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Abstract

Principal component analysis (PCA) is one
of the most powerful tools for analyzing ma-
trices in machine learning. In this paper,
we study methods to accelerate power iter-
ation in the stochastic setting by adding a
momentum term. While in the determinis-
tic setting, power iteration with momentum
has optimal iteration complexity, we show
that naively adding momentum to a stochas-
tic method does not always result in accelera-
tion. We perform a novel, tight variance anal-
ysis that reveals a “breaking-point variance”
beyond which this acceleration does not oc-
cur. Combining this insight with modern
variance reduction techniques yields a simple
version of power iteration with momentum
that achieves the optimal iteration complex-
ities in both the online and offline setting.
Our methods are embarrassingly parallel and
can produce wall-clock-time speedups. Our
approach is very general and applies to many
non-convex optimization problems that can
now be accelerated using the same technique.

1 Introduction

Principal Component Analysis (PCA) is a fundamen-
tal tool for data processing and visualization in ma-
chine learning and statistics [Hot33; |Jol02]. PCA
captures variable interactions in a high-dimensional
dataset by identifying the directions of highest vari-
ance: the principal components. Modern machine
learning problems have become too big for full-pass
PCA methods, leading practitioners to stochastic
methods: algorithms that only ingest a random sub-
set of the available data at every iteration. Stochastic
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methods have been proposed for the offline, or finite-
sample setting, in which the algorithm is given ran-
dom access to a finite set of samples, and therefore
could perform a full-pass periodically [Shal5]. Other
methods target the online setting, in which the sam-
ples are randomly drawn from a distribution, and full
passes are not possible [MCJ13} [Bou+15} [Jai+16]. In-
formation theoretic bounds |[AZL16b] show that the
sample complexity, which is defined as the number of
samples necessary to recover the principal component,
is at least O(1/A?) in the online setting, where A is
the eigen-gap. Elegant variants of the power method
have been shown to match this lower bound [Jai+16;
AZL16b]. However, sample complexity is not a great
proxy for run time.

Iteration complexity—the number of outer loop itera-
tions required, when the inner loop is embarrassingly
parallel—provides an asymptotic measure of an algo-
rithm’s performance on a highly parallel computer.
We would like to match the Lanczos algorithm’s op-
timal convergence rate of O(1/v/A) iterations from
the full-pass setting. Unfortunately, the Lanczos al-
gorithm cannot operate in a stochastic setting and
none of the simple stochastic power iteration vari-
ants achieve this accelerated iteration complexity. Re-
cently, carefully tuned numerical methods based on
approximate matrix inversion |Gar+16; |AZL16a] have
achieved an accelerated rate in the stochastic setting.
However, these methods are significantly more com-
plex than stochastic power iteration and are largely
theoretical in nature. This context motivates the ques-
tion: s it possible to achieve the optimal sample and
iteration complexity with a method as simple as power
iteration?

In this paper, we propose a class of simple PCA al-
gorithms based on the power method that (1) operate
in the stochastic setting, (2) have a sample complex-
ity with an asymptotically optimal dependence on the
eigen-gap, and (3) have an iteration complexity with
an asymptotically optimal dependence on the eigen-
gap (i.e. one that matches the worst-case rate for the
Lanczos method). As background for our method, we
first note that a simple modification of the power it-
eration, power iteration with momentum, achieves the
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optimal accelerated convergence rate O(1/y/A) in the
deterministic setting. Our proposed algorithms come
from the natural idea of designing an efficient, stochas-
tic version of that method.

We demonstrate that simply adding momentum to a
stochastic method like Oja’s does not always result in
acceleration. Although adding momentum with a fixed
learning rate accelerates the initial convergence, it also
increases the size of the noise ball. This is because mo-
mentum accelerates the convergence of the expected
iterates, but also increases the variance, which typi-
cally dominates, so no overall acceleration is observed
(cf. Section. Using Chebyshev polynomials to derive
an exact expression for the variance of the iterates of
our algorithm, we identify the precise relationship be-
tween sample variance and acceleration. Importantly,
we identify the exact break-down point beyond which
the variance is too much for acceleration to happen.

Based on this analysis, we can design a stochastic mo-
mentum power method that is guaranteed to work.
We first propose a mini-batching technique to ensure
acceleration. However, this algorithm requires increas-
ingly large batch sizes to reach small errors. To rem-
edy this, we additionally propose a variance reduction
technique, which ensures acceleration with a constant
batch size. Both of these techniques are used to speed
up computation in stochastic optimization and are em-
barrassingly parallel. This property allows our method
to achieve true wall-clock time acceleration even in the
online setting, something not possible with state-of-
the-art results. Hence, we demonstrate that the more
complicated techniques based on approximate matrix
inversion are not necessary: simple momentum-based
methods are sufficient to accelerate PCA.

Our tight variance analysis can apply to general
stochastic three-term recurrence (cf. Section . It is
straightforward to show that randomized Kaczmarz al-
gorithms [SV09; |GR15] can be accelerated using mo-
mentum for solving linear systems. It also enables
many non-convex problems, including matrix comple-
tion |JNS13|, phase retrieval [CLS15] and subspace
tracking [BNR10|, to be accelerated using a single
technique, and suggests that the same might be true
for a larger class of non-convex optimization problems.

Our contributions

e We study the relationship between variance and
acceleration by finding an exact characterization
of variance for a general class of power iteration
variants with momentum in Section B.1]

e Using this bound, we design an algorithm that
uses mini-batching to obtain the optimal iteration
and sample complexities for the online setting in
Section

e We design a second algorithm that uses variance
reduction to obtain the optimal rate for the offline
setting in Section[3.3] Notably, when operating in
the offline setting, we are able to use a batch size
that is independent of the target accuracy.

o We demonstrate the acceleration of our variance-
reduced methods on real-world network datasets
in Section 3.4

2 Power method with momentum

In this section, we provide background knowledge to
help introduce our stochastic method. We begin by
describing the basic PCA setup and show that a sim-
ple momentum scheme accelerates the standard power
method. This momentum scheme, and its connection
with the Chebyshev polynomial family, serves as the
foundation of our stochastic method.

PCA Let x1,---,x, € R? be n data points. The
goal of PCA is to find the top eigenvector of the
symmetric positive semidefinite (PSD) matrix A =
L3 xix) € R™? (the sample covariance matrix)
when the data points are centered at the origin. We
assume that the target matrix A has eigenvalues 1 >
A1 > Ay > - Ag > 0 with corresponding normalized
eigenvectors uj,ug, - ,uy. The power method esti-
mates the top eigenvector by repeatedly applying the
update step
Wt+1 = AWt

with an initial vector wo € R After O (% log?)
steps, the normalized iterate w;/||w; ||E| is an e-accurate
estimate of top principal component. Here € accuracy
is measured by the squared sine of the angle between
u; and wy, which is 1 — (ul'w,)2/||w|>.

When A is close to Ay (the eigengap A is small), the
power method will converge very slowly. To address
this, we propose a class of algorithms based on the
alternative update step

Wit = Awy — Sw_. (A)

We call the extra term, Sw;_1, the momentum term,
and [ the momentum parameter, in analogy to the
heavy ball method [Pol64], which uses the same tech-
nique to address poorly conditioned problems in con-
vex optimization. For appropriate settings of 3, this
accelerated power method can converge dramatically
faster than the traditional power method; this is not
surprising, since the same is true for analogous accel-
erated methods for convex optimization.

Orthogonal polynomials We now connect the dy-
namics of the update to the behavior of a family of

'The ||-|| in this paper is £2 norm for vectors and spectral
norm for matrices.
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Table 1: Asymptotic complexities for variants of the power method to achieve € accuracy, 1 — (ufw)? < e. For
momentum methods, we choose the optimal 3 = \3/4. Here A := \; — )\, is the eigen-gap, o2 is the variance
of one random sample and r is an a.s. norm bound (see Definition ) In O notation, we omit the factors
depending on failure probability 6. Jain et al. [Jai+16] and Shamir [Shal5] give the best known results for
stochastic PCA without and with variance reduction respectively. However, neither of these results achieve the
optimal iteration complexity. Furthermore, they are not tight in terms of the variance of the problem (i.e. when

0? is small, the bounds are loose).

Setting Algorithm Number of Iterations Batch Size Reference
Power O (x -log (1)) IGVL12|

Deterministic | ancz0s 10) ﬁ -log (3) n |GVL12]
Power+M @ ﬁ -log (%) n This paper

] o? 1 1 :

Online Oja’s o(%-1+%) o |Jai+16]

Mini-batch Power+M O (ﬁ -log (%)) O (A§72 %log (%)) This paper
r2

Offline VR-PCA O (% 1og (1)) o(1) [Shas|

VR Power+M O (ﬁ -log (%)) O (Afé‘/g ) This paper

orthogonal polynomials, which allows us to use well-
known results about orthogonal polynomials to ana-
lyze the algorithm’s convergence. Consider the poly-
nomial sequence p;(x), defined as

pir1(x) = api(x) — Bpi—1(x),po = 1,p1 = /2. (P)

According to Favard’s theorem |[Chill], this recurrence
forms an orthogonal polynomial family—in fact these
are scaled Chebyshev polynomials of the first kind. If
we use the update with appropriate initialization,
then our iterates will be given by

d
wi = pi(A)wo = 21—, pe(Ni)usuf wo.

We use this expression and properties of the Cheby-
shev polynomials to explicitly bound the convergence
rate of the accelerated power method with Theorem
(analysis and proof in Appendix .

Theorem 1. Given a PSD matrix A € R™ "™ with
eigenvalues 1 > Ay > Aoy > -+ > A, > 0, running
update [A)) with Ay < 24/B < A1 resulls in estimates
with worst-case error

2t
Lo (wiw)? 4 2V
Iwel® 7~ [wlw]? \ M+ /A7 -48
We can derive the following corollary, which gives the
iteration complexity to achieve € error.
Corollary 2. In the same setting as Theorem [}, up-
date with wo € RY such that uTwy # 0, for any

€ (0,1), after T = (’)(\/%

iterations

-log 1)

T 2
(uj wr) < e.

achieves 1 — — <
lwl|

\/A%B over [A2/4,A\2/4) tells

us that 3 = A\3/4 is the optimal setting.

Remark. Minimizing

In comparison to power iteration, this algorithm con-
verges at an accelerated rate. In fact, as shown in
Table |1} this momentum power method scheme (with
the optimal assignment of 3 = A3/4) even matches the
worst-case rate of the Lanczos method.

Extensions In Appendix [B] we extend this mo-
mentum scheme to achieve acceleration in the setting
where we want to recover multiple top eigenvectors of
A, rather than just one. In Appendix[B.2]we show that
this momentum method is numerically stable, whereas
the Lanczos method suffers from numerical instability
[TBI97; |(GVL12]. Next, in Appendix we provide
a heuristic for auto-tuning the momentum parameter,
which is useful in practice. Finally, in Appendix [B.4]
we consider a larger orthogonal polynomial family, and
we show that given some information about the tail
spectrum of the matrix, we can obtain even faster con-
vergence by using a 4-term inhomogeneous recurrence.

3 Stochastic PCA

Motivated by the results in the previous section, we
study using momentum to accelerate PCA in the
stochastic setting. We consider a streaming PCA set-
ting, where we are given a series of i.i.d. samples, At,
such that

- . ~ 2

E[A:] = A, max|A:] <r, E[|A; - A[]=0" (1)
In the sample covariance setting of Section A,
can be obtained by selecting x;x!, where x; is uni-

7
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formly sampled from the dataset. Omne of the most
popular streaming PCA algorithms is Oja’s algorithm
[0ja82], which repeatedly runs the updatd’] wyy1 =
(I +nAy)wy. A natural way to try to accelerate Oja’s
algorithm is to directly add a momentum term, which
leads to

Wit = (I + m&t)wt — 5Wt,1. (2)

In expectation, this stochastic recurrence behaves like
the deterministic three-term recurrence , which can
achieve acceleration with proper setting of 5. However,
we observe empirically that usually does not give
acceleration. In Figure we see that while adding
momentum does accelerate the initial convergence to
the noise ball, it also increases the size of the noise
ball—and decreasing the step size to compensate for
this roughly cancels out the acceleration from momen-
tum. This same counterintuitive phenomenon has in-
dependently been observed in Goh [Goh17| for stochas-
tic optimization. The inability of momentum to accel-
erate Oja’s algorithm is perhaps not surprising because
the sampling complexity of Oja’s algorithm is asymp-
totically optimal in terms of the eigen-gap |[AZL16b].

In Section [ we will characterize this connection be-
tween the noise ball size and momentum in more depth
by presenting an exact expression for the variance of
the iterates. Our analysis shows that when the sample
variance is bounded, momentum can yield an acceler-
ated convergence rate. In this section, we will present
two methods that can be used to successfully control
the variance: mini-batching and variance reduction.
A summary of our methods and convergence rates is
presented in Table

3.1 Stochastic power method with
momentum

In addition to adding momentum to Oja’s algorithm,
another natural way to try to accelerate stochastic
PCA is to use the deterministic update (A]) with ran-
dom samples A, rather than the exact matrix A.
Specifically, we analyze the stochastic recurrence

Wit1 = Atwt — Bwi_q, (3)

where A; is an i.i.d. unbiased random estimate of A.
We write this more explicitly as Algorithm

When the variance is zero, the dynamics of this algo-
rithm are the same as the dynamics of update (A,
so it converges at the accelerated rate given in Theo-
rem|[I] Even if the variance is nonzero, but sufficiently
small, we can still prove that Algorithm [I| converges
at an accelerated rate.

2Here we consider a constant step size scheme, in which
the iterate will converge to a noise ball. The size of the
noise ball depends on the variance.

Algorithm 1 Mini-batch Power Method with Momen-
tum (Mini-batch Power4+M)
Require: Initial point wy, Number of Iterations T,
Batch size s, Momentum parameter (8
w_1 <0,
fort =0toT-1do
Generate a mini-batch of i.i.d. samples

B={Ay,--- Ay}
Update: w1 + (2307 Ay )wy — Bwyg
Normalization:

Wi Wi/ [[Wept |, Wir < Wi /[[wepa ||
end for
return wyp

Theorem 3. Suppose we run Algom'thm with 24/8 €
A2, M\). Let S =E[(A; — A) @ (A, — A} Suppose
that [[wol| = 1 and [u]wo| > 1/2. For any § € (0,1)
and € € (0,1), if

T:ilog(”),

DE—a5 e ()
1m)| < 14808 _ (A —48)"%5e, (Q)
= Tosevar | w6vavE b \ae )’

then with probability at least 1 — 25, we have 1 —
(uf'wr)? <e.

When we compare this to the result of Theorem [I} we
can see that as long as the variance ||X|| is sufficiently
small, the number of iterations we need to run in the
online setting is the same as in the deterministic set-
ting (up to a constant factor that depends on §). In
particular, this is faster than the power method with-
out momentum in the deterministic setting. Of course,
in order to get this accelerated rate, we need some way
of getting samples that satisfy the variance condition
of Theorem Certain low-noise datasets might sat-
isfy this condition, but this is not always the case. In
the next two sections, we discuss methods of getting
lower-variance samples.

3.2 Controlling variance with mini-batches

In the online PCA setting, a natural way of getting
lower-variance samples is to increase the batch size (pa-
rameter s) used by Algorithm |1} Using the following
bound on the variance,
2] = E[(A: — A) ® (A, — A)]|
<E[l(A:—A) @ (Ar — A)]
2
o
—E||A - AP] =2
s
we can get an upper bound on the mini-batch size we
will need in order to satisfy the variance condition in

Theorem [3] which leads to the following corollary.

3® denotes the Kronecker product.
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Figure 1: Different PCA algorithms on a synthetic dataset X € R10°%10 where the covariance matrix has eigen-
gap A = 0.1. Figure shows the performance of Oja’s algorithm with momentum. The momentum is set to
the optimal 8 = (14+n)2)?/4. Different dashed lines correspond to different step sizes (3 changes correspondingly)
for momentum methods. Figure shows the performance of mini-batch power methods. Increasing the mini-
batch size led to a smaller noise ball. Figure shows the performance of VR power methods. The epoch
length T' = 10 was estimated according to by setting 6 = 1% and ¢ = 1/16. Stochastic methods report the

average performance over 10 runs.

Corollary 4. Suppose we run Algorz'thm with 24/ €
[A2,A1). Assume that |[wol = 1 and [u] wo| > 1/2.
For any 6 € (0,1) and e € (0,1), if

7\/3 log (32>
Vs \ae )

2561/ do?T 256/d\/Bo?
2 4B (N —4B)7 %

lo¥
g(Se’

then with probability at least 1 — 25, 1 — (ulwr)? <e.

This means that no matter what the variance of the
estimator is, we can still converge at the same rate as
the deterministic setting as long as we can compute
mini-batches of size s quickly. One practical way of
doing this is by using many parallel workers: a mini-
batch of size s can be computed in O(1) time by O(s)
machines working in parallel. If we use a sufficiently
large cluster, this means that Algorithm [1| converges
in asymptotically less time than any non-momentum
power method that uses the cluster for mini-batching,
because we converge faster than even the deterministic
non-momentum method.

One drawback of this approach is that the required
variance decreases as a function of €, so we will need
to increase our mini-batch size as the desired error de-
creases. If we are running in parallel on a cluster of
fixed size, this means that we will eventually exhaust
the parallel resources of the cluster and be unable to
compute the mini-batches in asymptotic O(1) time.
As a result, we now seek methods to reduce the re-
quired batch size, and remove its dependence on e.

3.3 Reducing batch size with variance
reduction

Another way to generate low-variance samples is the
variance reduction technique. This technique can be
used if we have access to the target matrix A so that
we can occasionally compute an exact matrix-vector
product with A. For example, in the offline setting,
we can compute Aw by occasionally doing a complete
pass over the data. In PCA, Shamir [Shal5| has ap-
plied the standard variance reduction technique that
was used in stochastic convex optimization [JZ13], in
which the stochastic term in the update is

AWt + (At — A)(Wt - \X’), (5)
where w is the (normalized) anchor iterate, for which
we know the exact value of Aw. We propose a
slightly different variance reduction scheme, where the
stochastic term in the update is

[A+ (A — AT —ww")] wy

7 (6)

=Aw;+ (A — A)(I —WwW’ )wy.
It is easy to verify that both and @ can be com-
puted using only the samples A; and the exact value
of Aw. In the PCA setting, @ is more appropriate
because progress is measured by the angle between w;
and uy, not the /5 distance as in the convex optimiza-
tion problem setting: this makes (@ easier to analyze.
In addition to being easier to analyze, our proposed
update rule (@ produces updates that have generally
lower variance because for all unit vectors w; and w,
|lw: — Wl > ||(I — wwT)w,||. Using this update step
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results in the variance-reduced power method with mo-
mentum in Algorithm A number of methods use

Algorithm 2 VR Power Method with Momentum

(VR Power+M)

Require: Initial point wy, Number of Iterations T,
Batch size s, Momentum parameter (8

w_1 <0
for k =1to K do
v « Awj (Usually there is no need to materi-

alize A in practice).
fort =1to T do
Generate a mini-batch of i.i.d. samples B =
{Atl?' o ;A-ts}
Update: a < w{ wy,
Wil < % Sl Ay (W —awg) +av — fwy_g
Normalization: wy <— w;/||wei1]|,
Wit < Wepr/[|[Wesa .
end for
VNVk_;,_l — Wr.
end for
return wy

this kind of SVRG-style variance reduction technique,
which converges at a linear rate and is not limited by a
noise ball. Our method improves upon that by achiev-
ing the accelerated rate throughout, and only using a
mini-batch size that is constant with respect to e.
Theorem 5. Suppose we run Algom'thm@ with 24/8 €
[A2, A1) and a initial unit vector wo such that 1 —
(ufwo)? < 5. For any é,e € (0,1), if

Y/ 1 32v/d+/Bo? 1
T="e—p* (5) P2 45 B (5> ’
(7)

then after K = O (log(1/€)) epochs, with probability
at least 1 —log (%) 5, we have 1 — (T Wi )? < e, where
c € (0,1/16) is a numerical constant.

By comparing to the results of Theorem [I] and Theo-
rem [5, we notice that the VR power method with mo-
mentum achieves the same convergence rate, in terms
of the total number of iterations we need to run, as the
deterministic setting. In contrast to the non-variance-
reduced setting, the mini-batch size we need to use
does not depend on the desired error €, which allows us
to use a fixed mini-batch size throughout the execution
of the algorithm. This means that we can use Algo-
rithm [2| together with a parallel mini-batch-computing
cluster of fixed size to compute solutions of arbitrary
accuracy at a rate faster than any non-momentum
power method could achieve. As shown in Table [1] in
terms of number of iterations, the momentum meth-
ods achieve accelerated linear convergence with proper
mini-batching (our results there follow Corollary [d| and
Theorem 5} using the optimal momentum 3 = A\3/4.).

3.4 Experiments

We first use synthetic experiments (details in Ap-
pendix to illustrate how the variance affects the mo-
mentum methods. Figure shows that the stochas-
tic power method maintains the same linear conver-
gence as the deterministic power method before hitting
the noise ball. Therefore, the momentum method can
accelerate the convergence before hitting the noise ball.
Figure shows that the variance-reduced power
method indeed can achieve an accelerated linear con-
vergence with a much smaller batch size on this same
synthetic dataset.

We additionally demonstrate that our variance-
reduced method results in accelerated convergence for
finding the first eigenvector of the adjacency matrices
of several networks. For these experiments, We use the
arXiv ASTRO-PH collaboration network [LKF07], the
arXiv High-energy physics citation network [LKF05],
and the Google web graph [Les+09|. This is the eigen-
vector centrality task, which is often used in network
analysis [Bra05; Bon72|. In the eigenvector centrality
task, components of the top eigenvector that are large
correspond to nodes that are central to the network.
The eigenvector centrality task is closely related the
PageRank metric. Figure [2] shows that the variance-
reduced power method achieves an accelerated linear
convergence on this task. In these experiments, mo-
mentum results in larger improvements in convergence
when the eigen-gap is small.

4 Convergence analysis

In this section, we sketch the proofs of Theorems
and The main idea is to tightly bound the vari-
ance of the iterates with properties of the Chebyshev
polynomials. Both with mini-batches (Algorithm
and variance reduction (Algorithm , the dynamics
of the stochastic power method with momentum from
(B) can be written as w; = Fywo/||Fywo|| where {F;}
is a sequence of stochastic matrices in R%*? satisfying

Ft+1 = At+1Ft —PBF¢ 1, Fo=1, F_; =0. (8)

The random matrix A, € R?*? has different forms
in Algorithm [1] and Algorithm However, in both

algorithms, A; will be ii.d. and satisfy E[A;] =
A. In fact, this recurrence is general enough to
be applied in many other problems, including least-
squares regression and the randomized Kaczmarz al-
gorithm [SV09; |GR15], as well as some non-convex
matrix problems [DSRO15] such as matrix comple-
tion [JNS13|, phase retrieval |[CLS15] and subspace
tracking [BNR10]. Since F; obeys a linear recur-
rence, its second moment also follows a linear recur-
rence (in fact, all its moments do). We decompose
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Variance-reduced and full-pass PCA algorithms on large network datasets.
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The dimensions are

(a) 18,772, (b) 34,546, and (c) 875,713. The relative eigen-gaps are (a) 0.20, (b) 0.047, and (¢) 0.027. Our
momentum-based methods result in larger improvements in the convergence rate when the relative eigen-gap is

smaller.

this recurrence using Chebyshev polynomials to get a
tight bound on the covariance of F;, which is shown
in Lemma [6l This bound is exact in the scalar case.
Lemma 6. Suppose A2 > 48 and ¥ =
E[(At — A)® (At — A)]. The norm of the covariance
of the matrix F; is bounded by

[E[F: @ F] —E[F] @ E[F]|

3 s }ijQ(M>
< | s" Ui | == )
n=1 : 2\/B

kesptl i=1

where U (+) is the Chebyshev polynomial of the second
kind, and S}, denotes the set of vectors in N™ with
entries that sum to m, i.e.

S;l%:{k:(kjh,kn)eNn‘Z?ZIkZ:m}

For the mini-batch power method without vari-
ance reduction (Algorithm , the goal is to bound
1 — (ufw;)?, which is equivalent to bounding
ijz(usztwo)z/(uthwo)Q. We use Lemma@to get
a variance bound for the denominator of this expres-
sion, which is

BTl g
N 45

With this variance bound and Chebyshev’s inequal-
ity we get a probabilistic lower bound for [ufF,wy.
Lemma [6] can also be used to get an upper bound for
the numerator, which is

E [Z(uiTFtwo)Q]

1=2

Var [u] Fywo| < pf(A1;8) -

(10)
8V/d||s|¢
(A —4p)

| HeBa)

By Markov’s inequality we can get a probabilistic up-
per bound for E?:z (ul'F;wo)2. The result in Theo-
rem [3| now follows by a union bound. The details of
the proof appear in Appendix [C.1]

Next, we consider the case with variance reduction (Al-
gorithm . The analysis contains two steps. The first
step is to show a geometric contraction for a single
epoch, i.e.

L—(fwr)? <p- (1- (ufwo)?), (1)

with probability at least 1 — §, where p < 1 is a nu-
merical constant. Afterwards, the second step is to
get the final € accuracy of the solution, which trivially
requires O (log(1/€)) epochs. Thus, the analysis boils
down to analyzing a single epoch. Notice that in this
setting,

A=A+ (% Doy Ati - A) (I —wowg ), (12)

and again w, = Fywq/||[Fywo|. Using similar tech-
niques to the mini-batch power method setting, we
can prove a variant of Lemma@ specialized to (12)).

Lemma 7. Suppose \? > 4. Let wo € R? be a unit
vector, § = 1 — (uf'wg)?, and

S=E [(l S A, - A) ® (g S A, - A)] .
Then, the norm of the covariance will be bounded by
||E [FtWO ® FtWO] —E [FtWO] RE [FtWO} H

t n+1 Y
co s ¥ gl (2)
n=1 kes’t"jri =1 ﬂ
Comparing to the result in LemmalG] this lemma shows
that the covariance is also controlled by the angle be-
tween u; and wy which is the anchor point in each
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epoch. Since the anchor point wy is approaching uy,
the norm of the covariance is shrinking across epochs—
this allows us to prove (|11). From here, the proof of
Theorem [f] is similar to non-VR case, and the details

are in Appendix

Remark 1. As summarized in Table [1} we achieved
the optimal, accelerated iteration complexity, by al-
lowing computation to be wide (massively parallel) in-
stead of deep (many sequential steps). This ability for
massive parallelization comes at a cost of an extra vd
factor in total computation. It is an interesting open
question whether this extra computation is fundamen-
tal and unavoidable for massively parallel methods.

Remark 2. Note that Theorems [3] and [5] only state
the local convergence complexity. However, it is worth
mentioning that there is no technical challenge in ob-
taining the state of warm initialization in the theo-
rems. For example, starting from random uniform ini-
tialization, it will take O(d/A?) iterations for Alecton
IDSRO15| to get into a constant error ball. This is
independent of € and negligible comparing to the local
complexity.

5 Related work

PCA A recent spike in research activity has fo-
cused on improving a number of computational and
statistical aspects of PCA, including tighter sam-
ple complexity analysis |Jai+16; [Li+16|, global con-
vergence |[DSRO15; |AZL16b; BDF13], memory ef-
ficiency |[MCJ13] and doing online regret analy-
sis [Bou+15]. Some work has also focused on tighten-
ing the analysis of power iteration and Krylov methods
to provide gap-independent results using polynomial-
based analysis techniques [MM15]. However, that
work does not consider the stochastic setting. Some
works that study Oja’s algorithm |Oja82] or stochas-
tic power methods in the stochastic setting focus on
the analysis of a gap-free convergence rate for the dis-
tinct PCA formulation of mazimizing explained vari-
ance (as opposed to recovering the strongest direc-
tion) [Shal6} AZLI16b|. Others provide better depen-
dence on the dimension of the problem [Jai+16]. Gar-
ber et al. [Gar+16] and Allen-Zhu and Li |[AZL16¢]
use faster linear system solvers to speed up PCA algo-
rithms such that the convergence rate has the square
root dependence on the eigengap in the offline setting.
However their methods require solving a series of lin-
ear systems, which is not trivially parallelizable. Also
none of these results give a convergence analysis that
is asymptotically tight in terms of variance. Another
line of work has focused on variance control for PCA in
the stochastic setting [Shal5| to get a different kind of
acceleration. Since this is an independent source of im-

provement, these methods can be further accelerated
using our momentum scheme. In addition [XLS15]
study the stochastic power methods for kernel PCA
in the random feature space, where our momentum
scheme is also applicable.

Stochastic acceleration Momentum is a common
acceleration technique in convex optimization [Pol64;
Nes83|], and has been widely adopted as the de-facto
optimization method for non-convex objectives in deep
learning [Sut+13]. Provably accelerated stochastic
methods have previously been found for convex prob-
lems [Cot+11} [Jai+17]. However, similar results for
non-convex problems remain elusive, despite empirical
evidence that momentum results in acceleration for
some non-convex problems [Sut+13; KB14].

Orthogonal Polynomials The Chebyshev polyno-
mial family is a sequence of orthogonal polynomi-
als [Chill] that has been used for analyzing accel-
erated methods. For example, Chebyshev polynomi-
als have been studied to accelerate the solvers of lin-
ear systems |GV61; (GVLI12] and to accelerate con-
vex optimization [SAB16]. Trefethen and Bau III
[TBI97| use Chebyshev polynomials to show that the
Lanczos method is quadratically faster than the stan-
dard power iteration. The Lanczos method is conven-
tionally considered the accelerated version of power
method with momentum [HP14].

6 Conclusion

This paper introduced a very simple accelerated PCA
algorithm that works in the stochastic setting. As a
foundation, we presented the power method with mo-
mentum, an accelerated scheme in the deterministic
setting. We proved that the power method with mo-
mentum obtains quadratic acceleration like in the con-
vex optimization setting. Then, for the stochastic set-
ting, we introduced and analyzed the stochastic power
method with momentum. By leveraging the Cheby-
shev polynomials, we derived a convergence rate that
is asymptotically tight in terms of the variance. Us-
ing a tight variance analysis, we demonstrated how
the momentum scheme behaves in a stochastic sys-
tem, which can lead to a better understanding of how
momentum interacts with variance in stochastic op-
timization problems |Gohl7]. Specifically, with mini-
batching, the stochastic power method with momen-
tum can achieve accelerated convergence to the noise
ball. Alternatively, using variance reduction, acceler-
ated convergence at a linear rate can be achieved with
a much smaller batch size.
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A Momentum PCA and Orthogonal Polynomials

In this section, we prove Theorem [I| and give the intuition that the momentum can provide acceleration from
both geometric and algebraic perspectives.

First, we restate the update for power iteration with momentum,
Wil = Awy — fwy . (A)
and the correponding orthogonal polynomial sequence (]ED,
Pi1(x) = xpi(x) — Bpi—1(x),po = 1,p1 = /2. (P)

According to Lemma we have the expression of p;(z),

5|(=57E) + (=257E) ], el > 20,
(V/B)! cos (t arccos(\—r)) lz| < 2V/B.

pi(z) =

A.1 Proof of Theorem [I]

Here we prove a slightly more general result.

Theorem 8. Given a PSD matriz A € R with eigenvalues Ay > Ay > -+ > A\g with normalized eigenvectors
ug, - ,Ug, we run the power iteration with momentum, update with a unit vector wo € R?, the we have

2t
2B
(ufw,)? S1- (uf wo)® 4 (/\1+«//\%46> » A2 <2VB

2 = 2 2t
[|wel| (uTwy) 4 (i2+\/)\§43> > 2VB
1+H4/ A7 —48

P; (M)
Proof. Denote d; = w{ u;, and 5 = max;—2, .n — , then
p7 (A1)
w0 @laAwe? @) S, )
||Wt||2 W(:Jppt(A)2 Zz 1d12 #(Mi) Zz 1d12 7 ()

Do d7p7 (M) /P7 (M)
di +Zz 2 &P} (Ni) [P} (M)
2
1

Let’s bound 6®). Denote k as the smallest index such that A, > 2/B. Since A\ > 2v/B, then k& > 1. Now use
Lemma 20, we get

|pt( 7 9 9

b

t t
)| = L <A—\/m> +<WW> i<k
lpe(\)| < (VB i > k

First, let’s consider 2 < i < k.

(n+vAT—18)
(20) s (i) (v )
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Now consider i > k,

t ¢ t
pe(N) | _ 2 (vB) R 1 O ) 2V
Pe(A1) (,\1— ,\§—4B>t+ (,\1+,/,\§—45)t N <A1+,/A§—45)t A+ /A2 —4p
2 2 2
Therefore plug in the bound for 6 and we get the desired result. O

A.2 Effect of Momentum

In this section, we explain why acceleration happens from both a geometric and algebraic perspective of the
orthogonal polynomial recurrence. First, we show the geometric behavior of the orthogonal polynomial sequence.
We see that momentum results in a “calm” region, where the orthogonal polynomial sequence grows very slowly
and an “explosive” region, where the polynomials grow exponentially fast. We then show how the momentum
controls the size of “calm” region. Second, we consider an algebraically equivalent form of the three-term
recurrence in terms of an augmented matrix. We see that power iteration with momentum is equivalent to
standard power iteration on an augmented matrix and quantitatively how the momentum leads to a “better-
conditioned” problem. From either perspective, we get a better understanding about how our methods work.

Regions of the Polynomial Recurrence Now, we demonstrate the effect of momentum on different eigenval-
ues. In Figure |3] we show the values of the polynomial recurrence, which characterizes the growth of different
eigenvalues for varying .

Behavior Regions

« Bounded Exponential -»
1o° /
< — ‘
a .B - OBZ: 0.3
1050 -
B=0.1

0.0 0.5 1.0 1.5 2.0

Figure 3: Behavior of polynomial recurrence [P] for several values of 8. The recurrence is run for ¢ = 100 steps.

For power iteration, where 8 = 0, p;(\) = A!. While the recurrence reduces mass on small eigenvalues quickly,
eigenvalues near the largest eigenvalue will decay relatively slowly, yielding slow convergence.

As f is increased, a “knee” appears in p;(A). For values of A smaller than the knee, p;(\) remains small, which
implies that these eigenvalues decay quickly. For values of A greater than the knee, p;(\) grows rapidly, which
means that these eigenvalues will remain. By selecting a 8 value that puts that knee close to Ay, our recurrence
quickly eliminates mass on all but the largest eigenvector.

Well-Conditioned Augmented Matrix

(VNV‘;l) N <? _gl) (wv:;) : (A1)

Notice that this is simply power iteration on an augmented matrix. It is straightforward to see that the power
iteration with momentum is exactly equivalent to standard power iteration on this augmented matrix, i.e. {Ww;}
from and {w;} from are the same. As a result, we can take advantage of known power iteration
properties when studying our method. In the following proposition, we derive the eigenvalues of the augmented
matrix.

Consider the recurrence
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Proposition 9. Suppose a matriz A has eigenvalue- eigenvector pairs (A;, w;)?_,, then the augmented matriz
A —pgI
()
has eigenvalue-eigenvector pairs

()\i £\ 48 (Aii ;%wui))”
2 b

w
N i=1

2V
M+ VA2 4B

2t
the standard power iteration on M has the convergence rate O <<)\1+\2/‘§%) > , which matches the result in

In particular, when Ay < 24/8 < A1, the relative eigen-gap of this augmented matrix is 1 — And

Theorem [II

Now we present the proof of Proposition [9] below.

Proof. For any eigenvalue, eigenvector pair (A, u) of A, let u be a solution of u? — Ay + 3 = 0. Suppose that we

define
(A —pI _ (pu
=70 = ()

(8 )50 (50 (52) o (2)

Thus, v is an eigenvector of M with corresponding eigenvalue u. Doing this for all eigenvectors of A will produce
a complete eigendecomposition of M. O

Then,

B Extensions

In this section, we consider several extension based on power method with momentum presented in Section
In Section [B:I} we will generalize our methods to multiple components case, i.e. finding the top k eigenval-
ues/eigenvectors and show that it is numerically stable in Section In Section we provide some simple
heuristics to tune the momentum parameter. In Section we extend our momentum method into an inho-
mogeous polynomials recurrence and show that it is optimal in expection with respect to the tail distribution of
the tail spectrum of the target matrix A. All the proofs for this section are in Section

B.1 Block Update for Multiple Components

In this section, we use a block version of our method to compute multiple principal components. In this case,
the initial state is a matrix Wy € R?** rather than a single vector. The orthogonal polynomal sequence (]E[)
natually corresponds to the update scheme

Wi = AW, — W, _;. (A?)

To obtain the convergence result, we use the standard definition from Golub and Van Loan |[GVL12] to measure
the distance between spaces.

Definition 1. Given two spaces S1, Sy C R%, the distance between S1,Ss is defined as
dist(S1, S2) = ||P1 — Pal|2,

where P; is the orthogonal projection onto S;. Furthermore, when S1, Sy are matrices, we overload the definition
as dist(S1, Sa2) = dist(range(S1), range(S2)), where range(-) denotes the range space.
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The following lemma shows that we can analyze the convergence rate of any update scheme by studying the
growth rate of the corresponding orthogonal polynomial.

Lemma 10. Given a PSD matriz A € R its top k (1 < k < d) eigenvectors Uy € R¥>* and a matriz
Wo € Rk such that dy = dist(Uy, Wy) # 1, for any polynomial p(-), we have

dist (p(A)Wo, Uy) < — 2 p)

< ———- max -
VI=dg ighook ’p(kl)

The following theorem gives the rate at which the space spanned by the first j columns of W; approach the
space spanned by the top j eigenvectors.

Theorem 11. Let WS” denote the first j columns of Wy for 1 < j < k. Given a PSD matriz A € R4*9, ijts
top k (1 < k < d) eigenvectors Uy, € R™* o matriz Wy € R>* such that dy = dist(Uy, Wy) # 1, and 3 such
that 2+/B < A\, the update scheme (]ED results in the top j-eigenspace converging at a rate of

t
_ : i) 7. Xjr1+4/A3, —4p
dist(W'? U;) < distWo ™. Us) ! =1, k-1

V1 - dist (WS, ;)2 A+ /A2 — 48

t
2VB
do 2()%.+ T*‘w) , Met1 < 2¢/B
o2 Apr1d /22, —ag\" )
L=do | ( TV kit B) s A1 > 28

dist(WE Uy <
Ak+,/>\§—4ﬁ
B.2 Stable Implementation of Momentum Methods

In this section, we provide a numerically stable implementation of our momentum method for the multi-
component case. This implementation can also be applied in the single component case. Consider the update
scheme Similar to the unnormalized simultaneous iteration (which essentially is the block version of the power
method) ([TBI97, Lecture 28]), as ¢ — oo, all columns of W, converge to the multiples of the same dominant
eigenvectors of A due to the round-off errors. A common technique to remedy the situation is orthonormaliza-
tion, which is used in the standard power method. However we cannot simply orthonormalize each w; or W;
every iteration because it changes the convergence behavior. Instead, we propose the normalization scheme [A”]

to stabilize our method:

W, 1 =AW, - W, 1R; ",
~ 2 - _1 (A”)
Wt+l = Wt+%Rt+17

where R; € RF*F is an invertible upper triangular matrix and Ry = I.

First, Lemma shows that W, generated by the normalized update scheme is the same as W, generated
by the original update up to a invertible upper triangular matrix factor on the right side. Therefore, the column

spaces of W, and W, are the same, so the normalized update scheme has the same convergence property as the
scheme [A7]

Lemma 12. Suppose {W,} and {Wt} are the two sequences generated by (A’) and (A”)) respectively and
Wy = Wy, Wy = Wy, then W, = W,C,; where C, € R¥*F 45 an invertible upper triangular matriz for any
t> 0.

Now consider the actual implementation of scheme[A™] One choice of R¢41 is found by using the QR factorization

Wt+l ( V~Vt+1 )

)l = - Riy1.

< Wi ) W.R, )T

In this case, the iteration (A”) is indeed backward stable. In fact, the update (A”|) with the choice of R; above is
equivalent to the normalized simultaneous iteration on the augmented matri {| A, which has backward stablilty

|GVL12]. Also notice that we do not have to materialize the augmented matrix and W,_;R; ' and W, 1Ry H
is done implicitly through QR factorization.

“In general the normalized simultaneous iteration converges to the Schur vectors of the matrix, not the eigenvectors
because the matrix is not Hermitian. However in our particular problem, the normalized simultaneous iteration on the
augmented matrix can converge to the eigenvectors of A.
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Estimation of Eigenvalues

A =12
— L N =111
1 A=10
Pl
Momentum ||
Lanczos
@ 0.0 L L n n
0 20 40 60 80 100

Iterations

Figure 4: Convergence of standard power iteration, power iteration with momentum, and the Lanczos algorithm
to the top eigenvalues of a matrix. Estimation of the first eigenvalue (red), second eigenvalue (blue), and third
eigenvalue (cyan) are shown.

We now experimentally demonstrate the efficiency and stability of our method. In Figure[d] we show the estimates
of the top three eigenvalues produced by standard power iteration, power iteration with momentum, and the
classic Lanczos method. First, notice that the Lanczos iteration is not numerically stable because of the “ghost”
eigenvalues problem ([TBI97, Lecture 36]). The estimates of the top three eigenvalues produced by the Lanczos
algorithm eventually all converge to the top eigenvalue. In contrast, both standard power iteration and power
iteration with momentum successfully find all three eigenvalues. However, standard power iteration takes much
longer than power iteration with momentum to converge.

B.3 Tuning Momentum

Our optimal momentum g is determined by Az, which will not always be known a priori. We introduce the best
heavy ball method to automatically tune g in real time.

Algorithm 3 Best Heavy Ball
Require: d x d Matrix A, Number of Iterations T
w < Random n-dimensional vector
p— (whAw) / (whw)
B /4
fort =1to T do
Run 10 steps with 2/36,0.998, 8,1.018,1.55
Set f to momentum with largest Rayleigh quotient
end for
return w that gives the largest Rayleigh quotient.

In the heavy ball method, an arbitrary matrix is taken as input, and no information about the matrix is required.
A lower bound for the largest eigenvalue is computed by computing the Rayleigh quotient of a random initial
vector. This estimate is used to select the initial choice of 8. Afterwards, power iteration with momentum
is run for 10 steps over a range of values surrounding this choice of 3. The performance is measured by the
estimation using Rayleigh quotient, i.e., the momentum resulting in the largest Rayleigh quotientﬂ is considered
the best-performing momentum, and is used as the new center for the search.

Figure [5| compares the performance of power iteration, power iteration with momentum, and the best ball
method. Experiments (a) and (b) both have a large eigen-gap, so convergence is fast for all methods. However,
even though only a small number of iterations are needed, the best ball method is able to find a suitable value of
B, and achieves acceleration. Experiments (¢) and (d) have a much smaller eigen-gap, so the acceleration from
a well-tuned ( is critical for fast convergence. In these experiments, we see that the best ball method is also
able to select a 8 that outperforms power iteration. We also note that the best heavy ball actually outperforms
power iteration with momentum in experiment (c), which suggests an inhomogeneous sequence of 3’s sometimes
results in superior performance.

For the multi-component case, we take the sum of all the estimates of top k eigenvalues using Rayleigh quotients.



Accelerated Stochastic Power Iteration
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Figure 5: Empirical analysis of the best heavy ball method on four 1000 x 1000 matrices. The largest eigenvalue

of all four matrices is 1. The remaining eigenvalues are: (a) all 0.5. (b) equally spaced from 0 to 0.5. (c) all
0.999. (d) equally spaced from 0 to 0.999.



Peng Xu, Bryan He, Christopher De Sa, Ioannis Mitliagkas, Christopher Ré

B.4 Inhomogeneous Polynomial Recurrence

In this section, we present a new algorithm that goes beyond the traditional orthogonal polynomial setting of
momentum methods to produce faster convergence of power iteration in some cases. First, we will motivate and
derive this method. Suppose that we are trying to run PCA on a matrix A, and that, from experience with other
matrices we have encountered in similar settings, we have a rough idea of the spectrum of A. More concretely,
suppose that we believe that the largest eigenvalue is A1, and the other eigenvalues are independently randomly
generated according to some distribution p (with compact support). As in the momentum case, we want to
produce a series of iterates w; that approach the dominant eigenvector u;, and can be written as

wi = fi(A)wo

where f; is a degree-t polynomial analogous to p; as defined in (]E[) Our goal is to choose some f; that can perform
better than momentum method, using the extra information we have about the distribution of the spectrum.

The most straightforward way to proceed is to choose the f; that minimizes the expected error of our estimates
over all degree-t polynomials. If we formulate the error of the estimate as

Iwell> K @we)? K 2O we)?

' alw? T2 (alw? 2 O (alwo
then , . ,
_ EA~u[ft (A)] (ui wo)
Hal="p00 ; (uf'wo)?

It follows without loss of generality that, to minimize the error, it suffices to solve the optimization problem

minimize  Ex, [fZ(A)]
subject to  fy(A1) =1 (13)
ft is a degree-t polynomial.

This problem statement means that we are interested in finding a update scheme that minimizes the expected
power on non-principal components, while keeping a fixed mass on the principal component. We can solve this
problem algebraically by decomposing f; in terms of the family of polynomials {¢;}$2, orthogonal with respect
to the distribution uﬁ

This is the unique polynomial family such that ¢; is degree-t and
Exvp [0i(A)g;(N)] = i 5.

It turns out that we can solve Equation by representing f; as a linear combination of orthogonal polynomials
from {q:}$2,.
Theorem 13. The degree-t polynomaial that solves Equation 1

t

ft ()‘) - Zz:; Z;:O q?(/\l)%()‘)'

Theorem [L3| presents the optimal solution as a linear combination of orthogonal polynomials from a particular
family. The solution can also be written in the form

, [ > Pny1(M1)
fon (@) = fo(@) o —5 + pna (@) - Tm— (14)
i [rnga]? [[en4a]l?
where v, == [ ¢1(\1) -+ gu(A1) ]. It turns out f}(z) comes from a family of polynomials which has higher-
order recurrence. Since the orthogonal polynomial p, (x) satisfies 3-term recurrence, i.e.
pn+1(m) = (&nx + 5n)pn($) - Bnpn—l(-r) (15)

%An orthogonal polynomial family is guaranteed to exist for any distribution with compact support [Chill].
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where @y, by, én € R depend on the measure p, then can be simplified into the follow four-term recurrence
frt2(®) = (@nt12 = bpt1) fat1 (2) + (Cn1® — dnt1) fo(2) + €nt1 fr—1(2). (16)
And the derivation can be seen in Appendix

In , the update scheme depends on A1, in practice we usually don’t know the exact value of A;. However we
can replace A\; with an underestimate A; such that \; < Ay and A\; > Ay. The actual algorithm based on the
scheme is presented in Algorithm

Algorithm 4 Inhomogeneous Recurrence Algorithm

Require: d x d Matrix A, Number of Iterations 7', Underestimate of 5\1 (A < 5\1 <A)
Initial values: wg = po, w1 = p1 € R4, r1,P0,P1 € Ry
fort =1to T do ~
Piy1 < (G- A +¢E)pr — biPr1
D1 < (@r - A1+ E)pr — b
Tip1 T+ Diy
Wil < Wi 7 /Tt + Pegt - Dig1/Teg1

Normalization:
Wit1 Wy Wi—1
Wt+1 <— 7,Wt $— 7,Wt_1 <— TEEEETE
[Wetal Wit Wit
Pt41 ﬂ7I)zt — L,pt—l -
Wil Wit Wil
end for

return wrp as the estimation of the largest eigenvector.

The implementation of Algorithm [4] is based on the equation and . More concretely, ignoring the
normalization procedure, we have p; = ps(A)wo, wy = fi(A)wo, pr = pi(A1) and 7, = 1|2

Ezxample. Now we give a concrete example to show the inhomogeneous algorithm works better than momentum
method. Figure [6] shows the performance of the different update schemes on a 500 x 500 matrix. The principal
eigenvalue is 1.001, and the remaining eigenvalues are uniformly selected from the interval [—1,1]. This measure
corresponds to the Legendre polynomial family. In this example, we see that the loss of the optimal update
scheme is essentially always lower than the loss of either power iteration or constant momentum. This indicates
that more complex recurrences are required for obtaining ideal performance.

Comparison of Update Schemes
103k ] ST IS ]

101)\; .......................................

0 el PR P Dy XSS PPPOPE O S
T T 2 e ULL TS SN
105 b .

o Pl

107 bt T LTS i
109 Fdd — Momentum| . 7]
201 o — Optimal [
1013 Lanczos |

10-15 L L L L
0 200 400 600 800 1000

Iterations

Figure 6: Example comparing the performance of power iteration, constant momentum, and the optimal update
scheme.

B.5 Derivation of 4-term Recurrence (|16

First, we restate the inhomogeneous recurrence (|14]),

[ 12

pn+1()\1)
(st '

lensa

foa(z) = fu(z)- + Pt ()
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Therefore we have

pole) = 2 () - ) 20,

pn+1()\1

We assume that the orthogonal polynomial p,(x) has the following the three-term recurrence,
pn+1(x) - dnxpn (JJ) - Bnpn—l(x)~

Now let’s consider f,y2(x),

r 2
frr2(®) = fr1(x) - lInsa]* + Pra(z) - Pna(A1)

[rn2l|? [rnt2l?
Ieniall® | pui2(M1) (~ 5 )
= foe1(x) - N apr1xpns1(x) — bpripn(z
f +1( ) Hrn-i-QHZ ||rn+2||2 +1TP +1( ) +1P ( )
[tniall® | pura(M1) (~ rnia < [rn]? >)
= fn+1(z) - + N1 r————— - T)— T) 5
e P e e Y B G AN F
Pat2(M) 5 |Ral® [T
S AN VAN - =1l
Trpal? 0 ) \J@ it (@) S
Pn+2 Dlrngall? ||1“n+1||2>
T+ n x
= (e e 7+ ey ) @)
n Iy 2 7 n >\ ry 2
(200 Bl Ol
(W) [lrnt2 |l Pn(A1) || Tnt2|

2
<n+1pn+2 )‘1 ||I‘n 1H )fn(x)

Pr(A1) |tz

Let

Prs2(A)|ITni
Prt1 (A1) [|rnp2l?

Ap+1 = afnJrl

by — LS
[rni2|?
S _&n+1pn+2(>\1) [rn 2
Pr1(A1) [l
dyoy = _Enﬂpnw(}\l)”rn”?

Pr(A)[ITn 2|
Prr2(M)|lrn—1]?
Pr(A)[Irn2|?

€nt+1 = Bn-&-l
and we get the 4-term recurrence (|16)).

B.6 Proofs

Theorem 13. The degree-t polynomial that solves Equation (13)) is
t

RN =2 i Y

Proof. First, we substitute fi(\) = 22:1 an,i¢;(A) into the optimization problem.

2
minimize  Ejx., {(Z;o at,i‘]i()\)> ]
subject to  Y'_;ariqi(M) = 1.
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By taking advantage of the orthogonality of the g;(\), we have

minimize Ey., [ZE:O a?,ﬂ?@‘)
subject to ZE:O atigi(A) = 1.

Then, because ¢;(A) is normalized (i.e. Ex~, [¢Z(A)] = 1), we have
minimize Z’;:Oaf’i

subject to Z::O atiqi(A1) = 1.

This is minimized by

o pt(>\1)
at’i - ﬁ
Zj:O q; (A1)

O

Lemma 10. Given a PSD matriz A € R¥? its top k (1 < k < d) eigenvectors Uy, € R¥** and a matriz
Wo € RF such that dy = dist(Uy, Wo) # 1, for any polynomial p(-), we have

dist(p(A)Wo, Uy) <

,,,,,

Proof. Suppose A = UAUT is the eigendecomposition of A.Denote Uj, € R"** as the first k-columns of U
(i.e. the top k eigenvectors of A) and U_; € R**("~F) a5 the last n — j columns of U (i.e. the smallest n — k
eigenvectors of A). Correspondingly, denote Ay, € RF** as the top left k x k block of A and A_j € R(»=k)x(n=k)
as the bottom right (n — k) x (n — k) block of A.

Suppose p(A)YWj = QR is the QR factorization of p(A)Wy and Wy = QgRy is the QR factorization of Wy.
Then,
QR =p(A)W,
=p(A)QoRo
= Up(A)U"QoRy

Therefore we have
U, QR = p(Ay)Ug QoRy,
UL, QR = p(A 1)UL, QoRy.
It is not difficult to see that [GVL12, Theorem 2.5.1, 2.5.2]
do = dist(Wo, Uy,) = dist(Qo, Ux) = UL, Qo
O-min(UfQO)Q + Umax(-U-zlg(QO)2 =1

Now let’s compute the distance between p(A)Wy and Uy,

dist(p(A)Wo, Uy) = UL, Q|

= [lp(A—1) UL, QoRoR ||

= |[p(A—x)UT,.QoRo(p(Ar) UL QoRo) ' UL Q|

< lp(A—) 1210, Qoll| (p(Ax) " HII(UE Qo) HI[UE Q|
_d - max ‘p()\j) .
VI=d gk [P()

<
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Theorem 11. Let WW) denote the first j columns of Wy for 1 < j < k. Given a PSD matriz A € R¥?, its
top k (1 < k < d) eigenvectors Uy, € R™** a matriz Wy € R>* such that dy = dist(Uy, Wy) # 1, and 3 such
that 2+/B < Ak, the update scheme (]ED results in the top j-eigenspace converging at a rate of

t

dist(w(:j) U) - diSt(ng)an) > )\j+1 + 1/)\?+1 - 46 1 E—1

t ’ J) = - yJ =Ly
1 — dist(W$?, ;)2 Aj A =48

t
2VB
do 2(/\chr T*‘lﬂ) ) A1 < 2B

) . .

A e

L—dg |, (;Hﬁ A;‘H 4,8’) . A1 > 2B
Ao+ /A2 —4B

dist(WE Uy <

Proof. First notice that we have W; = p,(A)Wy for any ¢ > 0. In fact, we have Wg:j) = pt(A)W(():j) for any
1 < j < k. Hence we can directly apply Lemma [10] and get,

J dist(W§?, U,
dist(WE‘J),Uj) < ist(Wo, Uy) - max

- \/1 - diSt(ng), Uj)2 i’.:7j+1,..-.;,n

Now since 2v/8 < Ag, according to Lemma

3 (Ai_ ;g_4ﬁ>t+(”+ Q?_w)t . A > 2B
pe(Xi) =
(v/B)¢ cos (t arccos(z)‘i )) i <28

9

So, plug the polynomials in,

t
> dist W(J) U. )\j+1+ )\2+174ﬂ
dist(W? U;) < sWo . Us) vV~ =1, k1.

- \/1 — dist(W$?, U;)2 Aj /AT — 4B

t
2VB
do 2(/\k+ ﬁ\i‘lﬁ) ) Ae+1 < 2V

. . .
V1 —d? Net14++/X2, 4B
o 12 (k:kﬂ/%) ; Ak > 2VB

dist(W™ Uy <

O

Lemma 12. Suppose {W;} and {W,} are the two sequences generated by (A7) and (A7) respectively and
Wo = Wy, W, = W, then W, = W,C, where C; € RF*F is an invertible upper triangular matriz for any
t>0.

Proof. We prove that W, = W,C,; where C; = R:-Ri—1--- Ry by induction. Base case: W, = Wo, W; = W;.
Assume W, = W, C; holds for any ¢ < ¢ and consider W;,1 and W41,

Wi = (AW, - SW, R R,
= (AWtC;l — ﬁwtilch;l) R;+11
— (AW,C; ! - SW,_,C; )R}

t+1
= (AW, — BW,_,)C; 'R}

t+1
W -1
=WiCpry.

Therefore, W,C, = W, holds for any ¢ > 0. O
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C Convergence Analysis for Stochastic Power methods with Momentum

In this section we show the detailed analysis for stochastic power memthods with momentum presented in Section
[Bl Here is the notation we will use for this section.

Notation: T;(z) is the t-th degree Chebyshev polynomial of the first kind, which satisfies the recurrence,
Tit1(2) = 22T4(2) — Ty—1(2), Ty = 2, U = 1.
U;(z) is the t-th degree Chebyshev polynomial of the second kind, which satisfies the recurrence,
Uir1(2) = 22U(2) — Up—1(2), Uy = 22,0y = 1.
pt(z) is the t-th degree orthogonal polynomial which satisfies the recurrence,
pe1(2) = zp(2) — Bpe-1(2), p1 = z,po = 1.

S7 denotes the set of vectors in N with entries that sum to m, i.e.
n
Sy ={k = (k1, -, kn) €EN"| > ki =m}.
i=1
® denotes the Kronecker product.

C.1 Convergence analysis for Algorithm
Consider the following stochastic matrix sequence {F;}, which satisfies Fo = I, F_; = 0, and
Fi1= A Fy — BF_1,Vt > 0. (17)

Here A; € R4 is i.i.d. stochastic matrix, with E[A;] = A and E[(A; — A) ® (A; — A)] = X

Lemma 6. Suppose A2 > 48 and ¥ = E[(A; — A) ® (A; — A)]. The norm of the covariance of the matriz F,
is bounded by

IE[F: @ Fi] - E[F;] @ E [F]|

t n+1 A
<3 Iz|mptn U( )
; > Ui (53

Kespl i=1

where Ug(+) is the Chebyshev polynomial of the second kind, and ST, denotes the set of vectors in N™ with entries

that sum to m, i.e.
St ={k=(ki, - k) €N" | 0" k; =m}.

Proof. First, let

and

and then we have
F,=El -M;---M, -E,.

Therefore we have the second moment,
E[F @F] =E[(Bf M, M, ;M By’
- & {(E1T M, -M,_q--- M, - E1)®2]
~ E[(B)72- MP? - ME2, - MBS
= (E1®E)" -E[M?] -E M ] - E[M?] - (E;®E)
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Since the M; are i.i.d. as before, all the expected values in the last expression above will be the same.

2

A, 577
I 0

(RN
—E|(M+Eq(A, - A)E]) ]

=MoM+ (E;@E)E[(A, — A)® (A, — A)](E; @ E;)7
=MM + (E1 ® E1)Z(E1 ® El)T.

E M =E

Therefore,

t
EF: @ F = (El @ E;)T M@M + (E; @ E)S(E; ® EI)T) (E1 @ Ey)
n+1

—Z > TG %) - pP2(As ).

n= Okesf’_t} =2

The last equality follows from the binomial expansion of matrices (Fact .

And further we have

t n+1
E[F; @ F] - E[F]  E[F;] = Z ST 0R2A8) - 2) - pP2(A;B).
1=1 €S71+1 1=2
Taking the norm, and knowing 0 < A < A\{1,
t n+1
IE[F; @ F] —E[F) QE[F]| <> 1T Iz« | 120) - |2 (A )|
n=1 S'Hr} =2
n+1

—ZHEH" S T lee.(As 812

kesy+! =1

t n+1
<>l > Ik s
n=1 kES"j,} i=1
t n+1
=>isre X T ()
n=1 kES”'H =1
The last equality follows from the fact that p;(z) = (v/B)! - Us( \F) This is what we wanted to show. O

Remark. It is straightforward to see that this analysis can be applied to the case § = 0 which is the power
iteration case.

Corollary 14. Under the same condidtion in Lemma [, we have

IE(F, @ F.] — E[F) @ B[R] < p? (\s 6) (exp ( ;‘%”i;) - 1) |

Further if

—45
4

) < 2 (18)

we have
8]t

_45'

|IE [F: @ Fy] — E[F] @ E[F]|| <p} (Ai; 8) -
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Proof. First, according to Lemma [6] and 22] we have

n+1
IEF, @ F,] - [Ft®EFt||<Z||z|| s S 10 (5

kespt! i=1

1 (375)

e 2 ()

kespt!
_ a2 Al)f(t)zwnw
7 <2\/B 2\ n) a5y
t
0. (4|z|| 1) .
< pi (A1) (eXp (é”?!ltﬁ) - 1)

If |2 < _4’8 , by the fact that e* < 1+ 2z for any « € (0,1), then we have

[E[F, ® F] - E[F] 0 ER] <57 (i) i
which is the desired result.
Corollary 15. For any wo € R? such that ||wo|| = 1, we have
B oo @ Fowol ~ B Frsvo] & E [Fewoll < p i ) 33— 1.

Proof. Using the mixed-product property of Kronecker product, we have

[|E [Fywo @ Fywo] — E [Fywo] @ E[Fywol|| = |[E[F; @ Fy] - (wo @ wo) — (E[F] @ E[Fy]) - (Wo ® wo)|
<|E[F:@F] —E[F]QE[F| - [|[wo ® wol
= |E[F, @ F,] - E[F] ® E[F]|| - [|wo|*

8|2t
<ROuH)
1

Corollary 16. For any u,wq € R? such that ||u|| = 1, |wo|| = 1, we have

8|t
Var [u" Fywo| < pf(A1;8) - )\2”_ !16'

Proof.

Var [u"Fywg| = E [(u"Fywo)?] — (E [u’ Fywo))?
= [(uTFtwo) ® (uTFtWO)} —E [(uTFtWO)] QE [(uTFtWO)]
=(ueu)’ - (E[F;w® Fwg| — E[Fwo] @ E [Fyw))
<|lu@ul- ||EFw,®Fiwo| — E[Fwo] @ E [Fewol|

8|35t
2 . .
pt(>\176) )\%_4/8

The last inequality follows from Corollary

IN
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Corollary 17. Suppose ua,--- ,uy are the last d — 1 eigenvectors of A and 2+/B € M2, \1). For any fived
wo € R? such that ||wol| = 1, 6 € (0,1), with probability at least 1 — §, we have

- ( SVALlt | p(2vE; 5))

T 2 2 . .
> (] Fiw)? < p?(Mis ) 52 —48) T op(\; B)

1=2

Proof. First, we consider the second moment

d d
Z(U?FtWO)Q] = ZE [(uf Fywo)?]

=2

E

d d
= Z []E [(uiFtwo)@’Q] —E [ulTFtWO] ®2} + ZE [uiFtwof

=2

d
7 (B[FE?) BRI w5 + 3 pt (i 8) (] wo)?

I
KA
==
c
!
®
DN

d

< S ue?| - (R BRI - i) + v/ 8)
i=2

<Vd-pi(\;B) ;;”Z”t ((2V/5:8)

o (SVAISIE | pP2yBB)

= p2(M; ) - <(A%_45) * ;g(m;ﬂ) )

The last inequality follows from the fact HZ?ZQ uZ@QH = +/d—1. For any ¢ € (0,1), by Markov’s inequality we
can get the desired result. O

Theorem 3. Suppose we run Algorithm I 1| with 2¢/B € Mg, A1). Let ¥ =E[(A; — A) @ (A; — A)E Suppose
that |wol =1 and [ulwo| > 1/2. For any 6 € (0,1) and € € (0,1), if

()
- # )

(AT —4B)de _ (M —4p8)*%6e . 4 <g)
121 < 256VdT  256V/d\/B log | e

then with probability at least 1 — 26, we have 1 — (ul wr)? <e.

(ulFywo)?

Proof. In order to bound 1 — (uf'w;)?, it is equivalent to bound 1 — Fowol” "

. (uriFFtWO)2 < Z?:g(uiTFtWO)Q
[Fewol> —  (ufFiwo)?

Notice that
E [uz-TFtwo] = p:(\i; B)ul wo.

According to Corollary by Chebyshev’s inequality, for any ¢ € (0,1),we have

V6 4p

8|1t

"® denotes the Kronecker product.

1 81|t
Pr <|u1TFtwO —pe(As B)uf wo| = —= - py (A13 ) - AQH_” ) <6
1

That is,
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On the other hand,according to Corollary

Pr (Zd:(u?FtWo)2 > p; (M5 B) ( 8\/a||2”t N ol m)) =

i=2 (/\% - 45)5 5pt2 (>\1§ﬁ)

It follows by a union bound that

. z?=2<u?FtwO>22<(8\/&||z|t +p%<m;ﬁ>><,u{wd_ 812t ) 9

(uf Fywo)? AT —4B)s  op (Mi; B) (A —4B)o

For any € € (0,1/16), when
1
t = ilog(—),
VA —4p T de

pi(2VB; B) _ .

we have

SpF(A1;B) ~
When

2 2 3/2
Iy < B2 QA=A (1),
€

8V/dt 8Vd\/B

we have
SVAIS|t _
6(AF —4p) —

With both conditions, we have with probability at least 1 — 26,

Z?:z(uz’TFtWO)Z < 2e

(uf Fywo)?  — .
o

Rescale € down by a factor of 32 would lead to the desired result. O

5 < 32e.

To prove Corollary [ we can simply use the fact that
2
=0 = 1B [(A: - 8)°2]] <E[|(A: - A)%]] = E[I1A: - A] = Z

and we immediately get a sufficent condition of batch size to satisfy the variance condition in Theorem
and that is

s>

256Vdo®T  256v/d\/Bo? o (32
(7 —4B)oe — (N — 4B)P%5¢ © (6) '

So with Theorem [3] we get the result of Corollary
C.2 Convergence analysis for Algorithm

For the convergence analysis for Algorithm [2] we first analyze the convergence for one epoch. For that, Consider
the following stochastic matrix sequence {F;}, which satisfies Fo = I,F_; = 0, and

Fi1=[A+ (A — AT — wowl )|F; — BF_1,Vt > 0. (19)

Here A; € R%4 s i.i.d. stochastic matrix, with E[A;] = A and E[(A; — A) ® (A; — A)] = . And wo € R? is
a fixed unit vector.
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Lemma 7. Suppose \? > 43. Let wo € R? be a unit vector, § = 1 — (uT'wy)?, and

=E[(1Ti AL -A) o (1TL Al -A)].
Then, the norm of the covariance will be bounded by

||E [FtWO ® FtWO] —E [FtWQ] (%9 E [FtWO} H

<46 - ZHEH gy ﬁUk( )

kesptl =1

Proof. First, let

M, = [ AJr(At*AI)(I*WOWgW) Oﬂ]']’M: [? gI:|

and

E;

I
| — |
O~
| I

and then we have
F,=El .- M,---M, -E,.

Therefore we have the second moment,

EF; @ F]=(E;®E))" -E[M] -E[M?] -E M| (E; @ Ey)

Since the A; are i.i.d. as before, all the expected values in the last expression above will be the same.

[ A+ (A — AT —wow!) -5 1%
E[M§Q]:E[ (A = AT = wow]) O} ]

(IR Ry

—E |(M+E1(A; - A)(I - wow] )ET)® }

=MeM+ (E; @E))E[(A; — A) ® (A; — A)] (I — wow( )**(E1 ® E)T
=MoM + (B, @ ENX(I — wowl )®?(E; @ Eq)T.

=MeM+ (E; @ E))2(E; @ E))T.

where 3 = X(I — wow] )®2. Therefore,

E[F o P = (B 0BT (MaM+ (B E)S(E @ El)T>t (E1 @ Ey)

=> > 11w A 8)-2) - pi2 (A B),

n=0 k€S:L+1 i=1
—n
and

E [FtWO & FtWO] —E [FtWQ] ® E [FtWO]

=3 3 [Ie2 A8 -9 p22 (A B)w§

n=1gegr+li=1
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Taking the norm, if 0 < X < A7,

”E[PEVVo@QFEVVd —'E[FEVVd @)E[FEVV&”

t
<S03 @) |5 legzasall- [ 1mi | @ - wowd)epE2, aspws?|
n= lkESZL+7}
SZIIEH S LTI (AP — w5252 (s By
k€Sn+12 1

t
=S Er Y szxxl;mnu—wOvvoT)pkm(A;ﬂ)zHQ
n=1

Kesptli=1
n+1
<4ez||z|| g Sy T Uk < )
kespt! =1

The last inequality follows from

(1 - WOWOT)p(A;ﬁ)WOH2 < 2||(I = wow{ ) (I — uyuf )p(A; B WOH +2|/(1 = wow{ Juru p(A; B8 W0||
< 2l|p(As B)12[|(F = wra])wo | + 2/ (1 = wowd s ||*[p(A; 8)]* (u] wo)?
< 40p(A; B)|1%,

where the last inequality uses Lemma [23]

This is what we wanted to show. O

Remark. Comparing to Corollary which is for the non-SVRG setting, Corollary [7] shows the covariance is
controlled by the angle bewteen u; and wy which leads to shrinking variance across epochs.

Corollary 18. Under the same condition of Lemma[7, we have

IE [Fyz @ Fya) — B [Fyz) @ B [Foz]]| <40+ p? (A3 6) (exp ( éllitg) - 1)
1

Further, if 4||2||t < A2 — 48, we have

320||%||t
B[Pz Fir] — £ [Fud) 0 B [Pus] < 50 ) S5t

Proof. The proof is the same as the one of Corollary O

Lemma 19. Suppose we run Algorithm [g for one epoch of length t with initial unit vector wq. Assume that
0=1— (uf'wg)? < 1/2 is small. Under the same condition of Lemma@ for any § € (0,1), when

= ilog (1>
VA2 —4p dc

(At —4p)*oc 4 (1>
1] < NN log™ { = ).

then with probability at least 1 — 20, we have

where ¢ € (0,1/16) is some small constant.
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Proof. First,

Var [uf Fowy] = (w1 ® u))” (E [Fywo ® Fewg] — E [Fywo] ® E [Fywg))
< [luy @ w[|,||E [Frwo @ Fywo] — E [Fywo] @ E [Fywolll,

3202t
<40 -p?>(\1; B

by Chebyshev’s inequality, for any § > 0, we have

0
Pr <|U1TFtW0 — pe(A1; B)uf wo| > % “pe (A1; ) - m) <4

320Xt
pr (ol <o) (1wl [ 1 ) ) <

That is,

On the other hand,

d d
S [(uFiwo)?] = 3 (E [(u] Fiwo)?] ~ E [ Fowo]” + B [u] Fiwo]”)
d d
=3 [E[al Fiw)®?] = B [u] Fiwo] “*] + 3 p(Ais 8) (ul wo)?

I
™M=
=]
~Q

)T B [(Fwo)®] — B [Fowol ] + 3 pE(: B)(ul wo)?

=2 P
= (p? ) (i?'_i”;)) + 097 (2v/5: B)
Vd-p? (M\;B) - p2 (M B) - % 2 .
< d Dt (/\h B) Dt ()\1, ﬁ) ()\% — 4ﬁ) + ept (2\/57 5)

<020 B) (?w&nw | PRVE B)) |

AP =48 pi (M3 B)

Therefore, by Markov’s inequality,

—~, 5 5y . 32Vd|Z|t | pi(2VB;B)
Pr (;(uz FtWO) >0 -p; ()\175) <()\% —4,8)5 + 5p% ()\1;5) )) <4

It follows by a union bound that

-2
S0, (uf Fowp)? 32vd|T|t | pH(2VB;B) T 320||3|t
" ( (1121TFtW0)2 = (O\? —4B)5 " op? (Mﬁ)) <‘U1 ol - (AT —45) =

Since ‘ufw0|2 >1-—206, then

Pr (Z?—Q(“?FM)Q >0, <3W”2Hf | VP m) (m_ W)) <o

(uf'Fywg)2 (A2 —4B)5  dp? (M\1; ) (A} —4B)d -
For any ¢ € (0,1/16), when
VB 1
= 71 e
t N1 og(5),

PR2VB:B) _

s p) =

we have
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When ) ) 3
HZH < ()‘1 — 46)60 _ ()‘1 — 45) dc logfl <1) ,
8v/dt 42+/d\/B de
we have
8Vd|[Z)t _
————~ <e
6(AF—4B)

With both conditions, we have with probability at least 1 — 26,

Yo Fiwo)® _ 2¢
(ufFywo)® Ag. [&)
(vi V)

4c

<60

The last two inequalities follow from the fact that § < 1/2 and ¢ < 1/16. Therefore with the conditions above,
we have with probability at least 1 — 24,

O

Theorem 5. Suppose we run Algorithm @ with 2¢/B € [A2,\1) and a initial unit vector wo such that 1 —
(ufwo)? < 5. For any é,e € (0,1), if

cd
then after K = O (log(1/€)) epochs, with probability at least 1 — log (%) §, we have 1 — (uf'wg)? < e, where
c € (0,1/16) is a numerical constant.

Proof. According to Lemma if we have

VB (1> (A\f —4B)3/%6c . _, (1>
t—i\/mlog 50 ) HEHS—gg\/(E\/B log 50 )

then with probability at least 1 — 24,

. 1 .
1— (u,{Wk_A'_]_)Q < 9 (1 — (u{wk)Q) .
holds. In order to achieve e accuracy, we run K = lolgo(glés) = O(log(1/e€)) epochs and the success probability
follows from a union bound which is 1 — 2%5 > 1 —log(1/e)d.

Now use the fact that

o2

111 = [|E [(A: — A)%7]|| <E [ (A - A)%2] =E[A; - A*] = =,
and we get a sufficient condition on the batch size s, which is

N 32V d\/Bo? tou (1

With that, it completes the proof. O
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D Technical Lemmas

This section contains the lemmas or statements that were used for the analysis in the appendix.

Lemma 20. Given the polynomial sequence {p:(x)} defined in (]ED, when B > 0, we have

o)) o
(VB)! cos (t arccos(Q\F)) lz| < 2v/B.

pi(x) =

Proof. Consider the generating function of {p:(z)}, G(z,2z) =Y ;= pi(x)z",z € C. And

ZPtHZtH = prtZtH - 521%712”1 (20)
=1 =1 =1

G(x,2) —po —p1z = 22(G(x, 2) — po) — B2°CG(x, 2) (21)
(B2? —x2+1)G(x, 2) = po + (p1 — pox)z (22)

Since pp = 1,p1 = /2, we have

o l—axz/2 1—22/2
S B22—az+1 Bz—7r)(z—12)’

G(z,z)

where 1,79 € C are two roots of 822 — xz 4+ 1. When # ry, we have

Olo.z) = 1—332/2( 11 >

5(7’1 77‘2) To — 2 TN — %

I ONONE
Bl @) - @)

t=0

When |z| > 21/8, r12 = AV w. Therefore,

e~ i () + ()]

t=0

By complex analysis theory, when |z| < ra, G(z, 2) is well-defined. By comparing the coefficient of zt, we get

- (@“—3«“2—4/3> . <w+ W)

2 2

When |z| < 2¢/8, r12 = Ealve i w. Then

oo 1 t 1 t .
“:tZQK) (Tl)]z
Then z < = |r12], G(x, z) is well-defined. Then

_j —3\"' ; —=2\’
pt(x):% (x i\/4p ac) +<x+1 443 x)

2
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When |z| =2/, r12 = 33+ Suppose x = 2+/B, then

o

_ 1 _ tt
G(z,z) = V5 —;(\/B) z".
When |z| < 1/4/5, then G(z, z) is well-defined. Then
n(2VB) = (VB)"
Similarly, if z = —21/83, we have p;(—2v/3) = (—/B)*.

Combine all three cases, we have

N =
7 N

8

|

| 8
[V

~

=
~_
~+

+
7N

8

+

5 t
245) ] 9 |$| > 2\/37

pe(z) = (_\/g,f>f+(+\/;uT)t] 2| < 2/B.

N |—=

O

Fact 21 (Binomial Expansion of Matrices). For any matriz A,B € R"*" the binomial expansion (A + B)* has

the following form,
J+1

(A +B)! Z > A’“HBA’“

7=0 kESJ-H

ST denotes the set of vectors in N™ with entries that sum to m, i.e.
n
Spo={k = (k- kn) € N"[D ki =m}.

Lemma 22. Given ki, ,kn,kny1 €N, and z > 1, then we have

n+1 1
2
||Uk SUsriten ) Gz —1ym

Proof. We prove it by induction. First base case when n = 0, this is trivial. Assume n = ¢ this inequality holds,
and consider n =t + 1,

t+2

1
2 2 2
[V < Ua @) Ui iy
1
2 2
= Do (2 = 1) U (B) - a =gy
1
2 2
<T@ U ) oy
1
< UZ’+2k +t+1( z)- (z2 —1)t+1
which completes the induction. O
Lemma 23. Given any two unit vectors u,v € R?, then we have
1—(u'v)? = ||(1 - uuT)VH2 =||(I - va)uHQ.
Proof.
(7 = au®)v | = |v]? = 2(v"w)? + (uTv)?
=1-(viu)?
Similarly, we have ||(I — va)uH2 =1-(vTu)2 O
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E Data Generation for Figure

The synthetic dataset X € R10°¥10 wag just generated through its singular value decomposition. Specifically we
fix a 10 by 10 diagonal matrix ¥ = diag{1,1/0.9,---,1/0.9} and generate random orthogonal projection matrix
U € R10°X10 and random orthogonal matrix V € R10X10. And the dataset X = vnUXVT which guarantees
that the matrix A = %XTX has eigen-gap 0.1.
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