Supplementary Material of “HONES: A Fast and
Error-free Homotopy Method For Online Newton
Step”’

A Roadmap of Appendices

The general idea of HONES algorithm has been presented in section 2. However, to implement it
efficiently, we need much more effort to explore the structure of the solution path and find common
quantities which are used by multiple sub-routines. To make the derivation well-organized, we start
from considering the case where only one of A and r is time-varying while the other parameter
is fixed. The case where A is time-varying and the case where r is time-varying are considered
separately in Appendix B and C. Then in Appendix D, we combine two components and state the
implementation for the general case.

In each following appendix, we will first define a list of case-specific intermediate variables, which are
the key ingredients to improve efficiency. Then we describe the whole procedure followed by details
of each sub-routine. Finally, we give a detailed complexity analysis at the end of each appendix.

B Implementation of HONES Algorithm With Time-Varying A and Fixed r

B-1 Intermediate Variables

Although (8)-(10) completely define the solution, they involves messy terms. To simplify the
notations, we define three lists of intermediate variables. We should emphasize that these variables
also play important roles in the algorithm design since they capture the quantities repeatly appeared
and unnecessary computation can be avoided by storing their values in memory.

The intermediate variables are defined as follows. First, let M be a n X n matrix such that
Mgs = Ags, Mges = —AgesAgs, M. ge =0. (B-1)

For large-scale problem where 7 is prohibitively large, we can only store a n X |S| matrix by removing
the zero entries of M. This saves storage cost significantly. Then we define two vectors 1,7 € R"
such that

ns = Mssgs, nse =gse + Mgesgs, Ts = Mgsls, fige =1ge +Mgeglg € R". (B-2)
Last we define four scalars.
D =15A551s, Dy =15A559s, Dgy=9g5A559s Dgr=-ngrs.  (B3)

Note that all variables are functions of \ if A is replaced by A + Agg” and we denote them by -(\).
For example,

D(\) = 1§(Ass + Agsgd) s,
and others can be defined in a similar fashion. The following lemma formulates these functions.

Lemma B-1 Let a()\) = ﬁ. Before any entry of (xs, pse<) hitting 0, it holds that

o M.s(A\)=M. g— a()\)m]g;



n(A) = ﬁ;
1(A) =1 = a(A)Dgn;
e D(\)=D— Oz()\)Dg,'

® (Dg(A), Dgg(A), Dgr(N)) = ﬁ(ngDggaDm)-

Proof By Sherman-Morrison-Woodbury formula,
A559595 Ass

—55 = Mgs — a(N)nsnk.
14+ AL Agsgs

Mgs(\) = (Ass + Agsgd) ™t = Ags — A

This implies that
Mses(A) = —(Ases + Agsegs)(Ags — a(Ansns)
= Mges — Agse g5 Age + Aa(N)gseginsng + a(X)Asesnsng

= Mges — Agseng + Aa(A) Dgggsens + () Asesnsng [Use Dyg = g&ns]
= Mges — (A = Aa(N) Dyg)gsen§ + a(A) Asesnsns
= Mgecgs — a()\)gscng + a(A)AScSnSng [Use A — )\Oé()\)Dgg = Oé()\)}

= Mses — a(N)(gse — Ases Agggs)ns
= Mges — a(N)nsens.
Putting pieces together, we obtain that
M. s(\) = M.s — a(\)ms.
Based on M. g()), it is straightforward to derive other variables. For (),
ns(A) = Mss(Ngs = 15 — a(M)nsnsgs

s
= 1 — D = —
(1= Dgg)ns = 55—

nse(A) = gse + Mses(N)gs = nse — a(N)nseng gs

UEG
= 1 - D c = < .
( a(N) 99)775 1+ ADy,
Thus,
U
A= —nr.
"N =150,
Similarly,,
fis(A) = Mgs(M)1s = 7js — a(A)nsngls
=15 — a(\)Dyns;
iise(A) = 1ge + Mges(M)1s = 1ge — (M) nseng 1s
= flse — a(A)Dgnse,
and hence

N(A) = 75 = a(A) Dyn.
The last four scalars are even easier to handle. In fact, D()) can be derived directly by
D(\) =15 (Mss — a(Mnsn§) 1s = D — a(\) D

By reformulating the other three variables, the last statement can be proved,

(Dg()‘)aDgg()‘)aDgr()‘)) = ( gns(k)vggnsﬁ), —Tgns(k))
1
= m(lgﬁsﬂgns, —r&ns)
1
=——(D,,D,q,D,).
1+)‘Dgg( g 99> 97)



B-2 Implementation

Lemma B-1 implies that given the function values of the intermediate variables at A = 0, the function
values at a neighborhood of 0 can be calculated directly. Within time ¢, all intermediate variables
will be update correspondingly when the support changes. It has been shown in Theorem B-4 that
updating M requires n|S| operations while updating other variables only requires n operations.
When the problem transfer from time ¢ to time ¢ + 1, the variables (1, Dy, Dyg, Dy, ) needs to be
recalculated since it depends on a new g(*+1). In contrast, (M, 7, D) can be updated in the same way
as in time ¢. In summary, (M, 7, D) is shared by for all times while (7, D,, D,q, D,,) is only used
in a single time. For compact notations, we define Par; and Pars as

Pary = {M,7,D}, Pary ={n,Dgy, Dyg,Dgy,}. (B-4)

In addition, we denote v by the concatenation of xg and —pge, i.e.
Vs =g, Uge = —lSe, (B-5)
as an x 1 vector. It will be shown in the next subsection that v() can be expressed in a concise way.

Algorithm 1 describes the full implementation of HONES algorithm, which solves the online problem
(2) with r fixed. The sub-routines involved will be discussed separately in following subsections.
Roughly speaking, after initialization, we enter into the outer-loop and try to solve (1) at time ¢ using
the information from time ¢ — 1. Starting from A = 0, we search for the next A that pushes one entry of
v to zero. FIND_LAMBDA fulfills this goal and also reports the corresponding entry j. If j € .S then
j is removed from S and otherwise j is added into S. Since (v, o, Pary, Parg) are all functions of A,
we update them by UPDATE_BY_LAMBDA, in which Ain¢ denotes the increment to reach the next
turning point from the current one. Unlike (v, 119), (Pary, Pars) has discontinuity at each turning
point A due to the change of support S. They are updated by UPDATE_SHRINK_SUPPORT and
UPDATE_EXPAND_SUPPORT depending on whether S is shrinked or expanded. The procedure
is repeated until X cross over 1 and an inner-loop finishes. At the end, Par; is recomputed for new
g1 which is achieved by DIRECT_UPDATE.

B-3 FIND_LAMBDA
With the help of intermediate variables, we can express (g, ftse<, fio) in a compact way.

Theorem B-4 Before any entry of (xg, pse) hitting 0, it holds that

to(A) = po + Dy(Dgpio — Dgy). (B-6)

and

o)) 2 ( = ) —u4 D_QOE(AA))DE (Dgtto — Dyy) - (Dyii — D), (B-T)

Proof First we prove (B-6). By definition,

_1-15Ass(\) s _ 1 - 15Mss(M)rs
15A55(\)11g D(\)

po(A)

By Lemma B-1,
— Mgs(A\)rs = —(Mgs — a(\)nsn§)rs
=— Mggrs — a(Nnsnirs = —Mgsrs + a(X\)Dgns.
Thus the numerator of 14(\) can be written as
1 - 15ys + 15(Md.gyse — Mssrs) — a(A) Dy, 1§ns = Dpo — (M) Dy, Dy.
The denominator of p(\), by Lemma B-1, is formulated as

D(\) =D —a(\)D3.



Algorithm 1 HONES Algorithm for time-varing A and fixed r

Inputs: Initial matrix A(®), vectors r, matrix-update-vectors {g(t),t =1,2,...}.
Initialization:

& < as the optimum corresponding to A(%);

S + supp(z);

Calculate (x, u, po) via (8)-(10)

Vg < T§,Vgc < —lge;

Calculate intermediate variables (Pary, Pary) via (B-1)-(B-3) with g = ¢(1).

Procedure:

1: fort=1,2,---.do

2: A« 0;

3 while A < 1 do

4: (Aine 5 §new) « FIND_LAMBDA(S, v, uig; Pary, Pars);

5: AlRC e min{ AR 1 — A}

6: A < A+ Aines

7 (v, po; Pary, Parg) + UPDATE_BY_LAMBDA (\"¢; v, g; Pary, Pars);

8: if ™% = SU{;} then

9: (Pary, Pary) + UPDATE_EXPAND_SUPPORT(), S, j;r, g, Pary, Pary);
10: else if S™V = S\ {j} then

11: (Pary, Pary) + UPDATE_SHRINK_SUPPORT(S, j;, '), Pary, Pary);
12: end if

13: S Snev,

14: end while
15: Pary < DIRECT_UPDATE(S, r, g**+1; Par, Pary);
16: A+ A+ g®(gnHT,

17: xgt) —xg, a:gc) +— 0.
18: end for

Output: (D, 22 ...,

Putting the pieces together results in

Do —aNDyeDy _ o)
D —a(\D2 Ho

po(A) =

Plug o () into (8), we obtain that
z5(A) = po(Niis(A) + Ass(N) " 'rs

= Agérs + (N Dgns + (po(N) — p0)7is () + pofis (A)

= x5+ a(A)Dgrns + (po(A) — uo)ns( ) + ko(s(A) — 7s)

= x5+ a(\)D,ms + D_aé?;) Dy(Dgpio — Dgr)is(A) — poc(X) Dgns [Use LemmaB — 1]
S ((j) . Dy(Dytio — Dgr)iis(N) — a(\)(Dytio — Dys)iis

=+ g (Dato — Do) (Dafish) — (D~ 01D )

=15+ 5 OE(A)) - (Dgpo — Dgr) - (Dygiis — a(X)D2ns — (D — a(X)D2)ns)

— st D((A))Dg - (Dypio — Dyr) - (Dyiis — D).

Similarly, it follows from (9) that

—pse(A) = po(M)ise (A) + rge + Mges(N)rs
= —pse — pofse + (Mses(A) = Mges)rs + po(A)7se (A)



= —pse — pofise + a(N)Dgrnge + p1o(X)7ge (N)
= —pise + (N Dgrnse + (po(N) = pro)fise(A) + po(fse (A) — flse)

a() _
= —lige AN Dgnge + ——————+ Dy(Dypo — Dgr)Tjge(N) — M) Dynge
pse + (A)Dgrns +D—a()\)D§ g(Dgtto gr)ise(A) = poa(A) Dgns
a(N) _
= Hs T a)DE Dy(Dgpio = Dyr)ijse(A) — a(A)(Dgpo — Dgr)nse
g
o)) ~ 2
= —plse + D—aND? (Dgo — Dgr)(Dgiise(A) — (D — a(A)Dg)nse)
9
a(A) ~ 2 2
= —lge + D — a(}\)DQ ' (Dguo - DQT)(D!]WSC - a()‘)DgnSC - (D - a(A)Dg)nSC)
9
a(A -
= —Hse + D_OE(/i)DQ “(Dgpo — Dgr)(Dgijse — Drse)
9

In sum,
T T a(A ~
( —#2(0)6))\) ) - ( s ) - D_OE(;)D“Z +(Dgto = Dyr) - (Dgi — D).
|

Theorem B-4 indicates that searching for next X is equivalent to solve n linear equations. In fact,
(B-7) can be abbreviated as

Dv — (D?v — u)a(A
o) =t N, Do (Dyy —wald)
D —a(\)D2 D — a(\)D?
for u = (Dgpio — Dyy) - (Dgi] — D). Let
D’Ui
= ——1=1,2
o mer{Df,Ui—Ui 1=1,2, JL}

where min (2) denotes the minimum of all positive numbers contained in set {2. Then the target A

is the solution of a(\) = o, i.e.
e!

1o ozDgg'
We should emphasize that the right-handed side might be negative if Dy, > 1 in which case v never

hits 0. Thus, we should set A to be infinity. The implementation of FIND_LAMBDA is stated in
Algorithm 2

A

B-4 Variables Update
B-4.1 UPDATE_BY_LAMBDA

Once the next A has been calculated, all variables can be updated via Lemma B-1 and Theorem B-4.

B-4.2 UPDATE_EXPAND_SUPPORT

Suppose S is updated to S U {5} for some j € S¢. Denote S by S U {j} and we add a supscript + to
each variable to denote the value after update. The key tool is the following formula showing the
relation between matrix inverses after adding one row and one column.

Proposition 1 Let fljj =A; — AnggéAsj,

_ Azl 0 1 AL Ag; _
Azs = ( 00 0 ) I ( S5 )(—AjsAsé 1).
77

Similar to section 4.1, the key is to update M and other variables are easy to update based on M.
Denote a class of operator {R; : j € S°} for matrix W € R™*", R ;(W) sets the j-th row and j-th



Algorithm 2 FIND_LAMBDA

Input: Support S, iterate v = < _J;f; >, Lo, intermediate variables Pary, Pars.
Procedure:
I w4 (Dgpo — Dgr)(Dgi] — Dn);
; Dv; R .
2: a + ming ngf—uq, i=1,2,...,n¢;
: j ¢ argmin {Dg?;:)iu,; Di= 1,2,...,71};
ifaDgg <1 then
NI

: Alne  oo;
: end if
9: if j € S then
10: srew = S\ {j};
11: else
12: Srew = SU{j}.
13: end if
Output: \i"¢, j, §new,

3
4
5:
6: else
7.
8

Algorithm 3 UPDATE_BY_LAMBDA

Input: Increment Alne: jterate v = < _JZSS ) ), Wo; intermediate variables Parq, Pars.
Procedure:
. 1 .

1: (7)) < m,

2: a4+ AN ag;

3: G 7D_?;D§;

4 v—v+a -~(Dguo — Dy, )(Dgy7 — Dn);

5: po < po + & - Dy(Dgpo — Dyy);

6: D+ D — aDg;

7: (Dg, Dygg, Dyr) <= ao(Dy, Dgg, Dyy).

8: M.g <+ M. g—anmk;

9: 1 —aDgn;
10: 1 < aon;
Output: v, ug, Pary, Pars.

column of W to be zero and for vector z € R"*!, R ;(z) sets the j-th coordinate of z to be zero. One

property of R; to be used is that For any matrix-vector pair (W, z),
R;j(W)z =R;(Wz) — zR;(W;)
where W is j-th column of W.
Theorem B-5 Let v and 7 be two n x 1 vectors with
=95 = Ms D', vz = —Age; — AgesMs, 3. =0.
Then
Mt =R;(M)+ — -~+3".

Proof By definition,

By Proposition 1,

M 0 1 ME M, 0 1
Ms%:( 0 0)**.( fs>(MJ’S 1>:< 0 0)+ 1578

(B-8)



and

Mgs 0 1 [ M
M{ o= —(Ages Am){( 0 0>+A~< fs>(Mjs 1)}

1 -
= (Mges 0)+ 7575
Jj
Note that M, g. is always a zero matrix by definition, the above results imply that

1
M* =Rj(M) + =— 77"
Ajj
=

The update of other parameters can be derived as a consequence of Theorem B-5. Theorem B-6
summarizes the result.

Theorem B-6 Let b; s = —rg'yg, then

o ot =R, + 4=

o i7" = Ry() + 2o

Dt=D4+ L

T =PTa

.D;:DQJF%;
n

.D;g:Dgg—’_T)

oD+ DQT—I—nJJS

.7.7

Proof Since M, = 0, (B-8) implies that for any 2 € R"*!
RJ(MZ) = RJ(M)Z

0 _ 0
- M = M1.
Ui <95c)+ g, 1 <150>+

Also notice that 7% gg = g; + Mjsgs = n; and 7515 = 1+ Mjsls = 7j;, thus,

0 0 3Tg
+ _ + .,
= +Mtg= +R;(M)g +
" ( 93e ) g ( 95e ) j( )g Ajj/y
:( 0 ) vgggw
9se 4
0
= R;(
( 93e ) TRy

-R
0 1j
= +R;( + =
( 93 > i < 95e ) Ajj,y

=R;(n)

By definition,

The update of 7 can be obtained by replacmg g by 1 in the above derivation. The four scalars
D,Dgy, Dyg, Dy, can be updated as follows.

- 77
D =15t =1} (R () + A’%) L

JJ jj



The ir{lplementation of UPDATE_EXPAND_SUPPORT is summarized in Algorithm 4. Note that
both A;; and vz, depends on A and it is easy to see that

Aji(N) = Ajj + Agd + M;s(Asj + Agjgs) = Ajj + MjsAsj + Agjn;
VaeN) = —(Age; + A95:95) — (Ageg + Ag5.98)Ms = —Age; — AgegMjs — Mjgge.

Algorithm 4 UPDATE_EXPAND_SUPPORT
Inputs: Current A, original support .S, new index j, matrix A, vectors y, 7, g, intermediate variables
Par;, Pars.
Procedure:
1: Ajj — Ajj + ]\gjsASj + )\gjnj; .
Vs (Mjs,1)7 vge = —Age; — AgegMjg — Anjgge:
Jg < (Mjs, )T, 5. « 0;
b+ frgfyg;
i .

D+ D+ AJJ-,- 3
Dy« D, + %;

JiJ

AN U S o

~

Dyg <= Dyg + %?
8: Dy <= Dgyy + ijlj,
9: M. 5+ Ri(M. 5) + 777
10: 1 = R; () + 3-7-
s 7] < R;(7) + Xv
Qutput: Par;, Par,.

B-4.3 UPDATE_SHRINK_SUPPORT

Suppose S is updated to S \ {;j} for some j € S¢. Denote S by S\ {j} and we add a supscript — to
each variable to denote the value after update. Similar to last subsection, we start from deriving M ~
and apply the result to calculate other variables.

Theorem B-7 Let 5 and 3 be two n x 1 vectors with

~ —1 ~
Bs = Bs = Mg, ﬁSL—(MSCj) Bg. = 0.
Then
1 ~
M~ =R;(M)— — 83"
5 (M) M pB



Proof By definition,

(Mgg Msvj ):A_lz(A~
Mg Mj; 58 4,
Then Proposition 1 implies that

Mg* ng > ( Af%
= SS
< M,z M 0

U Uy
s
o &
N—
R

o O

This entails that

} MSij§

S - T a5
M;;

-1 B _ 41
Agg=M Ajsigs =

[T

On the other hand,

B Mgy Mg,
(Mg Mgej) = —AgesAgg = —(Ages ASCJ')< My M, )

jS Ji
:_(ASC§M§§+ASchj§ ASCS«M‘j +ASCijj)'
If follows from (B-9), (B-10) and (B-11) that
Mz. M. &
-1 5
_ASCSAgg = —Ages (Ms - J\i.f”j>
AgeaMz. M. s
= Mgeg+ Ase; M 5 + BRIV i )
M;;
Mg
= Mgeg + (Age; My; + AgegMg;) =
M;;,
Mge; M. 5
=Mis— ——22,
58 M;;
Putting (B-10) and (B-11) together, we obtain that
1
_ Azs AA§§ . 1 -
M 5= AsaAzL | T THstss :Rj(M).,g—iM_ BB
S¢5°°88 _A5c§A§g i3
Since M_’gc is a zero matrix,
1 .
M= Ry(M) - - 5"
! M;;

Theorem B-8 Let l~)j7g = —rgﬂg —r;Mj;, then

L4 777 = RJ(TI) - ]\Zj] ﬂ;

o i = Ry(i) — 16

~2

e D" =D—

)
Mj;

_ n;N;
e D =D, — Nili.
g g M;;’

2

- — _ .
® Dyy=Dgg— 375

e D =D, — 1ubis

gr o My, e

1 ( —AZl A, > =
+ — . 55787 | (=A.gAZz 1).
) Ajj — Aj5A55As, 1 79785

(B-11)

(B-12)



Algorithm S UPDATE_SHRINK_SUPPORT

Inputs: Original support .S, new index j, matrix A, vector y, r, g, intermediate variables Par;, Pars.
Procedure:

2: B — _TTBS — ’I“ijj;

2 Ry(n) — z\ZjJ ;
R Rj (ﬁ) Mj
Output: Pary, Pars.

5
6:
7 M, 54 R](Mg) —
8
9:

Proof By (B-8),
Rj(M)g = RJ(MQ) — ijj(M.J‘)

Let e; is the j-th basis vector with j-th entry equal to 1 and all other entries equal to 0. Then

_ 0 _ 0 5T
7 (ggc >+ g <9§C )+RJ( )g ijﬂ
(0 Blos
= ( 93 > +RJ(M9) _g]RJ(M'J) - ij B
[0 BLas
= ( 93 > +RJ(M9) gje; — giB — M;; B
0 M;sgs
= + R (M J
( 95 > J( g) g;€j ij B
. 0 ' 0 un
B ( 935e ) Ry =Ry (( gse )) 9 Muﬂ
. 0 ' 0 nj
= ( 95 >+RJ(T7) < gse ) 95€j ijjﬂ
=R;(n) - TZJ B

Substitute g by 1, we obtain the update for 77. Together with (B-10) and the fact that j € S, we obtain
that

- T T nj ~ Nj (1T
DT =1g0g =15 (”s ST 55) =D —il; = 5/~ (15Mg))
M;; Jj
T i;
= ——(M +1~M~.):D——J;
M, S Mj;
- T — T n T
D, :15‘775 =13 (775_ 55) Dy —nj — ]\jjj(lsMég)

_ » n;
Dyy=935n5 =95 (Ug—ij 5)=D gm]—ﬁ(g Mg;)



2
15 T .
= Dyq ijj (9 Mj; + g5 Mg;) = Dgg — ]\/[ija
D_ _—TT 7—_7111 ~_777j 6~ —_TT +T' + 17] /r-j:ﬂ-
gr — Sng - S 77,5‘ ij S| — sTls Jnﬂ ij SHS
n;bjs
—D,, —
My,

The implementation of UPDATE_SHRINK_SUPPORT is summarized in Algorithm 5.

B-4.4 DIRECT_UPDATE

At the beginning of each time ¢, we need to recompute Pary = {n, Dy, D44, Dy, }. The implementa-
tion is summarized in Algorithm 6.

Algorithm 6 DIRECT_UPDATE
Inputs: Support S, vector y, 7, g, intermediate variables Pary, Par,.
Procedure:
11 g <= Mssgs,nse < gse + Msesgs;
2: D, + 15ns;
3: Dygg < nggg;
4: Dgr — —NsTs.
Output: Pars.

B-5 Update of A

As will be shown in next subsection, the complexities of all above sub-routines are at most O(ns)
where s = |S|. However, the complexity of line 16 is O(n?) which might dominate when the solution
is sparse and the number of turning points is small. Fortunately, UPDATE_EXPAND_SUPPORT is
the only sub-routine which extracts information from A. In fact, in line 1 and line 2,

o)< (LAt o2
= + An; 7o
( Ve —Age; — AgesMs B\ gge

This only requires the j-th column of A. Let S, be the union of all supports appeared in Algorithm
1. Suppose we know S, apriori, we can only update the columns of A with indices in S,. In other
words, we update A. g, by A. 5, + Agg:‘g* at the beginning of each step and hence the complexity is
reduced to O(n|S.|).

Although agnostic to S, in reality, we can initialize it by supp(zy) for some positive k, e.g. k = 1,
and keep track it by adding index into S, once the index is not included in S,. Once a new index j
is detected, we update j-th column of A by using all previous ¢(*). The implementation is stated in
Algorithm 7.

B-6 Complexity Analysis

In this subsection, we analyze the complexity of the algorithm. We distinguish four types of
computation, namely matrix-vector product, outer-product of two vectors, inner-product of two
vectors and vector-scalar product. Denote by W € R™*P, (z, 2) € RP x R? and a € R the generic
matrix, vector and scalar respectively. As a convention, the complexity is defined as the number of
scalar-scalar multiplications. The addition is omitted here for simplicity. Note that the complexities of
Wz, 22T, 27 2 and az are mp, pq, p and p, respectively. The results for a single step are summarized
in Table 1 where s, = |S,| be the size of S, at the final round. We should emphasize that our
complexity analysis is exact.

'S, might be updated, in which step nt-computations are involved in line 17 of Algorithm 7. However, on
average, n.s, computations are involved since s, represents the size of S, at the last round.

11



Algorithm 7 HONES Algorithm for time-varing A and fixed  with sparse update of A

Inputs: Initial matrix A(®), vectors r, matrix-update-vectors {g(t),t =1,2,...}.
Initialization:

& < as the optimum corresponding to A(%);

S <+ supp(z), Sy + S;

Calculate (x, u1, o) via (8)-(10)

Vs <— Tgs, Vge <= —lge;

Calculate intermediate variables (Pary, Pary) via (B-1)-(B-3) based on g(!).

Procedure:
1: fort=1,2,---.do
2: A+ 0;
3 while \ < 1do
4: (Aine 5 §new) « FIND_LAMBDA(S, v; Pary, Pary);
5: ARC e min{ AR 1 — A}
6: A < A+ Aines
7 (v, po; Pary, Parg) + UPDATE_BY_LAMBDA (XS v, yg; Pary, Pars);
8: if S*% = SU{;} then
9: (Pary, Pary) + UPDATE_EXPAND_SUPPORT(), S, j; A, r, g); Pary, Par,);
10: if j ¢ S, then
11: G+ (¢M,..., g V),
12: A j— A +GGT
13: S, =S U{j}h
14: end if
15: else if SV = S\ {j} then
16: (Pary, Pary) + UPDATE_SHRINK_SUPPORT(S, j; 7, g'*); Pary, Pars);
17: end if
18: S Snew,
19: end while
20:  Pary + DIRECT_UPDATE(S, 7, g**1); Pary, Pars);
21 A.g, + A.g + g(t)(gg*))T;
22: mg) —xg, a:gc) +— 0.
23: end for

Output: 2V 22 ...

Table 1: Computation complexity of each sub-routine in Algorithm 1.

(Wz)type  (227)-type (27 2)-type  (az)-type

FIND_LAMBDA 0 0 n 2n
UPDATE_BY_LAMBDA 0 ns 0 dn
UPDATE_EXPAND_SUPPORT s(n—s—1) n(s+1) n 2n
UPDATE_SHRINK_SUPPORT 0 n(s —1) n 2n
DIRECT_UPDATE ns 0 n+s 0
Update ! of A. 0 NS 0 0
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For given ¢, denote k;{ by the number of turning points which add element to .S and k£, by the number

of turning points which delete element from S. Let k4 = k7 + k; be the total number of turning
points and s be the maximum size of S in the iteration Then the complexity of HONES for a single
time ¢ is at most

ns(3kY + 2ky) + n(12k} + 10ky) + O(ka),
Therefore, the complexity at time ¢ is at most

Crt < nsutns(3k T +2k,+1)+n(12k 1 +10k +2)+O0(ka) < ns.+ns(3ka+1)+n(12ka+2)+0(ka).

C Implementation of HONES Algorithm With Time-Varying r and Fixed A

C-1 Intermediate Variables

Similar to Appendix B, we define Par; = {M, 7, D} where the parameters are defined in (B-1)-(B-3).
Moreover, we define a vector ¢ such that

£s = —Aggls, Ese = —lse + AgesAggls,

and a scalar Dy, as
Dy = 15¢&s.

We write Parg for {£, Dy} for convenience.
C-2 Implementation

Algorithm 8 describes the full implementation in this case and the sub-routines will be discussed
separately in following subsections.

Algorithm 8 HONES Algorithm for constant A,y and time-varying r

Inputs: Initial matrix A, vector (), vector-update-vector {¢(*) = () — (=10 ¢ =1 2 1,
Initialization:

& < as the optimum corresponding to ().

S <+ supp(z);

Calculate (x, u, po) via (8)-(10)

Vg < T§,Vgc < —lge;

Calculate intermediate variables Pary, Parg via (B-1)-(B-3) based on o),

Procedure:
1: fort=1,2,---.do
2: A+ 0
3: while A < 1 do
4: (Aine, j, §new) « FIND_UTILDE_LAMBDA(S, v; Pary, Pars);
5: AIRC « min{ A" 1 - \};
6: (v, po; Pary, Parg) + UPDATE_BY_UTILDE_LAMBDA (A"¢; v, 1o, Pary, Pars);
7: if S*V = S U {j} then
8: (Pary, Pars) <~ UPDATE_UTILDE_EXPAND_SUPPORT(S, j, 4, ¢; Pary, Pars);
9: else if SV = S\ {j} then
10: (Pary, Pars) « UPDATE_UTILDE_SHRINK_SUPPORT(S, j, ¢; Pary, Pars);
11: end if
12: S+ Snev,
13: A A 4 Aine,

14: end while
15:  Parz < DIRECT_UTILDE_UPDATE(S, Pary, h(:+1));

16: xg) —xg, :vgtz 0.
17: end for

Output: (), z(?) ...,

13



C-3 FIND_UTILDE_LAMBDA

Define v as in (B-5). Then Theorem E-11 implies that

o) =00~ (6= D) & o) = o+ 2

Thus, searching for ) is equivalent to solve simple linear equations. Algorithm 9

Algorithm 9 FIND_UTILDE_LAMBDA

Input: Support S, iterate v = ( :Z‘Z ' ), intermediate variables Parq, Pars.
Procedure:
1: A% ¢« ming {g_vg,lki i=1,2,... ,n};
i~
2 j<—argmin+{ B i = 172,...,n};
&i— i
3: if j € S then
£ 5= 5\ (jk
5: else
6: Srew = SU{j}.
7: end if

Output: z\iinc’j7 Gnew .

C-4 Variables Update
C-4.1 UPDATE_BY_UTILDE_LAMBDA

Note that all intermediate variables are not affected by A\, we only need to update v and p accordingly.

Algorithm 10 UPDATE_BY_UTILDE_LAMBDA

zs

Input: Increment Ainc; iterate v = < s

>, Lo intermediate variables Parq, Pars.
Procedure:

l: v+ v— (,5, %f)) Aine;

2t o 4 pio + ZLAine,
Output: v, .

C-4.2 UPDATE_UTILDE_EXPAND_SUPPORT

Since M is exactly the same as in Appendix B, we can directly apply Theorem B-5 to obtain an
update of M and the updates of other parameters as a consequence.
Theorem C-9 Let vy and 7 be defined in Theorem B-5, i.e.

o vge = —Age; — AgesMs,  F5e =0,

Y5 =75 = (Mjs 1 J

then

o M* =R;(M)+ 777"

e 1t =R;(7) + :;J v

=2
« DY =D+

73
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&)

o £ =Ry + £y

) D?:D5+%.

Proof The update of M, 7] and Dhas been proved in Theorem B-5. For any subset S, let s denote
the matrix with j-th diagonal element equal to 1 for any j € .S and all other elements equal to 0.
Then £ and £ can be rewritten as

§=—(M+1Ise)l, & =—(M"+1Ig)L

Note that Ise — Ig. = eje] where e; is the j-th basis vector, then we have

J

1 y1e
§h == (M- M"+ejej)l = (M—Rj(M)— A,,WiTJre.f@T)ﬂ: —Ty 4 (4 = Mysts)e;

3J Ajj
3Ty Ty
vy
—t=e-T 4 (bj — Mjstls)e; = Rj(§) — =1
Ajj Ajj
Note that 3¢ = ¢; + M;sls = —¢&;, we obtain that
&
£F=R;(&)+ ==n.
Ajj
For D, we have
D+_1T§+_D + gj 1L~ =D +£j77j
¢ T sty e A kg = e e

27 27

The implementation of UPDATE_TILDE_EXPAND_SUPPORT is summarized in Algorithm 11.

Algorithm 11 UPDATE_UTILDE_EXPAND_SUPPORT

Inputs: Original support S, new index j, matrix A, vector ¢, intermediate variables Pary, Pars.
Procedure:

1o Ajj Ajj + ]\gjsASj; ;
V5 (Mj57 1) yYge 7A§cj - AgcijS;
:YS — (MjSZ 1)T7ﬁ/§c + 0;

2
D« D+
27

Dy« Dy + S
€+ Ry(€) + =
3

4= Ry (1) + 3273
M, g+ R;(M. 5)+ Aﬂng.

QOutput: Par;, Pars.

C-4.3 UPDATE_UTILDE_SHRINK_SUPPORT

Since M is exactly the same as in Appendix B, we can directly apply Theorem B-7 to obtain an
update of M and the updates of other parameters as a consequence.

Theorem C-10 Let 3 and B be defined in Theorem B-7, i.e.
~ _1 ~
Bs =B = Mg, Bse =< ses ) 5. =0,

then

15



o M~ =R;(M)~ - BAT;

o i =Ry(i) - 55

~2

e D”=D—

M
o & =Ry(6) — 3B
o D; = D) — S~

Proof The update of M, 1 and D has been proved in Theorem B-7 and Theorem B-8. For any subset
S, let I's denote the matrix with j-th diagonal element equal to 1 for any j € S and all other elements
equal to 0. Then & and £~ can be rewritten as

E=—(M+1Is)l, ¢ =— (M +1s)t.
Note that I3, — Igc = ejejT where ¢; is the j-th basis vector, then we have

1

€ —E=(M-M" —eel) 0= (MjﬂBHM_Rj(M)—eje?)f

Ty T .
S©S T A g™ S

B+ (M—-—R;(M)—eje; ) L= 0+ &.
Mj; ( ! ) Mj;

By definition of £

g =UMg;, & =Mgls+0;My; —l; ==& — Ly, Ege = £ Mg,

and thus, ~

£=1;8—¢&je;.
This implies that

Bils + £iM;; &
£ =¢—Gej+ E———B=R,;(¢) - =8
J=] M] J MJ
For D, , we have
T -
- qTye— _ _‘_i.jj~_ _{(lsﬁngij)_ &M
De - lgfg = Dy gj Mj- 1565 =Dy ij =Dy MM

The implementation of UPDATE_TILDE_SHRINK_SUPPORT is summarized in Algorithm 12.

Algorithm 12 UPDATE_UTILDE_SHRINK_SUPPORT

Inputs: Original support S, new index j, vector ¢, intermediate variables Pary, Pars.
Procedure:

1 . .

0] Ry () — 1
: M"g — 'Rj(M,yg) — MLuﬁﬁg, M.J +— 0.
QOutput: Par;, Pars.

s

2
3
4 €= Ry(6) — =55
5 8
6
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Algorithm 13 DIRECT_UTILDE_UPDATE
Inputs: Support S, vector-update-vector ¢, intermediate variables M.
Procedure:
1: €5 —Mggls, Ege < —lge — Mgegls;
2: Dy« 1%¢s.
Output: &, Dy.

C-4.4 DIRECT_UTILDE_UPDATE

At the beginning of each time ¢, we need to recompute £ and D,. The implementation is summarized
in Algorithm 13.

C-5 Complexity Analysis
Similar to Appendix B, we can analyze the computation complexity. The analysis here is much

simpler than the last case since the implementation is quite straightforward. Table 2 summarizes the
results.

Table 2: Computation complexity of each sub-routine in Algorithm 8.

(W2)-type  (z27)-type (z72)-type (az)-type

FIND_UTILDE_LAMBDA 0 0 2n 0
UPDATE_BY_UTILDE_LAMBDA 0 0 0 n
UPDATE_UTILDE_EXPAND_SUPPORT (n—s—1)s n(s+1) s 2n
UPDATE_UTILDE_SHRINK_SUPPORT 0 n(s—1) 0 2n
DIRECT_UTILDE_UPDATE ns 0 s 0

Let k" and k; be the number of turning points that S is expanded and shrinked respectively and
k. = k¥ + k. be the total number of tuning points, then the complexity is

Cor < ns+n+3nk, +n(2s+3)k +n(s+ 1)k, +O(k,) = ns(2k, +1) +n(6k. + 1)+ O(k;.).

D Implementation of HONES Algorithm With Time-Varying A, r

D-1 Intermediate Variables
Based on the results in Appendix B and Appendix C, we can concatenate Algorithm 1 and Algorithm

8. Thus we define Par, Pary, Parg as Pary = {M, 7, D},Pary = {n, Dy, Dyg, Dy}, Parg =
{&, Dy} where all parameters are defined in previous appendices.

D-2 Implementation
Note that only two sub-routines involves the matrix A, namely UPDATE_EXPAND_SUPPORT and
UPDATE_UTILDE_EXPAND_SUPPORT, and moreover they only involve the j-th column of A.

Thus, we can use the sparse update of A as in Algorithm 7 for acceleration. Algorithm 14 below
describes the implementation.

D-3 Complexity Analysis
The complexity of Algorithm 14 is just the sum of that of Algorithm 1 and Algorithm 8, i.e.

Cy = C1t + Cop = nsy + ns(3ka + 2k, + 2) + n(12k4 + 6k, +3) + O(ka + ky-).
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Algorithm 14 HONES Algorithm for time-varing A, r with sparse update of A

Inputs: Initial parameters A, vectors {r(t) t=1,2,...}
matrix-update-vectors {g(*), ¢t = 1,2,...}.

Initialization:

& < as the optimum corresponding to A9 (0,

S < supp(z), Sy < S;

Calculate (x, p, po) via (8)-(10)

v (x5, —se);

Calculate intermediate variables (Pary, Pars) via (B-1)-(B-3) based on 7‘(0), g(l);
Procedure:

1: fort=1,2,---.do

2: A« 0;

3: while \ < 1do

4: (Aine 4 §new) « FIND_LAMBDA(S, v; Pary, Pars);

5: ARC e min{Ain 1 — A}

6: A X+ Aine;

7: (v, pio; Pary, Parg) < UPDATE_BY_LAMBDA (A®¢; v, ug, Pary, Pars);

8: if S"e% = S U{j} then

9: (Pary, Pary) + UPDATE_EXPAND_SUPPORT(), S, j; A, v~ ¢() Par,, Pary);
10: if j € S, then

11: G« (¢M,..., g D),

12: A.j— A ;+GGT

13: S.=8.U{j}h

14: end if

15: else if SV = S\ {j} then

16: (Pary, Pary) + UPDATE_SHRINK_SUPPORT(S, j; 7t~V ¢®) Par;, Pary);
17: end if

18: S Snevs

19: end while

20 A.g, — A.g + g(t)(ggB)T;

21: 00 ) =1,

22:  Parz + DIRECT_UTILDE_UPDATE(S, Pary, £());

23: A+ 0

24: while A < 1do

25: (e, 4, 8me%) « FIND_UTILDE_LAMBDA (v; Par;, Pars);

26: AIRC « min{ A" 1 — \};

27 (v, 1o) + UPDATE_BY_UTILDE_LAMBDA (A™"; v, j19, Pary, Pars);
28: if S*V = S U {j} then

29: (Pary, Pars) + UPDATE_UTILDE_EXPAND_SUPPORT(S, j, A, ¢); Pary, Pars);
30: if j ¢ S, then

31 G« (¢, ¢Wdots, gt=1);

32: A j— A ;+GGT

33: S, =S, U{j}

34: end if

35: else if S™*% = S\ {j} then

36: (Pary, Pars) + UPDATE_UTILDE_SHRINK_SUPPORT(S, j, {®); Par;, Pars);
37: end if

38: S« Srew,

39: A A+ Alne,

40: end while

41:  Pary < DIRECT_UPDATE(S, ("), g+ Par;, Pary);

42: xg) —xg, a:g;) +— 0.

43: end for

Output: (V) 22 ...,
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E Dealing With General Linear Constraints
Now we consider the problem with general linear constraints:

min leA(t):r —(rTz, st. Bx=bx>0
where B € R"™*" and A®) is a stream with

AGHD Z A0 4 g (g7

Similar to (8)-(10), the KKT condition for a single problem (with the supscript (¢) erased temporarily)
can be written as

Az —BTpg—p—r=0; (E-13)
Bx = b; (E-14)
szﬂz:(),/iﬁzoaﬂfzz(),w:la77% (E'ls)

where pg € R™, 1 € R™. Partitioning the matrix A by the support of x, we have
Ass  Asse Tg
ASCS’ AScSc 0
_ Bg 0 rs
(ot Jme ()= ()
As a consequence, we can solve xg and pge by
x5 = AgeBEuo + Agars: (E-16)
Hse = Ascsws — Bguuo — rge = _(Bgc - ASLSAEéBg)MO — (Tsc — AscsAgérs). (E-17)
Using the constraint E-14, we can solve p as
po = (BsAggB5) ™ (b — BsAggrs). (E-18)

Noticing that (E-16)-(E-18) share similar forms to (8)-(10), we can easily derive a counterpart of
Theorem E-11.

Theorem E-11

1. Fixing )\, there exists vectors u1,us € R™""™ and scalars D1, Dy € R, which only depend
on S, such that

z5(A) _
Che () | = ez ush (E-19)
pol) ) DDA
2. Fixing )\, there exists vectors uy, us € R*T™, which only depend on S, such that
r5()
—pse(d) | =ur — u2. (E-20)
1o(2)

Proof
1. By Lemma B-1, we have
Ags(\)7H = Azl — a(Ngsgd

and
Ascs()\>A55<)\)_1 = ASCSAEé — Oé()\)gscgg:.
As aresult,

po(AN) = (BsAggBE — a()) 'BSQS(BSQS)T)_1 (b— BsAgers + (957s)()) - Bsgs)
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B ( (Bed=LBT)1 a(\)(BsAgeBL) ' Bsgsgl BY (BsAséBsT)‘l),
- SS

1 —a(N)g§ B (BsAgsBE) ™ Bsgs
(b— BsAggrs + (g5rs)a(N) - Bsgs)
a(N)(BsAgiBE) ' Bsgsgh BE o
1—a(NgLiBE(BsAggBE) ' Bsgs
a(N)(BsAgsBE) ' Bsgs
1 —a(\gLBL(BsAgsBL) ' Bsgs
a(A)(BsAgsBE) ' Bsgs

T
"gsTs

T T
= po + >/ - g5 (Bg po +rs)-
1 - a(\gEBE(BsAssBE)"1Bsgs 70 7
Similarly,
_ Oé()\) (BSA_IBT)ilBSgS
7509 = (4540000508 BE (30 + T s Rt 70

+ (Ags — a(Ngsg§) rs
zs — a(N)gs - g5 (BE po +rs)+

_ a(M\)BL(BsAgiBEY) 'Bggs
+ (Asé - 0‘()‘)9395) ) ; T >3 —5; TV—1
1_a()‘)gSBS(BSASSBS) Bsgs
a(N)

1 — (N gL BL(BsAgsBL)1Bsgs

- 95 (B po +7s)

95 (Bgpo +rs) - (I — AgsBE (BsAgsBE) ™" Bs) gs,

:];S—

and

pse(A) = — (B&e — AsesAggBE + (M) gsegs BS)
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