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Abstract

First-order optimization methods comprise
two important primitives: i) the computation
of gradient information and ii) the compu-
tation of the update that leads to the next
iterate. In practice there is often a wide
mismatch between the time required for the
two steps, leading to underutilization of re-
sources. In this work, we propose a new
framework, Approx Composite Minimization
(ACM) that uses approzimate update steps
to ensure balance between the two opera-
tions. The accuracy is adaptively chosen in
an online fashion to take advantage of chang-
ing conditions. Our unified analysis for ap-
proximate composite minimization general-
izes and extends previous work to new set-
tings. Numerical experiments on Lasso re-
gression and SVMs demonstrate the effective-
ness of the novel scheme.

1 Introduction

In the last decade, first-order methods and espe-
cially stochastic first-order methods have proven to
be the superior choice to solve problems of very large
size that arise in modern machine learning applica-
tions (cf. [27]). The state of the art comprises i)
stochastic sub-gradient methods [28], ii) variance re-
duced stochastic gradient methods [2] 8 [12] 15} 20],
iii) coordinate methods (e.g. dual ascent) such as
[9, (1T, [18] (19, 24, 29, [30].

In a different line of research, distributed algorithm
variants have been developed for larger datasets which
exceed the capacity of a single machine or device. Here
the state-of-the-art algorithms are [16] 1] based on a
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primal-dual structure of the problem and [0} [I3] 22]
which work in the primal alone.

All of these methods are iterative algorithms that
can be described in the following framework: in
each iteration ¢, the algorithm i) constructs a model
m(x): R? — R of the objective function (m; is an
approximation of the objective function) and then
ii) computes an update step by minimizing this model.
The model is typically constructed from gradient infor-
mation (full gradient, a subset of its coordinates, or a
stochastic approximation) and accounting for smooth-
ness assumptions and the structure of the regularizers.

In this work, we are studying the cases when there is
a mismatch between the time required to compute the
gradient information and the time required to compute
the update step (i.e. the optimization of the model).
We will assume that the cost of the steps involved in
computing the gradient information is fixed (i.e. fol-
lowing from the specification of the optimization prob-
lem) and outside of our control. However, a parameter
that is in our control is the time we spend optimizing
the model in each iteration. That is, we will show that
it is not required to solve the model exactly, but it is
enough to compute an approrimate solution in each it-
eration. By making the accuracy a tunable parameter,
we ensure that we do not spend too much time com-
puting the update. Therefore, we optimally balance
the two steps.

Whilst the idea of using approximations to speed up
the computation is not new (cf. e.g. [7, 26, B3]), the
idea of exploiting this for balancing the computational
cost is novel. We also extend the framework of [33] to
several new settings (Table [1)).

Paper outline and contributions. In Section
we specify the problem setting and present two moti-
vating examples that exemplify the need of sufficiently
complex models—we propose to use models that take
global geometry (curvature) into account. Section
outlines the proposed unified ACM framework and its
convergence analysis is given in Section Section
extends the framework to the empirical risk minimiza-
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Table 1: Summary of the settings where our framework is applicable.

Approximate Composite Strongly General Dual Parallel block-
Method . . .

subproblems  functions convex convex version coordinate updates
PCDM [24] | X v v v X v
Inexact [33] | v v v v X X
SDNA [21] | X v v X 4 X
PSNM [T7] | X X v X X v

(Lem 4| with

ACM 43 (Def |3 v §4f (Thm 4 (Thm [2)  §5| (Thms (34 Thms 125 andlZ[)

tion setting where we prove primal-dual guarantees. In
Section [f] we demonstrate the generality of the ACM
framework by exemplary considering specific solvers
for the subproblems and we show how the convergence
guarantees of these algorithms easily follow from our
analysis. ACM specifically supports changing accura-
cies for different iterations. In Section [7] we capitalize
this property by designing mechanisms that adaptively
control the subproblem accuracy, always balancing the
computation times. In Section [§] we present experi-
mental results that show the numerical advantage our
schemes and conclude in Section [9} All missing proofs
and figures can be found in the appendix.

2 Setup and Motivation

We address optimization problems of the form

min [P(x) & £(x) + g(x)] . (1)
x€R?

where f: RY — R is a smooth convex function and
g: R — RU{+4oc} is an arbitrary extended-valued
convex function. x* € R? denotes an optimal solution,
and for € > 0, a point y € R? with F(y) — F(x*) < e
is an e-approximate solution.

2.1 Imbalance in the computations

In this section we illustrate the main problem we tackle
in this paper—inefficiencies caused by mismatches in
the computation times of different steps in the opti-
mization algorithm. First-order methods typically op-
timize an over-approximation U: R” — R of the ob-

jective , with
U(Ax) € u(x + Ax) + g(x + Ax) > F(x + Ax) (2)

where u(x + Ax) % f(x) + (Vf(x), Ax) + £ || Ax|?
and L is the smoothness parameter of f.

We will now discuss two key examples of a significant
imbalance in the gradient computation vs. the opti-
mization of the model (2)).

Case A: Gradient computation is slower. Con-
sider the coordinate descent algorithm on the L1-
regularized logistic regression problem. Given an n xd

data matrix A, let A; refer to its i-th column and de-

note the residual as v & Ax. Then the logistic loss
can be written as F/(x) = >, log(1+€")+|x||, and
the i-th coordinate of the gradient V f(x) is V, f(x) =
(A;, Vg (v)), where

Viiog(V) = (Tre=ers -+ Trewr) -

Assuming that v is already stored in active memory,
computing the i-th gradient requires i) fetching A;
from memory, ii) performing n exponentiations and
divisions, iii) one dot product, and iv) possibly com-
municating back the update steps to facilitate the next
gradient computation. The coordinate update step on
the other hand is [x; — +V,f(x)],,r, where [c], is the
shrinkage operator. If Ax; is the update made to co-
ordinate i, v can be updated as v — Ax;A;. In total
for minimizing the model we only make i) one coor-
dinate update and ii) one vector addition, in contrast
with the more involved gradient coordinate computa-
tion. Thus, cache misses, complex operations, as well
as communication overhead all lead to the gradient
computation being much slower than the update step.
Increasing the number of coordinates being updated
i.e. block-coordinate updates can alleviate overhead
to some extent due to cache misses, though it is inef-
fective against the other sources of delay.

Case B: Model minimization is slower. When
the data is not extremely high dimensional and the
loss function f is simple, it is quite fast to compute
the gradient. For example, a very common task in
image processing is to reconstruct the original im-
age given a corrupted linear measurement y. For
such applications, the commonly used loss function is
F(x) = 1 [|[Ax — b||3 + X [|x| v [5]. Even though f is
just a quadratic, there is no closed form solution for
minimizing U(Ax) because of g(x) = ||x||. In this
case a lot of time is spent in minimizing the model
U(Ax) whereas the gradient computation is fast.

2.2 A solution: curvature models

When the model is too “simple”, i.e. computationally
cheap to minimize compared to the expensive gradi-
ent information, then traditional methods will waste
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significant resources for just the gradient information.
Hence, the model should be sufficiently sophisticated
in order to be able to extract the maximum progress
using a single gradient computation. In other words,
we would prefer that exact minimization of the model
takes more time than computing the gradient infor-
mation. In this case, we can minimize the model ap-
proximately to a tunable degree of accuracy to ensure
that the two essential parts are balanced in terms of
computational cost. The model, of course, cannot be
arbitrarily hard to optimize either. In particular, it
should be at least possible to make non-zero progress
on minimizing the model in time less than it takes to
compute the gradient information.

One way to create good models is to capture some
second-order information of the objective, i.e. the
global geometry (curvature) using a d x d matrix M as
for instance in [21] [33]. This means that we replace u
in with

up (x + Ax) d:eff(x) +(Vf(x),Ax) + %AXTMAX.

For example, in the Ll-regularized logistic regression
discussed before, we can use M & iATA.

Related literature. There are a number of al-
gorithms which incorporate curvature information.
These include methods based on using the diagonal of
the Hessian information to compute the sample proba-
bilities as well as the step size [3, 18| 19, 24]. Recently,
a more direct approach to incorporating the Hessian
information through preconditioning has become more
popular [I'7, 32, B3]. However, such preconditioning
means that the computational effort involved in solv-
ing the subproblem is significant. To overcome this,
one resorts to approximate solutions [32},33]. The idea
of preconditioning has also been extended to dual as-
cent algorithms as in [2I]. However, there exact solu-
tions to the subproblems were required.

2.3 Notation and Definitions

For a fixed positive semi-definite matrix M (M = 0),

we use ||x||?\/[ & xTMx. With this semi-norm, the

regularity assumptions on f can be written as follows.
Definition 1 (M-smoothness). A differentiable func-
tion h: RY — R is M-smooth with respect to a fized
matriz M = 0 if for all x,y € R"

hy) < (<) + (Vh(x),y =) + 5 lly — I3

Definition 2 (\-strong convexity). A differentiable
function h: R — R is A-strongly convex w.r.t. M = 0
and A > 0 if for all x,y € R"

A(y) > hx) + (Vh(x).y =) + 2 lly —xf3

Note that an M-smooth function can only be A-
strongly convex w.r.t. M for A € (0,1].

3 Approx Composite Minimization

In this section we describe the general method as out-
lined in Algorithm [I] At each time step ¢, an approx-
imation my(Ax; M) > F(x; + Ax) — F(x;) is con-
structed as follows:

def

mi(Ax;x, M) = (Vf(x,), Ax) + & | Ax|},
+9(x¢ + Ax) — g(x¢) .

When obvious from context, we drop M and x; and
simply refer it as m;(Ax). Let m:(Ax}) &f m} be the
minimum of the subproblem obtained at Axj.
Definition 3. We denote by ©; € (0,1] the rela-
tive accuracy to which the subproblem is solved at
step t, i.e., we compute Ax; such that

me(Axy) —mi < (1= 0y)(me(0) —my).
Here ©; = 1 means that we solve the problem exactly.

We then update the iterate as x;11 := x; + Ax;. Note
that ©; can adaptively change with each step.

Algorithm 1: Approx Composite Minimization
(ACM)

Input: M, xq

fort=0,... do
def

Let m¢(Ax) =
(V£ (xe), Ax)+-4 [ Ax g%+ A%)— g x,)
Minimize subproblem: Find Ax; such that
mi(Ax,) —mf < (1= 0y)(m(0) —my)
Xi41 < X¢ + AXt
end

4 Covergence Analysis

We will examine the cases when F' is strongly convex
(Def. |2| is satisfied for A > 0) and the general convex
case separately (when A = 0) and generalize the results
in [33] to account for varying approximation factors.

Theorem 1. Given that f is M-smooth , and
that f and g are Ay and A; strongly convex respec-
tively for Ay + g > 0, then running Algorithm
gives linear convergence, i.e. F(xr)— F(x*) <e€ for

> 1—+—)\g~ log<F(X0)—F(X )),
(>‘f+)‘g)@T €

A T )
where Op = 5>, Oy is the average accuracy.

Remark 1. The convergence rate from Theorem
shows that the rate critically depends on not just A\f
but also \y. Thus M must be chosen to not just ap-
prozimate f but also g, i.e. M must be chosen to ap-
prozimate the curvature of F as closely as possible.
This is an important observation since f and g typi-
cally have very different curvatures.
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Our proof hinges on this very useful lemma proved in
the appendix.

Lemma 2. Assuming g is Ag-strongly convez, for any
vector v and X € (0,1], then

A+ A
min m(Ax;v, M) < e -min m(Ax; v, AM).
Ax 1+ )\g Ax

In the general convex case, we obtain a convergence
rate of O(1/T) which matches the rate of standard
proximal-gradient algorithms. We again leave the
proof of the theorem for the appendix.

Theorem 2. Given that f is M-smooth , running
Algorithm/[1] such that at every step my(Ax;) < 0 and
©; > 0 ensures

2D

or T >—=——,
f @TG

F(xr)— F(x*) <e

where D is al most the diameter of the initial level set
of F' and O is the average accuracy:

def

D= max

YIF(y)<F(xo

T
* a ef 1
)HY*X ||?\/1 ‘md@T‘g?E O .
t=0

5 Primal-Dual Guarantees

Suppose our objective function comes with the follow-
ing additional structure, ubiquitous in machine learn-
ing and signal processing models:

n

min Y Li(w'A;) + (W)

w
=1

Let A be a dxn data matrix. Here [; is the loss defined
for each data-point 4; € R? and ¢ is a regularizer. We
can define the dual objective in terms of the Fenchel
conjugate of {l;}; and v, {If}; and 9* respectively [9]:

n
max > =l (—ai) — ¢ (Aa).
i=1
These can be more compactly written as

Oa(@) E f(Aa) + g(a)

def L, * T (4)
Op(w) = f*(w) + g (A w).

Our objective to minimize the duality gap defined
as Op(w) + O4(ar). We assume that f(Aa) is M-
smooth. Depending on the problem, it may be more
convenient and efficient either to cast the problem
as O4(a), or map it to Op(w) and solve the dual.
We can do this since primal-dual algorithms minimize
both Op(w) and O 4(a) simultaneously. For more de-
tails about the setting and applications, we refer to
the discussion in [9].

Algorithm 2: Approximate Dual Ascent (ADA)

Input: M, xg
Initialize: ag + 0 € R", v + 0 € R?

fort=1,... do
def

Let my(Aa) = (Vf(vy), AAa) +
LlAalf}, + glow + Aa) — glew)
Minimize subproblem: Find Aa; such that
mi(Acy) —my < (1= O¢)(m(0) — my)
Update steps:
Oy < Oy + Aat
Vig1 & Vi + AAat

end

Just as in the Section [d] we can state two theorems—
one for the case when the objective is strongly convex
and one for the general convex case. The proofs of
these theorems follow along the lines of [16] BI] with
some simplifications.

Theorem 3. For an objective of the form , let us
assume that that f(Ac) is M-smooth (1)), and that
f(Aa) and g(a) are Ay and Ay strongly convex re-
spectively (4). Then running Algorithm@ gives linear

. _ )\g—i—)\f A _ 1 T
convergence i.e. for A = Fow and O = 7Y, O,

Op(Vf(ve))+Oalay) <€ for

s Loy ((1 +2,)(04(0) = Ol ))) |
)\@T /\g@T €
Theorem 4. Given that f is M-smooth , running

Algom'thm@ ensures convergence at a rate of O(%) i.e.
Op(w(vi)) + Oalay) <€ for

4D 1 4D
T>tg+max |[—,——|, ¢
€ 0O

—def 1 t — def 1 t

where o = Zi:toJrl Qi Vi = 15 Zi:thrl Vi,
_ | def _ . .

and w(v;) = Vf(v¢). D is the diameter of the level

set of Oala), Q = {a | Oaa) < 04(0)}. D=
mMaXa beq ||a — bH?M Further ©, & %Zi/:o Oy and

ét g mintfe[t] @t/ .

Remark 3. We obtain sharper bounds than in [16, [T1)]
in both settings. In particular, we show that strong
convexity constant Ay of f is also useful for faster
convergence. The rate in [31] is equivalent to setting
Ay = 0. Similarly, in the general convex setting, our
rate is again simpler and has better constants.

6 Extension to Coordinate Updates

Thus far in our discussion we have largely restricted
ourselves to the case where the model was constructed
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using the full gradient. However, when the function
g(x) = E‘;Zl gj(z;) is coordinate-wise separable, a
popular strategy is to update just a single coordinate
in each iteration. This approach leads to state of the
art algorithms for several problems [T, [I8], [T9] 24], 29,
30]. Coordinate methods have been widely success-
ful not just due to their faster convergence, but also
because they are less resource intensive and provide
faster update times [35]. However, the imbalance be-
tween the time for gradient information computation
and the time for update computation is often exac-
erbated in coordinate descent methods. This is be-
cause the time to compute one directional derivative
of the gradient scales in general linearly with the di-
mension, whereas computing the one-dimensional up-
date only requires constant time. Updating multiple
coordinates simultaneously might reduce some of the
overhead—such as the delay due to memory accesses
or communication costs—but cannot completely settle
this imbalance.

In this section we see how we can extend our ideas from
Sections[3and [f]seamlessly to this scenario and achieve
a better balance between the gradient and update com-
putation times. It is clear, that one single step of coor-
dinate descent can be seen as an approximate solution
to the full dimensional problem . Thus, the conver-
gence results can be directly recovered from the theo-
rems derived in the previous sections. However, there
is a small caveat: the model depends on the full
gradient, whereas in coordinate descent methods it is
sufficient to compute just the directional derivatives of
gradient along the descent directions. To capture this
more precisely, we will now refine our notation.

Typically, the number of coordinates being updated
at each iteration is fixed by external factors—for e.g.
when the data is distributed by columns amongst mul-
tiple machines, the coordinates being updated are con-
strained by data available on each machine, or in the
single machine case it is constrained by the number
of columns which fit in a cache block. For this rea-
son we assume that the number of coordinates being
updated is fixed. Further, we will not only support se-
quential updates, but also updates to multiple blocks
of coordinates in parallel. This setting is useful when
i) the data is distributed over multiple machines which
can update a different block of coordinates in parallel,
or ii) when there are multiple threads (in a multipro-
cessor) each with a separate cache. Examples of this
setting can be found in [I7) [31].

Suppose at iteration ¢, we have x machines such that
machine k € [«] can compute the coordinates m;, C [d]
of the gradient i.e. it can compute

vﬂ_kf(x) d:ef Z ij(x)ej .

JETL

Here the sets m; need not necessarily need to form a
complete partition of [d]. Note that this notation also
captures the case of sequential updates on one single
machine: in this case 7 just denotes the set of coor-
dinates that are updated in this iteration. We further
assume that machine k has access to the principal sub-
matrix of M corresponding to the coordinates 7y,

def T
Mﬂ-k = E Mi)jeiej .

1,JETL

Then we can form a set of k subproblems such that
each machine k € [k] can solve my (Ax;7y;) defined as

e g
mg (Ax; ) E (Vi f (), Ax) + 3 |83,

+ > gi(w; + Azy) — g;(a;) .

JETK

Here 0 € [1,k] is a parameter which measures the
separability of the matrix M. Crucially, the problems
m{ (Ax;my) for k € {1,...,x} can be solved in paral-
lel. The solutions from these subproblems can then be
combined as

X1 = X + Z[AX}T% 5
k=1

where [Ax],, is a Ogapproximate solution to
my (Ax; ) as in Definition In this manner we
can use global geometry (curvature) information en-
coded in M to better utilize the gradient information
we computed even in the block coordinate setting.

We can relate the ©; progress on the coordinate mod-
els my(Ax;7y) to the progress on the global model
m¢(Ax). Recall that m;(Ax) was our shorthand for
m¢(Ax;x¢, M) defined in . A more formal study
with additional technical details and definitions is rel-
egated to Section [A71]

Lemma 4. Suppose that [AxX]r, is an O¢-approximate
solution to mf(Ax;my) for k € [k] and Axy =
> r_1[AX|,. Then under the conditions specified in
Lemma§ in Section

H@t

mov

i (Ax) — mi] < (1 200 ) (mi(0) = )

where the expectation is over the random selection of
the sets {m1,..., 7}, and m € [1,d] and v > 1 are pa-
rameters depending on the sampling (see Deﬁm’tz’ons

and @ in Section .

Thus, using just the block-coordinate models, we can
make progress on the global problem m(Axs;xs, M).
We can then combine Lemma[4 with with Theorems
[l and [ to derive the corresponding parallel-block
coordinate versions of the algorithm.
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7 Adaptive Accuracy

Requiring only approximate solutions means that we
can use iterative methods for the sub-problems which
can be much faster and cheaper than exact solvers [33].
More importantly, using iterative algorithms enables
us to adaptively control the number of iterations run
on each of the subproblem. This allows us to tune the
time spent on computing the update, and thus better
balance against the time spent on computing gradient
information. Intuitively, the more expensive is the cost
of computing the gradient information, the more time
we should spend trying to utilize it better. The time
for the former can however be orders of magnitude dif-
ferent in different real world systems [16]. Moreover,
as we will argue later in the section, the ‘right’ amount
of time to be spent computing the update under iden-
tical system conditions also varies during the duration
of the algorithm. Due to these reasons we propose to
use simple strategies to automatically and adaptively
choose the number of iterations, and hence tune the
time spent computing the update.

Let us assume that each iteration of the solver takes
one unit of time. From the proofs of Theorems
and @ we know that the progress we make at each step

1S *
F(Xt+1) S F(Xt) + @tmt .

Suppose we spent r iterations i.e. r units of times on
this subproblem. Since we want to design strategies
which control r, let us parameterize the above equation
in terms of r. Since m; < 0, we denote the progress
made as

*def_

Omy = —p(r).

Further let ¢; be the ratio between the time spent in
computing the gradient information and the time re-
quired to perform one iteration of the sub-solver. This
includes all fixed costs such as communication time,
etc. Our objective should to be to pick an r which
makes the maximum progress possible per unit of time
spent: (r)

peT (5)

 def
Ty =argmax, ———— .
r—+ct

7.1 Fixed strategies for picking r;

It is reasonable to assume that i) p;(r) is increasing
meaning that running the sub-solver for more itera-
tions leads to improved accuracy, and ii) p;(r) is sub-
linear and concave function meaning that doubling the
number of iterations results in at most double the ac-
curacy (refer Fig . Based on this knowledge, two
fixed rules can be formulated to pick a fixed r;.

One step. The simplest strategy is to just perform
one inner step per round. If ¢; = 0, p”T(r) is a decreasing
function (Fig/(l} left). Thus when the gradient compu-
tation cost is low, the one step strategy is optimal.

p/(r+c)

p/(r+c)

L )

p

&
=
2
&
2
8

Figure 1: The progress p(r) (in blue) is bounded, increas-
ing, and concave; attaining its maxima at r = co. Progress
per unit time (%) shown in red is i) a decreasing func-
tion if ¢ = 0 (left) or ii) increases first and then decreases
if ¢ > 0 (right).

%

p1/(r+c)
p2/(r+c)

p
P2

[ EY a & & 100 [] 0 © &0 & 100
r r

Figure 2: The slope of p2(r) (in blue, right) is always lesser
than that of pi(r) (in blue, left) and the optimum number
or rounds is lesser for p2 than for p;.

However, this is no more true when ¢; is significant
(Fig[1] right).

Comparable steps. ‘Best practice’ dictates that we
should spend roughly equal time performing the up-
date as we take for gradient computation [I6]. So this
strategy tries to pick r; = ¢;. While being a good
guiding principle, this strategy fails to take advantage
of the trade-offs present in more realistic regimes. For
example it ignores the fact that if the local solver is
bad or the particular subproblem is especially hard,
there might not be much to gain running for ¢; steps
and it might make sense to terminate early.

7.2 Adaptive strategies for picking r,

Consider two functions p; and p, with the correspond-
ing optimum number of iterations being r and r3 as
per . If the slope of po(r) is always smaller than
that of pi(r), then the optimum number of rounds
typically (but not always) reduces and r5 < r] (re-
fer Fig . Since p(r) denotes the progress made on
the subproblem, this means that the optimal number
of rounds depends on the ease of minimizing the sub-
problem. During the course of our algorithm, the na-
ture of p;(r) may change substantially and hence the
optimum number of rounds also changes. Thus it is
imperative to use strategies which are adaptive to the
hardness of p:(r).

Optimal. If we could access the entire function
pe(r), and ¢; beforehand, it is possible to pick the op-
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timal r} at every step. However, knowing p:(r) for
all r requires expensive computations. Using an upper
bound on p;(r) obtained from convergence rates is also
impractical since it requires knowledge of parameters
which are often inaccessible.

Gradient based strategies. At each step, we can
assume access to the total time spent (ry + ¢;), pi(re),
and p;(r;) as feedback. This is because p;(r;) and
p}(r¢) are just the value of the subproblem —m;(Ax;)
and the rate at which it decreases, measured at the
end. Using this feedback, we can compute the gradi-

2e(r) ot g,

ent g; of —

() (re + ) — pe(re) .

gt = (re 4 ¢;)?

We can use the gradient g, as an indicator about the
direction we need to change ;.

1. Additive change. If g; > 0, increase ryy1 < r¢+1
else repq <1y — 1.

2. Multiplicative-additive change. If g; > 0, increase
rey1 < 21y else 441 < 1 — 1. This is inspired by
the TCP protocols used to determine the rate at
which to send packets to make maximum use of
network capacity [6].

3. Gradient change. Increment with gradient ry1
Ty + gt

We only focus on very simple strategies to compute r
here—many more sophisticated methods based on
hyper-parameter optimization or bandit optimization
are possible [14].

8 Empirical Evaluation

In this section we present empirical results for our
framework, demonstrating the insights gained. Re-
call from Section [7] that ¢; is the ratio between the
time taken for computing the gradient and the time
taken by the local solver to perform one iteration. In
practice, the value of ¢; can vary by orders of magni-
tudes [31]. We artificially set ¢; to take values from 0.5
to 1024 in powers of 2 and observe its effect on the dif-
ferent algorithms. This way we can simulate a wide
range of real world conditions in our experiments.

8.1 Experimental Setting

We focus on two important tasks in our experiments—
Lasso and SVM. We vary the value of ¢; and measure
the total time it takes to reach a predetermined sub-
optimality value. The total time is the sum of the
measured update time as well as the simulated gradi-
ent computation time. The gradient computation time
is calculated as t;ﬁi where t,, is the measured time for
update and r; is the number of iterations performed
by the solver.

revl SVM ijcnnl SVM

120 100 | gr=-@---e -0 - e im0

¥ . &
2 ~ = S
FEl 2 o %
] N f gl
S| ¥ !‘\‘ ---e eece-e | B P ‘\*&
o eeeoe-®. [ &, .
2 g -e- ad . ~e._ z —e- add | NN
& comp | 222 N *-a-e | £ g amp e, Vel o
*- gad _ - -e- grad L N, Y e
01 en mutt BT e 75 ~e- mult ‘*:_\‘ > .
] e g . oo one g S oS
10° 10° 107 10 10° 107

time relative to ane

time relative to one

Figure 3: Time taken relative to one in percentage,
to reach sub optimality (duality gap for SVM) of le—4.
Here ¢ is the ratio between time for gradient and 1 step of
subsolver. Adaptive rules nearly always outperform fixed
rules one and comp.

Lasso. For Lasso, our objective function is F'(x) =
f(x) + g(x) where g(x) = Afx|[; and f(x) =
o || Ax — b||§ Here ) is an regularization parameter
chosen to be 1 as is standard [25]. We run this on the
gisette and news20 datasetsﬂ For each value of ¢,
we measure the total time it takes for each algorithm
to reach an sub-optimality of le—4. The minimum
value is calculated by letting the algorithm run for 1k
effective passes over the data.

SVM. Here we require primal-dual convergence for

. 2
the hinge loss Opg(w) = % E:‘L:I I(w'Ai, i) —|—% [lw]”,
c.f. [9). The regularization parameter A is again chosen
to be % We run this on rcvl and ijcnnl datasets till
we reach a duality gap of le—4.

Subproblem solver. To simplify the comparison,
we use random coordinate descent as a solver for all
the subproblems. Further we create smaller subprob-
lems of dimension 100 using the algorithm from Sec-
tion [6] (see also Sec. [A1]). Hence, one iteration of the
subproblem solver consists of 100 random coordinate
updates. To estimate the gradient pj(r;), we use the
average progress made in the last 10 steps of the solver.

Strategies for r;. To demonstrate our discussion
form the previous section, we compare the different
strategies which perform 100r; CD iterations at each
step: i) one where r, = 1, ii) comp where r; =
ct, iii) add where r; is computed using the additive
change rule, iv) mult where r; is computed using the
multiplicative-additive rule, and v) grad where r; is
computed using the gradient rule.

LAll datasets are available from https://www.csie.
ntu.edu.tw/~cjlin/libsvmtools/datasets/
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Figure 4: Average value of r chosen by different strate-
gies. It remains relatively constant as c: increases across
problems and strategies.

8.2 Discussion

As seen in Fig[3] the adaptive rules based on the gra-
dient consistently scale better for increasing values for
the ratio ¢;. In almost all the cases the simple mult
rule performs better than both the standard one rule
as well the comp rule.

For small values of ¢; (< 2) in the revl SVM exper-

iment as well as in the gisette Lasso example using

the one rule and setting r; = 1 is effective. However,

as ¢; increases, the one rule becomes much less com-

petitive. T(h)is is because for small values of ¢;, the
pe(r

function e attains its maxima close to 1.

We also plot the average values of r; over the period of
optimization for the ijcnnl and the news20 cases (cf.
Fig 4). The plots from the other two datasets were
similar. The average values of r; are pretty identical
in both the cases. It also remains close to 1-2, and
is mostly independent of ¢; for the mult and the add
rule. Thus the improvements we see in Fig 3] for these
rules must have been because of the use of adaptivity.

To understand how adaptivity affects our algorithms,
we look at how r; varies over time for ijcnnl with the
mult rule with ¢; = 64 in (Fig[p] left). The strikingly
clear downward trend in r; can be explained via our
discussion Section[7.2]about changing hardness of sub-
problems. The sub-problems in ijcnnl are increasing
in their difficulty (Fig 5} right), pushing for lower val-
ues of ry.

For news20 dataset, the value of r; remain relatively
constant (Appendix Section [C|). This explains why
fixed rules such as comp perform comparably to the
adaptive ones in news20. The variation of r; in rcvl
is similar to that of ijcnnl and so they have simi-
lar results. The growing gap between adaptive rules
and the fixed rules in rcvl and ijcnni clearly demon-
strates the effectiveness of adaptive rules in taking ad-
vantage of changing conditions. Refer to the Appendix
Section [C] for additional figures and discussion.

Another aspect to notice in Fig[3]is that the add and
mult rules perform quite similarly. This is because

ijcnnl SVM ijcnd SVM

B R o8W

steps
Time to reach @ =0.1

o

o
0 2500 5000 7500 10000 12500 15000 17500 20000 0 00 400 600 BO0 1000 1200 1400

Time t

Figure 5: (Left) Time varying r¢ for mult with ¢ = 64 for
ijennil. ((Right) The number of rounds required to solve
the subproblem to an accuracy of 0.1. The hardness of the
subproblems increase with ¢ and in response, r; chosen by
mult decreases. A moving average with window of size 100
is used to aid visualization.

during the majority of the runtime, r; is close to 1.
When r; = 1, both the rules are identical. Chang-
ing the multiplicative constant could alleviate this is-
sue. Similarly in the grad algorithm, due to the highly
noisy nature of the gradient signal, we noticed large
oscillations. Using step-sizes or a running average in-
stead could stabilize the algorithm. We believe that
such fine tuning of parameters would lead to better
algorithms and even more gains.

9 Concluding Remarks

We present ACM, a single framework that provides a
unified analysis for first-order optimization algorithms
for composite problems. The framework allows to
incorporate curvature information and only requires
the computation of weak approximate solutions to the
subproblems in a stochastic sense—hence, it specif-
ically also covers randomized methods such as block-
coordinate descent and also parallel algorithms. More-
over, the accuracy parameters are allowed to change
over time. This combines and improves upon the re-
sults of [16], 17, 2], B3].

We leverage our framework to provide speedups when
the gradient computation and the update computation
times are unbalanced. In particular, we give a simple
adaptive procedure to adaptively tune the accuracy
that is required in for the optimization of the model
in each iteration. This procedure ensures optimal bal-
ance between of the two computations.

The effectiveness of the adaptive scheme is exemplary
demonstrated on a set of numerical experiments for
Lasso (gisette and news20 dataset) and SVM (rcvi,
ijcnnl) with randomized coordinate descent as sub-
problem solver. The experiments shows that simply
tuning a static accuracy parameter will in general not
obtain optimal rate. In contrast, the parameters of our
adaptive scheme vary as the optimization progresses,
and achieve significant speedups.



Sai Praneeth Karimireddy, Sebastian U. Stich, Martin Jaggi

Acknowledgements

for

SPK thanks Mojmir Mutny
discussions relating to parallelizing precondi-

tioned block-coordinate methods, as well as Anastasia
Koloskova for help with the experiments.

References

[1]

(11]

(12]

N. Agarwal, B. Bullins, and E. Hazan. Sec-
ond Order Stochastic Optimization in Linear Time.
arXiv:1602.08943 [cs, stat], Feb. 2016.

Z. Allen-Zhu. Katyusha: The First Direct
Acceleration of Stochastic Gradient Methods.
arXiv:1603.05953 [cs, math, stat], Mar. 2016.

Y. Bian, X. Li, Y. Liu, and M.-H. Yang. Parallel Coor-
dinate Descent Newton Method for Efficient $\ell 1$-
Regularized Minimization. arXiv:1306.4080 [cs], June
2013.

S. Boyd and L. Vandenberghe. Convex Optimization.
Cambridge University Press, New York, NY, USA,
2004.

A. Chambolle, M. Novaga, D. Cremers, and T. Pock.
An introduction to total variation for image analysis.
In In Theoretical Foundations and Numerical Methods
for Sparse Recovery, De Gruyter, 2010.

D.-M. Chiu and R. Jain. Analysis of the Increase
and Decrease Algorithms for Congestion Avoidance
in Computer Networks. Comput. Netw. ISDN Syst.,
17(1):1-14, June 1989.

A. d’Aspremont. Smooth Optimization with Ap-
proximate Gradient. SIAM Journal on Optimization,
19(3):1171-1183, Jan. 2008.

A. Defazio, F. Bach, and S. Lacoste-Julien. SAGA:
A Fast Incremental Gradient Method With Sup-
port for Non-Strongly Convex Composite Objectives.
In Z. Ghahramani, M. Welling, C. Cortes, N. D.
Lawrence, and K. Q. Weinberger, editors, Advances
in Neural Information Processing Systems 27, pages
1646-1654. Curran Associates, Inc., 2014.

C. Diinner, S. Forte, M. Takac, and M. Jaggi. Primal-
Dual Rates and Certificates. In ICML’16 - Proceed-
ings of the 33rd International Conference on Interna-
tional Conference on Machine Learning, pages 783—
792, June 2016.

O. Fercoq, Z. Qu, P. Richtarik, and M. Takac. Fast
distributed coordinate descent for non-strongly con-
vex losses. In 2014 IEEE International Workshop
on Machine Learning for Signal Processing (MLSP),
pages 1-6, Sept. 2014.

O. Fercoq and P. Richtarik. Accelerated, Parallel, and
Proximal Coordinate Descent. SIAM Journal on Op-
timization, 25(4):1997-2023, Jan. 2015.

R. Johnson and T. Zhang. Accelerating Stochastic
Gradient Descent using Predictive Variance Reduc-
tion. In NIPS - Advances in Neural Information Pro-
cessing Systems 26, pages 315-323. Curran Associates,
Inc., 2013.

(13]

(20]

J. D. Lee, Q. Lin, T. Ma, and T. Yang. Dis-
tributed Stochastic Variance Reduced Gradient Meth-
ods and A Lower Bound for Communication Complex-
ity. arXiv:1507.07595 [cs, math, stat], July 2015.

L. Li, K. Jamieson, G. DeSalvo, A. Rostamizadeh,
and A. Talwalkar. Hyperband: A Novel Bandit-
Based Approach to Hyperparameter Optimization.
arXiv:1603.06560 [cs, stat], Mar. 2016.

Q. Lin, Z. Lu, and L. Xiao. An Accelerated Proximal
Coordinate Gradient Method. In NIPS - Advances
in Neural Information Processing Systems 27, pages
3059-3067. Curran Associates, Inc., 2014.

C. Ma, J. Konecny, M. Jaggi, V. Smith, M. 1. Jor-
dan, P. Richtarik, and M. Takac. Distributed opti-
mization with arbitrary local solvers. Optimization
Methods and Software, 32(4):813-848, July 2017.

M. Mutny and P. Richtarik. Parallel Stochastic New-
ton Method. arXiv:1705.02005 [math], May 2017.

Y. Nesterov. Efficiency of Coordinate Descent Meth-
ods on Huge-Scale Optimization Problems. SIAM
Journal on Optimization, 22(2):341-362, Jan. 2012.

Y. Nesterov and S. Stich. Efficiency of the Acceler-
ated Coordinate Descent Method on Structured Op-

timization Problems. SIAM Journal on Optimization,
27(1):110-123, Jan. 2017.

L. M. Nguyen, J. Liu, K. Scheinberg, and M. Takac.
SARAH: A Novel Method for Machine Learn-
ing Problems Using Stochastic Recursive Gradient.
arXiv:1703.00102 [cs, math, stat], Feb. 2017.

Z. Qu, P. Richtarik, M. Takac, and O. Fercoq. SDNA:
Stochastic Dual Newton Ascent for Empirical Risk
Minimization. arXiv:1502.02268 [cs], Feb. 2015.

S. J. Reddi, J. Konecny, P. Richtarik, B. Poczos,
and A. Smola. AIDE: Fast and Communication Effi-
cient Distributed Optimization. arXiv:1608.06879 [cs,
math, stat], Aug. 2016.

P. Richtarik and M. Takac. Distributed Coordinate
Descent Method for Learning with Big Data. J. Mach.
Learn. Res., 17(1):2657-2681, Jan. 2016.

P. Richtarik and M. Takac. Parallel coordinate de-
scent methods for big data optimization. Mathemati-
cal Programming, 156(1-2):433-484, Mar. 2016.

N. L. Roux, M. Schmidt, and F. Bach. A Stochastic
Gradient Method with an Exponential Convergence
Rate for Finite Training Sets. In NIPS - Neural In-
formation Processing Systems, NIPS’12, pages 2663~
2671, USA, 2012. Curran Associates Inc.

M. Schmidt, N. L. Roux, and F. R. Bach. Convergence
Rates of Inexact Proximal-Gradient Methods for Con-
vex Optimization. In J. Shawe-Taylor, R. S. Zemel,
P. L. Bartlett, F. Pereira, and K. Q. Weinberger, edi-
tors, Advances in Neural Information Processing Sys-
tems 24, pages 1458-1466. Curran Associates, Inc.,
2011.



Adaptive Balancing of Gradient and Update Computation Times

[27] S. Shalev-Shwartz and S. Ben-David. Understanding
Machine Learning: From Theory to Algorithms. Cam-
bridge University Press, New York, NY, USA, 2014.

[28] S. Shalev-Shwartz, Y. Singer, N. Srebro, and A. Cot-
ter. Pegasos: Primal estimated sub-gradient solver for
SVM. Mathematical Programming, 127(1):3-30, Mar.
2011.

[29] S. Shalev-Shwartz and T. Zhang. Stochastic Dual
Coordinate Ascent Methods for Regularized Loss. J.
Mach. Learn. Res., 14(1):567-599, Feb. 2013.

[30] S. Shalev-Shwartz and T. Zhang. Accelerated proxi-
mal stochastic dual coordinate ascent for regularized

loss minimization. Mathematical Programming, 155(1-
2):105-145, Jan. 2016.

[31] V. Smith, S. Forte, C. Ma, M. Takac, M. 1. Jor-
dan, and M. Jaggi. CoCoA: A General Framework
for Communication-Efficient Distributed Optimiza-
tion. arXiv:1611.02189 [cs], Nov. 2016.

[32] S. U. Stich, C. L. Miiller, and B. Gértner. Variable
metric random pursuit. Mathematical Programming,
156(1-2):549-579, Mar. 2016.

[33] R. Tappenden, P. Richtarik, and J. Gondzio. Inexact
Coordinate Descent: Complexity and Precondition-

ing. Journal of Optimization Theory and Applications,
170(1):144-176, July 2016.

[34] S. Tu, S. Venkataraman, A. C. Wilson, A. Gittens,
M. I. Jordan, and B. Recht. Breaking Locality Accel-
erates Block Gauss-Seidel. arXiv:1701.03863 [math],
Jan. 2017.

[35] S. J. Wright. Coordinate descent algorithms. Mathe-
matical Programming, 151(1):3-34, June 2015.



Sai Praneeth Karimireddy, Sebastian U. Stich, Martin Jaggi

A Subproblem Solvers

The ACM framework described in Algorithm [1| employs an arbitrary subproblem solver, delivering Ax; of a
relative accuracy measured by Deﬁnition As noted in [33], the biggest advantage of requiring only approximate
solutions to sub-problems means that we can use iterative solvers. Apart from direct specialized algorithms for
solving the subproblems, we discuss two notable cases: i) when g is separable, we can use coordinate descent
algorithms and ii) when M is accessible as a sum of outer products, we can even employ stochastic gradient
methods.

A.1 Parallel Block-Coordinate Updates

Coordinate methods have been widely successful for not just their faster convergence, but also because they are
less resource intensive and provide faster update times [35]. To take advantage of this, when g is separable, we
can sample a block of coordinates and create smaller subproblems. This is the setting considered in [I7] 2T], [33].

Coordinate notation. Let [v]; or simply v; denote the i-th component of vector v. Similarly M; ; or M(i, j)
denotes the (4, j)-th component of matrix M. For a set of indices Z = (i1,...,4;) C [d], [V]z or vz denotes the
t-dimensional vector (v;,,...,v;,). The matrix equivalent Mz is a ¢ X ¢ principal submatrix of M whose (¢, [)-th
entry is Mz (t,1) = M (i, 4;).

If we want to denote the d dimensional vector, we use V; to mean v;e; and vz = > .- v;e; where (ey,...,eq) is

i€T
the standard coordinate basis of R?.

Defining Subproblems. We define a k-block unbiased sampling as a sample where we select « blocks of
coordinates to update in parallel at each step.

Definition 4 (k-block unbiased sampling). Let 1 < k < d. A k-block unbiased sampling with parameter m
chooses a set T of  blocks of coordinates, T = {m,..., 7} at random such that for any vector v € RY,

Remark 5. A k-block unbiased sampling can also be realized as follows: Consider not only one partition of
the coordinates, but a collection of partitions P = {Pi,..., Py}, where each P; € P does partition the full [d]
coordinates into at least k blocks. Given P;, the blocks are therefore disjoint. By i) first sampling a partition
P; € P uniformly at random, and i) picking k blocks T = {m1,..., 7.} C P; again uniformly at random, one
obtains a k-block unbiased sampling.

Remark 6. A k-block unbiased sampling need not be confined to choosing from a fized set of blocks as was [24,[35]
(which corresponds to using a single partition only). Thus we can gain speedups by breaking locality [57).

We also need to quantify how separable the matrix M is using a parameter o. This dictates how much we gain
by performing x number of block-coordinate updates in parallel.

Definition 5 (o-separable). Let Z = {m,..., 7.} C P; be a k-block unbiased sample of coordinates. Then M is
said to be o-separable if 9

o LI szew e
O 2 Omar = Max —
VA0 Bz D pepn) Wl

Lemma 7. M =0 is k-separable. Le. for any k-block unbiased sampling

Uma;v S K.

Lemma [7] gives a bound on how non-separable a problem can be and shows that even in the worst case, adding
parallelism will never make the rate worse.

Finally, we need to define a constant v which relates the expected matrix Ez [Mz] to the full matrix M.
Definition 6 (v). Let v > 1 such that

M < Bz [ Mz] .
VKR
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Parallel updates. Suppose we have a k-block unbiased sampling Z = {my,...,m.} € P; and M is o sepa-
rable. Then we create x subproblems which we solve in parallel. For each m € T, we create the subproblem
mg (Ax; 7y, xe, M):

def

(2
mg(AX;ﬂ-’ﬁXt’M) = <v7"kf(x)’ (Ax)ﬂ'k> + 5 ||AX7U¢H?\4M +g77k(x7"k + (AX)T%) - gﬂ'k(xﬂ'k) )

and the total subproblem solved at each iteration is

mg (Ax; T, x4, M) = Z mg (Ax; T, xe, M) .
ke(k]

We can relate ©; progress on the coordinate model m{(Ax;Z,x:, M) to the progress on the global model
my(Ax;x¢, M). Denote (m?)* = minax mf (Ax;Z,x;, M) and m} = minayx mq(Ax;x¢, M).

Lemma 8. Assuming that M is o-separable, let Ax; be such that

m{ (Axy; T, %, M) — (m7)" < (1= 0¢)(m7 (0;Z,x¢, M) — (m])").
Then
I{@t

mov

E[mi(Axy;xe, M) —m;] < (1 — )(me(0;x¢, M) —my).

We can combine Lemma [§ with Theorems and [ to obtain the equivalent parallelized block coordinate
versions. This gives a parallel, approximate block coordinate algorithm with primal-dual guarantees. If ¢ < &,
we gain significant speed-ups due to parallel updates as noted in [I7]. In fact, a more careful analysis is possible
which requires the constant v (Definition [6) only in Theorems [[]and [3] (cf. [34]). We however ignore this point
to simplify the presentation of our results.

A.2 Stochastic Gradients

The subproblem m;(Ax; x;, M) can often be decomed as a sum of n functions where each function is very simple.
For example, let us assume that M = £ AT A for some n x d matrix A with row A;; and that f(x) = L 3" | fi(x).
Then

> [(VFi(x), Ax) + (Ai, Ax)® + g(x)] .

i=1

my (AX) =

S|

Then a stochastic estimate of the gradient Vm,(Ax) can be very cheaply computed as V f;(x) + ((A:;, Ax))A;..
Then any variance-reduced stochastic algorithm such as [8] [12] 20] can be applied to minimize m(Ax;x:, M) to
an accuracy of ©. In this way, second order information M can be efficiently introduced into stochastic gradient
algorithms. A similar idea was used in [I] to efficiently perform Newton-like updates in the smooth case.

B Additional Proofs

B.1 Convergence of F(x)

Lemma 9. Let h and V be two convex functions defined over Q such that the following assumption holds:
0e@ and h(0)=V(0)=0.

For any 8 € (0,1], define the following function

Then, ¢ has the following properties:

1. # is jointly convez in (8,x%).

2. ((x,p) defined over @ x (0,1] is jointly convex over its domain.
3. mianQ C(Xa ﬂ) < /BmiHXEQ C(Xv 1)
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Proof. 1: For any x1, 22 in Q and f1, 32 € (0,1],

(1 =a)B1 +aB) (Vz(xl) 1 gla + VZ(XQ);;)
=V2(x1)(1 - @)® + V3 (x2)a® + a(l — a) (VQ(XJg? + VQ(XQ)g;)

> V2(x1)(1 — a)? + V3(x2)a? + 2a(1 — a)V(x1)V(x2)
= ((1 = a)V(x1) + aV(x2))’
> V(1 —a)x; +axs).

In the first inequality, we used the AM-GM inequality, whereas for the second we used that V(x) is a convex
function. Thus we have shown that

1
(1—a)p1 +aps
2: For any x1, 22 in Q and f1, 52 € (0,1],

1—a+V2(X2)a
B1

2 — )X aX9g) S 2X1 —_—.
V(1 ~ 01 +ax2) < V¥(30) %

V2((1 — )z + ans)

(1—a)B1+abs

V2((1 — a)zy + azs)
(1—a)B1+abs

VQ(Xl) VQ(XQ)
< h(l —a)(x1) + ah(x2) + (1 — @) 3 +a By

In the first inequality, we used the convexity of h and in the second inequality we used that %x) is jointly convex.

3: Then notice that as we tend 3 to zero, since V2(x) > 0, the term # goes to oo unless V2(x) = 0. Thus

limg_,o miny ¢(x, 3) = ming | y2(x)—o h(x) < h(0) = 0. Let x(8) = miny ((x, #). Since ((x,3) is jointly convex
over its parameters, x(5) is also convex [4]. We can then extend the domain of x(8) from (0, 1] to [0, 1] by taking

C(I—a)zr + oz, (1 —a)f1 +afs) = h((1 — @)z + axs) +

< h(1 - a)(x1) + ah(x2) +

the limit point i.e. x(0) % limg_,o x(B). The function x(8) remains convex over the extended domain [4]. Thus

x(B(1) + (1 =5)0) < Bx(1) + (1 = B)x(0) < Bx(1).

Proof of Lemma [2]

Proof. Let 8 = ijﬁg, h(Ax) = (Vf(v), Ax) + g(Ax +v) — g(v) — Ay [|Ax][3, and VZ(Ax) = 252 | Ax |3, and

Q = {x — v}. Observe the following:

1. his convex in Ax since g is A\s-strongly convex. V' is also convex since ||Ax]||,, is a convex function.
2. Since v € x, 0 € {x —v}.
3. h(0) =V (0) =0.

We apply Lemma [J] to prove the required result. ]

Proof of Theorem [
1 2
Ee[F(xt11)] < Ee [ f(xe) +(Vf(%e),Xe 11 — %¢) + §|\Xt+1 =Xl p” + 9(xe41)
= F(x¢) + Ee[mi(Axy)]
= F(x¢) + Ee[mi(Ax¢) —mi] +my
< F(xy) + (1 = 04)[my(0) —mi] +mj
——

-0

=F(x;) +0; min m(Ax;x¢, M).

AxeEx—x¢
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Using Lemma [2] we can relate progress made on m(Ax;x;, M) to the progress made with m(Ax;x;, AM).

Ei[F(x¢41)] < F(x¢) + ©:A min - m(Ax; x4, AM)

AxEX—X¢
< (1= NF(x4) + O A [F(xt) + m(x* — x4; %4, AM))
@
< (1= N F(xy) + O F(x9)).

Subtracting F'(x*) on both sides gives

E[F(xr) — F(x)] = E[E[F(xr) — F(x")]]
< (1= Or ) E[F(xr-1) — F(x")]

T
< [[1 - 0N E[F(xo) — F(x")]
t=0

T
< exp < > em) E[F (xo) — F(x")].
t=0

Thus for TOr A > log (w), E[F(x441) — F(x*)] < e o

Proof of Theorem We assumed that m:(Ax;) < 0 for all steps. Using smoothness, F(x:+1) < F(x¢) +
my(Ax;) < F(x;). Thus for all ¢, F(x;) < F(x0) and x; € {y | F(y) < F(x0)}-

() 1 2
E¢[F(x¢41)] < Et |:f(xt) + (Vf(xe), Xe41 — X¢) + §th+1 — x|l + g(Xet1)
= F(x¢) + Ee[m(Axy)]
= F(x¢) + Ee[me(Axq) — mi] + my
< F(xt) + (1 = 04)[my(0) —mi] +mj
——

=0
<(1—-0y)F(x¢)+ 6, ren[%nl] [F(x¢) + m(a(x* — x¢);x¢, M)]
= (1= 0y)F(x) + O agl[gll][f(xt) +a(Vf(xe), x* —x¢)

2
a * *
+ Sl =il + glax + (1 - a)x)

. . a?D
<(1-0y)F(xt) + 6 Iél[})nl] F(x¢+(1-a)x*)+ 5

<(1—-06¢)F(x¢)+©O; min {(1 —a)F(x¢) + aF(x*) +

a2D}
a€l0,1]

2

Let 6, & E[F(x;) — F(x*)] denote the suboptimality of F at t-th step. Substituting & = 0 in the previous

equation gives that E[F(x¢+1)] < F(x¢) i.e. J; is a non-increasing sequence. Subtracting F(x*) in the same
equation,

o?D
O0pr1 < 1—6;a)d; +
t41 aren[%Jn]( tOé) t+ B
O
= — 2D6
CH

<0 — Eéﬂswl .

The last step used that d; is a non-increasing sequence. Let us assume that d; # 0 (since otherwise we are done).
Dividing both sides of the equation with §;0¢41,

11,60 1 3,6 16

Sip1 6 2D T &y 2D 2D
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Recall the definition of ©; from the statement of Theorem

t
0, =Y 0.
1=0
O

B.2 Primal-dual convergence proofs

Instead of using the SDCA lemma as [21] uses, we will use Lemma 7 from the CoCoA analysis [31]. This allows
us to generalize for the non-strongly convex case, as well as deal with approximate solutions to the subproblem.

Lemma 10 ([31, Lemma 7]). Let g be Ag-strongly convex with respect to norm ||-||,,. Then at each iteration if
Deﬁnition@ is satisfied, then for any s € [0, 1] it holds that

E[Oa(a:) — Oa(ou41)] > O, (SG(at) - S2Rt) )

o A(1—s
R <1 - 9(8)> s — i[5

def

= 0(Vf(vi)) + Oalcu).

where

for vi = Aay, uy € 0g*(— ATV f(vy)) and G(a)

Proof of Theorem By our assumption f(Aa) is M smooth and Ay strongly convex. Further g(a) is A4
ArtAg

strongly convex. This means that we can apply Theorem [Ifto O 4(cx) and so for A = 5 =
9

ElO4 () — Oa(e)] < exp (—t6,1) (Oala) — Oala*)).

Also Lemma [10| is valid for any s € [0,1]. We will pick s such that R; = 0. For this s = 1i§\ suffices. Putting
these together with the fact that ag =0,

A 1
: +g)\g E[G(ay)] < 6. E[Oa(cw) — Oaleut1)]

1

<a: E[Oa(at) — Oa(a”)]
¢
1 -

< 5. exP (—=tO:A) (04(0) — Oa(a?)).
¢

For T > )\éT log (((1+>\g)((ijg1);o/4(a*))7 E[G(ay)] <e. O

Lemma 11. For all t, assuming the conditions in Theorem[}), R; < 4D.

Proof. As we saw in the proof of Theorem [2| the assumption that at every step mi(Aay) < m;(0) means that
the iterates a; produced by our algorithm are bounded in the domain Q & {a | O4(a) < ©4(0)} with squared

diameter D = max, peq ||a — b||§\/[ Thus we can use the Lipschitzing trick on g*(—ATw) similar to [31, Lemma 8]
or [9, Theorem 6] and restrict the domain of g(a) to Q. O

Proof of Theorem @. By our assumption that f(Aa) is M smooth, we can apply Theorem [2| to O 4(a) i.e.
for D' = maxyeq ||y — X*H?\/[ < D, so

2D
E[Oa(ay) — Oa(a™)] < =— .
[Oa(o) — Oa( )]_G)tt
Substituting Lemma [T1]in Lemma [I0] and combining with the above statement,
1 O¢s
E[G(ot)] < — E[Oa(o) — Oa(oy1)] + 2R,
S@t 2
1
< —E[Oa(ar) — Oa(a®)] +20,sD
8@75
2D
S = + 2®tSD .

Set@tt
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we can use § = L__ and obtain a
O+ O+t

Since the above statement holds for any s € [0,1] and ¢ > 0, for ¢t > @29 ,

convergence rate

4D
G(at) S — .
VASH;
The above statement gives us the convergence proportional to % for the last iterate a; without averaging. While
this is a very useful result in itself, if we are willing to take an average iterate &;, we can show a convergence
proportional to % Let ©; = minf_, ©;,

E[G(@)] = B l (t_tozaﬂ o

1=tg

ZGaz

i=to

<——— Y RE[Os() — Op(iz)] + 20D
S 2 0w ~Onle] 20
1 .
— E[O4(an) — Oa(a®)] +26,sD
= 6 —to) [Oa(a,) — Oala?)] t
2D

S ———— + 2(':)tSD .
Set()@t(t — to)to

For t > tg + g set s = < 1. Then the above equation becomes

(t— tO)et

2D 2D
E[G(&y)] < = + .
[G(é)] oito T—to
Taking T > to + max [Q @i} and to > éLD [G(ay)] <e.
t to€

B.3 Parallel block coordinate updates
Proof of Lemma [7] Recall the definition of oppax.

2

def ]EIHEke Vi M
Omas = MAax

v#0 Ez ZkG[/{ ||V7Tk||]\/[

This follows because for any vector v # 0, using the convexity of |-||;, and Jensen’s inequality,

2

-2
Z Vi <K Z [Vl -
kek]

ke[k] M

Proof of Lemma This lemma follows from the notion of expected separability over-approximation (ESO)
[23] 24] using which we can bound the over-approximation.

Using the definition of o-separable on the matrix M, for any partition P; € P

2

EI”AXtH?W =Ez Z (A;(t) <oEz Z

ke[x] "™ s ke[x]

(%),

Tk

"
Recall the definition of the subproblems my (Ax; my, x¢, M),

e g
mg(AX;I,Xt,M)de<V7ka( ) (AX)‘ITIC>+§HAX7U€”?M,W +g77k(x77k+(AX)7Tk)_g7Tk<X7Tk)'
kEr
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The only difference between E[m¢ (Ax;Z,x:, M)] and m;(Ax;) is the quadratic term. However this is taken care
by our previous inequality involving o. Hence we have,

Exlmi(Ax)] < E (VG Ax) + 5 3 [, ||+ gx+ Ax) — glx0)

ke[k]

=[Ez Z my (Axe; T, X¢, M)
ke(k]

<O i 7(Ax; M
<OFEz nAnf%:]mt( X; T, Xe, M)

The last inequality followed from the assumption that the subproblem was solved to © accuracy.

Now since min is a concave function, using Jensen’s inequality we can exchange the min and the expectation.
Then we apply Lemma [J] to change the constant from o to 1.

Ez[m:(Ax:)] < OFEz nAlin Z mg (Ax; T, Xe, M)

* kel

< GHAliy?]EI kz[:] mg (Ax; T, Xe, M)
€lr

—OminEz | Y. ((Vaef (), (Ax)) + 5 1850, [y, + g (m, + (%)) = 9, (55, )

| k€[K]
- S min [Wf(xf)’ A) + gl + Ax) — glox) + 5 (%) Bx [ g (Ax)]
n:f)o- min :<Vf(Xt), Ax) + g(x; + Ax) — g(x¢) + ;(AX)TM(AX)]
S
= v (8.

In the last inequality we used the definition of v and to obtain the equality before that, we used the assumption
that the sampling scheme was unbiased.
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Figure 6: Figures missed from the main paper of which only a subset were displayed.
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Figure 7: Plots showing uniform behavior of strategies across values of ¢;, and depending only on the dataset.
This strengthens our claim that the adaptive behavior of r; is predominantly influenced by the dataset aka the
hardness of the subproblem.



