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A Example of Weighted Vornoi Cells

Fig. 2 shows answers we get from a weak oracle to the query O,(x,y) for points z in different regions of a
2-dimensional Euclidean space.

O.(r,y)=yor?

Figure 2: Voronoi cells with a multiplicative distance a = 2 for a two dimensional Euclidean space. This figure
partition the space into three parts based on the potential answers from the oracle.

B Proof of Lemma 1

Proof. To prove this lemma, we show that any ball B,(2R) could be covered by at most k < ¢* balls of radius R.

Lemma 3. An e-net of A is an e-cover of A.

Proof. Let {x1,22, - ,2%} be an e-net of A. Suppose that there exists € A such that z ¢ Ule B, (e). Then
we know that d(x,z;) > € for all i. This contradicts the maximality of the e-net. O

Assume {1,232, -+, 2%} is an R-net of the ball B,(2R). We know for all i # j, B,,(R/2) N B,,(R/2) = @.
Therefore, we have pu(UX_, B, (R/2)) = Zle w(Bz, (R/2)). Also,

W Bz, (R/2)) = ¢ u( By, (4R)) > ¢ > u(By(2R)).

Also, U¥_| B,.,(R/2) C B,(4R). To sum-up we have

k
n(B:(2R)) = ¢ u(Bo(4R)) = ¢ (Ul Bay (R/2)) 2 ¢ Y pul(Ba, (R/2)) 2 ke u(B(2R)).

i=1

C Proof of Theorem 1

Proof. To prove this theorem, we show: (a) In each iteration the target ¢ remains in the next version space.
Therefore, WORCs-1 always find the target ¢. (b) The p-mass of the version space shrinks by a factor of at least
1 — ¢~ 2 in each iteration, which results in the total number of 1 + log(l/H(gi‘i)c_Q)) iterations. (¢) The number of

queries to find the next version space is upper bounded by a polynomial function of the doubling constant c.
(a) Assume ¢; is the center of a ball which contains ¢, i.e., t € B, (ﬁ). For all ¢; # ¢; such that d(c;, ¢;) > £,
A

we have O;(c,¢j) = ¢;. This is because d(c,t) < ﬁ and d(c;,t) > % ~ 51y and thus ad(c, t) < d(cj,t).
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On the other hand, consider an i such that for all j # i with d(c;,¢;) > %,

we have Ot(c“ ¢;) = ¢;. We claim
t e BC1(§((§:12)) Assume this in not true. Then for ¢; we have d(¢;,¢;) > d(c;,t) — 8(a+1) > 3 2 Therefore,
following the same lines of reasoning as the fist part of the proof, we should have Oy(c;, ¢t) = ¢;. ThlS contradicts

our assumption.

(b) We have p(Viy1) < (1 —c=2)u(V;). To prove this, we first state the following lemma.

Lemma 4. Assume A = max, yey, d(z,y). Vo € V; we have maxyey, d(z,y) > £

Proof. Assume z*,y* = argmax, .y, d(7,y). By using triangle inequality we have d(z,z*) + d(z,y*) >
d(z*,y*) = A. We conclude that at least one of d(z,z*) or d(z,y*) is larger than or equal to 5. This
results in maxyey, d(z,y) > max{d(z,z*),d(z,y*)} > 5. O

Let’s assume ¢; is the center of u(V;11) and point ¢f is the furthest point from ¢;. From Lemma 4 we know that
d(c;,cf) > 4. Also, it is straightforward to see By, ( 8((SI12))) N B (£) = 0. From the definition of expansion rate
we hiave 1(Ber (2)) > ¢2p(Bus (A) > (V).

i

(c) Let’s consider ¢ € supp M as the target. WORCS-I locates the target ¢, provided u(V;) < (1—c¢72)iu(Vo) < u(t)
logp(t)  ~ [ log(p(t)

or equivalently 7 > 1+ = 1. The expected number of iterations is then upper bounded by

g(l—c—2) = llog(l—c—2)
ZtESupp(M) wu(t) (1 + %) =1+ %. Finally, from Lemma 1, we know that we can cover the

version space V; with at most ¢*1°88(e+D1 balls of radius ﬁ. Note that in the worst case we should query

the center of each ball versus centers of all the other balls in each iteration. O

D Proof of Theorem 2

Proof. Let S1 £ V;\ Vor(y,z,V),S2 2 V;\ Vor(z,y,V;) and S3 2 V;\ (Vor(z,y, V;) UVor(y,z,V;)). We denote
the distance between x and y by r 2 d(x,%). Assume A is the largest distance between any two pints in V;, i.e.,
A 2 diam(V;). We have 8 = A/r for 0 < 8 < 1. We condition on the target element ¢ € supp(M).

We first prove that p(V;) < (1— cstmng) w(WVo) = (1— cs_tiong) Note that we have 2! a2 agl o1 = A The first
step is to show that Vor(z,y,V;) 2 By(347)- For any element v € B (%), we have d(z,v) < 5. Therefore,
ad(z,v) < 25 <r—d(z,v) = d(z,y) — d(z,v) < d(y,v), which yields immediately that v € Vor(z,y,V;). As a

result,

p(Vor(z,y, Vi) = i(Bu( )) 2 Cairongh(Ba(2' - )) 2 Cattongh(Bs (D)) 2 Ctonght(Vi)-

a+1 a+1
We deduce that p(S2) = (Vi) — p(Vor(z,y,V;)) < (1 — Strong)u(Vl) Similarly, we have u(Vor(y,z,V;)) >
cs_tiong,u(vi) and :U(Sl) < (1 - Cs_tiong):u(v) In addlthn M(SS) < (1

!

maxi<;<3 /’[’(Sj) < (1 - Cs_trong):u(vi)'

strong)M(Vi)- To sum up, we have

The search process ends after at most i iterations provided p(V;) < (1 — c;tlrong)iv, < u(t), or equivalently

1>1+ % The average number of iterations is then bounded from above by
strong
log pu(t H
S u) 1+g—”9 <1+ () .
tesupp(M) IOg(]. - Cstrong) log(l/( - strong))
Also, in each iteration we need to query only one pair of objects. O

E Proof of Lemma 2

Proof. We first prove that we can always find at least one point with this property. Define 2* = argmax_,, d(z, 2).
From Lemma 4, we know that d(z,z*) > £. We claim there is no 2 # z* such that z € Vor(z*,z,V;). Assume
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there is a z. This means ad(z,z*) < d(z, z), where it contradicts with the choice of z*. This means that the set
of points with this property is not empty. If y = z* then we are done with the proof, because d(x, z*) > % > %.
Next, we prove that for any y # x* with this property, we have d(z,y) > %. Assume y # z*. We know
z ¢ Vor(y,z*,V;). Therefore, we have ad(z,y) > d(z,2*) > 5 and d(z,y) > & . O
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