Supplementary Materials for “Guaranteed Sufficient Decrease for
Stochastic Variance Reduced Gradient Optimization”

Fanhua Shang, Yuanyuan Liu*,

Kaiwen Zhou,

James Cheng, Kelvin K.W. Ng

Department of Computer Science and Engineering, The Chinese University of Hong Kong

Yuichi Yoshida
National Institute of Informatics, Tokyo, Japan

In this supplementary material, we give the detailed
proofs for some lemmas, theorems and corollaries stat-
ed in the main paper. Moreover, we also report more
experimental results for both of our algorithms on sev-
eral dense and sparse data sets.

Notations

Throughout this paper, ||-|| denotes the standard Eu-
clidean norm, and ||-||; is the ¢;-norm, i.e., ||z|; =
Zf’zl\xi\. We denote by Vf(x) the full gradient of
f (=) if it is differentiable, or df(x) the subdifferential
of f(-) at x if it is only Lipschitz continuous. Note
that Assumption 2 is the general form for the two cas-
es when F(z) is smooth or non-smooth!. That is, if
F(z) is smooth, the inequality in (12) in Assumption
2 becomes the following form:

Fy) > F(a) + VF(@)(y —2) + Sy — |

In the main paper, we assume that all component func-
tions have the same smoothness parameter, L. In fact,
we can extend the theoretical result for the case, when
the gradients of all component functions have the same
Lipschitz constant L, to the more general case, when
some component functions f;(-) have different degrees
of smoothness.

Definition 1. The SVRG estimator in the mini-batch
setting is defined as follows:
~ 1 X g s
Ve (z3) = EZ [Vfi(ay) =V (@ )]+ V@)
i€l
where I C[n] is a mini-batch of size b.
!Strictly speaking, when the function F(-) is non-
smooth, ¢ € 0F(x); while F(+) is smooth, ¥ = VF(z).

(*) Corresponding author

Using the above definition, our algorithms naturally
generalize to the mini-batch setting.

Appendix A: Proof of Theorem 1

Although the proposed SVRG-SD algorithm is a vari-
ant of SVRG, it is non-trivial to analyze its conver-
gence property. Before proving Theorem 1, we first
give the following lemma.

Lemma 1. Let z* be the optimal solution of Problem

(1), then the following inequality holds

B[ Wislwi )~ Vi (@t ) - V@ )+ V@) ]

<AL[F(z}_,) — F(z*) + F(@* ") — F(2*)].

Lemma 1 provides the upper bound on the expect-
ed variance of the variance reduced gradient estima-
tor in (9) (i.e., the SVRG estimator independently in-
troduced in [5, 10]), which satisfies E[%flk ()] =
Vf(z;_;). This lemma is essentially identical to Corol-
lary 3.5 in [9] and Lemma A.2 in [2]. In addition, the

upper bound on the variance of %fii (xf) can be ex-
tended to the mini-batch setting as in [6].

Using Lemma 1, we immediately get the following re-
sult, which is useful in our convergence analysis.

Corollary 2. For any o > B > 0, the following in-
equality holds

oF | |[Vi(wi ) =V (@)~ VEi@ )+ V@ )]
— 8[| Vi at) Vi@
<4L(a—B)[F(wj_,) = F(z*) + F@ ") = Fa")].
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Proof.
al {vai;(xiq)—Vf(ffifl)—Vfi;(5571)+vf(5571)||2} - 5]E[vai;(ffiq)—vfi;(fsfl)||2}

— | [Vig(@i ) ~ Vi@ = VS (o) = VI @] — B[ Wigai )~ Vhig@ )| ]

— ||| Vfig(wh) = Vi@ | = al| W (2 0) 9 @ )|~ B[ [ Wi )~ Wfig(@ )| ]

< aE“Wﬁ;(ﬂﬂZ—O - Vfi;(fsfl)HQ} *5]E{vaz'-;(zi—ﬂ*Vfi;(5871)||2}

—(a=B)E || [Vfiswi1) = Vig(a")] = V(@) = VhglaN|[]

<2(a—B) {B[|Vfig(ai ) - Vhigle)|*] + E[[[Wfig@ ) - Tfigla®)|*] }

<4L(a—B)[F(ai_y) - F(z*) + FE ™) - F(a")],
where the second equality holds due to the fact that E[||z—Ez||?]=E[||z||?]—|Ez||?; the second inequality holds
due to the fact that |ja — b]|> < 2(||a|* + ||b]|?); and the last inequality follows from Lemma 3.4 in [9] (i.e.,
E{IVfi(2)— V£i(")|*) S 2L[F(2)— F(2*)]). =
Moreover, we also introduce the following lemmas [3, 7], which are useful in our convergence analysis.

Lemma 2. Let ﬁ(m,y) be the linear approximation of F(-) at y with respect to f, i.e.,

F(z,y) = f(y) +(Vf(y), z —y) + ().

Then
A L 2 L 2
F(z) < F(z,y) + 5 lle —yl” < Fz) + S llz - yll”

Lemma 3. Assume that & is an optimal solution of the following problem,
. T 2
min — || — +g(x),
min 2o =y + g()

where g(x) is a convex function (but possibly non-differentiable). Then the following inequality holds for all
reR?:

N T . T . T
9(&) + S 12 = ylI> + Sz — 2% < g(2) + S [lz —yl>.
2 2 2
Proof of Theorem 1:

Proof. Let n = £ and p;: zﬁfii(xz_l) =Vfi(zi_y) — Vfie(Z°~') + Vf(@*!). Using Lemma 2, we have

P() < Floeho) + (Vo). i) + e ot~ 2 g |+ o)
= figlat 1) + (pigs v~ Thon) + ) + ol — 2 (13)
Tk~ pig v~ ) — 2Oyt a  F )~ Fy o).
Then
(Vi) i i~ i) — D g — g2
< sram 19t — plP 4 Z g 1P - HG -2 (1)
1

— s N2
= m”vf(l’k—ﬂ — Diz

)
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where the inequality follows from the Young’s inequality, i.e., a'b < ||al|?/(2p) + p||b||?/2 for any p>0. Substi-
tuting the inequality (14) into the inequality (13), we have

S S S S S La S S
Fyp) < fis(@f_1) + <Pi;, i —ai_1) +r(yi) + 7”3/1@ —xp |

b V@) — pig |+ Fh) — fir (@)

2L(a—1)

=N Lo, . N ~
< fiylaia) +r(@ia) + 5 (10— 2k~ 105~ i) + g, B — i)

1 s 2 s s
+ m“vf(xk—l) —pi|l” + flzh) — fiz (v51)
s Lo, . . . . .
< Fig(wi 1) + > (@71 = o * = @y = will?) + flaio1) = fig (2h1) (15)
1 s . . )
+ m“vf@k—ﬂ —pis [P+ (=Vfi @ )+ V@), Wy, —xh_y)

Lac?

< oF(a) + (1= o) Fy(@io1) + =
1
+m 2+ flaioy) = fip (230)

+(V @) =V fis @Y, Wy —xf_q),

(l* =z l” = ll=™ = 2£[1%)

IVf(25-1) — Dig

where w;_; = oz* + (1—0)z;_,, and T} ; = Oy1x)_ 5. The second inequality follows from Lemma 3 with
g(x) = <pii’ v—x;_,)+r(z), 7=La, & =y;, v =w;_; and y = x;_,; the third inequality holds due to the
convexity of the component function f: (z) (i.e., fis(xy ;) +(Vfir(xf_y), Wy 4 —23 ) < fiz(Wf_;)); and the last

inequality holds due to the convexity of the function Fi:(x):= fis(z)+r(x), and

Zi = 2 — (1=0)75_4]/0, 2} = [y — (1-0)T}_1]/0,

which mean that w; , —xf ; = o(z* — 2z} _;) and w;_, —y; = o(z* — z}).

Using Property 1 with ¢ = 15277 and n = 1/La,? we obtain

~s s O —1 2 s ~5—
Pt ) = F@) < Fap 1) — a9 (i ) — V@)
2L(a—1) (16)
s Bk s ~s—
< F(rg_q) — m“vﬁz(gﬂkq) —Vfis(@ 7,
where 3;, = min[l/ak, (9k—1)2], and ay, is defined below. Then there exists 3, such that
LHW'S@S ) = V(@ H?| = LE[HW'S(JSS ) = Vi (@] (17)
2L(a—1)" TR g 2L(a—1) R *k ’

where 8, = E[B:|[Vfiz(w} 1) — V(@ DIP/EV (23 1) — VEg@DIP], and 8y, < (a—1)/2. Using the
inequality (16), then we have

BIF (1) - Fa")] < E|Fleh ) — FG) - 550 Vglai ) - Vi@ P
. (19)
= B[F(a} 1) - Fa)] = 57 BV o a) = Vi@ D).

*Note that our fast versions of SVRG-SD (i.e., SVRG-SD with randomly partial sufficient decrease) have the similar
convergence properties as SVRG-SD because Property 1 still holds in the case when 0, =1. That is, the main difference

between their convergence properties is the different values of §i, as shown below.
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There must exist a constant ap > 0 such that E[F(yj)—F(z*)] = oE[F(z_)—F(z*)]. Since

E[f(z} )= fiwi )] =0, E[Vfi; (3°~1)] = VF (@), E[Fi(2)] = F(2*), and E[Fy(}_,)] = F(2}_,), and
taking the expectation of both sides of (15), we have

OWE[P(af 1) = Fa")] = 5B Viloh 1) ~F@ )P

~s * La02 * 5 2 * s112
<= 0)B[F(@_1) = F2")] + —5—E[lla” = 2 _4|* = ]2 — =])"]
1

s a2 ek By,
+ 5ran BV o) = 2l

mE[IIVfi;(xz,l) — V(@) (19)

<( - OE[F(@E_y) ~ F@)] + “5Ela* — o~ o* — 2217)
+ 20200 (5 )~ Py 4 PG - P

where the second inequality follows from Lemma 1 and Corollary 2. Here, ¢, = ay — [2(1—ci3;)]/(a—1), i.e.,

_og(a—1)—2
 a-1-286,

Since % < o with the suitable choices of @ and o, we have ¢ > ap — a2

—=7 >1—o0. Thus, (19) is rewritten as
follows:

B [Plaf 1) = F(a")] = 577 Bl — V@]
a02
<(1- EF(E) - Fla)] + “0T B[ — 2,12~ a* — #17 (20)

+ 2(1 - CkBk)E

— [F(z*") — F(z")].

Combining the above two inequalities (18) and (20), we have

cB[F(T}) — F(z7)]

<(1 - )E[F@Ey) — Fa")] + 227 E[Jla* — 22 4P — |o* — 20] (21)
+ wE[F(F‘l) — F(a")] .

Taking the expectation over the random choice of if,i5,... 4’ , summing up the above inequality over k =
1,...,m, and &5 = 2°71, we have

E lZ[Ck — (=) [F(z}) - F(z")]

k=1

LOKO—Q * S * S
5 Elle” = 25017 = la* = 25117] (22)

<(1-o)E[F@* ") — F(z")] +
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In addition, there exists BS for the s-th epoch such that

E Z [ce — (1 = 0)] [F(z}) — F(z")]
k=1
s (a -2, ij’“ﬂf) [F(&}) - F(a")
k=1
_ <g S Bs> E| S IFGE) - F)| .
k=1

where

B[S, 25 (P (3) - F(e)]

~

V= TR G - PG
Let B =ming—1_..g BS. Using
~s l - =S s l - =S
P FE) S YR,
(22) and (23), we have
(a -2 B) mE[FG*) — F(e")]

Lao?

Efl2* = 251% = ll=* = 2117 -

Therefore,

4 - E[F@E) - Fla)]

: (0—%+§)m (a—l)(07%+3)

E[lz — 2517 = ll=™ — 25,11%] -

_|_

This completes the proof.

Appendix B: Proofs of Corollary 1

s—1

Proof. For p-strongly convex problems, and let z§ = z§ =2 and

s _ 1— nSs _
Zgzxo (0 U)J:O:xs—l.

Due to the strong convexity of F(-), we have

* 5”2 H” *

=TT < F@ Y - Fa).
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Using Theorem 1, we obtain
E[F(z®) — F(z")]

l1—-o0 2 Lao?
< + +

mo—z248)  (a-1) (o2 +5)  mu (o 2+)

Replacing o and o in the above inequality with 19 and 1/2, respectively, we have
E[F(@°) — F(z7)]

< ( ) ~— + 2 = + mLA )E[F(&:’S—l) — F(z")].
(7T+188)m 7+ 1858 (144 368)mpu

This completes the proof. O

Appendix C: Proofs of Theorem 2

Proof. For non-strongly convex problems, and using Theorem 1 with & = 19 and ¢ = 1/2, we have

E[F() - F(a*)] < @sfiszE[”x* T
(25)
) : ~s—1y JI*
" <(7+18§)m+ 7+18§> [F@*~Y) — F(a")].

According to the settings of Algorithm 1 for the non-strongly convex case, and let

w = A=)z /e,

xy =75 =[x

then we have

Zg — > — m . m ,
and . .
(o)
m o
Therefore, 2§ = 251
Using zJ = 2°, and summing up the inequality (25) over all s =1,...,S, then
171L

E -7

=

< —— |’
(16 + 408)mS

9 1 I
+<(4+8B)m5+(2+4g)5> [F(3%) — F(a")].

Due to the settings of Algorithm 1 for the non-strongly convex case, we have
_ X 171L .
(16 + 408)mS

+<( N 1A)>[F(EO)F(:£*)].

4+88)mS  (2+4B)S

1SN §
F<S§m>—F(;v)

-2

This completes the proof. O]
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Figure 1: Comparison of SAGA and SAGA-SD with different values of m; for solving ridge regression problems
on the Covtype dataset.

Appendix D: Experiment Details

The C++ code of SVRG [5] was downloaded from http://riejohnson.com/svrg_download.html. The code
of of SAGA [4] was downloaded from http://www.aarondefazio.com/software.html. For fair comparison,
we implemented the proposed SVRG-SD and SAGA-SD algorithms, SAGA [4], Prox-SVRG [9], Catalyst [§]
(which is based on SVRG and has the following three important parameters: ay, k, and the step size, n), and
Katyusha [1] in C++ with a Matlab interface®, and performed all the experiments on a PC with an Intel i5-2400
CPU and 16GB RAM.

Appendix E: More Experimental Results

Robustness

Figure 1 shows the performance of SAGA [4] and SAGA-SD with different values of m; for solving ridge regression
problems on the Covtype data set, where the regularization parameter is A; = 10™*. From the result, we can
observe that SAGA-SD significantly outperforms SAGA in terms of number of passes and running time. In
particular, SAGA-SD, as well as SVRG-SD, has good robustness with respect to the number of iterations with
sufficient decrease, which inspires us to use the partial sufficient decrease trick for both SVRG-SD and SAGA-SD.

Comparison of Results for Ridge Regression

In this part, we first report the experimental results of SVRG [5], SAGA [4], Catalyst [8], Katyusha [1], SVRG-
SD and SAGA-SD for solving strongly convex (SC) ridge regression problems with the regularization parameter
A1 = 107° in Figure 2, where the horizontal axis denotes the number of effective passes over the data set
(evaluating n component gradients, or computing a single full gradient is considered as one effective pass) or the
running time (seconds). Moreover, we report the performance of all the stochastic variance reduction methods
for solving ridge regression problems with relative small regularization parameters (e.g., Ay =10~7) in Figure 3,
which shows that SVRG-SD and SAGA-SD, as well as Katyusha, converge significantly faster than SAGA, SVRG,
and Catalyst. In particular, SVRG-SD and SAGA-SD usually outperform Katyusha in terms of both number of
passes and running time, which further justifies the effectiveness of our sufficient decrease technique for stochastic
optimization.

3The codes of some algorithms can be downloaded by the following anonymous link:
https://www.dropbox.com/s/pyjeegseht77toh/Code_SVRG_SD.zip?d1=0.
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Figure 2: Comparison of all the stochastic variance reduced gradient methods for solving strongly convex ridge
regression problems on the three dense data sets: Ijennl, Covtype and SUSY. The vertical axis is the objective
value minus the minimum, and the horizontal axis denotes the number of effective passes over the data (top) or

the running time (bottom).

Figure 4 shows the performance of all the methods for solving ridge regression problems with different regulariza-
tion parameters on the sparse data set, Rcvl. From the results, we can observe that SVRG-SD and SAGA-SD
significantly outperform their counterparts: SVRG and SAGA in terms of both number of effective passes and
running time. The accelerated method, Catalyst, usually outperforms the non-accelerated methods, SVRG and
SAGA. Katyusha converges much faster than SAGA, SVRG, and Catalyst for the cases when the regularization
parameter is relatively small (e.g., \; =107°), whereas it sometime achieves similar or inferior performance when
the regularization parameter is relatively large (e.g., Ay =1073), as shown in Figures 4(a). Moreover, SVRG-SD
and SAGA-SD achieve at least comparable performance with the accelerated stochastic method, Katyusha [1], in
terms of number of effective passes. Since SVRG-SD and SAGA-SD have much lower per-iteration complexities
than Katyusha, they have more obvious advantage over Katyusha in terms of running time.

Comparison of Results for Lasso and Elastic-Net

Finally, we report the performance of Prox-SVRG [9], SAGA [4], Catalyst [8], Katyusha [1], SVRG-SD and
SAGA-SD for solving Lasso and elastic-net problems with different regularization parameters in Figures 5 and
6, respectively, from which we can observe that SVRG-SD and SAGA-SD also achieve much faster convergence
speed than their counterparts: Prox-SVRG and SAGA, respectively. In particular, they also have comparable
or better performance than the accelerated methods, Catalyst and Katyusha for both strongly convex and non-
strongly convex problems. For the elastic-net problem, each component function f;(z) is defined as follows:

1 A1
filw) = 5(alw = b)* + 2ol
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Figure 3: Comparison of all the stochastic variance reduced gradient methods for solving strongly convex ridge
regression problems with relatively small regularization parameters. The vertical axis is the objective value minus

the minimum, and the horizontal axis denotes the number of effective passes over the data (top) or the running

time (bottom).
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Figure 4: Comparison of all the stochastic variance reduced gradient methods for solving strongly convex ridge

regression problems with different regularization parameters on the sparse data set, Rcvl. The vertical axis

represents the objective value minus the minimum, and the horizontal axis denotes the number of effective

passes (top) or the running time (bottom).
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Figure 5: Comparison of all the stochastic variance reduced gradient methods for solving non-strongly convex

Lasso problems on the three data sets. The vertical axis is the objective value minus the minimum, and the

horizontal axis denotes the number of effective passes over the data (top) or the running time (seconds, bottom).
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Figure 6: Comparison of all the stochastic methods for solving elastic-net (i.e., (A1/2)-||*+Az2]|-||1) problems on

Ijennl (the first column), Covtype (the second column), and SUSY (the last column). The vertical axis is the

objective value minus the minimum, and the horizontal axis denotes the number of effective passes over the data

(top) or the running time (seconds, bottom).



