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A Approximation error bound and L.-norm bound of the finite dimensional
model

A.1 Approximation error bound

To derive the approximation error bound, we utilize the following proposition that was proven by Bach (2017).

Proposition 1. For A > 0, there exists a probability densily qo(T) with respect to the measure Qg such that, for
any 6 € (0,1), 4.i.d. sample vy,..., vy from qp satisfies that

sup inf F= " Biae(vy) P n(Fmi (- v)) <4,
1 ll7, <1 BER™:[IBI3< & Z ! ! LA (P(X)
2

with probability 1 — 9§, if
m > 5Ny(A) log(16Ng(N)/9).

By the scale invaliance of 7, n(az) = an(z) (a > 0), we have the following proposition based on Proposition 1.
Lemma 1. For A >0, and any 1/2> 6 > 0, if

m > 5N (A)log(16Ne(A)/9),

then there exist vy,... vy € Ty, W1, ..., w, > 0 such that
2
sup inf A f = Bm(wiFooa (-, v5)) < 4AR?,
fll2e, <R BER™:||BlI3< 2= i
L2 (P(X))
and
1 & _
EZ“’JZ <(1—26)""
j=1
Proof. Notice that B[t 3" q/(v]) ' =Elg(v) '] = [ ac(v) " qe(v)dQe(v) = [ 1dQe(v) = 1, thus an i.i.d.
sequence {vy,...,vn,} satisfies = Ejzl qe(vj)™t < 1/(1 — 28) with probablhty 20 by the Markov’s inequality.
Combining this with Proposition 1, the i.i.d. sequence {vi,...,v,} and w; = Qg(vj)_l/2 satisfies the condition

in the statement with probability 1 — (§ +1—2§) = § > 0. This ensures the existence of sequences {v;}72; and
{w;}jL, that satisfy the assertion. O
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From now on, we define
Co :4a C1 :47 Cs = (1 _26>_1

Based on the proposition, we approximate f© given by the integral form (2) by a finite dimensional model f*
given as follows: let my be the number of nodes in the ¢-th internal layer (we set the dimensions of the output
and input layers to my41 = 1 and m; = dy) and consider a model

[i(g) =WOn(g)+b® (geR™, £=2,...,L),
fi(@) = w460,
f@)=frofi_10- o fi(z),

where W) € Rmet1xme and pl&) ¢ Rme+r,

The next lemma gives an approximation error bound between f° and f*. The L.,-norm bounds of f° and f*
are given later in Lemma 3. Substituting § < §/2 into the statement in the following Lemma 2 and letting
¢s = c1¢5/2, we derive the approximation error 01, in Theorem 1 in the main body.

Lemma 2 (Approximation error bound of the nonparametric model). For any 1/2 > § > 0 and given \; > 0,
let my > 5Ny(N\g) log(16N(\)/5). Then there exist WO € R™ee1xme gng p ¢ R™e+t (0 = 1,..., L) where
mr4+1 = 1 and m; = dyx such that

IWOIR < cres B2, (O] < VesRy (E=1,...,L 1),

IWEE < a2 (b)) < Ry,

and
L
1£° = Fllzapoy < \(c1es)FtegRE /Ay
=2

Proof. We construct the asserted finite dimensional network recurswely from ¢ =L to { =1. Let {v(e)}

and

{wje)} be the sequences given in Proposition 1. Let 7} = {v(g . With slight abuse of notation, we 1dent1fy
fr R™ — R™+1 to a function f; : 72 — 72+1 in a canonical way. For a function F : R% x 72 — R, we denote
by f;[F)(z, v§e+1)) to express f;[F(x, -)](vgéﬂ)) YW, Z)F(m v(e)) + b(e) for v(“_ € Tir1. When we write
fF[F) for F: R% x T, = R ((x,v) = F(z,v)), we deal with F as a restriction of F on R% x 7;. We define the

output from the /-th layer of the approximated network f* as F(z,v) for v € 735 and = € R%. More precisely,
it is recursively defined as F; (z,v) = f;[F;_,]|(z,v).

We use an analogous notation for other networks such as fg. That is, F(z,v) = (fp o---o f(x))(v) for v € Ty
and z € R% and FP(z,v) = fO[FP |](z,v).

Step 1 (the last layer, £ = L).

We consider the following approximation of the L-th layer (the last layer): Remember that my1 = 1 and thus
the output from the L-th layer is just one dimensional. We denote by 77,11 = {1} which is the index set of the
output (which is just a singleton consisting of an element 1). As a candidate of a good approximation to the
true L-th layer, define

FrlFL_1)(z,1) Zﬁﬁ(“ (\/iTLw](-L)FL_l(x,v](»L))) + by (S-1)

by ) € R™: and wF) € R™* satisfying ||3(5)]3 < miLclR2 and ||w®)||3 < mycs. Here, define that

= mrpE T b = (59,(1)).

Note that the model (S-1) can be rewritten as

FilFuoi)(a) Zwu Vet Fy e o)) + b,
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Because of Proposition 1 and Assumption 1, the norms of the weight W (%) and the bias b(%) are bounded as
WS e = WDl < verR, (632 = bel < Ro. (S-2)
By the Cauchy-Schwartz inequality and the Lipschitz continuity of 7, we have that
IfZ[FL (1) = fE[FL_y)(2, 1)
(L L L -1 (L L
< |ZW n(ymz P Fr (o)) = (v el Fy s (2,07))]
L) -1 L m
< ||Wf lov/mz ™l (wy (Fra (v = Fp (05 )7 2
L) -1 L)\\m
< Wi layme ||w<L loll (Frma (v = Fp G, 0f)) 54
< VR esmu fmp|(Fr-(e,v5") = Fp oy (@,0)74 e
L
= Veres RI|(Fr_y(z,v\") — F] 1<x V) e
for Fr_1,F]_,: 7\1 x R% — R. Moreover, Proposition 1 ensures that 8(*) and w(%) can be taken so that
IFEFR ) (1) = FRIFR ] DT, px)) < coALR%.

Hereinafter, we fix 3(%) and w™) so that this inequality and the norm bound (S-2) are satisfied.

Step 2 (internal layers for ¢ = 2,..., L — 1). As for the ¢-th internal layer, we consider the following approxi-
mation:

2 0+1 -1 (¢ ¢ o, (£+1
Flgw!*) Z\ﬁﬂ n(vime wg(vf”)) + b (oY),
Jj=1
for g : T, — R with B € Rme+1xme and w® € R™ satisfying ||ﬁj(£)||§
[[w®||3 < myes. Then, the Lipschitz continuity of f; can be shown as

7 (Fea) o) = FEFE ] o)

01R2 (V5 =1,...,meq1) and

IN

S vmeBl) n(yme w Feo (2,089)) = n(yime wl? B (2,080)))

j=1
l 4 m
18 N2 llw® 2l (Fe—1 (2, v$7) — Fy_y (2, 039)) 7 lmax

1 £)\\m
< \/ﬂTeR camz||(Fe—1($’“g(' )) - Fe’_l(x,vj(- )))j:£1||max
£)\\m
= Veres Rl (Feoy (2,08) = FL_y (2,007 s,

for any vg“l) € ﬁzﬂ). Proposition 1 asserts that there exit ) and w® that give an upper bound of the
approximation error of the /-th layer as

IN

jtnax IFZFP-A)Cog ™) = fRIFR- (v Ny < MR
Finally, let
o _ 0, @+ g _ L (+1) o, (+1) 41 r+1
Wij - Mos1 /87.] i ’ b( ) - Téﬂ(wl b([?(vl ) wr(n;:l)bo(vfn;:_l))) ’

then, by Assumption 1 and Proposition 1, the norms of these quantities can be bounded as

mMe41 my

LSS g2

i=1 j=1

I

mé+1

me+1

my 1 2013
< — Z l(“' ) < ¢1e5R?,
me41 P my
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and
1 2
pOI2 < —— wH R < csR2.
WO < 2 P <R}

Step 3 (the first layer, £ = 1).
For the first layer, let

o) Q1(j)zj + b5 (v

S
N
=

for v ) e 7'2 By the definition of f©, it holds that

F(,0) = oz, 0P).

Let W = L (Qu()w” B (v, 5))s,; € R™*d and b = L (w(P9(1),..., wi)bg(ms))T € R™. Then,
by Assumption 1 and Proposition 1, it holds that
mo d
2 o/ (2) . .
WO = ZZ D 1P, (7)?
i=1 j=1
L2 N o () 2y (2
< —W; O(v; ] 1
< Z;mel  Dax Zlhl(vz 3)*Q10)
1= Jj=

1<i<ma

dx
<c¢s max Zh‘f(v}Q),j)sz]‘) < ¢sR?,
j=1

and

b2 < Zw @’ g2 < ¢sR2.

i=1

Step 4.

Finally, we combine the results we have obtained above. Note that

IfLofi_1o-off —frLofi_10o- o ffllLpx)
=[[ffofi1o-off —frofi_yo-0ff

+tfioofinofiofi oo ff —floofiofiofi 00 f}
+fiofsoff = fio - f5o [l

L
<Y Wfiooffofiofi oo ff—fiooffofiofiio o fllLapix):
=1

Then combining the argument given above, we have

|\f£°-~~0f2‘+1Ofé’Of?_lo'--Off—f20~-~0f2‘+1Ofé“Ofé’_lo---Offlle(P(xn

S(\/QT(SR)L_Z(\/@R) — \/MRL_Z-H\/)\»@,
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for £ =2,...,L. And the right hand side is 0 for £ = 1. This yields that

L
15 = lrapxy) < ZRL_HI\/M\/ e
=2

By substituting W and b for £ = 1,..., L defined above into the definition of f*, then it is easy to see that
f* — f~*

as a function. Then, we obtain the assertion.

A.2 Bounding the L. -norm

The next lemma shows the L,,-norm of the true function f° and that of f € F.

Lemma 3. Under Assumptions 1, 2 and 3, the Loo-norms of f° and that of f € F are bounded as

L
1£°loe < R"Dy + > R*'Ry,
=1

L
[ flloo < (Veres)"R* Dy + Y (VeresR)* Ry,

£=1

Proof. Suppose that
||F£71(.'L‘7 ')||L2(Qe) <G.

Then, F} can be bounded inductively: for all 7 € Ty4q

B (a,7)] = ' [ o st w)aeo) + 56

< A2 (T )o@ 1FE-1 (2 )| ooy + 167 (7))]
< RG + Ry,

by Assumption 1. Similarly, as for £ = 1, it holds that, for all 7 € 75 and x € R%,

dy
9@, ) =D hs(r)2iQu (6) + b9(7))|

1=1
dy
<Y R i)ziQu (i) + [B9(7))
=1
< AS (7 M o llzl Loy + Bo
< RD, + Ryp.

Applying the same argument recursively, we have

L
1£°lloe < R*Dy + > R"'Ry,
=1

We can bound the Lo,-norm of any f € F through a similar argument. Note that W) satisfies |[W || <
JeicsRfor £ =1,...,L —1, W& satisfies |[W)||p < VC1R, and b satisfies [|b® || < V€5 Ry by its construc-
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tion. Therefore, though a similar argument to the bound for f°, we have that

L—1
Ifllse < VerR | ] (VeresR) | VesRD,
L-2 - L—1
+<Z veR| [ (vacsh) ﬁRw\/aR\/awaaRb)
=1 0 =0+1

L
< (c1e5)*?R¥ D, + Z(\/clch)L_ZRb.
=1

B Bounding the posterior contraction rate (proof of Theorem 2)

In this section, we prove Theorem 2. The proof is divided into two parts: posterior contraction rate with
respect to the in-sample error (i.e., the empirical Lo-norm || f||,, = /> . f(z;)?/n) and that with respect to
the out-of-sample error (i.e., the population Ly-norm || f||,(py) = /[ f(X)2dP(X)).
Here, let

€n = 61,n + 052,n7 gn = 51,71 + 62,n~

B.1 In-sample error

Here we show the in-sample error bound. Let X,, = (z1,...,2,), Y0 = (y1,...,yn) and D,, = (X,,,Y},). For
given X,,, the probability distribution of Y,, associated with a function f (i.e., y; = f(z;) + ¢;) is denoted by
P, ;. The expectation of a function h of Y,, with respect to P, y is denoted by P, s(h). The density function of
P, with respect to Y,, is denoted by p,, ;.

For 7 > 1, let A be the event such that
P f(Yn o - . &
[ 2285 14s) 2 exp(-n? o U - 1 = £l < Ba)
Pn,po(Yn)
The probability of this event is bounded by Lemma 4.

Using a test function ¢,, defined later (here, a test function is a measurable function of D,, that takes its value
in [0, 1]), we decompose the expected posterior mass as

E[(1f = £l > V2enr| D)
<E [gn] + P(A)
+E[(1 = 6014 TI(f € F|Dy)
+E[(1 = ¢u)1La,11(f € F [ = f°|2 > 2er2|Dy)]
=:Ap + Bp+Cp + Dy, (S-3)

for €, > 0 where the expectation is taken with respect to D,, = (X,,,Y,,) distributed from the true distribution.
We give an upper bound of A,,, B,, C,, and D,, in the following.

Step 1.

For arbitrary ' > 0, define C,v = {f € F | v < /n|f — f°|ln/o}. We construct a maximum cardinality set
©,» C C, such that each f, ' € O, satisfies \/n||f — f'||ln/o > r'/2. Here we denote by D(e, F,| - ||) the
e-packing number of a normed space F attached with a norm || - ||. Then, the cardinality of ©,. is equal to
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D(r'/2,Cri, /0| - ||n/c). Then, following Lemma 13 of van der Vaart and van Zanten (2011), one can construct
a test ¢, such that

Prjodp < 9D(r' /2,Cpr N1 - In/0)e 57" < 9D /2, F.\/a - ||n/o)e 57",
sup Pn,f(1 - ér’) < e_%T,Qa
fECT/

for any ' > 0.

Substituting v/2/ne,r /o into r’ and denoting ¢,, = é\/i\/ﬁenm/zﬂ we obtain

Py fotn < 9e~ mrz e Hlog(D(r' /2, F./ulIn /7)) (S-4)
sup  Pog(l—¢p) < e mrn (S-5)

fec2\/§ﬁen""

Hence, we just need to evaluate the (log-)packing number log(D(r'/2, F,v/n|| - ||n/c)) where ' = 2ne,r/o. It
is known that the packing number is bounded from above by the internal covering number!, and the packing
number of unit ball in d-dimensional Euclidean space and that of the covering number is bounded as

d
D(e, Ba(1), [ - ) < N(e, Ba(L), || - ) < (4“)

€
Based on this we evaluate the packing number of F.

Let f, f' € F be two functions corresponding to parameters (W), b“)) 7, and (W0 ) . Notice that if
[W® —WO|p <eand [[p© — 'O < e, then

L L
If = flloc < LeR* "Dy + Y " eRM' = ¢(LR"'D, + Y R'). (S-6)
=1 =1

Therefore, if € <&/ G where
L
G=(LR*'D,+Y R'H),
=1

then ||f — f'|loc < d. Hence, the packing number of the function space F can be bounded by using that of the
parameter space as

log(D(r'/2, F,v/nl| - [In/0)) = 1og(D(r' /2, F,v/nl| - [In/0)) < log(D(or’/(2v/n), F, | - lloc))
<log(N( ' /2vn), Fo - llso))

<Zlog '/(2VnG), By s ( +Zlog '/(2v/nG), By, (Ry). || 1)

O"I‘

L 4+2UT/GR Jr2 GR
Z g+1m410g 7\/71 +nglog #

or’ or

=1 2,/nGR =1 2,/nGR,
L A5 L A
4V2GR 4vV2GR,
Z M1y log <1 + V2 > + ng log (1 + “) . (S-7)
=1 en =1 €nt

Therefore, by Eq. (S-4), we have that

L A5 L .

EnT EnT
(=1 n (=1 n

!The e-internal covering number of a (semi)-metric space (T,d) is the minimum cardinality of a finite set such that
every element in 7 is in distance € from the finite set with respect to the metric d. We denote by N (e, T, d) the e-internal
covering number of (T, d).
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Step 2. Here, we evaluate B,,. It can be evaluated by Lemma 4 as

B, < exp(—né,7*/(80%)) + exp(—ndi , (7 — 1)*/(11R%,)).

Step 3. Since F is the support of the prior distribution, it is obvious that C,, = 0.

Step 4. Here, we evaluate D,,. Remind that D,, is defined as
Dy = Ex, [PapollI(f € F:IIf = 20 > V2erlVa) (1 - 6a)14,]]

Define
En(7) = —1og(TI(f : |f = f*lloo < 02.n7))

for 7 > 0. Then, D,, can be bounded as

Dy — By { P T2 1{f : 1f = folln > V2er}pn pdII(f) Q- %)14 }

I [ P pd1I(f)
[ 1{f¢||f—f°||n>\f6 } ot dII(f)
= EXn {P’,Lfo f]: f Pn, f ' Lo ( - ¢77/)1Ar‘| }
F Pn, fo

IN

_/fefrllff°||n>\/56r

Ex, {/ . P g[(1 = ¢n)La,] exp(néi?/o® + En (7 ))dH(f)}
FEFf=folln>V2er

né2#? . neir?
<exp 2 +Z2,(7) — 107 )

By using the relation (S-6), the prior mass =, (7) can be bounded as

En(7) = —1og(I1(f : |f = [*lloc < d2,07))

< —log(II(f : |f — [*[loc < 02,0))
L
<= log(MWO WO — WO g < 6y,,/G))
=1
L A ~
= log(®E b —b* Oy < 6,/ G))
/=1

L
me,,+1 log(RG/(62.n/2)) + Zm, log(RyG/ (2.1 /2)).
/=1

Step 5. Finally, we combine the results obtained above.

Ex, {Pn,fo P /P, podI1(f) exp(né i /o + B, (F ))(1_¢n)1A;]}
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E[I(1f = 12l = Vaear[¥a)]
L A = L =
1 44/2 44/2
<9exp l—“neiTQ + ng+1mg log (1 + fGR) + ng log (1 + m)
a

=1 Enr — EnT
+ exp(—néZi?/(80%)) + exp(—ndi , (72 — 1)?/(11RZ.))
- n62r2
+ exp (e 72 4+ 2, (F) — 107 ) . (S-9)

Now, let 1 <7 < r. Then, since ¢, > Sg,n and r > 1, we have that

ol ) Al ol )
max { log 29;71% ,log 1+4\/§£ < log 1+4\/A§£ ,
52,17, EnT 52,n

for all R' > 0. Now, we set 527,1 to satisfy

3 L 4 L 4
" 2” Z memy1 log (1 + \fGR) +Zmz log [ 1+ {GRb (> Z,.(7)), (S-10)

/=1 2n (=1 2.n

which can be satisfied by

A 202 4\/5@ max R, R n
%ﬁn Z mygmeq1log, | 1+ = { b1V
=1 TN/ Dy MMy
Then, by noticing 163 n <né; and Eq. (S-8), the RHS of Eq. (S-9) is upper bounded by

ne2r? }

exp(—né2i?/(802)) + exp(—ndi (% — 1)%/(11RZ)) + 10 exp [2~2 i 7
Here, by setting 72 = 1272 > 12, then the RHS is further bounded as
exp(— n(51 (72— 1)2/(11R2)) + exp(—né2 72 /(802)) + 10 exp(—ne2 72 /o?)
<exp [—n&lm(?’ - 1)2/(11}?20)} + 11 exp(—ne2i? /(80?)).

Lemma 4. Then, for any 7 > 1, it holds that

M exp(—né2i? /o - 5 s
Ih(/mwwﬂmmz p(—néy i [o®TI(f : || f fWS@mO

>1—exp(—né 7’2/(80 )) — exp(—n 1 n mln{(r — 1)2 - 1}/(11R2 ).

Proof. Note that Lemma 14 of van der Vaart and van Zanten (2011) showed that

7p"’f(yn) exp(—ne,, 252 o S f=f° €EnT — exp(—ne€,, 252 /(80
Props, ([ ZLEEIAT) > exp(ond a0+ f = £l < E07)) = 1= explonddi/(5a).

where Py, |y, represents the conditional distribution of Y,, = (y;)j~, conditioned by X,, = (z;)j~,. Therefore
the proof is reduced to show || f — f°[l, < 01,47 + || f — f*[|oc With high probability. Note that

1f = ol < = ol + 15 = Folln < WS = Folloo + 17 = SOl

Hence, we just need to show ||f* — f°|? < 61 n PN = fO||L2 po(S @47 )(5 ) with high probability for
appropriately chosen 7. This can be shown by Bernstein’s 1nequahty

. m”zg‘f
PIF* = o, pey + 705, < I = fOII%) < exp ( - o )
( 2(Fx) ) 200+ 7| f* — f°|2.62,./3)
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where v = Ex [((f*(X) = f°(X))? = I* = °llE, (py)?)- Now v < Ex[(f*(X) = foXD*] < If = folSlf -
PN pey S IIF* = folI%0%,, This yields that

* _ fo 8 « o 3nmin{#2,7} 0%,
P15 = Pl + 780 <157 FI2) <esp [— T (1)
. - - . 3nmin{7'?,7'}62
Since || f* — f°]|o < 2R, the RHS is further bounded by exp )
. o 3n6? | min{7?,7'} .
Therefore, with probability 1 —exp | — YT , it holds that
1F = £lln < 1F = F¥llow + /17" = FoU2 ey + 7020 < I = Flloo +VTH P01

for all f such that || f]|cc < co. Thus by setting 7/ so that 7 = v/1 4+ 7/, we obtain the assertion. O

B.2 Out of sample error

Now, we are going to show the posterior contraction rate with respect to the out-of-sample predictive error:
Ep, [II(f : [If = f°llLapx) = €ar|Dn)] . (5-12)
for sufficiently large r > 1.
To bound the posterior tail, we divide that into four parts:
I=Ep, [Lag],
L= Ep, [Lal(f : V2If = £l > ears [Iflloc < Roc | D))
1L = Ep, [La11(F : If = follzaee) > €nr = VIS = s Iflloe < Boo | Da)]

IV = Ep, |14/ : |/l > Roc | Da)| -

The term I and II are already evaluated in Section B.1, that is, I + II is bounded by the right hand side of Eq.
(S-3) which is what we have upper bounded in Section B.1.

The term IIT is bounded as follows. To bound this, we need to evaluate the difference between the empirical
norm || f — f°||,, and the expected norm || f — f°||,(py), which can be done by Bernstein’s inequality. Following
the same argument to derive Eq. (S-11), it holds that

fifo 2
P(If = folliaeey = VIS = £2ll0) < exp <_”| llmm) |

11R2,
Therefore, we arrive at the following bound of III:

I < Ex, | P Pt [P godTI(D) | exp(néi® /0 + Z,(7)) La,

—_

/f€7‘—1|f—f"|LZ(PX)>€nTZ\/§||f—f°|n
< exp(n2i? /0 + E,(F) / PN = fllzacre) > VRIS — £2]ln)dII(f)

FeFIf=follLypy)>enr

~2 =2 2,.2

ne_,m ne,nr

< exp L+ EN(r) - —=
( o () 11R2,

2né2i?  ne2r?
< n' n )
=P ( o?  11R2
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Finally, since all f € F satisfies || f] oo < Roo, IV = 0.
Combining the results we arrive at

° néf min{(#?-1)%,72-1}
Ep, [(F [ = Flley) > ear|Dy)] < exp |25 minl T 12exp (~n22/(80%))

for all # > 1 and r > max{12,33R2 /02}#2. This concludes the proof of Theorem 2.

C Convergence rate for the empirical risk minimizer (proof of Theorem 1)

In this section, we give the proof of Theorem 1 in the main text. To show that, we prepare some lemmas.
Proposition 2 (Gaussian concentration inequality (Theorem 2.5.8 in Giné and Nickl (2015))). Let (&), be
i.i.d. Gaussian sequence with mean 0 and variance o2, and (x;)"_, C X be a given set of input variables. Then,
for a set F of functions from X to R which is separable wzth respect to Log-norm and sup ;. # |Z?:1 %@f(xlﬂ < o0
almost surely, it holds that for every r > 0,

P(sup Z =& f(x;) Zfz ()
feF

i= 1 feF
where || F||2 = SUp e 7 LS L f(zi)?. Here the probability is taken with respect to (&)1,

>E lsup

) < explonr?/2(e ]| Fl)?]

Remind that every f € F satisfies ||f]l, < ||flloc < Roo. Hence ||F||, < Rso. For an observation (z;)",, let
Gs={f—=F"|IIf = Flln <6, f € F}. Tt is obvious that Gs is separable with respect to Lo-norm. Then, by the
Gaussian concentration inequality, we have that

P i 7 [ i
(;gaz —& f(x:) ;éf(w)

i=1
for every r > 0. By applying this inequality for §; = 20~'¢/\/n for j = 1,..., [logy(Roov//0)] and using the
uniform bound, we can show that, for every r > 0, with probability [logy(Raov/n/0)] exp[—nr2/20?], it holds

that .
LS et - )| 2B || ap LY e

f€g26 i=1
uniformly for all f € G5 where 0 is any positive real satisfying § > o/y/n.

>E lsup

+ T) < exp[—nr2/2(05)2]

+ 267

Lemma 5. There exists a universal constant C such that for any & it holds that

E |>
Proof. Since [ ﬁ St & f(z;) is a sub-Gaussian process relative to the metric || - ||,. By the chaining
argument (see, for example, Theorem 2.3.6 of Giné and Nickl (2015)), it holds that

[ sup 7251 :Cz

f6g26 i=1
Since log N (€, Gas, || - [|n) < log N(e, F, | - [loo) < QMbg (1 + w), the right hand side is
bounded by

sup — & ()

f€Gas M i

- —
< Cog,| Dt memes (1 . 4Gmax5{R, Rb}).
n

20
< 4\@%/0 V10g(2N (€, Gos, || - [[))de

20 28 L A -
V1og(2N (e, F, || - ln))de < / log(2) + QM log (1 + W)de
0 n

0 €

L ~ - -
< o5 | Sleamemer <1+40m><5{RaRb}>,
n
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where C' is a universal constant. This gives the assertion.

O

Therefore, by substituting ¢ < (f Fln Voy/ M) and r < or/y/n, the following inequality holds:

**Zgz 2 l))

D : 1yAGmax{R, R
<Co||lf = f*llnV \/U Eezlnmemé—u 21 Zleme-s-l log, |1+ vnGmax{R, Ry}

L
TN/ Do MMty

2 L
+2 ||f—f*|n\/\/ anELILISY PR
n

Jn
2 L
* o —1 MMyt
5~ f ||nv\/ St M

2
L A e 2
420202 (ZH MM Jog (1 4 /G maX{R’Rb}> + 4T> :
n n

<

N

o
uniformly for all f € F with probability 1 — [logy(Raeov/n/0)] exp[—12/2]. Here let

4y/nGmax{R, Ry} r?

S meme
U, =20%% | &5 S
n

og, | 1+ +4—
L n
O\ D rq MeMyia
Remind that the empirical risk minimizer in the model F is denoted by f
f = argmin yi — f(z:))2.
e ;( (:)
Since fminimizes the empirical risk, it holds that
1 ¢ 7 2 IR * 2
- Z(yz‘ = fxi))” < - > (i — £ (@)
j i=1
= fzyz z) + A1 = L£71I% <0
= = Z(Ei + fO(xa) (F* (i) = Flaa)) + IFI = 1515 <0
= - Zfz — flz:) + ZfO xi)( — @)+ 1 = 17715 <0

= *Z& 2) + IF = foI2 < 1F* = oI

Therefore, we have

2

1 A * o2 25:1 memmyg41 N o112 * o112
- IIf=flnV " =V +f = FOlR < 1= F2l%- (5-13)

4
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~ 2 L
Let us assume ||f — f*|? > M Then, by Eq. (S-13), we have

1, - * = o * Ie)
i A 2 i R TRl
1~ * 1, - * * o * Io)
Tl e 2 T R P PR T
1~ * * o
= I =R <20 = IR+ (5-14)

~ 2 L
Otherwise, we trivially have || f — f*[|2 < M

Combining the inequalities, it holds that

IF = 12 <8I = 12 + a4 Tt e, (5-15)

Based on this inequality, we derive a bound for ||f— T*llL.(py) instead of the empirical Lo-norm ||f— -

Proposition 3 (Talagrand’s concentration inequality (Talagrand, 1996; Bousquet, 2002)). Let (x;)i_, be an
i.i.d. sequence of input variables in X. Then, for a set F of functions from X to R which is separable with
respect to Loo-norm and || f|lec < R for all f € F, it holds that for every r > 0,

VP 2
n n

n

sup |~ 5 f(a)? — B[

fer |

>C<JE

sup Zf il

feF

< exp(—7)

where H]}QHQLZ(PX) = SUPfeﬁE[f(X)4]-

Let Gs = {f—f" | If = f"leocpy) <6, f € F}. By the bound || f[[oo < R forall f € F (Lemma 3), ||g]lec < 2Roo
for all g € G5. Therefore, we have HQQQH%Z( Py) S 4R? 5. Hence, Talagrand’s concentration inequality yields

that
52 R2 R?
TIpY i L AL (S-16)
n n

Lemma 6. There exists a universal constant C > 0 such that, for all 6 > 0,
£S5~ e - |

. R R
Sh > vy MMy log., (1 N 4G max{R, Rb}>

LS fw? — B

n-
i=1

sup >CiKE

fegy

sup [~ 3" flag)? — B[

fegs | i

with probability 1 — exp(—r) where C} is a universal constant.

sup
fegy

<
=0 n )

L ~ - =
5 4
v i D Mmoo <1+C“na><5{w>
n

Proof. Let (e;)"_; be i.i.d. Rademacher sequence. Then, by the standard argument of Rademacher complexity,
we have

n

sup |~ 5 f(:)? — Elf?

fegy | i

n

<2E lSHP lzeif(zi)z

fegy |4

E
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(see, for example, Lemma 2.3.1 in van der Vaart and Wellner (1996)). Since ||f|lo < 2Rn for all f € Gf, the
contraction inequality (Ledoux and Talagrand, 1991, Theorem 4.12) gives an upper bound of the RHS as

] |

We further bound the RHS. By Theorem 3.1 in Giné and Koltchinskii (2006) or Lemma 2.3 of Mendelson (2002)
with the covering number bound (S-7), there exists a universal constant C” such that
1
sup | — Z & f ()

fegy | i ]

I ] —
5 Yot :gmgﬂ log., (1 n 4G max{R, Rb}>

n

sup 12@]‘(%?“ < 4(2]:200)E

fegy | i

n

! Z eif(wi)

171

2E sup

feg;

n

E

<
<C 5

) o
R 4
ol et <1 . Gma><6{RRb}>

This concludes the proof. ]

Let @, := M log, (1 + ;\/\E/C;;ax{é’éb} ) Then, applying the inequality (S-16) for 6 = 201 R /\/n
oo ¢—=1 MeMe41

for j = 1,...,[logy(y/n)], it is shown that there exists an event with probability 1 — [logs(v/n)] exp(—7) such

that, uniformly for all f € F, it holds that
R2, R?
<Oy |C(26Ra0\/By) D) + o[ =0 T

2 2
< % +202%(2C% + 1)R%®,, + (C? + Cl)R:)T

3=

Z(f(l‘i) = ")) = El(f = )]

where & is any positive real such that 62 > E[(f — f*)?] and 62 > R2 1, mgmes1/n. The right hand side can
be further bounded by
52 -
— + CoRR% ((I)n + 5)
2 n

for an appropriately defined universal constant Cs. Applying this inequality for f = fto Eq. (S-15) gives that

1~ %12 H2 r * o112 o +R2
I = I L) < GRS (<I>n+5) +8f* - f ||n+4wr,n+< Zmzmm

Finally, by the Bernstein’s inequality (S-11), the term || f* — £°||? is bounded as

£ = foln < L+ = ol T pe < L+7)0E

with probability 1 — exp ( EoTEn

Bt > for every 7 > 0.
Combining all inequalities, we obtain that
~ A r I 2(c2 + R2 L
IF = F 12, py) < 2C2R2 (@,L n ﬁ) F16(1+ )82, + 40, , + % 3 rmgmgsn.
r=1

This gives a bound for the distance between f and f*. However, what we want is a bound on the distance from
the true function f° to f. This can be accomplished by noticing that || f — f°||L2(PX) <2(|f- f*||L2(PX) +]fo-
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f*||2L2(Px)) < 2||f_ f*||2L2(PX) + 25%7” and conclude that

- - . Ao? + R2) &
PNy S AC R (P ) + (344 327)82 , + 8 + = o2 .
1f = £ N Lape) S AC2RE (®n + ) + (34 +327)07 , + 8%y + —— ;memm
More concisely, letting

L
2 2ot T 4/nG max{R,Ry}
) = U T g (14 Bl ),

the right side is further upper bounded as

2 2
B +7) + (1+f’)53n}

Fo o2 <C3¢ a(Roo) + afo) + ! )y
1F = Fol7 ) < S{Q( ) +alo) % \minfo/Bo 1y )
3nd? 72

with probability 1 — exp (— Y ) — 2exp(—r) for every r > 0 and 7' > 0.
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