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S-1 Proof of Theorem 1

From (5) and (6), we have
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Since f is convex and L-smooth, we have for any x € R4,
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Summing (S-3), (S-4) and (S-5) and recalling ¥ = V f(x*) — v¥, we have

0> (f(x"1) = f(x)) + (9(x*1) = g(x)) + (B (y"*) = 1" (). (S-6)
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Using Cauchy-Schwartz and Young’s inequality, we have for any p; > 0,
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Define x*+1 £ prokag(xk — 1.(ATy*+1 4 V f(x*))). Using the nonexpansiveness of prox, . in (6), we have
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By (S-8) and Cauchy-Schwartz, we have
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Now, substitute (S-7) and (S-9) into (S-6) and then multiply both sides of (S-6) by 71, we have
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By choosing py, = 0« B and using conditions (13) and (14), we have
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For any k > 1, define ¢, £ 73,/ = 72 1 B?/(1—7_1L). We claim that {qy, }1>1 is a (strictly) decreasing sequence.
Indeed, from (12), we see that {7y }1>0 is strictly decreasing. Then
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Moreover, since go > ¢1 (by the choice of ), {qx } x>0 is (strictly) decreasing. Based on this fact, we take supremum

on both sides of (S-11) over any bounded sets X’ C R% and ) C R™ to obtain
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Using E¢r [v¥| Fi] = V f(x*) in Assumption 1 and reverse Fatou’s lemma [1], we have
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Based on this, we take expectation on the RHS of (S-12) w.r.t. £, by conditioning on Fy,
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Telescoping (S-14) over k =0,1,..., K — 1,
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Since we use option I in Algorithm 1, we have
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From the joint convexity of G x/ y/ (-, -), we employ Jensen’s inequality to obtain
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Based on (S-16), (S-17) and x~! = x°, we have
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Define S £ f 01 2. Using Egr [||€¥]|? | Fi] < 02 in Assumption 1, we have
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S-2  Proof of Corollary 1

Since S = K7 and S = K72, from (20), we have
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where (a) follows from the choice of ax and (b) follows from 75 < 7/ L. For convenience, for any K > 1, define
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If we choose a, band b asin (21), then (11) becomes

[T Ry(x°)
= - S-21
T = min { L' kB ( )
and (22) becomes L > 72K Ey /R, (x°).
Now let us consider two cases, depending on the value of L.
Case I: Condition (22) holds. In this case, 75 = 7/ L. Based on (S-19),
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where (a) follows from (22) and (b) follows from /z +y < \/x + VY for any z,y > 0.
Case II: Condition (22) does not hold. Then 7x = R,(x")/v/2K E. From (S-19),
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S-3  Proof of Corollary 2
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Similar to the proof of Corollary 1 (shown in Appendix S-2), we consider two cases.
Case I: Condition (22) holds. This case coincides with Case I of Appendix S-2.
Case IT: Condition (22) does not hold. In this case, let K’ be the largest integer from 0 to K — 2 such that 75» =7/ L,

ie.,
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As aresult,
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In addition,
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Using (S-26), (S-27) and (S-28), we obtain (25) from (20).

S-4 Proof of Theorem 2

We first present a lemma that will be used in our proof. See Appendix S-5 for the proof of this lemma.

Lemma S-1. [fthe positive sequences {cu } k>0, {7k } k>0 and {0 } >0 satisfy ap > 1, 6y > 0 and conditions (15), (16)
and (17), then for any k > 1,
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In particular, we have o, = O(k) and i, = O(1/k). Consequently, from (15), we have 0y, = ©(1).
S-4.1 Proof of Part (i)
By the strong convexity of g, we have for any x € R,
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Summing (S-3), (S-5) and (S-31), we have for any x € R4 and y € R™,
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Now, substitute (S-7) and (S-9) into (S-32) and rearrange, we have
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Taking supremum on both sides of (S-33) over any bounded sets X’ C R? and )/ C R™, we have
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We choose j1;, = 0oy, B and take expectation on the RHS of (S-34) w.r.t. £ by conditioning on F. Based on (S-13),
we have
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By Lemma S-1, we have
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Also, z° = x¥ implies x° = x~!. Now we telescope (S-36) over k = 0,1,..., K — 1 to obtain,
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Using Young’s inequality, we have
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Since we use option II in Algorithm 1, we have
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From the joint convexity of G x/ y/ (-, ), we employ Jensen’s inequality to obtain
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From Lemma S-1, we have for any K > 2,
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Now (26) follows from (S-39) by defining ¢} = ¢, /2 and ¢; 2 ¢,¢,.

S-4.2 Proof of Part (ii)
Since x* is the (unique) minimizer of (1), there exists y* € R™ such that (x*,y™*) is a saddle point of (4). Choose
X' = {x*} and Y’ = {y*}. By definition, Ez, [Gay (X", ¥**1)] >0, for any K > 1. Thus (S-38) becomes

K-1

(0724 * &) * * -
L [lIx = x*)?] < TOHXO =X |P + Iy = y7IP + 20001 Y Ee, [lI€]P F] -
k=0



From Lemma S-1, we have for any K > 1,
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Then (28) follows from (S-40) by defining ¢} £ 2¢¢o.

S-5 Proof of Lemma S-1

It suffices to show (S-29), since (S-30) straightforwardly follow from (18). From (19), for any k£ > 0, we have
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Since g > 1, then {ak}kZO is strictly increasing and ay, > 1, for any & > 0. As a result,
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Combining (S-42) and (S-43), we obtain (S-29).
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