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1 Proof of Theorem 4

Proof. First we define some events to analyze the sub-
optimal selections of arms:

e Event A(t):
t”;

“choosing a suboptimal arm at time

e Event B(t): “choosing a suboptimal group at time
t” ;

e Event C(t): “choosing group m* that contains the
best arm at time ¢”.

The probabilities of these events satisfy:

P(A(1)) = P(A®)B(?)) + P(A(1)C(?))
< P(B(t)) + P(A()|C(t)).

In the following, we will separately study the two
events B(t) and A(t)|C(¢).

I. Analyze the regret caused by choosing a sub-
optimal group

The selection among groups follows a UCB principle.
Similar to the argument in [6], at least one of the fol-
lowing three inequalities must be true:

Hm* (ém* (t)) + w;ﬁ <§;::(1:§(t1))> < s (O ),

O (0) > 0 (2220 61,
ay log(t)

Np(t—1) < Fm(Am/Q)

= up(t).

Next we show that the gap between the estimated and
the true group performance can be bounded by a func-
tion of the gap between the estimated and the true ex-
pected reward of the most played arm ke, in the group.
The following inequalities are based on Assumption 1
and Proposition 2, 3.
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Let N,,,(T) be the total number of times group m #
m* is chosen before time 7. We have:

E[N,(T)] =) _P(m(t) = m)
< um(T) + Z (P((19) true) + P((20) true))
t=up, (T)+1

(7)
and,
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where inequality (8) is obtained by the Chernoff-
Hoeffding inequality. The same upper bound holds for
P((20) true). Therefore inequality (7) can be further
written as:
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with @ = 204, /K, > 2. Thus, the regret caused by
choosing the wrong group Rp(T) satisfies:

Qy log(T) 2
mn < 3 (St as):

m#m*
I1. Analyze the regret by choosing a suboptimal
arm in the optimal group

Assume that we have chosen the optimal group N, (t)
times before time ¢ and m(t) = m*. We now consider
the probability of choosing a suboptimal arm in the
optimal group:

B(k(t) # k) < B(6 < [f,n
—PE<|u. (X,

m* km*

“(t) = Om-)
) =

m* km*

(Xm*,lz:m* ) )

(9)
271,m*
< 2exp (—2 <D6 ) N, i ) (10)
1,m* o

271,771*
< 2exp <2 <D5 > N;(n (t)> . (11)
1,m* m*

Equality (9) is obtained by the definition of 6,,,(¢) and
inequality (10) is obtained by the Chernoff-Hoeffding
bound. Inequality (11) is obtained by the fact that
N, .1 > T@ because km* is the arm that has
been selected most in the group.

SPE < Dime Xy, () = X i )

yRm*

We denote Ro(T) as the regret caused by choosing a
suboptimal arm in the optimal group up to time 7. It
satisfies:

T 5 291, m* "
T) < 2 -2 =
= ; o (Dl,m*) Ko

2

271, m*
2 [ ’
e (w2 (522) )

which is a bounded regret.

<
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Finally, the total regret can be derived as:
R(O,T) = RB(T) + Rc(T)
am log(T) 2 )
< +
Z <wm( m/2) a—2

m#m*
2

291, m*
exp (Kfn* (Dlin*) ) -1
= O(log(T)),
which completes the proof. O

+

2 Proof of Theorem 6

First we analyze the worse-case regret caused by choos-
ing the suboptimal groups and it has been derived

ot EIN(T)] < $t5558, = G SEE. Wi ¢ -

maxXm,em Em, We now rewrite the regret without de-
pendence on the sub-optimality gap as:

S ALENL(T)]

m:Ap, >0
> ARENL(D]+ Y ARE[N,(T)]
m:A,, <A miA, >A
log T
<TA+CM At

=C1(MlogT)$T' ¢,

where in the last step A is chosen to be (CM log T//T)*
to optimize the upper bound.

Next, we analyze the regret caused by the suboptimal
arms within the optimal group. From inequality (10),
we have:

E[|f( ‘i

P () =X | > z)dx

m* Ky, *

IP’
/ 2exp(—22°N, . i )d

ﬂ'Km*
N (1)

From Assumption 1, Proposition 2 and inequality (6),
the following can be derived:

[me (0=) = s (01|
Do DI NX i () = pye (O )[ T2 72m

=X e i (6 =ty gy (B0)]) (12)
T
<¢< 2Nm*(t)> . (13)

Adding up to time budget T, we get:

Combining the bounds for R (T) and RL(T) com-
pletes the proof.
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3 Proof of Lemma 10

We first consider the probability of choosing arm 2 in
a single time step ¢ under a full information setting.

P(6; € ©3) = P(6; > 6,)

= %(P(ufl(fﬁ(t)) > 6.)) + Puy (X2 (1) > 6.))

= S () < a(6.)) + B(a(t) > pa(0.)). (14)

We define two joint distributions as v1 = N (u1(6),1)®
N(pn(6), 1) and v5 = A2 (6), 1) @ A (a8, 1). Tn-

equality (14) therefore can be re-written as:
A " 1
P(0: € ©3) = 5(Po, (I = 2) + Po, (It = 1))

1
> L exp(—K (", 1)

= iexp (—tK (p1(0), u2(0))) - (15)

Adding up to time budget T, we have:

T
E(No(T)) > + 3" exp (~K (11 (6), 12(0)))

t=1

1
= IK (1 (0), 12(0))

(1 _ e*(Tfl)K(Ml(G)’Mz(9))2)7

and
1

lim E(No(T)) > 4K (p1(0), u2(0))’

T—o0

which concludes the proof.

4 Proof of Theorem 7

To get a lower bound of the total regret, we can sep-
arately bound the aforementioned two types of sub-
optimal arms. First, regret due to selecting a sub-
optimal arm in the optimal group can be bounded
as Q(T'~¢). From the proof of Lemma 10, inequal-
ity (15) can be derived in the two-armed setting.
We specify the reward functions as pi(f) = 67 and
pi2(6) = 1 — 67, where v > 1. When 0 = 6, = 277
the two functions lead to the same performance. De-
fine # = 0, + A, and further define the two pro-
cesses as: v1 = N((0. + A),1) ® N(1/2,1) and
vo =N(1— (6, +A),1)®N(1/2,1). We first bound
the one step loss as:

(6.4 A) — (1— (6. +A))
=20, + A)Y — 1

=207(1 + é)” -1
g

=227 A + o(A)

>bA.

Therefore the cumulative regret is:

T v 2
(1) 2 22 Y enp (AR

2
bA &
> - . 2
> ;exp( t2(0, + A)*9) (16)
__—16
Zbl e A 1 7
8 (A4277)%

where inequality (16) is obtained using (z — y)? <
7 —y? with v > 1. If we set A = 2_%T_%, which
can be relatively small when 7T is large, we have y; =~

and 5 = 1, and the following lower bound:

Rp(T) = QT 77) = Q(T*¢). (17)

For suboptimal arms in suboptimal groups, the lower
bound follows the result in [5], which indicates that:

Ro(T) = Q(VMT). (18)

Combining the two bounds (17) and (18) completes
the proof.

5 Proof of Theorem 14

The proof follows the general analysis in Section 4.2 of
the main paper, incorporating the window size 7.

I. Analyze the regret caused by choosing a sub-
optimal group We have:

Mo * (ém* (t)) + Cmx (t, 7"w) < o (an*)? (19)
Mm(ém(t)) > cml(t, Tw) + Nm(gfn)» (20)
Np(t — 1) < B(Tw, Am),

mY2,m
2
2o m Dt
Ap,

Now, to show that performances of all groups can be
accurately estimated with high probability, we con-
sider inequality (13). Note that | X, x(t)— . (05,)] is
separated as the instantaneous fluctuation of the ran-
dom variable X, x(s) around g, (6;,) and the bias
caused by drifting of parameter ji, x(65,) — fim x(65,)
at time s, which can be written as:

| Kok () = b i (6,)]

S (X (s) — e s(65))

B(1w, Ap) = Klog(t A 7y)(

IN
+
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t

Z |Mm,k(efn) - Mm,k(egn)‘

s=t—Ty+1
T
== 21
Nm,k(ta Tw) ( )
t
> (Xm(s) = pm i (05,))
s=1—Ty+1
ey
< 2=
o Nm,k(t7 Tw) +
t
22 2Dy |65, — 67,72
s=t—Ty+1
m(s)=m
k(s)=k
22
Nm,k(ta Tw) ( )

The bias component in the second inequality (22) is
based on Proposition 2. With Assumption 12 and the
fact that |t — s| < 7, the bias is bounded as a func-
tion of 1. If we adjust the length of the window, the
bias can be controlled to be smaller than half of the
projected padding function, leaving the other half to
be used in bounding the fluctuations. This is formally
written as:

P, (Nm(ém(t)) > :“m(efn) + em(t, Tw))
<P

(1K) = 1 1 (02)] > 67 (em (t70))
X (Kls) i s(03)

s=t—Tw+1
k(s)=k
<P < © .

N’m,k(ta Tw)

L
i(bm (em (t, Tw)))

am 10g(t A Tow) N (t, 7o)
-2
o ( Non(t7w) Ko

2K
1 Km
< .
- (t/\Tw>

I1. Analyze the regret by choosing a suboptimal
arm in the optimal group

Consider the minmax bound for the fluctuations, we
have [1]:

t
(X (8) = pm, ke (65,))
s=t—Tyw+1
k(s)=k

E,
* Nm,k(thw)

t

(Xim, o (8) = pm e (67,))
s=t—Tyuw+1

_ /°° P k(s)=k
0

< / 2 exp(—2 Ny (£, 7))l
0

- Y
N Nm,k(taTw).

Therefore, the regret from choosing a suboptimal arm
within the optimal group is bounded as:

E[rt(efn* )] S ¢(|Xm*,fcm* (t) - /’Lm*,ffm* (e'fn*)
7TKm*

w

>qx | de

Nm,k(t7 Tw)

)

4 2Ds e (7)”).

S ¢m*(

Combining the above with the confusing period, and

denote X = max Dy, D]%™ v = maxvyo,;,, 71 =
max i, Qy, = min IZ{—K = 2,A = min4A,,, we have:
m

R(T) < AG(A,T)M + M[T /7y ] B(1w)+

M T 1 a
>3 () +rom

9 7TKm*
<

Tw

¥
+2D, (lw) %)
-
2X 1 .
M + M[T/Tw](X)ﬁ log(7y) + MT(1 — 7,7 )+
_92 £ —¢ - Tw 173
OMTT2 4 TX (Ko )e726 + TX (2D5) 172 (7) ,
-
2'72,771
Set 7, = max7?"2=*" which satisfies the constraint

on the bias, the regret per unit time of SW-UCB-g
satisfies:

R(T)
T

= 2
_ g _ 272
lim < Oy P2 4 Cor 22+ log(T)+

T—o0

442 _ 272
M T 4 2M(1 — a2 1) + f(M).
(23)

The proof is complete by taking the scaling order of
(23).



