Efficient and principled score estimation

with Nystrom kernel exponential families:
Supplementary material

We now prove Theorems 1 and 2, as well as providing a finite-sample bound with explicit constants (Theorem 3).

In Appendix A, we begin with a review of necessary notation and definitions of all necessary objects, as well as
an overview of relevant theory for the full kernel exponential family estimator by Sriperumbudur et al. (2017). In
Appendix B, we establish a representer theorem for our Nystrém estimator and prove Theorem 1. We address
consistency and convergence in Appendix C, by first decomposing and bounding the error in Appendix C.1, then
developing probabilistic inequalities in Appendix C.2, and finally collecting everything into a final bound to prove
Theorem 2 in Appendix C.3. Appendix D establishes auxiliary results used in the proofs, including tools for
dimension subsampling, and in particular a concentration inequality for sums of correlated random operators in
Appendix D.2.

A Preliminaries

We will first establish some definitions that will be useful throughout, as well as overviewing some relevant results
from Sriperumbudur et al. (2017).

A.1 Notation

Our notation is mostly standard: # is a reproducing kernel Hilbert space of functions Q C R? — R with inner
product (-, -} and norm |-||3, with a kernel £k : Q x Q@ — R given by the reproducing property, k(z,y) =
(k(z,-), k(y, ). The reproducing property for kernel derivatives (Steinwart and Christmann 2008, Lemma 4.34)
will also be important: (9;k(x,-), f)x = 0;f(z) as long as k is differentiable; the same holds for higher-order
derivatives.

We use [|-[| to denote the operator norm [l Al| = sup . sy, <1/{f, Af)#|, and A* for the adjoint of an operator
A:Hy = Hoy (Af, 9V 1, = (f, A*9) 2, - Amax(A) denotes the algebraically largest eigenvalue of A. For elements
f € Hi, g € Ho we define f ® g to be the tensor product, viewed as an operator from Ho to H; with
(f ® 9)h = f{g, h)2,; mote that (f ©g)* = g ® f and that A(f © g)B = (Af) ® (B"g).

C(Q) denotes the space of continuously differentiable functions on Q, and L"(2) the space of r-power Lebesgue-
integrable functions.

As in the main text, T(a,) Will denote o (q_1)d-

A.2 Operator definitions

The following objects will be useful in our study: C, &, and their estimators were defined by Sriperumbudur et al.
(2017). C' is similar to the standard covariance operator in similar analyses (Caponnetto and De Vito 2007; Rudi
et al. 2015).

Definition 1. Suppose we have a sample set X = {Xa}aepn) C R?. For any A > 0, define the following:

d
C =Epmp, [Z Oik(x, ) ® Oik(a, .)1 MM, Cy=C+A (10)
=1
d
&= —~Cfo = Eanp, [Z Oik ()0 log qo ) + D2 k(z, ~>] €M (11)
=1
n d
ZX = Zze(b’i) ® 8zk(Xb7 ) tH — Rnd;
b=1 i=1

here e ;) € R™ has component (b —1)d + i equal to 1 and all others 0.



Define estimators of (10) and (11) by

N 1 & . .
C=_—ZxZx=- ; ;&k(Xa, VYR Ok(Xa, ) H—H;  Cr=CH+A (12)
U [
£=— > 0ik(Xa, )0 10g go(Xa) + 07k(X, <) € H. (13)
a=11=1
Further define:
=su C, 8 k(x
zegZH A,
N : i
A) = i "
) 1= sup |03 Fauk(a, )|
i€[d]

Here, Zx evaluates derivatives of its input at the points of X, (Zx f)@,:) = 0:f(Xp), whereas Z% constructs
linear combinations: for o € R™, Zya =3}, Z?Zl A, 0ik( Xy, -).

A.3 Assumptions

We will need the following assumptions on pg, qo, and H:

(A) (Well-specified) The true density is py = py, € P, for some fy € F.

(B) supppo = 2 is a non-empty open subset of R?, with a piecewise smooth boundary 952 := Q \ Q, where
denotes the closure of €.

(C) pois continuously extensible to Q. k is twice continuously differentiable on Q x Q, with 9%k continuously
extensible to {2 x Q for |a| < 2.

(D) 0;0i+ak(x,2")|pr=zpo(x) = 0 for x € 09, and for all sequences of z € Q with ||z||2 — oo we have have
po(z) 8i8i+dk(m,x’)‘ = o ([|z]|*~?) for each i € [d].
r'=x

(E) (Integrability) For all i € [d], each of

0i0irak(z, ")), \/838i2+dk(a:,x’)‘x/:x , 0ilog qo(x) /0202, k(x, ")

are in L*(£2, pp). Moreover, gy € C1(Q).

z'=x

(F) (Range space) fy € range(C?) for some 3 > 0, and HC_BfOHH < R for some R < co. The operator C' is
defined by (10).

(G) (Bounded derivatives) supp(go) = H, and the following quantities are finite:

w3 = SUp 004 ah(@,3)| oy s K = sup OFOF (.0}, Q= sup[Dilog ao(a)]
z‘m ee[d] ze [d] zw ee[d]

(H) (Bounded kernel) x? := sup,cq k(z, x) is finite.

These assumptions, or closely related ones, were all used by Sriperumbudur et al. (2017) for various parts of
their analysis. Assumptions (B) to (D) ensure that the form for J(po||p) in (2) is valid. Assumption (E) implies
J(pollpy) is finite for any py € P. Assumption (G) is used to get probabilistic bounds on the convergence of the
estimators, and implies Assumption (E). Note that k3 < oo and QQ < oo can be replaced by L?(£, po) integrability
assumptions as in Sriperumbudur et al. (2017) without affecting the asymptotic rates, but k2 < oo is used to
get Nystrom-like rates. Assumption (H) is additionally needed for the convergence in L", Hellinger, and KL
distances.

Note that under (G), Noo(A) < dN (A) < dT%a and [|C|| < dri.
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A.4 Full-data result

This result is essentially Theorem 3 of Sriperumbudur et al. (2017).
Lemma 1. Under Assumptions (A) to (E),

J(f) = J(pollpy) = %(f = Jo, C(f = fo))m = %<f, Chir+ {f:8n + J(pollgo)-
Thus for A > 0, the unique minimizer of the reqularized loss function J\(f) = J(f) + A |3, is

fr=argmin J\(f) = fC)TlE = C;leo.
feH

Using the estimators (12) and (13), define an empirical estimator of the loss function (3), up to the additive
constant J(pollqo), as

I = S0 Cln+ (6w
There is a unique minimizer of Jx\(f) = J(f) + SAFI3,:

= argminj,\(f) = —C’;lé.
feH

f{", can be computed according to Theorem 4 of Sriperumbudur et al. (2017), using (4) and (5).

A.5 Subsampling

In our Nystrom projections, we will consider a more general Hy than (6), allowing any finite-dimensional subspace
of H.

Definition 2 (Subsampling operators). Let Y = {ya}acim) C H be some basis set, and let its span be Hy =
span(Y'); note that (6) uses y(q,s) = 0ik(Ya,-). Then define

Zy:Zea®ya:7-[—>Rm;
a=1

let Zy have singular value decomposition Zy = UXV*, where ¥ € Rt for some t < M. Note that VV* = Py is
the orthogonal projection operator onto Hy, while V*V is the identity on R?.

For an operator A : H — H, let
gy (A) = V(V*AV) V™, (14)

The projected inverse function gy, defined by Rudi et al. (2015), will be crucial in our study, and so we first
establish some useful properties of it.

Lemma 2 (Properties of gy). Let A: H — H be a positive operator, and define Ay = A+ X for any A > 0.
The operator gy of (14) satisfies the following:

(i) gy (A)Py = gy (A),
(ii) Py gy (A) = gy (4),
(iii) gy (A\)ArPy = Py,
(iv) gy (A\) = (Py APy + \)"'Py, and
(v) 1 AF gy (AN)AZ ] < 1.
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Proof. (i) and (ii) follow from V*Py = V*VV* = V* and PyV = VV*V = V, respectively. (iii) is similar:
gy (AN ANPy = V(V*AV) "WV AV V* = VV*. For (iv),

Py =VV* = V(VFAV)(VFANV) IV = V(VFAVVV(VFAV) TV,
But V(V*A\V)V* = V(V*AV + AV*V)V* = (Py APy + AI) Py, so we have
Py = (Py APy + M) Py gy (Ay);
left-multiplying both sides by (Py APy + AI)~! and using (ii) yields the desired result. Finally,
1 12 1 1
(A39v(A0A3) = AL gy (An) Angy (A0)A;
— AZV(VAY) VAV (VI AY) TV AS
= AV(VFALV) VA2
1 1
= A)Q\gY(A)\)A)Q\7

1 1
so that A} gy (Ax)A} is a projection. Thus its operator norm is either 0 or 1, and (v) follows. O

B Representer theorem for Nystrom optimization problem (Theorem 1)

We will first establish some representations for f1", in terms of operators on H (in Lemma 3), and then show
Lemma 4, which generalizes Theorem 1. This parallels Appendix C of Rudi et al. (2015).

Lemma 3. Under Assumptions (A) to (E), the unique minimizer of J(f) + M| f|3, in Hy is
f = —(PyCPy + M) 7' Pyé = —gy (Ch)E. (15)

Proof. We begin by rewriting the minimization using Lemma 1 as

m

{0 = argmin Jy(f)

feEHY
1

= argmin _ <f, Ch+ (F.6n + ZAIF I3

feHy

1 2

= argmin - <PYf7 CPy )+ (Pyf.E)3 + =M fII3

feEHY 2 2

avgmin 3 (J=ZPyf. = ZxPef) + (FPrict I
= argmin - XLy/, X1y s LYS/H o

fEHY 2 f f H 2 "

2 2

= argmin — H ZxPyf —|—/\<f7 Py€> + /\||f||7-t+ )\H ny

feEHY \/>

2 1 L

= argmin — ZxPyf|| + )\’ f+-FP¢

fEMy H\F no 2 A M

This problem is strictly convex and coercive, thus a unique f)f" exists. Now, for any f € H, we have
L
lro3me] = |evrsimd] +1a-mosi,
H
so that the problem
2 IE
argmin — ZxPyf —|— A f+ €
fen '\f 2 A M

will yield a solution in Hy . This problem is also strictly convex and coercive, so its unique solution must be f1",.
By differentiating the objective, we can then see that

Py Z3 Zx f + M + Pyé=0
(PYC’PY + )J) £ = =Py,

which since C' is positive yields the first equality of (15). The second follows from Lemma 2 (iv). O
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Lemma 4 (Generalization of Theorem 1). Under Assumptions (A) to (E), f3", can be computed as

f;rfn - ZS*/BY = Z(BY)aya
a=1
By = —(LBXyBxy + AGyy)'hy, (16)

where Bxy € R"X™ Gyy € R™*™ hy € R™ are given by

(Bxy)(b,i),a = (0ik(Xb, ), Ya) (17)
(GYY)a,a’ = <yaaya’>7{
(hY)a = <év ya>?—[

Proof. First, Bxy = ZxZy, Gyy = Zy Z{, and hy = Zyé. For example, (17) agrees with

n d
ZXZ;;: Zzebz ®8kXba ] [Zya®ea

b=1 i=1

n d m
=22 (0:k(Xb, ) ya)n [ew) @ ea)

b=1i=1a=1

Recall the full-rank factorization of pseudo-inverses: if a matrix A of rank r can be written as A = F'G for F, G
each of rank r, then AT = GTF' (Ben-Israel and Greville 2003, chap. 1, sec. 6, ex. 17).

Now we can show that the claimed form (16) matches f1", from (15):

73 (ABYy Bxy + AGyy) by = — 25 (2 2y 23 Zx 723 + 02 23 Zy€
e (ZyCAB\Z{/>T Zyé
— VXU ((UE)(V*OW)EU*)T UsVE
= —vaUr(sUH) (v o) tusveé
= —VESUUS Y (VW) TISTIUr USRSV EE
= —V(V*C\V) V¥
= —gv (CN)E = [ -

Theorem 1 is the specialization of Lemma 4 to y(, ;) = 0;k(Ya, ).

B.1 Relationship to “lite” kernel exponential families

The lite kernel exponential family of Strathmann et al. (2015) obtains a solution in H} = span{k(y, -) }yey, where
in that paper it was assumed that Y = X, k(x,y) = exp ( Yz - y||2), and ¢p was uniform. Their estimator,
given by their Proposition 1, is

a= —%(A—ir)\l)‘lb (18)
d d
9 2
A= -[D,K-KD,)> b=3 ((Ksi—sziKl — 9D, Kz;) —K1>
T
i=1 i=1
where z; = [Xli . Xm-}T, 8; = x; ® x; with © the elementwise product, D, = diag(z), and K € R™*™ has

entries K,o = k(Xy, Xo/)-
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Lemma 4 allows us to optimize over H}-; we need not restrict ourselves to Y = X, uniform ¢g, or a Gaussian
kernel. Here y, = k(Y,, ), and we obtain

t
1
e = (2 (B By +3Giry )
Using that for the Gaussian kernel k

Ouk(z9) = =2~ wb(os)  Oablen) = 2 2o =) = 1] W)

T T

we can obtain with some algebra similar to the proof of Strathmann et al. (2015)’s Proposition 1 that when
Y = X and ¢ is uniform,

by = %b (B./XX)TB,/XX = %A x = K.
Thus
4 f f
By = — (WAJr /\K> —b=—3 <A + 4n7-2)\K) b. (19)

(19) resembles (18), except that our approach regularizes A with %HTZ)\K rather than AI. This is because, despite
claims by Strathmann et al. (2015) in both the statement and the proof of their Proposition 1 that they minimize
J(f) + Allf11%, they in fact minimize J(f) + in72A[|al|3. Our solutions otherwise agree.

C Consistency and convergence rate of the estimator (Theorem 2)

To prove the consistency and convergence of f{",, we will first bound the difference between f1”, in terms of
various quantities (Appendix C.1), which we will then study individually in Appendix C.2 to yield the final result
in Appendix C.3. Appendix D gives auxiliary results used along the way.

C.1 Decomposition

We care both about the parameter convergence || I = follz and the convergence of PX',, = Psyp, to po in various

2
distances. But by Lemma 1, we know that J(po[[pY’,) = % HC’%(f)T\'}n — fO)HH. Lemma 20 additionally shows that

the L", KL, and Hellinger distances between the distributions can be bounded in terms of || 3", — foll3. Thus it
suffices to bound [|C*(f}", — fo)ll# for a > 0.

Lemma 5. Under Assumptions (A) to (F), let o> 0 and define
c(a) == Amn(O e B) om0 a=2) ey O (T - VY
Then

1C* (X = fo)lln < R(2Cy + A) c()e(B)

+%HC“A (Hf Ella +1IC — C||R<<2\Cf’;+ﬁ>c(ﬁ)+cnﬁ>).

Proof. We will decompose the error with respect to the best estimator for a fixed basis:

= a}rggun <f, PyCPy fyu+ (f,Pv&wu + )\”f”H

—(PyCPy + M) 7'Py¢ = —gy (Cr)€ = gy (CA)C fo.

Then we have
[C(fX = fo)llm < NC(f0 = A+ NC (" = fo)ll- (20)
We'll tackle the second term first.
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Approximation error This term covers both approximation due to the basis Hy and the bias due to
regularization. We’ll break it down using some ideas from the proof of Rudi et al. (2015)’s Theorem 2:

fo—= "= —gv(C\)C)fo
= (I — gy (CXA)Cx + Agy (CA)) fo
= (I = gy (CA)CA(VVT) = gy (CX)CA(L = VV) + Agy (CA)) fo
= (I =VV?") =gy (Cy)CA(I = VV™) 4+ Agy (C)) fo,
where in the last line we used Lemma 2 (iii). Thus, using Assumption (F) and Lemma 2 (v),

[CH(f" = follly < 1O (1 — VV*)foIIH + 1C%gy (CA)ONI = VVF) folly, + A |C%gy (CX) foll 5
(- vv*)oﬁ‘

< |cocy? 1€ foll,
Sa <R
+ HC’O‘C/\ /\%gy(C)\)C/\% ‘C,\% (I - VV*)CﬁH 1C™" foll,,
Sa <1 =f
#afeei?| |chavienci| exte?|, e sl

Sa <1 Sp SR
Because (I — V'V*) is a projection, we have

HC (I-VV¥) CBH<HC (I-VV¥)

zcﬂH < Hc (I-VV*

“ S

We can also bound the terms S, as follows. When a > %, the function x — z%/+/x + A is increasing on [0, 00), so
that

_lel* -1
= <eje=.
# o /ICT+A

s.=|eiter| =

When instead 0 < a < %, we have that

_\/>a ( )2_‘1/\(1—% S)\a—%.

< max
H o x>0 :r—i—)\

8. =|exten

Combining the two yields
Sa < )\min(O, afé)HC”max(O, afé) _ c(a),

and so

o3 = ol < R (22 = vy ) etaets). 21)

Estimation error Let D = PyCPy, D= PyC’Py. Then
1 1
S = =(D+ M) Prg = =2 (D+ M = D)(D + D)7 Pyé = —5 (Pré + DI,

and so the error due to finite n is

J = f = (D+ AT PyE+ 3
= (D+ AN (Pré+ (D+AD L)
= (D+ AN (Pré+ D+ A
= (D+ )" 1(Pyg+DfA ~ Py¢-DfY')
= (D+AI)~ 1(Py +(D- D)fA>
= (D+AD) (Pr(E =€)+ (D= D)~ fo) + (D - D)fy) .
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We thus have, using ||Py || < 1,
ooz = £l < €2 (PrC P+ AT Py || (1 = Ellae + 11C = CUNET = Follae +1C = Cl ol )

We have already bounded [|f{* — fo|l%, and have || follz < |CP[||C~2 folln < R||C||P. Using Lemma 2 (iv) and
(v), we have

1

o ey + a1 Py | = gy (@) < et | CRav s ||6x
< % feRend F
and so
PRI sl e . ;
I (5 = £, < T(Ilf — €l +IC = CIL (15" = follw + RICI?) ). (22)
The claim follows by using (21) and (22) in (20). O

C.1.1 Remark on unimportance of §?k(z,-) terms in the basis

This decomposition gives some intuition about why terms of the form d2k(z, -), which are included in the basis of
the full-data solution but missing from our solution even when Y = X, appear to be unimportant (as we also
observe empirically).

The only term in the error decomposition depending on the specific basis chosen is the projection error term

1
|C3(I —VV*)|. Because the 8?k(z, -) directions are not particularly aligned with C, unlike the d;k(x, ) terms,
whether they are included or not should not have a major effect on this term and therefore does not strongly
affect the bound.

Moreover, the primary places where Lemma 5 discards dependence on the basis are that in the estimation error
term, we bounded each of || Py (€ —&)|, | Py (C — C)Py||, and ||C*(Py CPy + M)~ Py || terms by simply dropping
the Py. For the C-based terms, we again expect that the 9?k(z, ) terms do not have a strong effect on the given
norms. Thus the only term that should be very directly affected is || Py (é —&)||; but since we expect that Eo¢
relatively quickly compared to the convergence of C — C, this term should not be especially important to the
overall error.

C.2 Probabilistic inequalities

< 1/v/X. Thus we are left with

a1
We only need Lemma 5 for « =0 and a = %; in the former case, we use HCA 2

Al 1 . .
four quantities to control: ||C%C>\ 2L, Cy = |ICE(I = VVH|2 [I€ = €&lln, and |C —C||.

Lemma 6. Let p,6 € (0,1). Under Assumptions (B) to (E) and (G), for any 0 < XA < 1||C||, we have with
probability at least 1 — § that

A1 1
[[eETeNel =
3 VI—p
as long as
n> ma 4 40d./\/‘go()\) o 40Tr C
x| — .

_1 Al 1 N
Proof. Let v := Anax (C/\ 2(C-0)C, 2). Lemma 19 gives that HC%CA 2| < ﬁ We bound ~ with Lemma 17,
using Y = 9;k(X,, ) so that Ezgzl Y*® Y = C. This gives us that v < p with probability at least 1 — § as
long as

/A
< 2£+ 1061/\/'00()\)11)7
3n n

which is satisfied by the condition on n. O
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Lemma 7. Sample m points {Yy}acm) %d from po, and construct a subspace Hy from those points in a way
determined below; let VV* be the orthogonal projection onto Hy. Choose p,é € (0,1), and assume that A < £|C]|.
Then, under Assumptions (B) to (E) and (G)
1 A
Cy = |CE(I-VVH|? < T

with probability at least 1 — § in each of the following cases:

(i) We put all components of the m points in our basis: Y = {0;k(Yy, ')}iee[fgﬂ, so that we have md components.
We require
4 40dNT_(X 40
m > max (3,0, /:)/;’O()) log ()\5 Tr(C)) .

(i) Include each of the md components 0;k(Yy,-) with probability p, so that the total number of components is
distributed randomly as Binomial(md, p). The statement holds as long as

40 (d+ 2 —1) N, (N) d+21-1

4 S 4 +

m > max | —, ( u ) log —OTr(C')#
3p a+15(4-1)

P> bY)

(iii) For each of the m data points, we choose £ € [1,d] components uniformly at random without replacement, so
that we have mf components. Assume here that d > 1; otherwise we mecessarily have £ = d = 1, covered by
case (i). The statement holds as long as

m > max (4, W) log (40 Tr(C) <1 + 14“)) .

3p p? A0 Ld—1)
Proof. Define the random operator Ry : H — R™¢ by Ry := ﬁ > Zle ie‘” ® 0;k(Yy, -), where pg; is the

probability that the corresponding component is included in the basis. Since p,; > 0 for each (a, ) in these setups,
1 1

the operator Ry is bounded. Note that range Z* = range Py = Hy and that ||[C2(I—VV*)|? = |1 =V V*)C} ||?
1

as C'y is symmetric. Thus we can apply Lemmas 18 and 19 to observe that

2 A

< _1 N

1= Amax (G2 (C = By Ry) G5 )

IC3 (1 =VVI2 < A (R Ry + AD"ECY

It remains to bound the relevant eigenvalue by p. We do so with the results of Appendix D.2: Lemma 17 for (i),
Lemma 15 for (ii), and Lemma 16 for (iii). O

For the remaining two quantities, we use simple Hoeffding bounds:?

Lemma 8 (Concentration of é) Under Assumption (G), with probability at least 1 — & we have

. 2d
1€ = &llae < (Q'f/l; 2) (1 +4/2log ;) .

d
Vg 1= Z (81 log QO(Xa)aik(Xaa ) + aiQk(Xav )) =&,

i=1

so that f— &= % >t va, and for each a we have that Ev, =0 and

Proof. Let

d
Z d;log qo(2)0ik(x,-) + 07 k(x, )

i=1

<2d (Qlil + Kvg) .

lvally < 2sup
e o

Applying Lemma 10 to the vectors v, gives the result. O

2A Bernstein bound would allow for a slightly better result when x; and k» are large, at the cost of a more complex
form.
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Lemma 9 (Concentration of C). Under Assumption (G), with probability at least 1 — § we have
A 2dr? 1
IC—C| < n <1+\/210g5).

d

C, = Z@ik(x, ) ® Oik(x, ),

=1

so that C'= 13" _ nCyx,, C =EC,. We know that

Proof. Let

d
IC: = Cll <2 |9ik(x, )ll3, < 2dr7

=1
IC, 0||Hs<22supuak< 3, < 2dk3,
’le

so applying Lemma 11 shows the result. O

C.3 Final bound

Theorem 3 (Finite-sample convergence of f3" ). Under Assumptions (A) to (G), let 6 € (0,1) and define

Ss =14 4/2log %, Sample basis m points {Y, tae[m] #id from po, not necessarily independent of X, and choose a
basis as:

(i) All d components {0;k(Ya, -)}iee[[i]l] ssetw:=1, r:=0.

(ii) A random subset, choosing each of the md components 0;k(Yy,-) independently with probability p: set
__ dptl- 1
W= gsoa—pya "=y L
(#i) A random subset, choosing £ components 0;k(Yq, ) uniformly without replacement for each of the m points:
set w = 1—1—14[(”; 41), r:=0. (Ifd =1, use case (i).)

Assume that 0 < X < £[|C||. When

2 1 2 2 1 2
> 90(d + r)k7 log 60driw and n> 90dk7 60dk7

=T Y =T BTy

we have with probability at least 1 — § that both of the following hold simultaneously:
||f;\7?n - f()”q.[ < 7R)\min(%v ﬂ) (d"ii)max(o’ 57%)

QK1 + K2 1 2ymax(0, F=3) 4 (dk? Ss
( iz Ri (TAmin(h D) (@i2ymex(© 5-3) 4 (ai3)?) )

M
ICH(f5, = folllae < TRAMI(E 848) (@g2)ymax(0: 5-3)
+ %(Qm + Ko + RK3 ( 7amin(3: F) (dﬁ%)max(o’ 6-3) + (d“§)6> )55'

Proof. Recall from Lemma 5 that

1C* (X = fo)lln < R(2Cy + A) c(@)c(B)

+% |coes?

(1€ - €lh-+ 16 - clr ( (2% 4 VR) ey + 101 ),

for C(Ol) — )\min(O,a—%)||C||max(0.,o<—%)'
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We'll use a union bound over the results of Lemmas 6 to 9. Note that under Assumption (G), each of ||C]| and
Tr C are at most dx? and N._(\) < K3/

Loa—1
We first use p = Z in Lemmas 6 and 7 to get that |C2C 2| < V3 and Cy < 3\ with probability at least g when
n and m are each at least

40 Tr(Cw < 90(d + r)K? log 160d/{%w’

max (2, 90(d + r) N7, (N)) log o < 5 %;
4

where for m we use r and w as defined in the statement, and for n we use r = 0, w = 1; we also used that
A < £[|C|| to resolve the max. The claim follows from applying Lemmas 8 and 9. O

Theorem 2 now follows from considering the asymptotics of Theorem 3, once we additionally make Assumption (H):
Proof of Theorem 2. Let b :=min (3, 8). Under Assumptions (A) to (G), as n — oo Theorem 3 gives:
13 = Follre = Opy (N 4+ 07327 4031 = 0, (A 07 3071)
1C3 (5 = fo)lln = Opy (NHE 407 5A78 407 8X078) = 0, (AHE 4 ix7E)

as long as min(n, m) = Q(A"!log A~1). Choosing A\ = n~?, this requirement is min(n,m) = Q(n logn) and the
bounds become

Both bounds are minimized when 6 = which since 0 < b < % leads to % >0 > 1 and the requirement on

1
2(1+0)° = 3

n is always satisfied once n is large enough. This shows, as claimed, that
15 = Sollse = Ope (n725F0)  J(ollppe,) = Opy (7200
when m = ) (nﬁ logn).
The bounds on L", Hellinger, and KL convergence follow from Lemma 20 under Assumption (H). O
D Auxiliary results

D.1 Standard concentration inequalities in Hilbert spaces

Lemma 10 (Hoeffding-type inequality for random vectors). Let Xi,...,X, be did random variables in a
(separable) Hilbert space, where E X; = 0 and || X;|| < L almost surely. Then for any e > L/+/n,

n 2
1 1 \/ﬁf
equivalently, we have with probability at least 1 — & that

Sjﬁ(u\/@).

Proof. Following Example 6.3 of Boucheron et al. (2013), we can apply McDiarmid’s inequality. The function
f(X1,..., Xn) = || 31, X;|| satisfies bounded differences:

1 n
w2

n

1
a2 X

=1

1
< H”(Xl -X1)

1. 1 &
X+ X
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Thus for € > IEH%

) o HEZEESIYY

We also know that

2
E :LZX i :% /%E(Xi7xj>=i /;E|Xi|2<i\/ﬁz\fﬁ,
SO ) (8 ) L)Q 2
Pr( :in:Xi >€>§exp —Tf :exp(—é(?—l) )
as desired. The second statement follows by simple algebra. O

Lemma 11 (Hoeffding-type inequality for random Hilbert-Schmidt operators). Let X1,..., X, be iid random
operators in a (separable) Hilbert space, where EX; =0 and || X;|| < L, || X;|lus < B almost surely. Then for any

e > B/\/n, ,
Pr ( ZX <s><exp<—2(\€€_§> >;

=1
equivalently, we have with probability at least 1 — 0 that

1 / 1

Proof. The argument is the same as Lemma 10, except that

2
%in ZE Xi, X5) HS = ZEHX ||Hs§
i HS 2

using [|X; || < [|Xiflms. U

n

3

i=1

1
<=
n

Bk

Lemma 12 (Bernstein’s inequality for a sum of random operators; Proposition 12 of Rudi et al. (2015)). Let H
be a separable Hilbert space, and X1, ..., X, a sequence of iid self-adjoint positive random operators on H, with
EX; =0, Amax(X1) < L almost surely for some L > 0. Let S be a positive operator such that E[X?] < S. Let
8 =log ﬁ. Then for any 6 > 0, with probability at least 1 — §

2Lﬂ 2||S1lp
max ( ZX> T

D.2 Concentration of sum of correlated operators

The following result is similar to Proposition 8 of Rudi et al. (2015), but the proof is considerably more complex
due to the sum over correlated operators.

We also allow for a random “masking” operation via the U. Lemma 13 applies to general sampling schemes U{;
Lemmas 15 to 17 specialize it to particular sampling schemes.

Lemma 13. Let W, = (Yﬂ)ie[d] be a random d-tuple of vectors in a separable Hilbert space H, with {Wa}ae[n]
1id.

Let U* = (Uf)iea be a corresponding d-tuple of random vectors, with Pr(U{ € {0,1}) = 1, such that the {U®}4e[n)
are iid, E[Uf] := p; € (0,1], and U® is independent of W¢. Define v;j := E[UUR/(pip;), vi = Z;‘l:1 Vij.
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Suppose that Q = Ezgzl Y! ®@ Y} exists and is trace class, and that for any X > 0 there is N'_(\) < 0o such
that (Y%, (Q + AI)71Y, )3y < N (X) almost surely. Let Qx =Q + N\, V, = S Lya(ye @Y.

i= 1;1,
Let
1 d d 1
S:=NLNQY? | 2B |D vi(YioY;) | +3E D w(Y;aY)| | @)%,
0,7 i=1

and suppose that Tr S <t, s, < ||S|| < s*. (These bounds will depend on the distribution of U®.)

Then with probability at least 1 — § we have that
1 & 1 25 s 3 2t

max - — Va 2 ~ — , = 1 .

<QA (Q 39 )QA ) el =)

_1 _1
Proof. We will apply the Bernstein inequality for random operators, Lemma 12, to Z, := @, *(Q — V,)@Q, *. For
each a,

d
Ue
“EY* @Y =Q

so that E Z, = 0, and since V, is positive and Q) is self-adjoint,

sup (f. Zaf)w = sup (£, Q5 Q) — (f. Q32 VaQy * N < sup (£,Q5'Qf)n < 1

Il fll#=1 Ifll#=1 I £ll=1

To apply Lemma 12, we now need to show that the positive operator S upper bounds the second moment of Z,,.
Letting v € H, and dropping the subscript a for brevity, we have that

(1 B2 ) = (. BIQY VR VO ) — (0, @3 2005 Q@3 M)
< (u, @3 EIVQ;'VIQy Tu)
= (Q P BV VIR) )

_Z<QA wE | L e 0 05 8 ) 22 ;)

H
E[U;U; _1 _1 _
L e RN PRSI AMD
7 ik
Let v;; = E[U;U;]/(pip;). Using 2(z, Ay) = (z +y, A(z +y)) — (z, Az) — (y, Ay), we get:
(w, Zu” (@3 P, Yi)w (@3 Pt YVidaedYi + Y3, Q57 (Vi + V) e

- va Q. Yi) sl V3w (i, @51V

Similarly using 2(A4, z)(A,y) = (A, + y)? — (A, 2)%? — (A, y)?, we get that the first line is
ZVU( Q3 7, Y+ V)3 + Y5, Q3 (Vi + Yy)oe
—E (@5 P, YR(Yi + Y5, Q5 (Y + Yi)ae] — B (@5 P, Vi3V + 5, Q5 (Vi + Y5 )

22



and the second is

d

%Z%‘ (—E (@ *u.Yi + ¥3)30%:, @5 'Y3)|

+E [(Q3 0, YL (Y Q5 'Y + E [(Q5 0, Y3, 05T )

Each of these expectations is nonnegative, so dropping the ones with negative coefficients gives:
(u, B[ 2%]u) Z% Q1. Yi 4 Yi)30¥: + Y5, @3 (Y + Vi)

s Z% (@1 u Y3 (v @310 + Z% (@ Vi3 (v:, Q1Y) -

Recalling that (Y;, Q5 'Y;) < N7 ()), the second line is upper-bounded by N _(\) times

;iwk QP Y] + va (@ u,n>%{]—im1&[<@ﬁm>z],

i=1

where v; = 3¢

j—1Vij- We also have that

~1 —1 —1
(Vi + Y5, Q5 (Yi + Y))ae = 1Q* (Vi + Vi)l < 201Q5 7 Yall3, + 11Q5 7 Y513) < AN (),

so the first sum is at most N7 () times
d 1
S v E (@5 Fu,Yi+ V)3
g
_1 1
= va Q3 F . Yid3, + (@5, Y3+ 20Q5 * , Yidae@ o Vi

_QZVZ [QA u,Y;) }+2Z% {QA w Yi)u(Qy ¥ u, Vi ]

Thus

(u, E[Z%u)p < N'_( 22% [QA w, Vi)l Q5 2w, Y5) }+3ZU, [Q/\ w, V)2, }

d d
=<u,N;O(A)Q;§ 2F Zuij(Yi@@Y +3E ZmY@Y Q;5u>
i,J i=1 '
= (u, Su),,
recalling that
1 d d 1
S=N,NQ\* | 2E |> v(YiaY;) | +3E () _w(VieY)| | Q7.
,J =1

Thus we have the desired upper bound E[Z?] < S.
Recall that TrS < ¢, s, < ||S]| < s*. Then by Lemma 12, with probability at least 1 — § we have that

v (1 VEEIEPE
max\n - 3n - 3n
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where
Tr S 2t

2
fi=log ——— <1 =:
B og STST < 8 5 B,

as desired. O

We will now find ¢, s, s* for some particular sampling schemes. The following initial lemma will be useful for
this purpose:

Lemma 14. In the setup of Lemma 13, define M :=E [(Z?Zl Yi) ® (Z?:l Ylﬂ We have:

m=dg, (v ) < (@), [ortme]|<a

Proof. We first show M =< dQ:

Thus Tr(M) < dTr(Q), and since ||Q || < + we have

_1 —1
TY(Q,\2MQ,\2) :’I‘r(Q;lM) <
For any u with |luljy = 1:

1 _1 _1 1 1 _1 _
<U7Q>\ 2MQ,\ Ju)y = <Q,\ 2u7M(Q/\ *u))y < <Q,\ 2U7dQ(Q>\ ‘u))y = d<anQ)\1“>H <d,
and so the norm inequality follows. O

Lemma 15. Taoke the setup of Lemma 13 where each U is independently distributed as Bernoulli(p), for p € (0, 1].
The number of sampled components is random, distributed as Binomial(nd, p).

For any p € (0,%), A € (0,p]|Qll], and & > 0, it holds with probability at least 1 — & that

Amax <Q§é <Q— iiva> Qﬁ) c 28 J10d+1/p = HNLNB
a=1

— 3n n

where

10(d+1/p—1)TrQ

25 (Mrgzesd —ga)

B :=log

Proof. Here we have for i # j

E[U2] 1 1 E[U;U;] EU,EU;
i = D; Vij= —5— = — = —, Vij = = =1
1 Hi D Hoi g Hi
Define r := % — 1; then v; = r 4+ d. Using Lemma 14, we get that
E vi(Yi®Y)| = (r+d)Q
Li=1

and _

d d d

E|Y wiey)|=E|Yviey| +(1-1)E|YX vievi| =M+,
irJ ] i=1
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so that

S=N,_(NQ, 5 (2 2(M +7Q) +3(r +d)Q) Q, :
= N (V@2 (2M + (57 +3d)Q) Q5 2
Thus

Tr S = N (A) (2Te(Qy ' M) + (57 + 3d) Tr(Q5'Q))

< 22D\ ) @)

_1 _1
Likewise, since HQA M@, ? H <d,

181 < M) (2@ Moy

+ (3d+5)[QQF ) < 5(d+ 1) N (V).

Since we have A < p[|Q]], |QQ}"| = ”Q” > 1, and so

ISl = A |6+ 30)@ax ! — 20, F M@y
>NV ((5r +3d)QQ; | -2 HQ;%MQ;% ”)
2 (28 i)

1+

p
This bound is positive when 57'+3d >2d,ie. p< 3 (% ) it suffices that p < %
Applying Lemma 13 proves the result. O

Lemma 16. Take the setup of Lemma 13 where each U® is chosen uniformly from the set of binary vectors with
U, = £ € [1,d], i.e. we choose £ components of each vector at random without replacement. Assume that
d > 1; otherwise, we simply have £ = d = 1, which is covered by Lemma 15 with p = 1.

For any p € (0,1), A € (0,p(|Q]l), and 6 > 0, it holds with probability at least 1 —§ that
1 & _1 25 10d N7 (N3
— 2 | <« 22 jhetahite oA SAVANS
Amax (QA <Q na§_1Va> Qy ) <3, i

10 Tr(Q)

d—¢ d({—1)
2 ((3+248%) & - 208

where
B :=log

Proof. In this case, for i # j we have

¢ _EBUH_1_d _P(U=U;=1)_ (i) d _d-1
i d’ ii /1*12 i 7 ij Lty (j) 72 Z(d—l).
he d dit—1) d
=gt d-Dgy =g -0 =d

and E [ZZ (Y@ Y)} = dQ, while

Cd—1) | d d—1) d
ZV?,]Y@Y f(d 1)E[1’JK®E]+<€£(CZ—1)>E ;n@lfz

L d(e—-1), d(d—1)

St a=n @



using M from Lemma 14, and so

S=N_NQ;’ (2%_BM+CJ<3+2 d-t )Q)Qﬁ.

Thus

TrS =N () (2‘“@_ 1; Te(Q 2 MQ; ) +d (3 + 28(62_6 > TT(QQQ))

l
e A

N (\)d (2d(€_)+d_€ + 3) T (Q)
T

o(d—1)

We similarly have

(e —1)

o e wa (32775 ) el
d(t —1)

<N (2€(d R (3 ! 2€(Z:€1>>)
= 5d N ().

1] < A () (2

Note also that 1 </ < d 1mphes 2 ((5 B <3427

we have that [|QQ}"| > 1+p’ we obtain that

Z(d 1 for integral £ and d. Since M < d@, and like in Lemma 15

2 2 d
QyTMQ, +d<3+2£(d )>QQA

sty (20 ) aes)
> ) (=2 3+ 2 ) 1)

) 1
=dN () <(3+2g(cfg el)) 1Jlrp _25((§:3>

(e —1)
((d—1)

> N ( 2d((§ ?

15| —N;owH A1)

We then have that

t 5Tr(Q)/\
. d—¢ \ 1 d(e—1)"’
s (3+ 2 2(d— 1)) 1+p 2e(d—1)
which is well-defined and positive as long as either £ =1 or (3 +2 (dd el)) Ty > 2?((5:3 ie. p< l H 1 ; since
5 < 1, it suffices that p < % The claim follows from Lemma 13. O

An interesting special case of Lemma 16 is £ = 1, where t/s, reduces to likp Tr(Q).

Lemma 17. Take the setup of Lemma 13 where each U is identically 1: we always sample all components of
the considered points.

For any p € (0,1), A€ (0,p]|Qll), and 6 > 0, it holds with probability at least 1 — & that

1 — _1 2,6 10d N (\)B o 10%@
- P

Proof. Special case of either Lemma 15 with p =1 or Lemma 16 with ¢ = d. O
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D.3 Results on Hilbert space operators

Lemmas 18 and 19 were proven and used by Rudi et al. (2015).

Lemma 18 (Proposition 3 of Rudi et al. (2015)). Let Hi, Ha, Hs be three separable Hilbert spaces, with
Z : Hy — Ho a bounded linear operator and P a projection operator on H, with range P = range Z*. Then for
any bounded linear operator F' : Hy — H1 and any X > 0,

I(I - PYF|| < VA(Z*Z + )% F|.

Lemma 19 (Proposition 7 of Rudi et al. (2015)). Let H be a separable Hilbert space, with A, B bounded self-adjoint
positive linear operators on H and Ay = A+ M, By = B+ A. Then for any X\ > 0,

_1 1 1 1
[Ay B2 < [[A\ 2B < (1 —~(N) "2

when

AA) = Amas (B;%(B - A)B;%) <1

D.4 Distances between distributions in P

Lemma 20 (Distribution distances from parameter distances). Let fo, f € F correspond to distributions
Po = Py, P =Dy € P. Under Assumption (H), we have that for all v € [1,00]:

Ip = poll Lr(ay < 2w I~ Tollwe2emintiflie 1 follzed | £ — foll44 [lgo |l L (o)
lp — pollzr () < 2k =follm || f — fo 12
KL(f[lfo) < ew®|1f = fol e\ "= FW (1 + 5]l f = folla)
KL(foll £) < er®[[f = foll e =701 (14 5] f = foll)
h(f, fo) < ezl =10l || £ — foly

where ¢ is a universal constant and h denotes the Hellinger distance h(p, q) = ||\/D — /4l z2()-
Proof. First note that

1f = follos = sup|f(z) = fo(z)| = sup|(f — fo, k(z, ))u| < &llf = foll
zeQ TEQ

Then, since each f € H is bounded and measurable, Py, of Lemma A.1 of Sriperumbudur et al. (2017) is simply
P, and the result applies directly. O

References

Ben-Israel, A. and T. N. E. Greville (2003). Generalized inverses: theory and applications. Second edition. Springer.

Boucheron, S., G. Lugosi, and P. Massart (2013). Concentration Inequalities: A Nonasymptotic Theory of
Independence. Oxford, UK: Oxford University Press.

Caponnetto, A. and E. De Vito (2007). “Optimal rates for regularized least-squares algorithm.” In: Foundations
of Computational Mathematics 7.3, pp. 331-368.

Rudi, A., R. Camoriano, and L. Rosasco (2015). “Less is More: Nystrom Computational Regularization.” In:
NIPS. arXiv: 1507.04717.

Sriperumbudur, B. K., K. Fukumizu, R. Kumar, A. Gretton, A. Hyvérinen, and R. Kumar (2017). “Density
Estimation in Infinite Dimensional Exponential Families.” In: Journal of Machine Learning Research 18.57,
pp- 1-59. arXiv: 1312.3516.

Steinwart, I. and A. Christmann (2008). Support Vector Machines. Springer.

Strathmann, H., D. Sejdinovic, S. Livingstone, Z. Szabo, and A. Gretton (2015). “Gradient-free Hamiltonian
Monte Carlo with Efficient Kernel Exponential Families.” In: NIPS. arXiv: 1506.02564.

27


http://arxiv.org/abs/1507.04717
http://arxiv.org/abs/1312.3516
http://arxiv.org/abs/1506.02564

	Preliminaries
	Notation
	Operator definitions
	Assumptions
	Full-data result
	Subsampling

	Representer theorem for Nyström optimization problem (Theorem 1)
	Relationship to ``lite'' kernel exponential families

	Consistency and convergence rate of the estimator (Theorem 2)
	Decomposition
	Remark on unimportance of second-derivative terms in the basis

	Probabilistic inequalities
	Final bound

	Auxiliary results
	Standard concentration inequalities in Hilbert spaces
	Concentration of sum of correlated operators
	Results on Hilbert space operators
	Distances between distributions in P


