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For ease of exposition, we use p, 1, £ to represent positive numerical constants with possibly varying values at
different places or cases even in the same line.

Part A: Getting Started

We start from defining a unified update as
X1 = R(Xy, ar 1 V(X)) + s 1 W),

where W, represents the stochastic zero-mean term. Specifically,

0, Solver 1
(I — XtXT)(At+1 )Xt, B Solver 2
W, =1 I-XX/])(Ar1 —A)(X; — XBy)+

(I- XX )XXT(Ai;1 — A)XB,—
Xskew (X, (I — XX T)(Ai1 — A)XB;), Solver 3

Without loss of generality, assume that [ > k. We then can write

det(ai(Xy) + b1 (Wy))

det(X/] V; VX ,
( Vi Xe) = det(az(Xy) + b2(W,))
where
Y, = Xt+04t+1@f(xt)7
a(Xy) = Y, V,V]Y,,
b(Wy) = 2asym(Y, ViV W) +al, W/ V, VW,
ax(Xy) = Y, Yi+ o W/ W,
b2 (W) = 2041sym(Y, W),
and

E[by(W¢)|X¢] =0, E[be(Wy)|X:] =0
Due to W, W; < 31, we have

det(a1(Xy) + b1 (Wy))
det(as(Xy) + ba(Wy))’

det(XTV,V]X) >
where now
ax(Xy) =Y, Y, +af, B

with a bit abuse of notation, and conditioned on X; for i = 1,2, a;(X;) are deterministic functions of X; while
b;(W}) are stochastic functions of Wy.
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Part B. Auxiliary Lemmas
Lemma B.1. For any X € St(n, k) and Y € St(n,1),
U(X,Y) < O(X,Y) = min{k, 1} — | XTY|2 < min{k, [}¥(X,Y).

Proof. Let p = min{k,(}. Note that

(XY_1—Hc059 and O(X,Y) Zcose

=1

We prove the left inequality by induction. When p =1,
U(X,Y)=1-cos’f = O(X,Y).

Given ¥(X,Y) < O(X,Y) for p, then for p+ 1,

p+1
0X,Y) = p+1- ZCOSQGZ‘
i=1
p
= p— 20052 0; + 1 — cos? Opt+1
i=1
P p+1 p+1
> 1- Hcos29i +1 —cos29p+1 — <1 - Hc0s29i> +1- HCOSQGi
i=1 i=1 i=1
P p+1
= (1 — cos? 9p+1) (1 — HCOS2 91) +1- H cos? 0,
i=1 i=1
p+1
> 1 [ cos’6; = ¥(X,Y).
i=1

For the right inequality, by the generalized mean inequality, we have

2 2
P P 29. 2 P P P
Z:cos2 0; = p <M> >p (H cos 0i> >p (H cos 91-)
i=1 i=1 i=1

p
P 2 p
OX,Y)<p-—-p (H C089i> =p (1 - l_Icos2 9i> =p¥(X,Y).
i=1

i=1

N

Thus, we get

Lemma B.2. For any X,Y,Z € Grass(n, k),

U3 (X,Y) <03 (X,Z)+ U3 (Z,Y).

Proof. Let x € R(%) be a column vector of all the k x &k minors' of X in certain order. Similarly, let y and z
be the counterparts for Y and Z, respectively, with minors placed in the same order as x. According to the
Binet-Cauchy formula, we have det(XTY) = x"y. Then for any X,Y,Z € Grass(n, k), we have

poct —yy | < " 22"+ [lz2" —yy |

A k x k minor of a matrix A is the determinant of a k x k sub-matrix in A.
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where
2
HXXT —yy' ||F = tr(xx'xx') —2tr(xx"yy ') +tr(yy 'yy ')
= det}(XTX) — 2det*(XTY) + det*(YTY)
= 2(1-det’(X"Y)).
Thus, we get
(1— det?(XTY) " < (1 - det?(X72)) "> + (1 — det?(27Y))"*.
Remark The lemma holds on Stiefel manifolds as well.
Lemmma B.3. Let 8 = max; |A; — A|%. Then
0, Solver 1
W2 < B, = B, Solver 2
24kf (\I/(Xt,Y) + @(Xs,l,Y)) . Solver 3
for any Y € St(n, k).
Proof. For brevity, we omit subscript ¢ here. Note that
|AB| s < [[All 1Bl and [ X]l; = [X_ll, =1,
where X represents the orthogonal complement of X in R™"*" i.e.,
XX, ][XX,) = XX, [XX,]=1
For Solver 1, 8; = 0 by definition. For Solver 2, we have
2
Wl = [(T=XXT) (Aps - &) X,
2
= XX (A - A) X
< XLl [ A — AllZ X
= A - Al:
< max|A; — Alf = 5.
For Solver 3, we get
W[5 = || @1-XXT) (A - A) (X - XQ)
+(I-XXT)XXT (A1 — A)XQ
-~ - 2
—Xskew (XT (I - XXT) (Aps1 — A) XQ) HF
- - - 2
< o (Jx-xqf, + [xIx], + [x%.],)
F F F
-2 12 2
< a9 ([x-xafl_+ [xIx[+ [x7x.[).
F F F
For the first term above, we have
-2 - A
Hx - XBHF - 2 (k - tr(XTXB)) —2 (k - tr(PAPTPPT))
2
< 2(k—tr(A%)) =2 (k - HXTXHF)
= 20(X,Y) < 2k¥(X,Y)
< 4k (\IJ(X,Y) + \IJ(Y,X)) . (Lemmas A.1-A.2)
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For the second term, it could be derived as follows,

~ |12 ~ 112
P = [T evanx],

IA

~ - 2
(ITY o Il |+ 1l Il YT )

(- txrviz) ™« (- es) )

2 (k — XY k- HXTYH2 )
F

IN

IN

2%k (\II(X, Y) + (X, Y)) . (Lemmas A.1)
~ 2 ~
Similarly, we have HXTXL H <2k (\I/(X, Y) + (X, Y)) for the last term. Therefore, we can write
F

WG < 2488 (9(X, Y) + 9(X1,Y))
Remark We have 0 < f; < 48k as ¥(X,Y),¥(X,_1,Y) € [0,1].

Lemma B.4. Let a = ||A|z and [ > k. If det(X;erVlTXt) > v and 204416 + 2at+1ﬂt1/2(1 + apy10:) < 7,
0 <~ <1, then

Eldet(X /1 ViV] Xi41)[Xe] > m — i 1&b,
where 07 = 4ka®¥ (X4, V},) and
& = 2% +1 (1+ a8 +oaB’?)?
21— 2000182 (1+ ug16r)
2+ 204410; + 0lt+1ﬂt1/2 9 1+ a1

)%)-

+ 4(

¥ — 204410 — 2at+15t1/2(1 + o 16¢) 1- 204t+16tl/2(1 + e q10:)

Proof. Note that

det (a1(Xy) 4+ b1 (Wy))
det (az(Xy) 4+ b2(Wy))’

det(X[ ViV X1i1) =

XtT@f(Xt) = XtT(I - XtXtT)AXt =0,
A = ViSoV]+VESE(VE)
Then
s, =[x oty axi],

_ fo (XE) ' VSV X, + X (X)) viist (vE) T X,

)

2
F

< 2al (o) v+ v x

< 4RIAJBU(X,, Vi)
5 52
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Next, we have

as(X,) = (Xt n atHW(Xt))T (Xt n atHW(Xt)) +a2, Bl

(1 28+ e (XT 90 + (XT9700)) ) + 0t DX X0

= (1402, 8)T+ 0%, (X] AXE) (X]AXE)

= (14 a7, 81
0.

Y

On the other hand, bo(W}) is symmetric and

5 T -
b2 (Wll, = e (Xt + Oét+1Vf(Xt)) W, + a1 W[ (Xt + at+1Vf(Xt))
2
< 20£t+1 HXt + Oét+1€f(xt) 5 ||Wt||2
< 20[,54.1 (1 + ay1 Hﬁf(xt) 2) HWtHZ .

Thus, for ¢ € [0, 1], we get

az(Xt) +§b2(Wt) = (1+at2+15t)1_ ||b2(Wt)H21
= (1 +0f 1B — 20441 (1 + et H@f(xt)HQ) HWtHz) I
= 0,

and now can define the function

_ det (a1 (X¢) + <b1(Wy))
- det (G,Q (Xt) + §b2 (Wt)) '

f(©) s el0,1].

In a similar vein, we have
a1 (X¢) 4+ sb1(Wy)

- - T
= X/ VV] X, + (XJVIVZTVf(Xt)Jr (XtTVlVlTVf(Xt)) >+
= T T T T =
SOy ((Xt + Oét+1vf(Xt)) V.V, W:+ W,V V, (Xt + Oét+1vf(Xt))) +

~ T .
a2, (Vf(xt)) VIV V(X)) + 502 W] VIV W,

- - T
< Tk o [ X ViVIVEX) + (XT ViV V(X)) | T+
2
= T T T T =
arr || (Xe+ @ VIXD)) VIV Wi+ WIVIVT (X + an V(X)) | T+
2
- T ~
a2, (Vf(Xt)) VIVIVIX)|| + a2y [[WViVIW,
2
~ ~ ~ 2

< <1 2004 VI || + 20001 (U4 @ |[VFXD|| ) IWilly + o |V £X0)|[| + a2 thé) I

- 2
(1 + g1 va(Xt)HQ + Q41 ||Wt||2) L
Moreover, since

k
det(X] V;V/X,) = H cos? ; < min cos®6;,
i=1
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we have

X! V,V/X; =1

Then

al(Xt) + ¢by (Wt)

¥

- ~ T
X! ViV X + a1 (XIV;VJVf(Xt) + (XtTVlVlTVf(Xt)) ) +
= T T T T v
a1 ((Xt + at+1Vf(Xt)> V)V W, + W] V,V, (Xt + atHVf(Xt)))

- - T
X VIV VX0 + (XTViVI VX)) || 1=

2

- T ~
(Xt + at+1Vf(Xt)) V\V/ W, + W/ V,V] (Xt + at+1Vf(Xt)>

) IWil,) 1

S\

=

1
2

Q41

-

(7 — 20441 H@f(xt)
0,

) — 205t+1 (1 + (o7 %] H@f(x,‘)

which shows that
al(Xt) = (’)/ — 20[t+1 H@f(Xt)HJ I-0

and both a1 (X;) and aq(X;) + ¢b; (W) are invertible as well. For brevity, let
H; = a;(X¢) +¢b;(Wy), 1=1,2.

_ det(Hy)

Then the first-order and second order derivatives of f(¢) = Jer(,) Can be derived as follows,

fl(s) = ((i det (H1)> det™" (Hy) — det (Hy) det™* (Hy) ((i det (H2)> 7

and

2

f'(¢) = (CZQ det (H1)> det™" (Hy) — 2 <CZ det (Hl)) det ™2 (Hy) (;g det (HQ))

2 2
+2det (Hy) det ™ (Hy) (jg det (Hg)) — det (H;) det™* (Hy) (522 det (HQ)) .

Note that for an invertible matrix function F(z) of scalar variable z,

%det(F(az)) = det(F(x))tr (Fl(:c)CZUF(x)> and %Fil(x) = -F () <CZF($)) F ().
Hence, we can write
d%det (H;) = det(H;)tr (H; 'b:;(W,)),
j; det (H;) = det (Hy) tr? (H[ b (W) — det (Hy) tr ((H;'b(W0))*)

and then

£/(s) = det (Hy) det ™" (Ha) (tr (Hy "1 (W) — tr (Hy '02(Wy)))
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and
f”(§)
= det (H;)det™! (Hy) (tr2 (Hy'01(Wy)) — tr ((H;lb1 (Wt))2) _
2tr (Hy "o (W) tr (Hy '02(W)) + t? (Hy "2 (W) + tr ((H;lbg(Wt))z) )
= jZE EE;; ((tr (Hy "5y (W) — tr (H 'bo(W))))” — tr ((H;lbl(wt))2) +tr ((H;lbg(Wt))2>) .
Thus, we get
oy det (a1(Xy)) _ B
70 = det (a2(X+)) (tr (a1 (Xe)bs (W) — tr (a3 (Xe)b2(W)))
and
1f7(<)]
< o EE;; (260 (7101 (W0)) -+ 2002 (B3 02 (W)) + tr (B0 (W) ) + tr ((H5 'b2(W)?) )
< (2k+ 1)32 EE;; (tr (BT B(W))") + b (7 "02(W)*) )

by the Cauchy-Schwartz inequality. In particular, since a1 (X;) >= 0 and E [b;(W})|X}] = 0, we have
E [tI‘ (a;1<Xt)b1 (Wt)> |Xt} =tr (afl(Xt)IE [bl (Wt)‘Xt]) Z 0,

and thus

det (a1(X¢))

E[f'(0)[X¢] = dot (a2(X,)) (tr (a7 " (X0)E [by (W) [X4]) — tr (a5 ' (X)E [b2(W,)[X4])) > 0.

In addition, note that

. 2 k
vty (oS00 o i)
det (H2) B ].+Oé%+1ﬁt — 2th+1 (1 +Olt+1 H@f(Xt) 2) ||Wt||2
- 1/2) 2 b
(1 +Oét+1 Hv'f(Xt)HQ +Oét+1ﬂt/ )
< - :
1+ 02,1 — 204518 (1 + o HVf(X ) )
and
_ 2
o ((H;'0:(W)?)
1 1 15: (W )17
< ET (W) < HG (Wl = N (H;) )F
S 1-(-1)* o 2 2
< 20041 (1+ e VXD, ) IWillp + 5202 W
TG (- 200 |[Frx H) + B (14 02, 8) = 2000 (1+ an [VFXD|) Wl
2 1 V(X)) —(1)° ’
Oét+1ﬂt + o1 [|[V(Xy) ) +1 a1 B
< : — -
G (5 = 200 | VX)) + B+ a2, 8) — 2000187 (14 @ |V F(X0)|)
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Thus |f”(s)| can be bounded as follows:
117 ()]

2
(1 + 10 + Oét+15t1/2)
1-— 2at+16t1/2 (]. + at+15t)

12 2 2
( 2+ 204 410¢ + 1134 ) L4 ( 1+ a1y )
v — 204t+16t — 2()ét+1ﬂtl/2 (1 + 0&,5+1(5t) 1-— 2at+1ﬁtl/2 (1 =+ Oét+1(5t)

2
£ 207, B,

IN

(2k + l)at2+15t

where we have used that H@f(Xt)H < H@f(Xt)H < 4;. It is easy to see that & is a monotonically increasing
2 F

function with respect to each input variable in their given ranges.

Finally, we could write

{det (a1(Xy) +01(Wy)) ‘X }
det (aa(Xy) + ba(Wi)) 17"
f

= E[fO)X] = F0)+E[FO)X] + 2B [0X]. sep.
> 0)+EOX] - 58 | max 17X
> f(0) —ai, Bl = (Wat2+15tft~

Lemma B.5. If det(XtTVlVlTXt) > v and 2a4410; < v, 0 <y < 1, then
det(a1(Xy)) > det(X, V, V' Xy) + 204 1det(X, Vi V] X)) B(Xy) — miaiy 107 2 o

and
det(az(Xy)) < 1+ Ga, (K26, + 62),
where
m = 2k 4 1)1+ a2 (Y10 )
Y — 2044104
G = k(l+af B+ a?+15t2)k7
E(Xy) = tr(QZiQu) — tr(X] AX,),

with ¥; = diag(A1,- -+, A;) and Qg+ from the thin SVD:
X,/ Vi =PALQ/,,
i.e., Ql,t S St(l,k’)

Proof. Define functions

hi(s)

det (a1 (Xy; <)) 2 det ((Xt + gamﬁf(xt))T A (Xt + gam@f(xt))) ,

h2(§) = det (CLQ(Xt; §)) £ det <(Xt + §1/2at+1@f(Xt)>T (Xt + Cl/ZOét_t,_l@f(Xt)) + COét2+16tI>

det (T+5a?,, (BI+ V(X)) V(X))
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where ¢ € [0,1]. From the proof of the preceding lemma, we have that for i = 1,2,

hi(c) = det(a;(Xyq))tr (a;l(xt;g)dai(d}jﬁg)>

i ) A\ At; ?
W) = det(ai(Xi9)) (tr? (amxt;c)d‘“(j?‘))—tr((ai%xmd ) ))

d? a;(Xy;
A e

and

SN 2
R ()] < (k+1)det(ai(xt;<))tr((ail(xt;g)dai(m>)

da; (Xy;)

2 d? a;(X¢;s)
ds 2

. + de . /\min (ai(Xt; C))
Amin (ai(X436))

< (k+1)det (a;(Xy;5)) ‘

Note that

TG oy (V£0) VY] (X + s VF(X0) +

dg
- T T
Q41 (Xt + COét+1Vf(Xt)> ViV, VF(Xy),
d? a1 (X4;6)
dg?
da2(Xt§ §)
ds

= 200 (V7X0) VivT (V5(X0).
= iy (/BtI + @f(Xt)T@f(Xt)) ;
and
0= (y—20410) I a1(Xeie) < (1+ aq1dy)’LL
0<Ix ax(Xi;6) < (140f 6 +a7,67) L
Thus, we get

h1(0)

20,4 1det (X V, V] X)) tr ((XtT ViV X,) X ViV Y f(Xt))
= 2apdet (X} V,V]X,) (tr ((XtT ViV X,) X VlVlTAXt) —tr (X[ AXt))
= 20det (X]VIVI X)) (b (B0V] X (XTVIVI X)) T XT V) =t (XTAX)).
Let X/ V; =P;;A;,Q/, € R**! be its thin SVD. Then
VX, (X]ViV/X,) T X[V, = QuQ),.

Thus,
i (0) = 20 41det (X VIV XY) (tr (Q,51Qus) — tr (X AX,)).

In addition, we have

d Xy;
0<hy(s) = det(azx(Xy;q))tr (agl(Xt;c)aQ(dg”)>
d
< kdet (ag(Xt;g)) © F

Amin (a2(X¢;<))
k
kai,, (1+ a1 Be + O‘?+15t2) (kl/zﬁt + (53) .

IN
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and

14+ oyq10; ?
! < 8(k+1)a2 62(1 52— )
PN < 8k + ad,f (1 ard)™ (5%
We now can arrive at

det(al(Xt)) = hl(l)
= h1(0)+h’1(0)+%h’1’(<), s €10,1]

v

1
/ = "
h1(0) + k7 (0) 5 ax, |hY(S)]

v

det (X V,V/ X;) 4 2az41det (X V, V] X,) B(X;)

1+ apt16: >2

—4(k + 1), 62 (1 8.)%"
(k+ 1ai16; (14 aq16:) N 20510,

and

det (a2(Xy)) = ha(1)

hy (0 n'
1( )+§gl[g§]\ 1(5)]

IN

IN

k
1+ kaf_H (1 + at2+1ﬁt + 0%2-&-15752) (kl/Qﬁt + 53) .
Let

14 oy )2
v 204t+15t

k

n = 4(]{1 -+ 1) (1 + Oét+15t)2k (

Gt k(1+ a?-uﬂt + O‘?—&-l(stz)

Then we can write

det (a1(Xy)) > det (X[ V,V/Xy) + 2ap41det (X ViV Xy) E(Xy) — meaf, 167
é Ot,
det (a2(X;)) < 1+Goly, (kl/%t + 53) .

Lemma B.6. Bounded difference of potential functions:
(U (Xtq1, Vi) = U(Xy, Vi) < wiaupa,

where s
_ 282 (1 4+ @418:) + a1 By

2kB,% (1 5 .
200110, +2k6, 7 (1 + ar161) + ae1 Beée

Wt

Proof. From the proof of Lemma 3.8, we have that
1
(X1, Vi) = F(0) + F(0) + 5 1'(5), s €[0,1]

where

f0) = ¥(Xy, V),
F0) = (X, V) (tr (a7 ' (Xe)bi(Wy)) — tr (a5 ' (Xe)b2 (W) -
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and | f"(s)| < 207, ,B:&. To bound the difference, we need the following

0= (’)/ - 20%.;,.15,5) I <
0<I<
and

[o1(We)llr <
<
[b2(Wo)llr <
<

Thus, we get

a1(Xy) < (1 + as18)’ 1,
ax(Xe) =YY, +af s WIW, < (14 af 16 + a1 67) L,

2011 [sym (Y ViV W)l r + af 1 [[W] ViV W
2001187 (1 + a1 8) + ai 1 B,

2011 |sym (Y, W)

20t+15tl/2(1 + Ozt+15t).

[U(Xpt1, Vi) = U(Xy, Vi)

IN

IN

O]+ 517 6)
HI (Wllr Kb (W)l

IN

Amin(a1(Xt))  Amin(a2(X¢))

Qkaﬂ_lﬁtlm(l + Oét+16t) + Oét2+1ﬁt

+ a§+1ﬁtft

7y

+ 2k‘at+1ﬁtl/2(1 +ay10;) + @t2+15t§t
- 204t+15t

_ <2k6t1/2(1 + ap10¢) + 1B
= Ot41

28,2 (1 5 _
Y= 20{,5_;,.1(;15 T Bt ( + ot t) + at+16t€t

Lemma B.7. If det(X/V,V]X;) >v,0<~v < 1and

o 71/2

0< < mi ) )
Q1 > mm{8k1/2 (||A||2 + (4 T 7)51/2) 2k1/2771/2||AH2}
then
200410, + 20018, (1 + api18y) < 7/2, 0<m <n22(k+1)(1+7/4)>F D (y/2)72,
0<G<¢2EA+(v/47)F, 0<& <& (2k+1)(2+ /2 (v/2)72,
0< o <021+ 0<w <w27k2BY2(1 + %)(é”r (%)_1)
Proof. First let a1 < m. Then
200410, = A1 kYAl ®(Xy, Vi)
< o k'P|A
< X
- 2

and

2at+15t + 2&,5_;.15151/2(1 + at+15t)

Ay 1 kY2 | Al 4 20041 /48KB(1 + %)

462 (|| Alle + (447)8) e < 7.

IN

IA
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Thus, it is easy to see that

1+ a1\
T ] ey
A\ 20k+1) ey —2
B Y 7y
< 2k+1) (1+4) (2)

. 1/2
Since a¢110; + at+1/8t/ < 7, we have

2 2 2 1/2 2 7\?2
1P+ o 6p < (at+15t + a1y ) < <1) .

Hence, we can write

9 k
G=k0+ﬁﬂﬁ+ﬁﬂgf<k<L+Q>>.

For & we have

1/2\2
2k—|—1 (1+at+15t+at+1ﬂt )
2 1 — 2Ozt+1ﬂtl/2 (1 =+ at+15t)

2 2
2+ 20410; +at+1ﬁtl/2 4 1+ 416 )
¥ — 204410 — 204t+15,51/2 (1 + o 410¢) 1- 204t+13,51/2 (1 + o4 410¢)
2\ k 2 2
2k+1 ((1+73) <2+g) +4<1+1)
>\ 13 ) \o=3) T
k
ok +1 ((1+2)° <2+g)2+4<1+1)2
2\ 1-3 73 73

3G

& =

IN

IA

For g, on one hand,

or = det (X, V,V/X;) 4+ 2as41det (X V, V] X;) B(Xy) — nea, 167
v —4knai ||A3

) 71/2
— 4kn||A _
Y 77|| ||2 (2k1/2')71/2||A||2)
= 0.

Y

2

v

On the other hand, since o7 [|A[j3 < T

or < det (X[ V,V/Xy) 4+ 2ap41det (X V, V] X,) B(X;)
< 1+4k0{t+1||A||2\I/(Xt,Vl) < 1+4kat+1HAH2
[

< 144k, /——
< 1+ T

N

2 gl
= 1+4k 2 - -

+1
V2E+1) (1+2) dk
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Last, since 1 4+ azy10: + aHlﬁtlﬂ <1+7,

Qkﬂtl/?(l + o 416;) + g1 By
Y — 201416
k25t1/2(1 + @10 + a8y
v — 200410
TRE2 (1 4+ D)€+ (7

O0<w < + Qk’ﬁtl/Q(l +ay10;) + 1B

+ kﬁtl/th(l + apr10; + at+15tl/2)

IN

IN

O

Lemma B.8. For any ¢ € (0,1), we have det(X,] V,V/X;) > v all t = 1,2,--- ,t, with probability at least
1 —, provided that as41 € (0, p) and p, to satisfy

det(X, V, V) X,) > v+ top? + p*/2to log(1/1).

Proof. Consider the stochastic process {¥(Xo, V), ¥(X1,V)),...,¥(Xs,, Vi)} and the filtration F = {F;}
induced by random variables y;. By Lemmas 4.6 and B.4, we have
E[W(Xei1, VI)[Xy] < U(Xy, Vi) = 20 1det(X] ViV X)) E(X;) +
(e + 0:Ce)f 167 + (K20, + &)ai 1B
< WXy, V) +p2

Then we can define

O, = (X4, V)) — p’t
fort=0,1,2,...,tp, which clearly has a natural continuation such that

o] < W(Xy, Vi) + p*to < 1+ pto,
for any t including ¢ > ty. And
E[®i1Xe] = E[W(Xes1, Vi)IXe] = p*(t+1)
< U(Xy, Vi) 47— pP(t+1)
= (X4, V) —p’t =y,

for t =0,1,...,ty, while it is clear that E[®;11|X;] = ®; for ¢t > tg. Thus, {®;} constitutes a super-martingale.
On the other hand, by Lemma B.3., we have

[@r1— @ < |W(Xpp1, Vi) = (X, V)| + 97

< wp+p?

= pw+p).

Thus, we are now able to apply the Azuma-Hoeffding inequality to the super-martingale {®;} with bounded
difference at p(w + p), and then have that for any ¢ > 0 and r > 0,

r2

250 p2(w+p)? J

2
51

P®,—®g>r) < exp{—

r

< exp{-
= el )

= L.

Hence, r = p(w + p)/2tolog(1/¢) for any ¢ € (0,1). That is, with probability at least 1 — ¢, we have ®; — &y < r
and then

U(Xy, Vi) < r+plt+ P
< p(w+ p)v/2t0log(1/e) + p*to + Do,
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forallt =1,...,tg. Therefore, for any ¢ € (0,1) and all t = 1,..., %, if p and ¢y are chosen such that

p?\/2tolog(1/1) + pPto + o < 1 — 7,

then we have ¥(X;, V;) < 1 —~, namely det(X; V,; V| X;) > v, with probability at least 1 — ¢.

Remark When ¥(Xg,V;) <1 — 7, there exists p such that p?y/2tglog(1/t) + p?tg + @9 < 1 — v holds.

Part C. Proofs of Main Lemmas

Lemma 4.5. T ¥(X;, V) <1—7,0<a1 <p,and 0 <~ < 1, we have
E[U(Xiy1, V) [Xe] < U (X4, Vi) = 20441 (1 — U(X4, Vi) E(Xy) + a$+177\I}(Xt7Vk) + 04%+1§ﬂt7
where

)

X, - r(Q,ZiQus) — tr(X] AXy), 1>k
Y u(m) - e(Q X AX, Q). <k

T Pl,tAl,thTtv >k
Xt VvV, = _7r
QAP 1<k
represents the thin SVD of X, V;, and
0, Solver 1
Be=< 1, Solver 2

U (X, Vi) + ¥(Xs-1,Vg), Solver 3

Proof. We only consider the case that [ > k, as the case of | < k is similar. When g; > 0, by Lemma B.5 we
have

det (a1(Xy))
det (a2(X4))

Ot
1+ Cto‘%-H (kl/Qﬂt + 5?)

(1— Gty (K728 + 7)) o0
L= (Gadyy (K726, +7))°

> (1 — oy (kl/QBt + 53)) ot

v

= o0 — Gojyy (’fl/Qﬁt + 5?) 01
> det(X, ViV Xy) + 204 1det(X] V, V] X)) E(Xy) — Mgy 07 — Gy (/fl/Qﬁt + 5?) 0t
= det(X] V,V]X,) + 20451det(X] VIV X)E(X,) — (e + CGor) 024107 — k%Coi02, 1 By
We then can get
E [\I/(Xtﬂ, Vl)‘Xt} < WX, Vi) = 2004det(X] VIV X)) E(X,) +
(e + Ceor) 0F 4167 + (kl/thQt + Et) i) By
U(X, V) — 2041 (1 — U(Xy, V) E(X,) +
04?+177‘I’(Xta Vi) + a?ﬂfﬂt,

where some missing constants are absorbed into the constants 1 and &.

IA
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Lemma 4.6.

1) E(X) < (M= X)O(X, V) < k(A — M) ¥(X, V),
2) E(X)>A0(X,V)) > A¥(X, V),

Proof. We consider [ > k and omit subscript ¢ here. Note that A = VlElVlT + Vf-ElJ- (Vf-)T. Then

EX) = tr(taleu)—tr(XTAX)
= w(QZQu) — (X TV V] X) — (X TVESE (V)T X)
= w(2QuQ) — 1(SiQuAF Q) — (X TV (V)T X)
= w(ZQuI—-A7)Q/,) — tr(XTVIE) (Vi ) )
< Atr(Que (T )Qlt) Antr(XT Vi (VZL)
= Mtr(I— A7) = Atr(XT (I - V,V,)X)
= M= )E=[XTVF) = (M = A)O(X, V)
< k(A =AY (X, V),
and
E(X) = (5Qu(I-A7)Q]) - (X VESE (V) X)
> Atr(Qui(T— A2)Q],) — M te(XTVE (V)T X)

= AOX, V) > AT(X, V).

Lemma 4.7. For a uniformly sampled point Y € Grass(n,l) with [ < "T“ and 0 < v < 1, we have that
det*>(YTV)) >~
with probability at least

P(5hr(n)

L(5)T(FH)

where 5 F is the Gaussian hypergeometric function of matrix argument.

n—l

. 1\ I(n— 1 n+1 . 1,
L—p(y) = (sin(cos™ (421))! " DBy (=, 5 5T sin®(cos ™ (v7)),

Proof. Let Opax = max; 0;(Y,V;). First, we have

P (det*>(YTV}) > 9)

v

P <ﬁ cos? 0; > ’y)

i=1
P ((mln 0050 > ’y)
= P (cos Omax > 'y)

P (Onax < cos_lvi) .
According to Absil et al. (2006),

P (Hmax < cos™? 7%>

- Mty (o ) (5 et (o ()
2

e

I
—

|
3
2
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Remark 1 There is no doubt that p;(y) — 0 as v — 0, because det*(Y'V;) € [0,1]. In fact, p;(y) is the
integral of the probability density function of the largest principal angle max; 6; between two random points in
Grass(n, 1), on the interval [cos ™! (y21), 71 € [0, Z]. It says that although in the high yet finite dimensional regime
two random points in Grass(n,!) are nearly orthogonal to each other with high probability , the probability of
attaining the orthogonality of high precision is quite small, especially that the probability P(max; 6;(Y,V;) = T)
is zero because {X € Grass(n,[) : max; 0;(Y,V;) = 5} is a zero-measure set. See Absil et al. (2006) for more
details as well as a pictorial view of the density function in a low-dimensional setting.

Remark 2 What we need from this lemma is to get an initial X € Grass(n, k) such that U(Xg, V) <1 —+
with high probability. There is no problem when | = k as it can be directly given by the lemma. However, if
Il <k, ie., l = kmnn or [ = knax in our case, this would be different. Theoretically, there are four cases:

1. When Ay > 0, it is a direct application of the lemma by letting | = k in the lemma.

2. When Ay =0 and kpax = n, we only need to show that ¥ (X, Vi, . ) < e. Thus, we need ¥(Xo, Vi) <
1—~ with high probability. Fortunately, we can make it as in the above case. The reason is that ¥(Xg, Vi) <
1 — ~ implies that (X, Vi,..,) < 1—1, and thus the latter’s probability will be no less than the former’s.

3. When Ay = 0 and ky,in = 0, we only need to show that U(X;, Vi, . ) < e. We now need ¥(Xq, Vi, ) <
1 — ~ with high probability. To this end, we set Xg = Y; with Y = (Y;,Y3) sampled uniformly from
Grass(n, kmax ). This is only the theoretical soundness of the convergence proof. In practice, we may need to

choose a [ large enough to cover kmyax, i.€., kmax < [, then sample Y = (Y1, Y2) uniformly from Grass(n, ),
and set Xg =Y.

4. When Ay =0, 0 < kpin and kmax < 1, we need to show that both U(X;, Vi . ) <eand U(X;, Vi, ) <e.
For two values of I, i.e., kmin and kmax, we only need to sample one Y = (Y1,Y2) sampled uniformly
from Grass(n, kmax) and then set Xo = Yy, as U(Y, Vy < 1 —~ ensures ¥(Xp, Vi,.,.) < 1—+ and
U (Xo, Vi < 1 — « simultaneously.

max)

max)
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