(%H(w))y

where the second equality follows by exchanging minimization and maximization (strong duality holds by
Slater’s conditions) and minimizing with respect to 4.

To show that ming s ]5,,(w7 0,€) = P(w), it is easy to minimize over ¢ first, which cancels out the term
2o —¢ |? by setting £ = §. Then, & only appears in Fr and the result follows from the first result. O

B.3 Interpretation as Moreau-Yosida smoothing

To understand the structure of P,(w, &), we shall look at lﬁp(w7 0,€). One may be interested in where does §
comes from? In fact, forming the Lagrangian of min,, P(w) with Lagrangian multiplier ¢ corresponding to
the marginalization constraint Ay = 0, we see that

. A
L(w, 8, pr):= (0o (w), 1) = YF7 () + S wll3 + (6, Ap).
Recall that the Moreau-Yosida regularization of a function f is defined as the infimal convolution
M, (z) = mi 2z — )2
or(@) = min [ () + )1z — 2],
Both P,(w,§) and D,(p,§) have a nice interpretation in terms of the Lagrangian L and Moreau-Yosida
regularization. Note that the Moreau-Yosida regularization admits the same optimum as the original function,

and that it is smooth even when the original function is not. It is furthermore ,;fp—strongly convex if the
original function is y-strongly convex.

Proposition 6. P,(w,&) and D,(u, &) are respectively the Moreau-Yosida regularizations of Ly : w,0 —
max,, L(w, 0, ft) and Ly« : p,d — min,, L(w, §, ) about 6. that is

Po(w,€) = My, (w,€) = min | max L(w,6, p) + 2115 - ]3]

Dy(p:€) = My, (1,€) = min | min L(w, 6, 1) + 113 = ¢[3].

Proof. For P,(w, &), note that max,, L(w, d, u) = vFr (S(w)vﬂ) +2|lw[|3. The equivalent form is immediately

derived from Proposition 4.
For D,(11,€), note that miny, L(w, 8, 1) = (0, p) — vF5 (1) — 55 [[pl|* + (6, Ap), and ming (8, Ap) + 5|6 —
€12 = (€, Ap) — %HA/JH% Thus, the equivalence holds.
O

Note that the penalty formulation corresponds to a special case of Pp(m 0,€) and D,(p, &) with € =0. It
introduces an additional term £|§|?, thus making the primal strongly convex with respect to ¢ and the dual
smoother in p. This effect is similar to that of using Moreau-Yosida smoothing. However, the additional
term %6/ will never vanish, so Ay = 0 will never be satisfied. The more Ay = 0 is violated, the less the
structure of CRF will be perserved.



B.4 Duality gaps and representer theorem

Besides, if we define gap(w, d, u, &) := pp(w, 0,€) — D,y(p, &) as an upper-bound estimate of the duality gap
Py(w,&) — D,(u, &), specifically

gap(w, 8, 1,€) = [YFr(L0(w) + AT6) + YF7 (1) — (Bew) + A6, )|

Aoz, b 2 _/_ Ple_snze L 2 _ e
+ [l gy Il = ()] + [ S = 017 + 5 AP — (€ = 8, A,

we can see that the recovered w and § by the optimality condition make the 2nd and 3rd term of gap(w, d, i, &)
disappear. We will see later this is important in designing the algorithm to solve max,, D,(u, §).

Finally, we give a rough picture of all the quantities that we introduced in this section, which can be
easily derived from Proposition 6.

Corollary 5. The relations between D, D,, P and P, could be summarized as

D(u) < Dp(:uaf) < Pp(w7 )i
DP(M) < P(w) < Pp(wvg) <P (w75,§);

p
max mgin D, (1, &) < min P(w),
o w

with equalities hold for the saddle point (u*,w*,£*). Moreover, the first-order optimality conditions are given
as
s L

1
= Up*, =& ——-Ap*
w Pl £ P H (5)

Proof. By constructions, D(p) = ming D,(p,&) < D,y(p,€) and P,(w,§) = mins Isp(w,é, &) < ﬁp(w,é, §).
Other inequalities are the consequences of Proposition 6 and the min-max inequality. Since the strong duality
holds (Slater conditions satisfied and the problem is convex), we know that the equalities will hold at the
saddle point.

Given the saddle point (p*, w*, £*), to derive w*, 6* from p*, we know that w*, §* = arg min,, 5 Pp(w, 0,€%).
The result follows after computing prp(m 5,£*) =0 and V5]5p(w, 0,£*) =0. O

So our strategy for CRF learning is ming max,, D,(x, ), since we know that
D, (", €%) = L(w*, 6", 5*) = P(w").

Since we work on the space of u and &, to compute the primal objectives or the duality gap, we can use
the mapping specified by the optimality condition (5). More precisely, we define

1 1
w(t?) = =3 Wptt, o) = & = — At
p
which is equivalent to the representer theorem. The above condition is also useful to recover intermediate
wb® from p'*, which allows us to test on the validation set or decide if we should stop the learning earlier.

B.5 Comparison with State-of-the-Art Structured Learning Methods

A number of recent works for CRF learning can be viewed as optimizing formulations which are exactly or
fairly close to one of P(w), D(p), Py(w,?), ]Sp(w, 9,€) or D,(p,&). In the following table, we compare these
approaches, in terms of the optimization formulation, the convergence rate (respectively in the primal or in
the dual), and the inference oracle used for computing the gradients (or blockwise gradients).



Table 1: The Comparison of Structured Learning Methods

Method Learning Regime | Primal/Dual Convergence | Inference Oracle

Meshi et al. (2010) SSVM Primal (w, 9) Sublinear graphwise MAP (inexact)
Hazan and Urtasun (2010) | LossAugCRF Primal (w, ¢) Sublinear graphwise marginal (inexact)
Lacoste-Julien et al. (2013) | SSVM Dual (p) Sublinear graphwise MAP

Schmidt et al. (2015) CRF Primal (w) Linear graphwise marginal

Tang et al. (2016) CRF Dual (p) Sublinear graphwise MAP

Meshi et al. (2015) SSVM (soft) Dual (u,& =0) | Sublinear cliquewise MAP

Yen et al. (2016) SSVM Dual (p,§) Linear cliquewise MAP

IDAL LossAugCRF Dual (p,§) Linear cliquewise marginal

C Gini Oriented Tree-Reweighted Entropy

The Bethe entropy (Yedidia et al., 2005) is generally non-concave. Its concave counterparts, such as the tree-
reweighted entropy (Wainwright et al., 2005) or the region-based entropy (London et al., 2015; Yedidia et al.,
2005), are only concave on the local consistency polytope, but non-concave on Z\ L (i.e., when Ay # 0). Indeed,
the Bethe entropy and its concave variants are of the form Hpetne(1t) = ;e € Hi(s) + Z{z‘,j}es cijHij(pij),
where ¢; and ¢;; are counting numbers. Even when Hpetne is concave on £, some of the ¢; or ¢;; can be
negative.

The construction of the oriented tree-reweighted entropy stems from the expression of the entropy of a
directed tree as the sum of of the entropy of the root and the conditional entropies of the variable at each
node given their parent variable. Precisely, for an oriented tree T' with the root ig, the joint entropy can be
computed as

Hp(Y):=H(Y,)+ > H(Yi|Y)). (6)

j—ieT
On a general graph, if 7' is a (directed) spanning tree of the graph, then

HT(Y) = H(Yz )+ Z H(Y; | }/j) 2 H()/lo) + ZH(Y;IC | Yik—l" e a}/io) =: HShannon(Y)' (7)

t—ieT k=1

Thus, for any probability distribution over the set of valid directed spanning trees, in which tree T has
probability pr, the inequality above entails that Hshannon(Y) < > prHr(Y) = Horrw (Y'), where pr >0

and > . pr =1.
Hp(Y) is concave since it is a sum of concave functions, and so is Horrw (Y') (who is a convex combination
of Hp(Y)). To see that, we need to prove the following fact.

Fact 1 (Concavity of the conditional entropy). The conditional entropy H(Y; | Y;) is in fact a function of
wij, namely H(Y; | Y:) = H(pij) — H(Aipiz). Moreover, H(Y; | Y;) is a concave function of p;.

Proof. By definition,

Dy, Hig (Y5, i)

H(Y;|Y;) = 1 (Y5, yi) log
]‘ Z I :U'ij(yjayi)

YirYi

= H(pi;) — H(Aipij)-

To show H(Y; | Y;) is concave, we compute its Hessian:

PH(Y, | Yy)

= —diag(l @ /Jij) + diag({ (L 1

117}k )
fii (ys) Y=t



where fi; = A;i;, and @ denotes entrywise division. Let’s focus on the i-th block of the negative Hessian.
To show that the i-th block is positive semidefinite, that is, that
1
el )
1 (Yir Y5) I 1<y, <k; i (yi)

117 = 0, (8)

we can use the Schur complement condition for positive semidefiniteness. Let U = fi;(y;). Since fi;(y;) > 0,
i (yi) i

L_BTU_lBEO iff [U B:|: ' 1 Y
1 dlag({m}lﬁmkj)

BT L

k.
Y 1 J
We also have L = dlag({m}yjzl) > 0, then
U B . - - . k; - -
|:BT L] =0 iff U—BL'BT = (y;)— 1leag<{ﬂij(yi7yj)}yjzl)l = fii(ys) — fii(y:) = 0.
Because the last inequality holds, we know (&) must be true, which implies that the Hessian of H(Y; | Y;) is
negative semidefinite, thus H(Y; | Y;) is concave. O

Note that Horrw (1) is concave on the entire set Z, unlike many Bethe entropy variants who are only
concave in the local consistency polytope.

We define ? the directed edge set by expanding each edge from £ with two directed edges, p; and p;;
respectively as the probabilities of ¢ (as the root) and ¢ — ¢ appearing in an oriented spanning tree when the
latter is drawn with probability pr. Then the oriented tree-reweighted entropy takes the form

Horrw(p) = Z pj1i [He(pig) — Hi(Aipij)]
{i,j}€€
+ iy [He(ig) = Hi(Ajpi)] + > piHi(pa), (9)
=

where Hi(pi) = =32, pi(yi) log pi(yi), He(pis) = — 32, Hi(Yis y5) log pi(yi, y;) and pi, pjj, pj); are node/edge
appearance probabilities in [0,1]. HoTrw is concave, since H; is concave and it can be checked that so
is pij — He(pij) — Hi(Aipij) (although not strongly concave). It is easy to precompute the appearance
probabilities p; and p;|; via a variant of the directed matrix-tree theorem. See Koo et al. (2007) for more
details.

A generic difficulty with entropies, is that H; and H, do not have Lipschitz gradients, which prevents the
direct application of proximal methods with usual quadratic proximity terms. We thus propose to replace H;
and H. by their second-order Taylor approximation around the uniform distribution. This yields a surrogate
of the form

Herrw (1) = Y €[kipj|i||f4i/iij||2 + kjpilj”AjMin2]
{ijree
— kikj(pay; + Pyl |° + > kipi(1 = [lmil®), (10)
ey
where ¢ = 1. Since this function is not strongly convex w.r.t. u;; because k;jI, — ATA; has a non-trivial

kernel, so we also consider variants with € < 1 and denote them HgTrw,.. We call this approximation the
Gini OTRW entropy, since it is consistent with the definition of Gini conditional entropy of Furuichi (2006).

D Proof of Lemma 1 and associated lemma

To prove Lemma 1, we first need to show d(§) is a smooth function, and then we build up the associated
lemmas which will be used in the proof of Lemma 1. Finally, in the end of this section, we prove Corollary 2
as a result to show the linear convergence in the primal.



D.1 Smoothness of d(¢)
Lemma D.1. (Hong and Luo, 2017, Lemma 2.8) d(§) is convex and Lg-smooth, where Lq < p.

Proof. By definition we have
Dp(p,0) = =(p, &) + vF7 (1) + L [0 + - | Apl?
P ’ 2\ 2p '

We then have d(§) = max,, D,(u,§) = max, (u, AT,) — D,(p,0) so that if J(u) := D,(i,0), then d(§) =
J*(ATE) and d is a convex function by Fenchel conjugacy.

For any &; and &, denote by 11 and po the minimizers of D,(-,£1) and D,(-, &2) respectively. By convexity
of d(¢) and the definition of subgradient, there exists s1 € 0F5 (1) and sa € OFF (u2) such that

1 1

ATE + 0 —vs1 — X\IIT\I/;“ ——ATAu; =0
P
1 1

Ang + 0 — YS2 — X\IJT\I/[LQ - 7ATA,U,2 =0
P

By convexity of F(u), we have
(81— 82,1 — p2) >0,

which together with the equations above yields
1 1
(AT(Er = &2) = 3T (p1 — p2) — ;ATA(M — pi2), 1 — piz) = 0.

Hence,
1 1 1
(€ = &, Al — p2)) = W (p1 — p2) || + ;IIA(/«Ll —p2)|* > ;HA(,Ul — p2)|*.

Now substituting Vd(&1) — Vd(&2) = A(p1 — p2) into the above inequality and using the Cauchy-Schwarz
inequality yields
[Vd(&1) — Vd(&)|| < pllér — &||-

That completes the proof. O

D.2 Associated lemmas for Lemma 1

We first quantify in the next two lemmas how much D(u, &%) should be minimized in u to provide a sufficiently
accurate approximate gradient that it guarantees descent on d.

Lemma D.2 (Error on the gradient). Denote ' := p*(£') = argmin, D(u, &'); g := Vd(E') = Ap*(€') and
gr == Aft. Let Ay == D, (it &) — D,(jit,€%). We have i“gt — gil> < Ay, where Ly is the smoothness

constant of d.

Proof. Let d*(y) = max¢(§,y) — d(€). Then, it can easily be checked by using the definition of d and
exchanging the order of maximization and minimization that d*(y) = min, D,(i,0) + t{au—y},
Since d is convex, we have d(£) = max, (&, y) — d*(y), so that if y*(£) is a maximizer for fixed £ we have

0€&—0d"(y*(€)) = £ € 0d"(y* (£))-

The strong convexity of d*(y) implies that, for all y,

4*(y) — d* () — (€ — () = 51—y — (O
d



But for any p, we have D,(u, &) = (Ap, &) — Dy(p,0) < (Ap, &) — d*(Ap), and, for p*(€), this inequality is an
equality, since we have D,(u*(£),€) = (y* (&), {) *(y*(€)) and y* (&) = Ap*(€). As a consequence, setting
y = Au, we have

Dp(1*(€),6) = Dp(11,€) = 57— A — Ap* (€)]?

- 2L
by definition of D,(u,&). We conclude the proof by substituting p with ' and £ with £. O

Lemma D.3 (Guaranteed decrease on d). If we take inexact gradient on  with a fized step size L%, namely
§t+1 = St - %dgt; then
(&' —d(E*t) > LLFt Ay, (11)
d
where T € (0, Lq) satisfying 5-|/g:]|*> > T.
Proof. Since d(§) is Lg-smooth, we have

A(E) — d(g!) < (V(E)), €4 — ) + Sttt — &P
Using the gradient step and Vd(£') = g4, the above inequality can be simplified as
(g0, =1/ L) + 211/ L
— 5= (19 = 9 = la?). (12

We notice that the error bound given by the Lemma 2.3 of Hong and Luo (2017) holds for d(&). Specifically,

d(g"™) —d(¢")

IA

37’ > 0, such that [|[Vd(&)| > 7€ — £
Since d(&) is Lg-smooth and Vd(£*) = 0, we have

() — (e < ||€ &P < 5 ,||Vd( &I,
which implies
1 2
— >T
- lodl? = T,
where 7 = Z—; By using (12) and the above inequality on ||g¢||?, we obtain

o T A
4 - € = 5 (Il = 190 - 9) = LT - A

O

Since for each value of £ the value and gradient of d(£') need to be computed approximately by
minimizing the augmented Lagrangian D,(-,£"), and since the difference between two consecutive strongly
convex objectives is D,(u, &) — D,(u, &) = (€071 — &', Ap), which is a function that converges to zero
when if the sequence {£'}; converges, a warm-restart strategy using ' as the initial point to the subproblem
max,, D,(u, &) is beneficial, as characterized by the following lemma.

Lemma D.4 (Dual gap at warm start). Denote A) | = D,(a'™!, &) — D, (ptT0, 1) If we let
w0 = 4t then

2. 4
A <4+ ;)At + (1 +2w)Ty, Vw > 0. (13)



Proof. By definition, we have D, ('™, &) = D, (ut+1*, £071) = d(¢8+1). The initial gap of p at iteration ¢
can then be decomposed as

AYyy = Dy, €70 = Dy (™10, €7 - d(€") — d(€7) — Dp(ia*, &) + D,y(ii", €)
= [d(6") = Dy €] + [ Dol €)= Dyl 10,61 + Dy (1, €741) — dl€")
= [ Dol €") = Dy, 6| + | Dyt §) = Dyl €4h)| + d(e*") - (")
= Aut 7ol + die) — d(e)
d

Again, we used the gradient step £+ = ¢ — %dgt, and recall that Agt = g,.

Now, we can bound the term [|g;||* from above using the fact that

1. 1 N N
—aul® = = [lgel® + 2000 = 90) + 130 — 00)?]
Ly Ly
1 .
< o[ @ ol + 0+ 1/0)lg - 0],

where the last inequality stems from the Cauchy-Schwarz inequality {(g:, §: — g:) < ||g¢|l l1G¢ — g¢|| and the fact
that for any any a,b € R and w > 0, we have 2ab < wa? + b%/w.
Combining the upper bound of d(¢/1) — d(£*) from (12), we get
3w+ 2

AV <A+ m”ﬁt —al?+

2w+1 H2

14
o (14)

Here, we can use again Lemma D.2 and the fact that i\|gt||2 < Ty, which is due to the smoothness of d(&).
It follows that

AV <4+ 2)A + (1+2w) Ty, Vw > 0.

D.3 Proof of Lemma 1

Combining Lemma D.3 and D.4, we now show that IDAL enjoys a linear convergence rate if we take a fixed
number of inner iterations to estimate the gradient.

Lemma 1 (Linear convergence of the outer iteration). Suppose we have an algorithm A to approximately
solve max,, D,(p1, ") in the sense that

3B € (0,1),  E[A]<BE[A]].

Then 3k € (0,1) characterizing d and C > 0 such that, for any w > 0, after Tex gradient steps on &, the
suboptimalities At and I'r, are bounded from above:

HEMnJ
El'z,,]

E[Ao]
E[To]

BA+2) B(l+2w)

< C Aax(B) T , where M(B)= 1 w I (15)

and Amax(B) is the largest eigenvalue of M (). Thereby, if 8 is chosen so that Amax(8) < 1, Algorithm 1 is
linearly convergent with a rate Apax(f).

Proof. Note that Ty — Iy = d(§"!) — d(¢'). By using Lemma D.3, we have an upper bound on I';y; in
terms of I'; and A, namely

Ft+1 S At+(1—/€) Ft with R = f (16)



On the other hand, we can also derive an upper bound on AtJrl in terms of I'; and At To achieve that, we

relate the inner problem with I'; by running the steps on p until E[AtH] (1-m) '“IE[A?H] < BE[A t+1]

log 8

which means ﬂn = W

By Lemma D.4, we have

E[Av1] < BEAY] < B(4+ 2)E[A] + A(1 + 2) E[T]. (17)

—~

Combining (17) and (16), and taking expectations on both sides, we get

E[Atﬂq < {E[Atq

M 18
EsIEdED 18)
Since by definition, all the elements of M are positive, we can telescope a sequence of matrix multiplications
to get

sierl] < [Elemo) << (B "

Assuming the eigen decomposition of M takes the form M = PDP~!, then Mt = PD*P~'. Applying norms
on both sides of the vector inequality, we have

E[Ar,,] Tow || p—1 E[A]

ex < ex
HE[FTEX] = HP”op )\max(ﬁ) ||P ||OP E[Fo] (20)
Note that C' = || P|lop||P~*|lop is a constant. O

Corollary 2. Let o denote the strong convezity constant of p+— D,(11,§) and Ly the smoothness constant
of d. Assume that (||&]|2)ten is almost surely bounded by a constant B. Then the squared residuals to the
constraint Ay = 0 satisfy

1, .. 2 "

143 < 2Lale + ~[|AJ5, A
Furthermore, if we let Doo (1) := (€, p) — vF5 (1) — 55 10 pll3, so that we have D(p) = Doo(pt) — t{au=oy, then
(given that ut € I throughout the algorithm) the gap between the smooth part of the objective in it and at the
optimum can be bounded as follows

o A L A%\ -
[Doo (1) = |<B\/ﬁ+3 ||p QAtJr(lJrQid)thL(lJrQH ||p>At.
p po

Finally, if Ty and A, converge to 0 linearly then both the residuals ||Aft||2 and the gap in objective value
|Doo (i) — Doo(p*)| converge to 0 linearly.

Proof. For the first inequality, by Fact D.1 we know that d is an Lgz-smooth function. It is then a standard
result (see e.g. Nesterov, 2013, Thm 2.1.5) that we therefore have |[Vd(£!)[|3 < 2Lq(d(£") — d(€%)) = 2L4T.
But since Vd(¢') = Afi', and using the strong convexity of p— D,(x,§), we have

1o _ _ 1A ||o
SR < AR5 + 14N llA" — 4113 < 2Ll + 27— A,
For the second inequality, by definition of D, we have D,(u,§) = Oo(,u) + (& Ap) — ﬁHAMH%, and
Doo(n*) = D(p*).
But then

Do) — Do (1%)] = Do (i) — D, €0)] + | Dy, €%) — (it €] + D (i, €) — Do (1t”)|
< (€', Apt)| + 2—1p||Ant||§ + A 4T
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but we then have [(§", Aji")| + 5, [ Ai’ |3 < BIIAZ[| + BllAlloplI2° — A*ll2 + 5 (AR5 + I AIZ,1A° — £°(13),
which yields the result using the same inequalities as before.

Finally, to show the implications of linear convergence, by Lemma 2.3 of Hong and Luo (2017), there
exists 7/ > 0 such that |Vd(€)|| > 7/[|€ — £*||. So that, since |[Vd(£")||3 < 2L4I';, we have that if the sequence
(T'¢)ten is bounded then so is (£%)scn. Letting B be a bound on ||€¢|| the previous statements shows the results.

O

D.4 Proofs of Corollaries 3 and 4 (Total number of iterations)

Corollary 3. To ensure that EA, < € and BT, < € it is enough to run the algorithm for a total number of
mner iteration Tior := TinTox such that

log(3)

Tiot > 1

= og Amax () log(1 — ) og(€)

Proof. To guarantee that (1 — m)L < 3 requires that T}, > loi(gl(ggr) and to guaranteed that Apax(B)7e < €

requires similarly that To, > logle) Taking the product of these inequalities yields the result. O
log(A(B))

Corollary 4. Let Ajp =N+ Ty If 6 < § and a = 75, if Tin > 13;%(10’72) , then, there exist a constant

C" > 0 such that after a total of i clique updates, we have

E[az] < (1~ W)

Proof. Using solving the quadratic formula for the largest eigenvalue of a two-by-two matrix yields

Amax(B8) = (1 = £+ 68) + /(1 — x — 68)2 +125.

It is immediate to verify that A\pnax(8) < 1 if and only if 8 < %H—% This shows that we need to choose
8 = ak with a < m So in particular, if a < %, then the previous inequality is satisfied for any 0 < x < 1.
Moreover, if £ < 1 and a < £, we have Apax(8) = Amax(ar) < 1 — k(1 — 6a). Indeed, letting z = 33,

6 b
and o/ = 3a, we have

2)\max(6) = (1_ﬁ+21')+\/(1—/€—21')2+41'
= 1—k+22++/(1—-k)?+4dzk + 422

1—k+2d'k+ \/(1 — k)2 + 4a'K2 4 4o/ K2

IA

1—r+2d'k+ \/(1 — k)2 +4d/k(1 — k) + 4a/?K2
< 2(1 — K+ 6ak).

Setting a = -5, given that the rate r is r = 1 — exp (1°g(177?01§(gﬁ(3\m‘“(ﬁ))), we have
log(1—%) _k
r>1—(1-mn) os() > o8l —5) r

where, for the second and the third inequality, we used the fact that log(1 — z) > z respectively for z = 7 and
for z = —£.
2

O
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E Details of Algorithm A and convergence proofs for SDCA

In this section, we specify the detailed form of D,(y, &), and show how to apply the proof scheme of Shalev-
Shwartz and Zhang (2016) to SDCA for the maximization of D,(u,€) w.r.t. p in order to prove Proposition
1. We first write a fully decomposed expression of D,(u,&). We have:

Dp(%f) = E <€C,/J,C> - f:(,uc) - 21)\ ETH §C \I/c,uc - i E < ||,uz - AiMe||2 + E <£ei7ﬂi - AiN6>7 (21)
TE ceCr ec
1€e

ceC ecé
ice

where — f(pe) = Yhe(pe) — ta. (1e)-
We assume here that the entropy surrogate used is such that h. is o.-strongly concave w.r.t. p..
In particular this corresponds to two possible choices:

e The naive Gini entropy, for which h.(u.) = (1 — [|uc|3).

e The Gini-OTRW entropy (see Appendix C) for which, given positive numbers p;, p;; and p;|; for all
nodes and edges, we have

= hi(pi) = piki(1 = [|pill3)  forieV

= hij(pis) = hapi(pig) + hya(pig) - for {i,j} € € with hyj;(pij) = kipigj (el Ajpi 13 — kjllpas113)
for e < 1 which is o-strongly concave in p. with o; = 2k;p; if i € V else oy; 53 = 2(1—¢)kik;(pi|; + pj)s)-
(For € = 1, the surrogate is not strongly concave, and a modification of the decomposition into a

separable terms and a smooth term must be used to leverage strong convexity: see the discussion in
Section 6.2 after Proposition 2).

The proof of convergence for SDCA is based on showing that the expected increase in dual objective
provides an upper bound on a measure of duality gap. For the problem, we are considering the gap of interest
is gap(w, §, p, ) := ﬁp(w, 0,€) — D,(p, &), which is an upper bound on the duality gap P,(w,&) — D,(u,§). It
can be decomposed as follows:

gap(w,0,41,€) = [Fz(L+ WTw+ AT8) + 7 (1) — (£ + UTw + AT6, )|
A 1 1
[l gy el = (i) S = 017 + Sl = (6 = 6,40 (22)

= [ (R0 0) + 2 () — Belw. b))

ceC
A 1
[0 ShwrlP 4+ 5l 3 enel® = (—wr, Y Wonse)]
TET ceC, ceCr
P 1
+ [Z > §||§ei — deil” + 2*”/% — Aipill® = (Eei — Beis i — Ai/h‘)], (23)
ecf ice P
where 6, is defined by
€i+\I!iTwﬂ.+Z5m- forc=1€V,
0c(w,0) := e (24)
le+VTw,, — ZAZ.T(S(%- forc=e€&.
ice

We now proceed to characterize the progress of the algorithm at each iteration, and to that end, we
introduce appropriate notations. In particular, since £ is fixed during the algorithm, we drop the dependance
on ¢ in different functions: Denote the objective of the subproblem w.r.t. clique c¢ as

Dy e(pres pZe) = = fo (pe) = r(pe, p2,), (25)
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with r defined by

1 .
: , Z%HMz‘—AiuiHQ—<Mi7Z§ei+€i>7 c=ieV,
T(Mcauic) = 5“ Z ‘*I’b/ii + Wepe|| + e 1 .
beCr N\ {c} Z?H/}'f _AiMeH2_ <H67_2A2£ei+ée>v c=e€l.
i€e P i€e

It is straightforward to show that r is convex and smooth with cliquewise smoothness constants

L= %eigmax(\llgklli) + |{e:ep9i}|7 i€V and L, = %eigmax(\lll\lle) + 1 iezeeigmax(AiTAi), ecé.
The proof of convergence hinges on the following key lemma.
Lemma E.1. Taking one of the following updates on pu. with p_. fized:
o uitl =arg max,, D, c(pe, p2.)-
e or,ifu€ 3fc(9~c(ws,§5)), where f. is the conjugate function of fr.
solve & = argmax D, .(us + a(u — pu2); p°), and set st = s a(u— ).

a€l0,1]
Then, with m = min.ecc \c\(aiilLC)’ the following inequality holds

EC[DP(/U’S+1’£) - Dp(/us,g)] Z WEC[pp(wsv(ssag) - Dp(Msag)]a vfa

where w®,§° are updated to maintain the optimality conditions:

Proof. Letting lu)p,c be defined as,
» s * s s s L. s1|12
Dpelpe; p°) = = fo (ne) = r(p®) = (Vi (1), pre = pi) = - llpe — pell®,
we have D, o(p1e; 1) < Dp.e(pie), since pie v+ r(jie, i ,.) is Le-smooth.

First, for the update us*t! = arg max,, D, c(te, p2 ), we have that, for any direction u — p and any step
size a € [0, 1]

=Dyt 1% ) = Dpe(ps, )
Z DmC(Nz + a(u - Hi)’ :us—c) - DILC(.H; ,U’S—c)
> Dpe(pe +alu —p2); u®) — Dy e(p, 1) (26)

DP(MS+135) - DP(Msv’g)

Showing the desired inequality for the second form of update thus implies the inequality for the first type of
update. Expliciting D, .(u + o(u — p); 1®), we have

v

Dype(pe 4 alu = pg); p°) = = f (e + ou — pg))

s s s QZLC s|12
= (%) = (Vier(w?), au = pre)) = ——llw — pell”. (27)
Since f¥(u) assumed o.-strongly convex, we have
* S S * * s Oc S
folue +alu—pe)) < af(u) + (1 —a)fo(ue) — all —a)lu - pell3- (28)

13



Combining (27) and (28), we obtain

Dy el + alu = i) 1) = —a( S () = £2(12) + (Vuor(n®),u = i)

Oc

1) =)+ (Fa o) = Y -l (29)

Now, if we choose u € df.( — V, (1)), by Fenchel conjugacy, it follows that
fe( = Vur(p®)) = = f2(u) = (Vur(p®), ).

One can easily see that éc(ws, 0%) = —V,,.r(1t*) by maintaining the optimality conditions
1 1
VeeC: wi =-< Y Uy, Vee&ice: 065 ==E;——(ui— Apd).
’ A jec P

Thus, we can further simplify (29) as
Dy e+ (= p2): 1) = Dyl i) e Fellelw',6) + 12 (n2) — (Bolw 6%).013)). (30)

provided that ZFa(l —a) — & L° >0, thatis, 0 < a <
The key observation is that

gap(w, 6, 11,€) =Y fol0c(w, 8)) + £2(pte) — (Be(w, 6), p) (31)

ceC

o‘r+L

if we maintain the optimality conditions. By using (31) and taking expectation E. w.r.t. a uniform random
choice of the clique ¢ on both sides of (30), we guarantee that, for a € [0

Oc
?oetLel?

BelDy(u™,€) = Dy, )] 2 Ee [ rgan(w’, 0%, 1%, 6)].

So, we can choose the maximum value U.‘TC for a. It follows that

s S 1 e
Ec[D, (1t &) — D,(1*,€)] > (melgm

) Ec[gap(w®, 0%, 1%, &)].
We can now prove Proposition 1.

Proposition 1. If A is SDCA, let |C| be the total number of cliques, o. the strong convexity constant of fr,
and L. the Lipschitz constant of p. — r(u), then A is linearly convergent with rate m = mingcc \C\(;Z#)

Proof. Denote A§ := D,(jit,&") — D,(u"*,£"). Since we update p* to u»**! using SDCA, according to
Lemma E.1, we have

Ec[Af = A7) = Ee[Dy(u"*,€") = Dy(p"*,€")]

> mEc[Py(w(n"®), 8(u"*,€9),€") — Dy(u'*,€")]
2 ”TEC[DP(,L_"tvgt) - DP(Nt’Svgt)] = WEC[Af]v

and m = mingc¢ eIt The above inequality implies that

oierc)‘
E[AH] < (1 —m)Be[A]] < (1 —m) H E[AY].

The result follows if we set T}, = s + 1.

14



E.1 Proof of Propositions 2 and 3 (Linear convergence in the primal)

Proposition 2. Let &' = w(it). If A is SDCA, then

E[P(d) — P(w*)] < E[=A; +T]
Proof. Recall that P(w*) = D(u*) (u*, &%) by Corollary
P(w"?) = P(w*) = P(w"*) = Dp(ii", ") + Dp(ii", ") — P(w”)
= P(w"*) = Dy(i",€") + Dy(i",€") — Dy(p*, ")
< P(w"®,6"%,&") = Dy(, ) + d(¢") — d(¢”)
< P(wh*,65°,€") = Dy(ut*, ") + d(&') — d(€7)

— gap(wt,s76t,s,ut,s’§t) + Ft
If Ais SDCA, by Lemma E.1, we have
E[P(w"®) — P(w")] = E[gap(w"®, 8", u"*, ") + T4

1
<E[-(8 - AF)+T

1
—E[A{] + E[Ty].
T
Given that A, = AZ‘“, the result follows by setting s = Ti,. O

Proposition 3. Let w'® = w(u>*). If A is a linearly convergent algorithm and p — —Happrox + 2*1,9||Au||§
is strongly convex then P(w"*) — P(w*) converges to 0 linearly.

Proof. Note that, if o is the strong convexity constant of D, w.r.t. p1, then given that P,(w, &) = mins Pp(m 3,€)
with

1) A
+ 2115 — €l + S w3

Py(w,6,€) = ’YFI(Q(UJ);FAT(;>

we also have

1 A
Py, ) = mi [ (1, WT0) £ Happron (1) + (6 Ap) = - | Aul] + 5wl

which shows that w — P,(w,£) is a function with Lipschitz gradient as the sum of w — 3|lw||3 and of the
Fenchel conjugate of a strongly convex function. Let Lp be its Lipschitz smoothness constant and note that
it does not depend on the value of £&. We thus have

Py(w"*,¢") = Py(w",€") < Lp|w" —a'|3.
Then given the representer theorem, and by strong convexity of pu +— D,(u, ) we have
lw"* — @[3 = | (u" = 5")II5 < %II‘Pllgp(Dp(ut’syft) — Dy(*,€"))
So that, since P(w"*) < P,(w"*,£") and P(w*) = P,(w*,£*), we have
P(w"?) = P(w*) < Py(w"*, &) = Py(w", ") + Pp(w",€") — Pp(w*, &) < 7P||‘I’IIOPAS +T.

Finally, global linear convergence in the primal also follows from the linear convergence of A, and T;. O
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F Notation summary

Given the number of notations in the main paper, we summarize some of them in Tables 2,3 and 4. The
block matrices ¥ and A are schematically drawn below to illustrate their structure.

c i ij

U= W, A= | ... I, —A;

Te

Table 2: Notations for sets

Notation | Dimension | Description

C the set of cliques

& the set of edges

V the set of nodes

Vi = Sk Sk = {u e {0,1}* | |lul, = 1}
Ve Hie(;ki Ve = XiECyi

y HiEV k; Y= XiEV Vi

T the set of clique types

C- the set of cliques of type 7
M the marginal polytope

L the local polytope

1 Z:=1liev Ak X Ileep Ak
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Table 3: Notations for variables, parameters and functions

Notation Domain Description

k; N the number of values that Y; can take

ke N ke = Ve = HiEC ki

T N the type of a clique

Te N the type of clique ¢

Wr R~ the parameter shared by all cliques with type 7

w R dr w = [wrlreT

ez, ye) R the feature vector associated with the clique ¢ given Y, = y.
Z(z,w) Ry. the partition function of p(y|z; w)

zc(yﬁ’”, ye) | Ry the user defined loss function associated with the clique ¢
0% (0, +00) the temperature parameter of the loss-augmented CRF
\IIE"’) Refre ke \112") = [erz(z(n)’ Ye) — ¢C(5C(n)7 yé"))] Ye€Ve

p(n) R dr X3 ke see the drawing

o | £ 6 ),

o | REk 00 =

08" (w) Rk 0 (w) = T w00

0 (w) RXc ke 0 (w) = [02")(11;)]666, the natural parameter

F RXcke 5 R the log partition function of ¢

T(y) R ke the sufficient statistics

e RFe the mean parameter associated with the clique ¢

I RXc ke the mean parameter

F* RXcke 5 R the Fenchel conjugate of F'

Le RZcke — {0,400} | the indicator function of set C'

A R+ the coefficient of the regularizer

A; RFExke the matrix encoding the marginalization constraint for ¢ in e.
A REe Xice kX2, ke see the matrix form

Table 4: Notations smoothness, strong convexity constant and related quantities

Notation | Description

Ly the Lipschitz constant of Vd(¢)

T the constant of PL inequality for d(&)

o the strong convexity constant of p. — —Happrox(1t)

L. the Lipschitz constant of pi. — +WTw(p) + %ATé(,u, £t)
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