Fast Algorithms for Sparse Reduced Rank Regression :
Appendix

A Summary of results

We summarize the main steps of our paper, in red for RRR and in cyan for SRRR.

Corollary : Corollary : Corollary |10| :

Strong convexity on cones = (proximal) PL inequality = Local linear convergence
of f/F* for RRR/SRRR with Theorem

We also summarize the different results obtained.

Results RRR (A =0) SRRR (0 < A)
L. - v

Local minima are global minima Lemma, X

Algorithm cst_ st Is cst_ st Is

Global convergence to v v (*) (%)

a critical point Theorem Theorem 40l | Theorem A3 | Theorem [3]

Local linear convergence v v /(<N /(A<
& Corollary Corollary Corollary Corollary

e cst_ st : Algorithm |1l with fixed step size t < i
e Is : Algorithm [I] with line search.

e (%) : All limit points of the sequence are critical points. If these limit points are local minima and if for
any S C {1,...,p} of cardinality at least 7, the matrix X2V is full-rank, then Algorithm [1| converges
to a local minimum (see Appendix [F.2)).

B Additional definitions and classical results

In Sections and we give a few definitions that are used throughout the paper. We also recall
classical results in Fact [12| and Fact In Section we present the limiting subdifferential and a result
for subanalytic functions in Lemma



B.1 Strong convexity

Definition 11. Given d > 0, u > 0 and a convex set V C R?, a function f:x € V s f(x) is p-strongly
convex if :

forallz,yeV,te€0,1], flz+(1—-2t)y) <tf(z)+ (1 —-1)f(y)— gt(l —t)|y — x|

Fact 12. Given d > 0, u > 0, a convex set V C R? and a differentiable function f : x € V s f(x), f is
wu-strongly convex if and only if :

foralle,y €V, fy) = f(@) +(Vf(2)y — )+ Ely — ol

B.2 Smoothness and Lipschitz gradients

Definition 13. Given d >0, L > 0 and a set V C RY, we say that a differentiable function f : x € V v f(x)
has L-Lipschitz gradients in V if :

forallz,y eV, [Vf(z)=V[(y)l < Lly—z|

Definition 14. Given d >0, L > 0 and a set V C R?, we say that a function f:x € V — f(x) is L-smooth
in V if it is differentiable and such that :

forallz,y eV, fly) < flx)+(Vf(z),y—z)+ g”y_fHQ

Fact 15. If f has L-Lipschitz gradients and V is convex, then f is L-smooth. If f is convex and L-smooth,
then f has L-Lipschitz gradients.

B.3 Sublevel sets

Definition 16. Given a set X and a function f:x € X — f(z), a set V C X is called a sublevel set of the
function f if there is ¢ € R such that :

V={zeX, f(z) <c}.
B.4 Subdifferentials, graph continuity and the Kurdyka-f.ojasiewicz property
Definition 17. Given a real-valued extended function F : R% — R U {co}, let
dom F := {xeRd | F(z) < oo}

denote its domain. For each x € dom F', the Fréchet subdifferential of F at x, written éF(a:), is the set of
vectors v € R% which satisfy

1
lim inf ——[F(y) - F(z) — (v,y —2)] > 0.

When © ¢ dom F, we set OF (z) = 0. Given x € R?, The limiting-subdifferential OF (z) is defined as
OF (x) := {UERCI | 3 2% - =, f(zk)%f(x),vkEéF(xk)%v},
dom OF := {x € R | OF (v) # (Z)} and the graph of OF is defined as

graph(9F) := {(z,u) e R* xR? | uw € dF(x)}.



Fact 18. (From |Rockafellar and Wets, |2009) Let F : R% — R be a lower semi-continuous function and
consider a sequence {(zy,ux)}>o € graph(OF)N such that the sequence {(@ks uk, F(z1)) b5 converges to a

point {(x,u, F(x))}. Then (x,u) € graph(OF).

Definition 19. (From Attouch et al., |2015) The function F : R? — R U {oc} is said to have the Kurdyka-
Lojasiewicz property at x* € dom OF if there exists n € (0,400], a neighborhood U of ©* and a continuous
concave function ¢ : [0,17) — Ry such that :

1. ¢(0) =0,

2. ¢ is Ct on (0,n) and continuous at 0,

3. for all s in (0,7), ¢'(s) > 0,

4. forallz eUN{y| F(z*) < F(y) < F(z*) + n}, the Kurdyka-Lojasiewicz inequality holds
O (F(z) — F(x*)) dist(0,0F (z)) > 1.

Proper lower semi-continuous functions which satisfy the Kurdyka-fojasiewicz inequality at each point of
dom OF are called KL functions. Besides, KE with exponent o means the K& property with a function
© 5+ cs T where ¢ > 0. We denote this property Kf-c.

Lemma 20. (From |Bolte et all,|2007) Let F : R? — RU{+oco} be a subanalytic function with closed domain
and assume that F|gom r s continuous. Then for any x € dom F, there exist a neighborhood V C R? of ,
an exponent 0 € [0,1) and a constant C > 0 such that for all y € V, we have

|F(y) — F(z)|’ < Cdist(0,0F (y)).

Note that norms and in particular the Frobenius norm, the trace-norm and the group-Lasso norm satisfy
the KL property, so the functions that we consider in this paper satisfy this property.

B.5 Critical and KW-stationary points

Definition 21. We say that x € R? is a critical point of F if 0 € OF(x) where OF (z) is defined in
Definition [17

Definition 22. Given a function F := fi — fo + Ah where f1 is differentiable while fo and h are proper,
lower semi-continuous and convex, we say that v € R is a KW-stationary point if there exists u(x) € 0fa(x)
and v(x) € Oh(zx) such that

Vfi(z) —u(z) +v(z) =0.

Remark 23. Note that the Definition[2]] of critical points and the Definition[29 of KW-stationary points
coincide when the function fo is differentiable.

C The Orthogonal Procrustes Problem

Given a matrix M € RP** with p > k, we use at several points in the paper the following results that were
presented in the Proof of Lemma 6 in (Ge et al., 2017)).

Fact 24. If M = M{ My, then

1
max (M, V) has the same set of optima as min —| My — MV |%.
VEeRPk: VTV =I, VERpk: VTV=I, 2

Fact 25. The optimal value of the following orthogonal Procrustes problem is given by

max  (M,V) = |M]..
VERP:k: VTV =],



Fact 26. If R1XR1 is a complete singular value decomposition of M where Ry € RPP is such that RT Ry = I,,,
Y e Rﬁ’k has non-zero elements o1 > ... > o > 0 only on the diagonal and Rs € RF* 4s such that R2TR2 = I,
then an optimal solution of the orthogonal Procrustes problem is given by

Ry [ L } RY € argmax (M,V).
Op—k,k VERpk: VITV=I

Fact 27. With the same notations as in Fact[26, if M is full-rank then, although Ry and Ry are not uniquely
defined, the following Procrustes problem has a unique solution :

argmax (M,V) = {R1 [0 I } RQT}
VERPF: VTV =T, p—

Fact 28. Ifp =k then I, € argmaxy cgp.p, yry—g, (M, V) if and only if M is positive-semidefinite.
Proof. Fact |24 comes by seeing that for any V € RP** such that VTV = I, we have

1 1 1
§||M2 ~MV|} = §||M2||% + §||M1V”% — 2(My, M, V)
1 1
= §||M2||2F + §||M1||fv —2(M{ My, V).

To prove Fact |25/ and Fact let R{XRT be a singular value decomposition of M where R; € RP* is
such that R{Rl =1, Y€ Ri’k has nonzero elements o1 > ... > o} > 0 only on the diagonal and Ry € Rk-k
is such that RT Ry = Ij. Also, let R{ € RP"P~* such that R := [R; R{| satisfies RTR = I,,. Writing
M = R ¥R} and using the change of variables V = R1ART + R{ BRY, we have

M,V 10
VERPE}%/)%V:I,C< V) (10)

= max (RiZRY Ry ARY + R} BRY)
A€eRk:k BeRrP—k:k: AT A+ BT B=1),

P A
= max , )
AcRpop, BeRp—F.k: AT A BTB=I,  |Op—px | | B

b))
- C).
CGRP’g:I%);C—Ik<|:Op—k,k:| O
Let C € RP* such that CTC = I, we have

EAEE

We have Inequality since ¥ has only nonnegative coeflicients and the columns of C have unit norm

so C;; <1 forall 1l <i<k. Besides, Inequality (11 is attained for C = [ Ty

] which corresponds in
Op—k,k

Problem ) to V =R, [O Iy ] RY. This proves Fact H and Facta
To prove Fact [27] that is to say that argmaxy cpp.r. yry—r, ( is a singleton if M is full-rank, it is
sufficient to notice that Inequality is strict if all the o; are non-zero and C; ; # 1 for some 1 <4 < k.
To prove Fact note that I € argmaxy cpp.p, yry—g, (M, V) implies tr(M) = [M|. with Fact and
this is only true for positive-semidefinite matrices. Conversely, if M is positive-semidefinite, then by Fact
I € argmaxy cgpp, yry—g, (M, V). O



D The Forward-Backward Descent Algorithm

Given U € RP", we recall that we compute the forward direction for Algorithm [1| with the gradient X7 XU of
U’ — 3|XU’|% and zy a subgradient of U’ — [Y T XU’|, whose computation is detailed in Appendix
Setting with a slight abuse of notation Vf(U) := X7 XU — 2y, t and U, are then obtained with Algorithm
such that the condition th‘U(UJF) > FA(UT) is satisfied where

. 1
Uy = argmin f(U) +(VF(U), U’ = U) + 5 |U" - Ul + AU 2. (12)
’ERPsT

D.1 Subgradients for the descent direction

If we strictly applied the subgradient-type algorithm proposed by Khamaru and Wainwright| (2018]) and
computed a forward direction for Algorithm [I] with Fact [29] we could only prove global convergence to a
KW-stationary point. Instead, we introduce in Appendix an additional condition on the subgradient
that is leveraged in Appendix [F] to guarantee convergence to a critical point.

D.1.1 Subgradients of U — |[YTXUJ..

Thanks to Fact [25| and Fact we can easily compute subgradients of fy : U — |[YTXU]..

Fact 29. Let n,p > 0, r < min(n,p), X € R*?, Y € R** U cRP" and RiDRY be a singular value
decomposition of YT XU with Ry € R¥", RTR, = I., D € R™" a diagonal matriz with nonnegative
coefficients, Ry € R™" and RgRg = 1I,.. We denote V = R1R2T e R&". For any U’ € RP", we have

IYTXU'|. > |YTXU|. +(XTYV,U' - U).
Therefore, XTY'V is a subgradient of fo : U' — |YIXU'|, at U.

Proof. Let U € RP™ and V € R*¥" be defined as in Fact Since VIV = RyRTRiRY = I,., we have by
Fact 25| and Fact 26 :
IYTXU|,. = (V,YTXU). (13)

By Fact we also have for any U’ € RP'",
IYTXU'|. > (v, YTXU'"). (14)
Combining Equation and Equation , we obtain
IYTXU'|. > |YTXU|. + (V,YTX(U' - U)).
O

Remark 30. We could also obtain subgradients of fo using Danskin’s Theorem (Danskin, |1967) but the
proposed analysis in the proof of Fact[29 seems more explicit. Besides, the choice of a specific subgradient in
Lemma[3] is pivotal for the global convergence analysis in Appendiz[F] as explained in Remark[31]

D.1.2 Computations of zy for Algorithm

Here, we present how, given U € RP", the subgradient of fo : U + YT XU]|, is built for Algorithm [I| and
we do not assume necessarily that X7 X is full-rank. Therefore, we denote (X7 X )% a square-root of the
pseudo-inverse of X7 X and, PSQ” the reduced singular value decomposition of (X7X )%X Ty . If the latter
has rank ¢ then P € RP* and Q € R** have orthonormal columns and S € R% is the diagonal matrix
with singular values s;1 > ... > s, > 0. We also denote M € R¥7" a matrix whose columns are orthonormal

and belong to Im YT X (XTX )%, we compute this matrix only once at the beginning of Algorithm |1| with a



Gram-Scmidt process. When X7 X is invertible, the computational cost is significantly reduced since we
then have Im Y7 X (XTX)% =Im YTX.

To compute zy for Algorithm [1f - given U € RP" - we first compute a singular value decomposition
LDRY of YT XU with ¢ = rank(YTXU), L € RE" LTL = I, D € R™" a diagonal matrix with nonnegative
coefficients, Ry € R™" and RY¥ R, = I,. The computational cost is O(kr?) and we write

L=[L>" L°], with L>° e RF¢ L0 e RF"e,

>0
D= {D Ocr—c } . with D0 € R*,

Orfc,c Orfc,rfc

R2 - [R2>0 Rg:l ’ Wlth R2>0 € RT’C7 Rg S RT’T’7C7

so that o o
> ’
YTXU = LDR] = [L7° L] {D Oc,r—e ] [32 } :

0,7
Or—c,c Or—c,r—c R2

Clearly, the columns of L>° are in Im Y7 X since D>°R;% € R®" is full-rank. Then we apply the
Gram-Schmidt process to the columns of the matrix

[L>O M] c Rk,o+r

starting from the first column of M and until we obtain r — ¢ new orthogonal vectors. The computational cost
is again O(kr?). Extracting these r — ¢ vectors and denoting L € R*"~¢ the matrix obtained by concatenation,

we define Ry := [L”° L] € R*" and
[ D>° Oc.p— RO
T _ T >0 c,r—c 2
YTXU = RDR] = [17° L} |7 OT_W_J [ o

Thus we obtain a singular value decomposition Ry DR} of Y7 XU with Im Ry C Im YTX(XTX)% at a
computational cost of O(kr?). Eventually, given U € RP", the subgradient of U’ +— |[YT XU]|, at U that we
choose for Algorithm [1] is:

2r = XTYRRY. (15)

Remark 31. In this paper, the condition Im Ry C Im YTX(XTX)% s only used in Lemma |39 to guarantee
that 2y € O(—f2)(U) where fo : U' w— |YTXU'|.. This property can then be leveraged to prove global
convergence for RRR and SRRR of the iterates produced by Algorithm[1] to a critical point in the sense of
Definition [21l If we do not impose this extra condition and compute a subgradient as in Fact[29, all the
results still hold except for the fact that we only guarantee global convergence to a KW-stationary point in
the sense of Definition , When XT X is invertible, we have shown that the induced computations have the
same complezity O(kr?) as the computation of the SVD of YT XU.

Lemma 32. Given U € RP" let RiDRY be a singular value decomposition of YT XU with Ry € RFT,
RTR, =1, Im R, C Im YTX(XTX)%, D € R"" a diagonal matriz with nonnegative coefficients, Ry € R™"
and RYRy = I.. The matriv —zy := —XTY R RY belongs to the limiting subdifferential presented in
Deﬁm’tion of the concave function U' — —|YTXU'|..

Proof. First, with the notations of Lemma |32 and Proposition 6 of (Grave et al.l |2011)) that is recalled in
Proposition |66, we know that when Y7 XU is full-rank, the function fo : U’ — Y1 XU’|, is differentiable at
U with gradient XTY RiRY so —XTY R, RY € 0(—f2)(U).

Secondly, we assume that Y7 XU has rank ¢ < 7. To prove that —X7Y Ry RT € 0(—f2)(U), we exhibit a
sequence (Ug)g>0 € (RP")N such that, as in Deﬁnition

UF > U, |[Y'XUF|, — |[YTXU|,, and XTYR,RY € d(—f2)(U"), (16)



where §(—f2) is the Fréchet subdifferential presented in Definition Indeed, for € > 0, consider
U.:=U+eXTX):PST'QT R, RY,
where PSQT is the reduced singular value decomposition of (XX )%X Ty. We have

YTXU. =Y XU + YT X(XTX): PS'QT Ry RY
= RiDRY + ¢QQ" R\ RY
= RiDRY + ¢RyRY (17)
= Ry(D +el,)RY.

Equation is due to the fact that QQT R; = R, since we assumed that Im R; C Im YTX(XTX)% and

the columns of @) form an orthonormal basis of Im Y7 X (X7 X )% The trace norm is therefore differentiable
at YT XU, that is full-rank and the gradient of U’ — |YTXU’|, at U, is XTY Ry RL. Defining Uy, := Uy for
all k > 0 leads to ([6)). O

D.2 The proximal operator of the group-Lasso norm

In order to highlight the fact that U, is simply obtained by computing V f and the proximal operator of the
group-Lasso norm, we could equivalently write Equation as

1
U, = argmin |0 — (U — t9F (U) + MU ] 2. (18)
U’ ERP:T

An explicit form of this proximal operator is for instance given in Equation (3.7) in (Bach et al.l [2012).
Given 1 < i <p, let [Uy]; . and [U —tV f(U)];,. denote the i-th lines of the matrices Uy and U — tV f(U)
respectively. Assume that [U — tV f(U)];,. # 0, then we have

At
Ol =ma (0.1~ e )~ VIO

E The Line Search Procedure in Algorithm

Given ¢t > 0 and U € RP", we recall the definitions of f; 17, th‘U and v,(U) :

fuolU) = $(U) + (VF(0),U0" = U) + |0 ~ U3,

By(U") = fuo (@) + N0, (19)
w(0) =~ min, [F (") - F@)]. (20)

E.1 A lower-bound for the decrease in terms of function values

As announced in Section we prove that ty;(U) is a lower bound for the decrease at each iteration in
terms of function values.

Fact 33. Given U € RP'", t and Uy obtained with Algorithm@ the quantity ty:(U) is a lower bound for the
decrease in terms of function values from U to Uy :

t7:(U) < FAU) = FA(U).



Proof. Indeed, we have

n(U) =~ min |Fy(U") - FA(U)} (21)
— FNU) - By (U3) (22)

< FNU) - FAU,). (23)

0

Equation comes from the definition of ; in Equation . Equation follows from the definition
of U} in Equation (I8). We have Equation since the (LS| condition F{}U(U*) > FMNU™) is satisfied for
tand Uy.

E.2 A lower bound on the step size with the Line Search Procedure

In this section, we prove two additional results : that the (LS| condition is satisfied as soon as t < i and,
that there exists k& € N such that for all & > I_a we have t; > %

Lemma 34. Let Lx > 0 be the largest eigenvalue of X7 X. For any t < i and U, U" € RP", we have

FU) + MU 12 < f(U) +(VFU),U = U) + %\IU' ~UlE + AU 1.2 (24)

where yy = XTXU is the gradient of U’ — %||XU'||%, 2y is any subgradient of U' — |YIXU'|, and, with a
slight abuse of notation, V f(U) := yuy — zy. Equivalently, for any t < i, the (LS) condition is satisfied i.e.
we have R

FNU') < By (U"). (25)

In particular, Lemma [34] implies that Algorithm [2] terminates. This is illustrated in Figure [4
Proof. Let U € RP". On the one hand, we have for all U’ € RP",

1 1
SIXUIE = SIX U+ (U - V)7
1 1
< SIXUE + (XTXUU = U) + S |X (U = D)}
1 L
< SIXUI + (XTXUU = U) + =|U" = U3, (26)

since Lx > 0 is the largest eigenvalue of X7X. On the other hand, since zy is a subgradient of
U+ |YTXU'|., we have for any U’ € RP'",
—IYTXU'L £ —[YTXUL, — {20, U = D), (27)
Summing Equation and Equaution7 we obtain
fFU < fo p(U).
X

Additionally, for any 0 <t < i, we have

FavU) < fru@).

Lx
Consequently, for any U, U’ € RP" and 0 < t < i, we have
FXU') = fU) + MU l12 < fr,o(U) + AU |12 = Fy (U)
which is the (LS)) condition.
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Figure 4: Schematic representatlon of the Line Search Procedure in Algorithm I According to Equation (2 ,
we have F ULx,Us > F*, these functions correspond to the dashed green line and the blue line. Given

Up € RP™ and t > 0, we have represented F&‘UO and F lg\tUo under the assumptions [t < i < t and

FQU(U;MH) < FMNU™n) where UM™" is the minimizer of Ft),\Uo' First, UM is computed in Algorithm [2| As
F{}U(Utmin) < F A(Umm) the (LS) condition is not satisfied. The minimizer U g}tin of F 5)} v, is then computed
and since, the condition is now satisfied, Uy is set to Ug™. Indeed, with Lemma [34} we are guaranteed

to find j € N such that F ﬂjt U(Ugjltn) > FA UMM where Ugj‘f‘ is the minimizer of FB’t U

Fact 35. Let kK > 0, Uk € RP" and t—y > 0. Let t > 0 be defined as in Algorithm [3 : with probability
€ (0,1], t is set to =1, otherwise, t is set to ty_1. Let also t denote the initial step size, ty and tjy1 the
stepszzes produced by Aglgomthm@ at iteration k and k + 1. We have the following properties :

o If Lﬂ <t < 5=, thenty =1t and tpy1 = B or tx11 =t depending on the (LS|) condition at iteration
k+1. In both cases, we have ti41 > %
o Ift < {—, thenty =1 and ty41 = L with probability m, otherwise ty11 = t.

o Ift > 7, then t, > .
e For all k > 0, we have tg, > min(%, t).

Proof. First in Lemma we have shown that the condition is satisfied as soon as t < +—. Therefore,
if ¢ < ——, the step is accepted in Algorithm [2 and tk = t. At iteration k + 1, the step size is set to %“
with probablhty 7w and otherwise set to t;. The step might only be rejected if the step size is set to %“ and
% > % It would then be decreased by a multiplicative factor § and the step would be accepted with
tr1 =t X 3 X B < 7=

Secomdly7 assume that t < 7. Then t < +— since § < 1, the step is accepted in Algorithm I and ty = t.
At iteration k + 1, t is set to % with probablhty 7w and otherwise set to t5_1. Anyway, we have at the next
iteration ¢ < i so the (LS) condition is satisfied and the step is accepted.

Thirdly assume that ¢ > i By contradiction, suppose that ¢ < % The backtracking line search in
Algorithm |2 ensures that there exists j € N such that ¢ < % < Bt < i and that the step size 57t was

rejected because the (LS]) condition was not satisfied. By Lemma this is not possible since B7t < i



Consequently, if ¢, > % for a given k > 0, then for all ¥ > k we have tj > % Thus, if £ > % then
for all £ > 0, we have t; > % Ift < %, the algorithm progressively increases the value of ¢t and after a few

first iterations, say k, we have tj; > % : the step size t will be larger than % after a number of steps which
is finite in expectation. O

F Study of the global convergence

Khamaru and Wainwright| (2018) study the convergence of subgradient-type algorithms to KW-stationary
points (see Definition of non-convex and non-smooth functions that can be written as a sum of three
terms F' = f; — fo + A\h where f; is a smooth function, f5 is a continuous and convex function, h is a possibly
non-smooth, convex penalty and A > 0. Some of their results can be adapted to (RRR)) and (SRRR]) by
taking

1
1) = SIXUI,

fU) = YTXU.,
and  h(U) = |U] 1.

First, we introduce the following results by [Khamaru and Wainwright| (2018]) that we invoke in Section
and Section .

Lemma 36. (From Lemma 5 in|Khamaru and Wainwright, |2018) Let A > 0 and (Uy)k>0 be the sequence
generated by Algom'thm and (zi)k>0 the corresponding sequence of subgradients of fa. For all k >0, there
is a subgradient sgy1 of U — |Ul1,2 at Ugs1 such that

U1 = Ui — tx [V f1(Uk) — 21 + ASp11], (28)
1
FNUy) = FA(Ugq1) > E"Uk-&-l_UkHQF- (29)

Furthermore, for any convergent subsequence (Uy,)j>o0 of the sequence (Uy)r>o with Uy, — U, we have

|1,2- (30)

12 =0

I |
i (U4

Lemma [36] is due to the choice of the forward-backward Algorithm [I] while the following Lemma [37] comes
from the property of subanalytic functions (Bolte et al., |2007; |Attouch et al., 2010, and references therein)
given by Lemma[20] Indeed, norms and in particular the Frobenius norm, the trace-norm and the group-Lasso
norm are subanalytic so the functions f and F* that we consider are subanalytic.

Lemma 37. (From Lemma 6 in |Khamaru and Wainwright, |2018) Let A > 0, (Ug)r>o0 be the sequence
generated by Algom'thm and (z1)k>0 the corresponding sequence of subgradients of fo. The function F* is
constant on the set of limit points U of the sequence (Uy)k>0. We denote F this limit. If we assume that U
contains only critical points of F, then there exists constants 0 € [0,1), C > 0 and ki € N such that for all
k > k1, we have

|[FA(U) — FA? < Cdist(0,V f1(Ux) — 2, + 2| - |1.2(Ug)). (31)

F.1 Global convergence to a critical point with Algorithm (1] for RRR

The function U — %HX U|% is continuously differentiable and L x-smooth where L is the largest eigenvalue of
XTX. The function U — [YTXU]. is continuous and convex and the difference f(U) = 3| XU|% — [YTXU|.
is bounded below by —1]Y|%, indeed we have used in Section [3.1| the fact that for any U € RP", we have

1 1 1
ZIXUE = |YEXU|, + = |V |2 = i 2y = XUvT|Z > o.
SIXULE — IYTXUL 4 Y= min 5] I3 >

10



Besides, f satisfies the Kurdyka-F.ojasiewicz property, presented in Definition since it is the difference of
two semi-algebraic functions. Therefore, our setting satisfies the conditions of Theorem 1 and Theorem 3 in
Khamaru and Wainwright| (2018) and we can prove that Algorithm (1| converges to a critical point from any
initial point.

F.1.1 Limit points are critical points

The following result, whose proof is inspired from Theorem 1 by Khamaru and Wainwright7(2018), ensures
that any limit point U of the sequence generated by Algorithm |1 for RRR satisfies 0 € 9f(U).

Theorem 38. Let (Uy)ir>0 be the sequence generated by Algom'thm with A = 0. The sequence of function
values is decreasing and convergent. Besides, any limit point is a critical point of the function f.

Proof. Equation guarantees that the sequence of function values is decreasing. Since f has a finite
lower-bound, the sequence of function values is convergent. Additionally, the iterates are bounded since the
function is coercive i.e. f(U) — 4o0 if |U|r — oo.

To establish that the limit points are critical, consider a subsequence (Uy;);>0 that converges to U and
let (2x;)j>0 be the associated subsequence of subgradients. Since the sequence (Uy,);>0 converges to U, we
must have by Equation [28), |V f1(Ux,) — 2k,|p — 0. The function f; : U — 1| XU[% being continuously
differentiable, we have V fi(Uy,) — Vfi1(U) and consequently zp, — 2z := Vf1(U). Besides, we know by
Lemmathat for any j > 0, we have —zy; € 9(—fa)(Uy;).

We conclude like in the proof of Theorem 1 by Khamaru and Wainwright| (2018)), using the graph continuity
of limiting subdifferentials which we recall in Fact that —z € 9(—f2)(U) and V£, (U) — zZ = 0, meaning
that 0 € 9(f1 — f2)(U) = 0f(U). O

Remark 39. |Khamaru and Wainwright (2018) proved in an abstract but similar framework that the limit
points are KW-stationary point in the sense of Definition [23, meaning that they can be stationary points
for Algorithm [1 Instead, Theorem guarantees, more standardly, that the limit points are critical in
the sense that the limiting subdifferentials at these points contain the element 0. This is permitted by
Lemma which we obtained by imposing the condition Im Ry C Im YTX when computing a subgradient
XTYR\RY of U' — —|YTXU'|., where RiDRY is a singular value decomposition of YT XU. If the condition
Im Ry C Im YTX was removed, exactly the same proof as for Theorem would show that the limit points
are KW-stationary points.

F.1.2 Convergence for RRR of Algorithm

Since f satifies the KL property, we can prove the convergence to a critical point.

Theorem 40. (From Theorem 3 |Khamaru and Wainwright, |2018) The sequence (Ug)r>o produced by
Algorithm[1] for RRR converges to a critical point.

The proof of Theorem 40| is identical to the proof of Theorem 3 by Khamaru and Wainwright| (2018]). We
reproduce it here for completeness.

Proof. To prove that the sequence (Uy)r>0 has a finite length i.e. Z;ﬁg |Ui — Ug41|F < +00, we use the
K¥ property for subanalytic functions given by Lemma Let 6 € [0,1), C > 0, k1 € N be defined as in
Lemma 37, k > k1 and let f denote the limit of the sequence {f(Uk)},~,- We have

U = P = (fUer) = D0 > (1= O (Us) — I [FUx) — f(Urs) (32)
> OO — A1, — Uil (33)
k
(1-6) .
= QCtk”vfl(Uk) — Zk”F ”Uk - U/H‘l”F (34)
> g, vl (35)
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Inequality (32) follows from the concavity of ¢ ++ t'=% and the inequalities f(Uy) > f(Ups1) > f. In-
equality (33) comes from Equation (29) and the fact that {f(Uy)},s, is decreasing and converges to f.
Inequality (34) comes from Lemma inally, Inequality follows from Equation . Summing both
sides of Inequality from k = kq to kK = 400, we obtain

“+o00
(f(Uk) =D =D (fU) = ' = (f(Ukgr) = )
k=kq
+oo
> U0 S 0~ Uil

k=k1

which proves the finite length property and the convergence of the sequence (Uy)g>o. With Theorem we
know that this limit is a critical point.
O

F.2 Global convergence to critical points with Algorithm (1| for SRRR

In this section, we justify global convergence of Algorithm [1| for SRRR to critical points and present conditions
leveraged in Lemma [44] that ensure convergence to a unique point.

F.2.1 Limit points are critical points

The function f; is smooth and convex, the function f5 is continuous and convex. In addition, the function
h:U s |U|;2 is clearly proper, lower semi-continuous and convex and F* which is bounded below satisfies
the KL, property. Consequently, our setting for proximal gradient descent satisfies the conditions of the first
part of Theorem 2 in [Khamaru and Wainwright| (2018) and we can adapt this result to SRRR.

Theorem 41. Let (Uy)x>0 be the sequence generated by Algom'thm with X\ > 0. The sequence of function
values is decreasing and convergent. Besides, any limit point is a critical point of the function F™.

Proof. Equation guarantees that the sequence of function values is decreasing. Since F* has a finite
lower-bound, the sequence of function values is convergent. Additionally, the iterates are bounded since the
function is coercive i.e. FA(U) — 400 if |U|r — 0.

To establish that the limit points are critical, consider a subsequence (Ukj )j>0 that converges to U e RP"
and let (z;);>0 be the associated subsequence of subgradients, like in Equation . Since the sequence
(Uk;)j>0 converges to U and f, is continuous, the sequence { f2(Ux)},~ converges to fo(U). Given the form
of the subgradients (2,);>0 in Equation , they are bounded and we can assume, passing to a subsequence
if necessary, that they converge to zZ € R*. Besides, we know by Lemma that for any j > 0, we have
—2i, € O(—f2)(Uk,). Therefore, {(Uy,, —z,, —fg(Uk,j))}j>0 converges to (U,—z,—f>(U)) and, using the
graph continuity of limiting subdifferentials which we recall in Fact we have —z € 9(—f2)(U).

We now show that —V f1(U) + z € 9(A| - [1,2)(U). Since (|Uy, — Uk, +1|r)j>0 converges to zero, the
sequence (Uy,41)j>0 converges to U and by Equation (28)), the sequence (|V f1(Ux,) — 2k, + Ask,+1]F)j>0
also converges to zero. Since fi is smooth, we know that {Vfl(Ukj)}j>0 converges to V f1(U). Combined
with the convergence of (2g,);>0 to Zz, it shows that (Asg,11);>0 converges to s := =V f(U) + z. With
Equation in Lemma [36] we also have that (A|Ug,+1]1,2);>0 converges to A|U]; 2. All this leads to the
convergence of {(Ug, 41, ASk;+1, A\|Uk; +1 |1,2)}j>0 to (U, A3, |U|1.2). Consequently, the graph continuity in
Fact [18| guarantees that A3 € O(A| - |1,2)(U). Finally, we conclude that Vf1(U) — z + X5 =0 € OF*U) i.e.
U is a critical point of F*. O

Remark 42. The same comments as in Remark[39 hold for Theorem [[1] and the comparison between its
proof and the proof of Theorem 2 by | Khamaru and Wainwright (2018).
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F.2.2 Convergence for SRRR of Algorithm

In order to prove convergence of the sequence (Uy)r>0, Theorem 4 of Khamaru and Wainwright| (2018)
formally requires that f is a smooth function, a requirement which is not met by U + |[Y?XU]|.. Nonetheless,
an inspection of the proof shows that local smoothness in a neighborhood of the critical points of the function
is sufficient. More precisely, the same proof as for Theorem 4 in [Khamaru and Wainwright/| (2018) can be used
for SRRR as long as we can guarantee that there exists k1 > 0 such that for all k > kq, the iterates (Uk)g>k,
lie in a compact subset where f is locally smooth. We denote I the set of limit points of the sequence (Uy) £>0
and for any S C {1,...,p}, Xg is the matrix formed by keeping the columns of X indexed by S.

Theorem 43. Assume that
e M1 : The step sizes (ty)k>0 produced by Algorithm are upper bounded by a constant d > 0.

e H2 : The set of limit points U of the sequence produced by Algom'thm s a subset of the local minima
of F» and contains only matrices with at least r non-zero rows.

e "3 : For any S C {1,...,p} of cardinality at least r, the matriz XLY is full-rank.
Then the sequence (Uk)k>o produced by Algorithmfor SRRR converges to a critical point.

The assumptions H1 and H2 are used in the proof of Theorem 3] The assumption 2 will hold unless
local minima are so sparse that the number of selected variables is strictly smaller than r in which case the
rank constraint becomes essentially useless. The assumption H3 will hold with probability one if X and Y
contain for example additive noise. It is leveraged in Appendix to prove Lemma [44] that we introduce
below with Lemma [I5] and Lemma [46] before giving the proof of Theorem [43]

Lemma 44. With Assumption H3, any local minimum U* of (SRRR)|) which has at least r non-zero rows
must be full-rank.

Put differently, Assumption %2 and Assumption H3 combined with Lemma [4) imply that the set of limit
points U contains only full-rank matrices. The next lemma ensures that the function fo : U — YT XU|, is
differentiable at such points, it is proved in Appendix

Lemma 45. With Assumption H3, let U* be a full-rank local minimum of (SRRR|). Necessarily, YT XU* is
full-rank.

Lemma [45] is essential to prove locally a Lipschitz gradients property which is formalized in Lemma [16]
proved in Appendix [K-3]

Lemma 46. With Assumption H2 and Assumption H3, there exists M > 0 and k1 > 0 such that for any
k > ki, [ is differentiable at Uy, Uxy1 and we have

IVf(Uk) = Vf(Urs1)lr < M|Ug — Upya|r. (36)

Proof of Theorem[{3. Let k1 > 0 be defined as in Lemma [#6] For k > ki we denote z a gradient of fo
obtained through the update in Algorithm [1]and sy a subgradient of U — A|U|1,2 at Uy. Let k > k1, we have

IVfi1(Ur) = 21 + Asilr = [(Vf1(Uk) = 2z&) + (zk—1 — V,1(Ur—1)) + %(qu —U)lr (37)
< VAU = 2) — (VA (Uk1) — 21| + iuvk_l “Ude (39
— IVF(U) — VUs)r + tki_ank,l ~Udls

1
< (M + E)HU’“ = Uk-1]F- (39)
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Inequality follows from the update in Algorithm |1} Inequality comes from the triangle inequality.
Inequality (39) is due to Equation .

The second argument we give is similar to Equation in the proof of Theorem Since the functions
we consider are subanalytic, we can consider 6 € [0,1), C' > 0 and ko > k; defined as in Lemma Let F*
denote the limit of the sequence {F)‘(Uk)}k>0 and k > ko, we have

(FANUR) = F)'0 = (FNUgia) = F)0 > (1= 0) [ (Ux) = P [FA(Ux) = F(Urs)] (40)

1—-0 —y -0
e L AR S (1)
(1-0) )
U.—-U 42
e 2Ctk||vf(Uk)+)\5k”F" k k+1”F ( )
1—-0
U0 \y, — el (43)

~20d|V f(Ug) + Ask|r

Inequality (40) follows from the concavity of t + t1=% and the inequalities F*(Uy) > F(Ugy1) > F*.
Inequality (41)) comes from Equation and the fact that {F ’\(Uk)} >0 18 decreasing and converges to FA.
Inequality comes from Lemma Finally, Inequality follows from Assumption %1 in Theorem
Combining Inequality with Inequality , we obtain

- —— 1—9) ||Uk—Uk 1||2
F)\ U _F)\ 1-60 FA U _ F)\ 1-0 - ( +1lF
(£ (Uk) ) (F2(Uk11) ) ~ 2Cd(M + i) |Ug=1 — Ukl r

(1-10) Uk = Uyl
T 20dM + ——F5——) [Uk—1 — Uk|p’

min(%, t_1)

(44)

Equation follows from Fact The rest of the proof leads to the finite length property and completely
follows the proof of Theorem 4 in [Khamaru and Wainwright| (2018) since they also leverage only the local
property of Lipschitz gradients in a compact set. We denote

Ay 1= O [(FNUL) — P — (FNUsgr) — P (45)
o 20d [M + max(Lx, i)]
where (" := =)

Equation can be rewritten

|Uk = Ursallr < v/ Ar|Uk—1 — U] .

Summing from j = ks + 1 to j = k, we obtain

k k
YU —Uinlr < > /AU~ U

j=ka+1 Jj=kao+1
o 1
< Z iAj + §\|Uj71 - UjHF (46)
j=ka+1
c _ 1 &
< 7(FA(Uk2+1) - )04 B > U =Ujle. (47)
j=ka+1
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Inequality follows from the inequality of arithmetic and geometric means. Inequality comes from
Equation . Rewriting Inequality , we have for all & > ko + 2,

k—1 k
1 1
3 > U = Uil | + 3 > U1 = Ujle | + 10Uk = Upalr
j=ka+1 j=ko+2
C/ A A\1—6 1 : 1
S S5 (F Ukpr) = F9) 70 4 | 5 > U -Ujle| + 31Uk = Utz |-
j=ka+2
This last inequality implies that
1 = c’ _ 1
B > U = Ujalr < 7(FA(Uk2+1) — )04 WUks = Ukpalp = Uk = Uralr
j=ka+1
C/ A mA\1—6 1
< & (M Ukyt1) = F7) 77+ S |Uk, = Uno |

< +00.

Eventually, we conclude that the sequence (gk) k>0 has finite length and therefore converges to an element
U € RP". With Theorem we know that U is a critical point. O

G Proofs for section 5.1

In this section, we are going to prove Equation , Lemma |lf and Lemma |2} We maintain the following
assumptions :
r <4, (48)

$1>...> 8. (49)

At first, to widen the scope of our results, we will not make the assumption
XTX is invertible. (50)

Assumption will play a key role in the analysis and impact the results. We will precise what it implies
for the analysis when it is satisfied and when it is not.

G.1 Proof of Equation

While we assumed that X is full-rank in the core of the article, we do not make this assumption in this
section to prove a more general result than Equation . Of course, the latter can be obtained as a special
case. Let m < p be the rank of X and consider

KD?K7T the reduced singular value decomposition of X7 X,

with K € RP™, KTK = I,, and D € R"™™ a diagonal matrix with positive entries on the diagonal. We also
write
(XTX)T:= KD72K" the pseudo-inverse of X7 X,

1
2

(XTX)z := KD 'KT a square-root of (X7 X)T,

and
(XTX)% := KDK" a square root of X7 X.
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Let

K- e RPP™™ such that [K KY]' [K K] =1,
Here, we denote PSQT the reduced singular values of (X7 X)3 XTY, with £ := rank(X7X)3 XTY < min(m, k),
P cRP! S € R and Q € RY*. We also define P+ € RP™~* such that the columns of the matrix [P PJ-]
form an orthonormal basis of Im X 7. If X is full-rank, this definition corresponds indeed with the matrices
that were introduced in Section 5.1l The definition of 7 is :

Ré,r X Rm—é,r x RP—MT _y RPT

T\ (A,C,N)— (XTX): [P P [g ITS_J [é] +KiN (51)

Of course, under the additional assumption that X7 X is invertible, the term KN would be removed and 7
would be the same as the one we defined in Equation @
We define f, ¢, := f o7 and we prove

1 1
faen(4,C,N) = S[SAIE = [S*Al. + SICIE- (52)

Equation can be obtained similarly if X7 X is invertible.
Proof of Equation . Let (A,C,N) € RS x R™~4" x RP™™"  we have

fa,c,n(Ay C,N)=for1(AC,N) (53)
= f(XTX)3(PSA+ P-C) + KL N) (54)
= XX (XTX)H(PSA+ PHO) + K*N)J3

—IYTX((XTX)*(PSA + PLC) + KL N)|, (55)
- %H(XTX)% (XTX)E (PSA + PLO)% — [YTX(XTX)E (PSA + PLC).  (56)
= JIPSAR + JIP-CI3 ~ [QSPT(PSA + PLO)., (57)
= JISAR + SICI ~ 10574l (59)
= JISAR ~ 1S4l + S ICI}- (59)

Equation follows from the definition of f, ., and Equation from the definition of 7. Equation
follows from the definition of f and since for all M € RP", we have |XM|2 = |(XTX)zM|%. We have
Equation since X K+ = 0. Equation comes from the facts that P, P € Im X and (X7X)z (XTX)%
acts like the identity on Im X7 for the first term and QSPT = YTX(XTX )% for the second term. We have
Equation because [P Pl] is orthogonal and Equation because the columns of () are orthogonal.

G.2 Proof of Lemma[I]
We denote €} the set of minima of f, : A € R" — £[SA|% — [S?A|. where S = diag(sy > ... > s¢) € R4

problems have the same optimal value :
1
min - fo(A, V) where fo,(4,V) = 5[S - SAVT|E, (60)

AeRET, VERET
min AV). 61
AERLT, VERLT: VTV =], fan(4,V) (61)

16



Indeed, for any A, V € R®", there exists A, V! € R such that VTV = I, and AVT = A’V'T. For instance,
the matrices can be obtained from the singular value decomposition R1XRZ of AVT by taking A’ = R;2
and V' = R,. Besides, given A € R®" and V € R%", we have

1 1 1
faulA,V) = 218 — SAVT 3 = J1S1 + SISAVT 3 — (5, 5AV7).
Defining V4 € argmaxy cpe.r, yry—y (S, SAVT) and using Fact we obtain
1 iz _ Ly o1 2 2
§HS —SAV4 |r = §“S”F + §||SA||F — |57 Al

Consequently, if A is a minimizer of

Jnin _fa(A), (62)

where fo(A) = 1|SA|% — |S?A]., then (A, Vy4) is a minimizer of Problem (60). This means in particular
that SAVT is a minimizer of

1
min —|S — M|%.
MERLL: rank(M)<r 2

The matrix SAVI must be equal to the best low-rank approximation for the Frobenius norm of S and, by the
I,

Eckart-Young-Mirsky theorem, this best approximation is STI7 with I = [ 0

] € R®" since we have assumed
that the values on the diagonal of S are strictly decreasing.

The matrix S is invertible so we must have AVT = ITT which is equivalent, if A = [ 1} and V = {Vl]
with A1, Vi € R™" and Ag, Vo € RECET 1o

AVE AVEl L0
A VT AV T o 0

The second line A5V7T = 0 implies Ay = 0 since VTV = I,.. From the first line of the matrices in Equation 7
AV = I, implies that A; is invertible so A; V' = 0 implies that Vo = 0 and A; has to be orthogonal as it is
the inverse of VlT. Put differently, A7 = [VlT Orvg_r] = VlTI T where V; is an orthogonal square matrix i.e

an orthogonal matrix. Thus, any optimum A belongs to Q) := {f R|RE€e (’)T}. Conversely, for any R € O,

we have f,(IR) = %HSINH% — |821], : this implies that all the elements in 2 are optima.

G.3 Proof of Lemma [2

We show that all local minima of f, are global. The result is the same for f given that fo7(A,C) =
fa(A) 4+ 3|C|% and 7 is the invertible linear transformation defined in Equation (5I)). First we start by
eliminating the possibility of having a local maximum other than 0 with the following result.

Lemma 47. Only 0 can be a local mazimum of f,.

Proof. For any A, the restriction of f, to the one-dimensional set D4 := {aA, a > 0} is a convex polynomial
function of degree 2. Indeed, for any o > 0, we have

2
«
fa(ad) = | SAIE — a] S°Al..

Since S € R% is an invertible diagonal matrix, only 0 can be a local maximum of f,. O

Corollary 48. The zero matriz is indeed a local mazimum of the function f,.
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Proof. Thanks to the equivalence of norms in finite dimensions and the fact that S has only positive elements
on its diagonal, we know that there exists ¢,d > 0 such that for any A € R®", ¢ > 0, we have

fa(0 4 tA) < c|A|%t? — d|A| pt.
The zero matrix is necessary a local maximum. O

To deal with critical points, we treat separately rank-deficient matrices and full-rank matrices. The
following result, proved in Appendix [K.4] considers the case of rank-deficient matrices.

Lemma 49. Let A € R be a rank-deficient matriz, there exists B € R®™ such that |B|p = 1 and § > 0
such that for all —§ <t < J, we have

2
Jo(A+B) < fu(4) = L1t

Therefore, no rank-deficient matriz can be a local minimum of f,.

In order to deal with full-rank matrices and having already described the set of optima, we characterize the
set of full-rank critical points. Consider the set P of permutations 7 : [1; €] — [1; ¢] such that 7(1) < ... < 7 (r)
and simultaneously 7(r + 1) < ... < 7(¢). For any 7 € P, we denote

I = (Limn())1<i<e, 1<j<r € R (64)

B

Note that the sole purpose of the condition 7(r + 1) < --- < w(¢) is to have a one-to-one correspondence
between the set of permutations P and the set of matrices {IL; | 7 € P}. We have the following result, proved

in Appendix [K25]

Lemma 50. If the values of the diagonal matriz S are strictly decreasing i.e. S = diag (s1 > ... > s4), then
the set Q7 of differentiable critical points for problem @ is the image by linear transformations from R™" to
RT of O, :

O ={ll,R|m€P,ReO,}

Besides, €1 contains only global minima and saddle points.

We could have an even more precise description of the behavior of f, around the saddle points with
Theorem |55 and Corollary [57| (given below). Saddle points are in fact strict saddle points i.e. the Hessian at
these points has at least one negative eigenvalue. However, that is not necessary here.

We can now prove Lemma [2]

Proof of Lemma[2 We know from Lemma [49] that a rank-deficient matrix can not be a local minimum. The
function f, is differentiable at A € R®" if and only if A is full—rankﬂ Finally, Lemma |50| details all critical
points where A is full-rank, they are either global minima or saddle points. O

H Proofs for Section [5.2]
H.1 Proof of Lemma [3]
In Section [5.2] we have introduced for any A € RP"",
Ig: (A) := argmin || B — A[|%
BeQx

and
Ca(R) :={A € R" | IR € Ilg: (A)}. (65)

IDetails about the derivative of the trace-norm are given in Proposition
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First, we prove Equation that describes Co(I). According to Lemma Q= {fR | R € O,}, so with

Fact [24) we could have equivalently defined Ilq-(A) with A = [ﬁ

1}, A; e R™" and Ay € R as

2

argmin |[IR — A|% = argmax (IR, A) = I argmax(R, [T A) = I argmax(R, A;). (66)
IR: ReO, IR: ReO, ReO, REO,.

By Fact we have that I, € argmaxp, geo, (R, A1) if and only if A; is positive-semidefinite. This proves
Equation (8]
Secondly, the equality Cq(R) = {AR | A € Co(I,)} basically stems from the definition of Ilg: since

I — All% = IR — AR|[3. (67)

Indeed, Equation implies that A € C,(I,) if and only if AR € C,(R).

Finally, to prove that Ugco,Coa(R) = R®", consider M € R®" and By € argminpeq. |B — M]3
According to Lemma o= {fR | R e Or} is compact. Therefore, there exists R € O, such that By; = IR.
Obviously, the definition of C,(R) given in Equation implies that M € C,(R).

The following fact gives more details on the structure of the cones that we built.

Fact 51. The relative mteriorﬁﬂ of all the cones partition the set of matrices [AT AT]T such that A; € R™"
is invertible and Ay € RETT.

Proof. First, since the relative interior of the set S;© of positive-semidefinite matrices is the set S of
positive-definite matrices, given R € O, the relative interior of the cone C,(R) is the set

{|:ﬁ1:| R | A€ S;rJr, Ay € RZT’T}.
2

Secondly, according to Equation (66)), the matrix A = [AT AT|T € C,(R) with R € O, if and only if
R € argmaxp o, (R, A1). According to Fact there is a unique element in argmaxp, o (R, A1) if A; has
full rank. Therefore, given [AT AT]T such that A; € R™" is invertible and Ay € R*~"" there is a unique
R € O, such that A € C,(R). O

H.2 Proof of Theorem {4

First, in order to simplify the computations, we introduce the change of variables M = SA and the function
L,r 1 2
fm : MRV = S| M — |SM]..

Note that for any M € R®", we have f,,,(M) = f,(S~*M) and minyy f,,,(M) is the form taken by if
X is the identity and Y = S is a diagonal matrix.

As in section [G.3] we consider the set P of permutations 7 : [1;¢] — [1;¢] such that 7(1) < ... < x(r)
and simultaneously 7(r +1) < ... < w(¢). For any 7 € P, we denote

Iy = (Lize(j) 1<i<e, 1<j<r € RO (68)

With the proposed change of variables, the differentiable critical points of f,,, are simply obtained from the
critical points of f, given in Lemma

Lemma 52. If the values of the diagonal matriz S are strictly decreasing, then the set ;. of differentiable
critical points of fm is the image by linear transformations from R™" to R®" of O, :

Q= {SI,R| 7€ P,ReO,}.

2Given a set in a Euclidean space, its relative interior is the interior of this set within the subspace spanned by its elements.
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The following result describes the eigenvectors of the Hessian of f,, at a critical point STI;R. It is proved
in Appendix We write S? = diag(o; > ... > 0y) with oy > 0. For 1 < iy < ¢, 1 < jo < r, we denote
E; c RS

Theorem 53. Let SII. R be a differentiable critical point of fn,, with m € P and R € O,.. Then f,, is twice
differentiable at ST R, let H,, denote its Hessian at ST R.

0sJo = €io €y

e For1<i<j<r, Sil(E,r(i),j + Ex(j),i) R is an eigenvector of Hy, associated to the eigenvalue 1.

e For1<i<r, S_lEﬁ(i),iR is an eigenvector of H,, associated to the eigenvalue 1.

e For1 <i<j<r, S(Ers),; — Ex@):)R is an eigenvector of Hy, associated to the eigenvalue 0.

T (k)
Tx()

o Forr+1<k</( 1<j<r, Eﬂ(k)ij is an eigenvector of H,, associated to the eigenvalue 1 —

Remark 54. At an optimum SIR of fn, with R € O,., the largest eigenvalue of the Hessian is 1 and the
smallest positive eigenvalue is 1 — T2+

Tr(r)

Since we used the change of variables M = S A, Theorem [53] can be adapted to the function f,.

Theorem 55. Let II R be a differentiable critical point of f,, with m € P and R € O,. Then f, is twice
differentiable at 11 R, let H, denote its Hessian at 11, R.

e For 1 < i < j < 1, (Exu); + Exj),i)R is an eigenvector of H, associated to the eigenvalue

—1 1 —1
(i) + 7)™

o For1<i<r, E )R is an eigenvector of H, associated to the eigenvalue o ;).

e For 1 <i<j<r, (B, — Ex@):)R is an eigenvector of H, associated to the eigenvalue 0.

e Forr+1 <k < 1< j<r Eqn, R isan eigenvector of H, associated to the eigenvalue
7at (1= 552):

Proof. Let 1 € P, R € O, and A € R%". Using the change of variables M = SA and denoting H, and H,,
the Hessian of respectively f, at Il R and f,, at SII; R, we have the equality :

Ha[A, Al = Hn[SA, SA].

After normalizing the eigenvectors of H,, given in Theorem [53] we obtain :

2
> <(0;(1i) +01) 28T (Brgiy  + Br(i).i); 5A>
+ ¥ <Uf(i)5_1Eﬂ(i),i,SA>2

+ > (1 = W) (Bxry.jr SA)

P
rH1<k<l,1<j<r ()

- - 2
Z (Uw(li) + Jflr(j)) Y(Er)j + Ex(i)ir A)

1<i<j<r

2
+ Y 0nii) (Briar A)

1<i<r

+ Yo o (1 - Uﬂ(k)) (Bri g A)?.

P
rH1<k<l,1<j<r m(7)

Ho[AR, AR] = H,n[SAR, SAR]
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As a direct corollary of Theorem we have the following result.

Corollary 56. With the notations used in Equation , an optimum IR of fa corresponds to the identity
permutation m = Id. At an optimum, the largest eigenvalue of the Hessian H, is 01 and o) (1 — %) >0

1s a lower bound of the positive eigenvalues of H,.
The following result is also a straightforward corollary of Theorem

Corollary 57. All full-rank critical points that are not global minima are strict saddle points i.e. the Hessian
at these points has a negative eigenvalue.

Proof. Consider R € O, and a permutation 7 : [1;¢] — [1;¢] such that 7(1) < ... < w(r) and simultaneously
m(r+1) <...<m(f) while 7 # Id. Necessarily, 7(r + 1) < 7, and o (,41)(1 — U;’%’;)) < 0 is an eigenvalue

of H, at II; R by Theorem [5] O
We can now prove Theorem [4]

Proof of Theorem[j] Consider a minimum IR of f, with R € O,.. From Lemma we know that
Al L—r,r
Ca(R)— A, R|A1€ ,AQGR .

We denote the subspace spanned by C,(R)

£ == span [C.(R)] = Hﬁl] R| A €S, Ay e R~ }

where S, is the set of symmetric matrices in R™". We know from Theorem [5 . 5 that £ is exactly the
subspace spanned by the eigenvectors of the Hessian Hjj of f, at IR associated to positive eigenvalues. Let

Omin := 0p(l — %) As pointed out in Corollary E Omin 18 a lower bound for the positive eigenvalue of the
Hessian H . Thus, for all M € span (C,(R)),

Vee(M)" HpVee(M) > owmin| M|,

where Vec(M) € R®" is the vectorization of M € R*". Given the form of the Hessian for the trace norm in
Proposition 6 of (Grave et al., 2011) that is recalled in Proposition (66| . the existence of continuous bases for
the singular subspaces (Stewart 2012) of S2I and the converse of Taylor’s Theorem in (Oliver, [1954), wi
obtain that the Hessian of f, is continuous at IR. Therefore, for any v < 1 < 4, there exists o > 0 such that
for all M € £ and A € B(IR,a) N & where B(IR, ) is the ball with center IR and radius «, we have

S| M3 > Vec(M)TH 4 Vec(M) > | M3 (69)
Consider two elements M, N € B(IR, a). The Taylor expansions gives
1 1
FalN) = FaM) 4 (Vu(M),N = M) 5 [ Ve = M) Hane sy Ve N = M)

0
,yo-mm

> fa(M) +(V fa(M),N — M) + |V — M.
This inequality implies that f, is yopmiy-strongly convex in B(f R,a)N EE. We conclude by defining a sublevel
set V, inside UReoTB(fR, a).

Similarly, we could show from Equation that for any A, A’ € V, such that [A, A’] C V,, the function
fa has doq-Lipschitz gradients on [A4, A’]. Unfortunately, we can not deduce from this observation that f,
has dop-Lipschitz gradients or is doj-smooth in V, since the latter might be nonconvex. However, as in
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Equation [24] of Lemma s? being the largest eigenvalue of S?, we have for any A, A’ € R®", such that f,
is differentiable at A,

2
Ja(A) < falA) + (VFa(A), A = A) + A - Al

Therefore, the function f, is s?-smooth.
O

Remark 58. Note that the assumption s, > s,41 is essential here. In order to highlight its importance, we
can give an example to demonstrate that Theorem [J] would not be true if this assumption was not satisfied.
Consider Y = X = I, € R?? and r = 1. Here, the assumptions s, > Sp4+1 15 violated since s; = so = 1. The

cones are Ry xR and R_ x R. The matriz U = {1

0} is an optimum of

: 1 2 T _ : 1 2
Jain SIXUlE — Y7 XUL. = min S|U[r —[U]..

Howewver, in the direction A, := [2} , there is no strong convezity. Indeed we have

1 1 1
SIXW+ A = 10+ Aalp = 51+ 0%)

and
1
IYTXW + By = U+ Mgl = VI 5 a2 =1+ 20> +0(a?).

By taking the difference of these two equations we prove that there is no second order dependance and

consequently no strong convexity in the direction [0

J . It could have been seen directly with Theorem : with

} is an eigenvector associated to the eigenvalue o1 (1 — g—f) = 0 since

r= 1, = 2, ™= Id, Eﬂ.(g),l = E271 = |:(1)

0'120'2:1.

H.3 Proof of Corollary

Here, we do not assume that X7 X is invertible and prove a more general result. We show that for any
R € O, and N € RP~™" the function f restricted to the affine cone C(R, N) = 7(C,(R),R™%" N), where
7 is the function defined in Equation , is strongly convex in a neighborhood of the optimum 7(R,0, N) of
f. If we assumed that X7 X is invertible, the proof would be very similar since we would have m = p and the
value of f o7 does not depend on N.

Given R € O, and N € RP~™" consider U and U’ in the same cone C(R, N) as 7(R,0, N). Using the
linear change of variables 7, we know that there exists A, A’ € Cq(R) and C,C’ € R™~%" such that :

N+

U=(XTX)
= (xXTX)

(PSA+P*tC)+ KtN
(PM + P*+C) + K+ N with M = SA,

N+

and similarly U’ = (XTX)3(PM’ + PLC") + KL N with M’ = SA'.
We know from Equation that:

1 1
FU) = SIMI% = [SM]. + IC1E-

In Theorem 53 we have computed the eigenvectors and the eigenvalues of fp, : M" — L|M"|3 — [SM"].
at STR which is a minimum of f,,. We invoke the same arguments as in the proof of Theorem [4f : given the
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form of the Hessian for the trace norm in Proposition 6 of (Grave et al.l|2011) that is recalled in Proposition
the existence of continuous bases for the singular subspaces (Stewart) [2012) of S2] and the converse of
Taylor’s Theorem in (Oliver}, [1954), we obtain that the Hessian of f,, is continuous at SIR. Therefore, for
any v < 1 < 8, there exists o > 0 such that if S~'M, S~'M' € B(IR,a) N &} where B(IR,q) is the ball

with center /R and radius «, we have

2
g S )
5 (1= =50IM = M < fon (M) = fon(M') = (V fon (M), M = M) < S| M = M|E - (70)
~ 2
since the smallest positive eigenvalue of the Hessian of f,, at SIR is 1 — 6231 and the largest is 1.

The variables U and U’ being obtained from (M,C, N) and (M',C", N ) with a linear transformation,
we can define a neighborhood V(R, N) C C(R, N) of 7(IR,0,N) such that U, U" € V(R, N) if and only if
S™IM, S7IM' € B(IR,a) N &} and then transfer Equation to U and U’ :

2
0 sy 1
5(1 - S?) IC -7+ §||M’ - M|%

2
p

< fU) = fU) = (VHU), U=T").

< Yoo Ta - Sy - a2
=9 L) s F

Also, since U = U’ = (XTX)%(P(M — M') + P+(C — C")) we have the following inequality

IU-U"% < dy

max [|M = M'[% +|C = C"IZ],
IOIFXTX is invertible, d% is the smallest eigenvalue of

max

where dpay is the largest eigenvalue of (X7 X)
XTX. Eventually, we obtain

2
(1= U — U < J(U) - J(U) ~ (VI0), U ~T").

max T

2
Setting p := (1 — ®r41) we have proved that the restriction of f to the affine cone C(R, N) is p-strongly

2
max Sr

convex in the neighborhood V(R, N) of the optimum 7(IR,0,N). We conclude by defining a sublevel set
W C Ugeo, nere—m.r V(R, N) of the function f.
The L x-smoothness of the function f is obtained directly from Equation in Fact

Remark 59. Similarly, we can show from Equation that there exists M > Lx such that for any
U, U € V° with [U,U'] CV°, the function f has M-Lipschitz gradients on [U,U’], since the Hessian is
bounded in V°. Unfortunately, we can not deduce from this observation that f has M-Lipschitz gradients in
VO or is M-smooth in V° since the latter might be nonconver.

H.4 Proof of Corollary [6]
To extend to (SRRR) the result that we proved for (RRR]), we assume that X7 X is invertible.

Proof of Corollary[fl Let u < vx <1 o ) where vy is the samellest eigenvalue of X7 X and V° be defined

S,
as in Corollary 5, As X7 X is invertible, we know from the orthogonal invariance of f(U) and A\|U|; 2 that for
any R € O,., a minimum of F*(U) = f(U) + A|U|1 2 is attained in each cone C(R). Theorem 6.4 of Bonnans
and Shapiro| (1998) guarantees, if its conditions are satisfied, the existence of A such that for any R € O,, the
minimum in each cone C(R) depends continuously on A € [0, )). The assumptions of the Theorem 6.4 are
indeed satisfied and we detail those below :
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(a) The objective F* of (SRRR)) is locally strongly convex on the cone C(I,) around the minimum : indeed,
the restriction to C(I,) of f : U — 4| XU|[% — [YTXU]. is strongly convex according to Corollary
and A|U|; 2 is convex.

(b) For every fixed X in some interval [0, 5\), f is locally Lipschitz with a constant that does not depend on
A and the group-Lasso norm is Lipschitz.

(c) The difference F* — FO = A|| - ||1 2 is locally Lipschitz with a constant /pA which is O(X).

Thus, according to Theorem 6 4 of |[Bonnans and Shapiro (1998), there exists 0 < A < X such that for any
0 < X\ < )\, the optimum of in each cone remains in the neighborhood V° where f is Lx-smooth and
F s p-strongly convex, Wlth the same constants as f for . To conclude and obtain Corollary @, there
only remains to define a new open sublevel set V* of F* inside the sublevel set VO of f.

O

I Proofs for Section 5.3

I.1 Proof of Theorem

The sequence of inequalities to prove Theorem [7|is the same as in Proof B.1 of |Csiba and Richtarik| (2017))
except for the line search condition that plays the role of their smoothness condition. Indeed, the result
remains true if the function is not smooth as long as the condition is satisfied. Let F»* denote the
minimum of F*. We define define the optimality gap function

£:x s FMz) — FM*.
Given t > 0 and a point z € R%, we have also defined
= 1
fra(@) s = (@) + (Vf(2),2" — @) + o’ = 2|F,
F,(2) : = fra(2') + An(2"), (71)
and x is the unique minimum of the strongly convex function th‘w.

Proof of Theorem[} Let z € R? and ¢t > 0 such that the condition is satisfied i.e. ﬁ‘t)‘m(mﬂ > FMNat).
We have

E(at) = FMa™) — P (72)
< B (o) - P (73

f(x) + Mh(z) — FM + (Vf(x), 2t —z) + le* —z|? + Ah(zh) — Ah(2) (74)

)+ ml —||y —z|* + Mh(y) — Mh(2) (75)

={(z) - t%( ) (76)

:g( ) [1 = tou ()] (77)

Equation (72) follows from the definition of £. We have Equation since the condition (LS]) is satisfied.
Equation (74]) comes from Equation (71f). Equation follows from the definition of 21, Equation
from the definition of v; and Equation ([77]) from the definitions of a; and &.

O

Remark 60. A similar result would hold if we used stochastic block coordinate descent as in Lemma 13 of
Csiba and Richtdrik (2017), the proof would again follow Proof B.1 in|Csiba and Richtdriki (2017), with the
same modification about the condition .
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J Proofs for Section [5.4]

J.1 Proof of Corollary

Let u and VY be defined as in Corollary 5| Let R € O, and U € C(R) N VY. According to Corollary [5, f is
p-strongly convex on C(R) NV°. Since the minimal value f* of f is attained on each cone, let U* € C(R) be
an optimum of f. As C(R) N V° defines a sublevel set of the restriction of f to C(R) that is a convex function,
it is a convex set. Therefore, the segment [U*, U] is included in C(R) N V°.

As a p-strongly convex function, the restriction f|c(g)nyo of f to the convex set C(R) N VO satisfies

Fleeve (U*) 2 fleaovs (U) + (V flernvo (U), U* = U) + SJU* = Ul

Since
fU+sU -U)) - f(U)

S

(Vflow(U), U = U) =lim,_+ = (Vf(U),U -U),

we obtain

FO) = £ < (VFU),U-U") = EU - U*[}

2 (L97O) - W -0 - 2Vl )

1
EIIVf(U)II%

J.2  Proof of Corollary 9

First, we need to introduce the following lemma. It is a light modification of Theorem 15 of |Csiba and
Richtérik| (2017)). Apart from the substitution of the Lipschitz constant with %, the proof follows Proof B.2 of
Csiba and Richtarik (2017).

Lemma 61. Let A >0, p >0, C C RP" a convex set, f: RP'" — R be a differentiable function such that its
restriction to C is p-strongly convez, h : RP™ — R be a convex function and F» = f + \h. We denote f, h
and F* the restrictions of f, h and F» to C. F* denotes the optimal value of F* in C. Given U, U’ € C
and t > 0, we denote

FAU') = F(0) + (V)0 = U) + g |U" = U + M(U") (78)
(U) = — 7 in [F(U1) - P©)]. (79)

LetU € C, t >0 and Uy = argming, ¢ [ﬁ”‘(U’) - F)‘(U)] We have

7:(U) > min (1

. u) [PAU) - FM].

Proof. Let U € C such that F* > FA* ¢ >0 and Uy = argming ¢ [}:M(U’) — F/\(U)] We have

P0) = = pin | (VAU = U) 4 310~ U+ 30 ~ )| (50)
= FPU) - i | FO) + (V7). 0 = 0) + 20" = Ul + 30(07)]
> ) - in | 707) - 5107 = U + 2107 - U + @) (s1)
= PO) - iy |0 - 5 (w1 ) 107~ R3] (52)
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Equation follows from Equation and Equation . Equation is due to the u-strong convexity
of f. We denote U* € C the optimum of F* and for all U’ € C, £(U’) := FMNU') — FM*. Let 0 < 6§ < 1,
setting U’ = U + 6(U* — U) in Equation (82)), we obtain :

> FNU) = 6FNU*) = (1= 0)FMNU) + % [ué(l —0)+06° (u - 1)} U = U3 (83)
=3 (W) + By —uiz) - LUt~ Ul (34)

Equation comes from the p-strong convexity of F*. We impose

§U) + 51U - U*|%>
HU = U1

§ = min (1, (85)

Consider the two possible values for ¢ in Equation (8F). First, if 2|U — U*|% < £(U) + 4|U — U*|% we have
0=1and

1 . w1 x
(k-1)1w-vtz (5-1)10-vl 2 ) (56)
Combining Equation with Equation in the case § = 1, we obtain
) 1 Ny e 1
) 2 6U) + 5 (0 3 ) 107 = U > Se). (57)

Secondly, if 1|U — U*|% > £(U) + 4|U — U*|%, we obtain with Equation

(€U) + LU~ —U|2)?

t(U) >
Hu=-Ul%

(83)

Therefore, with Equation and Equation , we have

() + LU - U2)?
2T — U2

o 26(U)p|U* — U3
> min (%S(U)v 2|0 — U2 )

_ . 1
¥(U) > min <%§(U),

(89)
> min (;t u) £(U) = min (;t u) [F\U) — FM].

Equation comes from the inequality of arithmetic and geometric means. O

We can now prove Corollary @ Let V* be the sublevel set defined in Corollary @ Let R € O, and
U € C(R) N V*. According to Corollary |§|, F* is p-strongly convex on C(R) N V*. Since the minimal value
F** is attained on each cone, let U* € C(R) be an optimum of F**. As C(R) N V* defines a sublevel set of
the restriction of F* to C(R) that is a convex function, it is a convex set. Therefore, the segment [U*, U] is
included in C(R) N V.

We define for any U’ € [U, U*] the surrogate (F*|y, +])¢,»(U’) of the restriction of F* to [U,U*] like in
section 5.3 :

- 1
(FMw,oev ) = F(U) +{(V flwp U), U = U) + Z|U" = Ul + MU' |1.2-
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From Lemma we obtain the following inequality for any U’ € [U, U*| such that the condition (LS) is
satisfied :

1 : ) A : 1 A A, *
~ 7 pmin [P oo U) = P (U)] 2 min(g ) [FAU) = P2 (90)

Since
fU+s(U" -U)) - f(U)

- — (VIO). U - 1),

(Viow-(U), U =U) = lim, o+

Inequality becomes :

_1 min {th‘U(U/) fF’\(U)} > min( !

— p) [FMNU) — FM] .
t Urelu, U~ 2t’u)[ () )

The minimum over the segment being lower bounded by the minimum over the whole space, we deduce that
.1 X
() 2 min(5 ) [FAU) = FA].

J.3 Proof of Corollary

Let A > 0 and V* be a non-empty sublevel set of F* such that for all U € V*, F* satisfies the t-strong
proximal-PL inequality, as in Corollary@ Let K >0, tp_1 > % and U* € V*. If UF! and t;, are generated

as in Algorithm [1| from U* € V* and #;_ such that the (LS) condition FA(Uy+1) < F}} 1/ (Ug41) is satisfied,

then we know from Fact |35/ that the inequality ¢ > % is satisfied.
Besides, since

FNUM) < B g, 0" = min F 4, (U') < B g, (U) = FA(Us)

and V* is a sublevel set, it is clear that Ut € V.
To obtain Equation , we can apply Theorem [7|since F* satisfies the t,-strong prozimal-PL inequality
by Corollary |§| with a(ty) := min(i, e

F/\(Uk+1) _ F)\,* < [1 —tka(tk)] [F)\(Uk) . FA’*}
< [1 - min(;,,utk)} [F/\(Uk) - FA,*}
<[1-g] [FAUY) - FM]

where p = min(%,ﬁﬁ) < min(3, uty).

K Supplementary Results and Proofs
K.1 Proof of Lemma [44]

First, we prove the following fact.

Fact 62. If U is a local minimizer of F*, then denoting

Vo€ argmax (V,YTXU), (91)
VeRk:": VTV =I,

the matriz W := UV{F € RP* has to be a local minimizer of Fy, : W — | XW|% — (Y, XW) + A|W
among matrices of RP'F whose rank is smaller than .

1,2
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Proof. We prove Fact by contradiction, supposing that W := U VUT is not a local minimizer. Without
loss of generality, we can assume since F* is invariant when its argument is multiplied on the right by an
orthogonal matrix that the columns of U are orthogonal. Indeed, if the SVD of U is R;XRY, we can consider
instead U’ = R1 Y and modify Vi accordingly. With this assumption, the right singular vectors of W := U VUT
with Vi defined by Equation are exactly the columns of V. Since we supposed that W is not a local
minimizer, there exists a sequence of matrices (Wy)r>0 with rank smaller than r and with limit W such that
for each k > 0, F\,(Wy) < Fy(W). For each k > 0, let V}, be a matrix with r columns containing at least
the right singular vectors of W such that VIV, = I,.. In particular, using the continuity of the singular
spaces (Stewartl 2012, Theorem V.2.7), we can impose that the sequence (Vj)g>0 has limit Viy. The sequence
(Uk)k>0 defined for each k > 0 by Uy = W;,V, has limit U. For k > 0, this would mean W), = UkaT and

FUR) + MUkl 2 = FA(Uy) < Fu(UnVy") < Fu(UV) = f(U) + AU

|1,2-

This would contradict the fact that U is a local minimizer. Therefore W = U VUT must be a local minimizer
of Fy,. O]

Proof of Lemmal[f} We assume that for any S C {1,...,p} of cardinality at least r, the matrix X1V is
full-rank, where Xg is the matrix formed by keeping the columns of X indexed by S. We prove Lemma [44]
by contradiction, assuming that U is a local minimum which has at least r non-zero rows and a rank strictly
smaller than r. Again, we denote Viy € argmaxyry_; (V, Y7 XU) and consider W := UV{¥. First, we write
without loss of generality

W = {V[(;S} , with |S] > r and Wy € RISI* only has non-zero rows.

Secondly, rank(Wg) < r since Wy is extracted from W whose rank is smaller than r. According to Fact
W is a local minimizer of F,, among matrices with rank smaller than r so for any vectors u € RP, v € R¥, the
function ¢ — 1|V — X (W + twv®)|% + A|W + tuv”|1 2 has a minimum at zero. The first-order condition is :

u' XT(Y = XW) + A iz v =0,

where u; € R and denoting W; . the i-th row of W, Z;T = H‘/V;/iuz if W; . is different from zero and z; has a
norm smaller than 1 otherwise. If we impose v € Ker W, we get Wov = 0 and 2}v = 0 for i € S. Therefore
we have,
uI XTY v+ ) Z u;z] v = 0. (92)
i¢s
Since Equation holds in particular for any u € RP such that u; = 0 when i ¢ S, we necessarily have for

any v € Ker Wy,
Xyv=o.

In other words, we have Ker Wg C Ker X1Y. This implies that dim(Ker X2V) > dim(Ker Wg) > k —r
since W has rank strictly smaller than 7. Therefore XY € RISI* has rank strictly smaller than r. This is
in contradiction with the assumption in Lemma [44] O
K.2 Proof of Lemma [45]

Let U* be a full-rank local minimum of F* : U +— 1| XU||% — |[YTXU|, 4+ A|U|1,2. Without loss of generality,
we denote S the support of the rows of U* and we write

* Us
e
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where m is the number of non-zero rows of U and Ug € R™". We also denote

with Xg € R™™ and Xge € R™P~™. Let V € argming cger, yry_; (YTXU*, V) and G* : U — L(|XU |2 —
(YTXU,V)+A|U|i1,2. By Fact we have on the one hand G* > F* and on the other hand G*(U*) = F*(U*)
so U* is a local minimum of G*. The first order conditions restricted to the rows in the set S are

XEXsUs — XEYV +AZg =0 (93)

where Zg := DUg € RISl with D := diag(m, s T Hz)

€ RISLISE and ||Uf ||z, . . ., [|US |2 are the norms
of the rows of Ug. In particular, Equation implies

U [XEXs+ D|Us =UEXEYV.

Since we assumed that |S| > r, the matrix UZ [Xng + D] Us has rank r. Necessarily, U X1Y = U*TXTY
also has rank r.

K.3 Proof of Lemma [46]

Lemma |44 and Lemma [45| combined with Assumption H2 ensure that for any limit point U € I/, the matrix
YT XU is full-rank. Since the set of limit points 2/ is closed and bounded, there exist ¢ > 0 and § > 0 such that
for all U € RP", dist(U,U) < § implies that the eigenvalues of Y7 XU are lower bounded by ¢, where dist(U, )
is the Euclidean distance between U and the compact set /. We denote K° := U,u)<s }
and K% := {U e RPm[dist(U U) < S}

Proposition 6 of (Grave et al 2011) that is recalled in Proposition ., describes the Hessian of the
trace-norm at full-rank matrices : since for any U € K?, the eigenvalues of Y7 XU are lower bounded by ¢,
there exists M > 0 such that the Hessian of f is bounded on K by M. Therefore, for any U, U’ € K° such
that [U, U'] C K°, we have

IVFU) = VHU)F < MU= U'|p. (94)

Fact and Lemma [36| ensure that limy_, o |Ux+1 — Ux|F = 0 so there exists k; > 0 such that for any
k>ky, U € K3 and |Uks1 — Uk|r < g. The triangle inequality implies that [Uy, Ug,1] C K°. Consequently
we have, by Equation , for all k > kq :

IVI(Uk) = VI Urs)lp < MUk = Ugga| -

K.4 Proof of Lemma [49]

Let A € R®" be a rank deficient matrix and Ry DR} be a singular value decomposition of the matrix
S2A. Since S?A is rank deficient, we can assume R; € R""1 D € R""~1 and Ry € R™"~!. Up to a
multiplication on the right by an orthogonal matrix, we can assume, using the orthogonal invariance of f,,
that
S%2A = R1D [Ir—l Or—l] , where I,,_1 € Rr—l,r—l, 0,_1 € R

Let e, € R” be the vector whose components are 0 except for the last one that is 1. Let ¢t € R and @ € R? be
a unit-norm vector such that S2@ is orthogonal to the columns of R; and therefore to the columns of S2A.
We have |ael|r = 1. On the one hand, we can separate the Frobenius norm of S(A + tael) as follows,

1 . 1 1 . 1 1 . 1
SIS(A + tael) [} = SISAP: + 52150l 1} = SISAL: + 5215k} = SISAR: + oft)

On the other hand, for any ¢ # 0, a singular value decomposition of S?(A + tael) is

2 - TN _ s2a 1| D 0 I—1 0p—1
S%(A +tae, ) = [R1 ‘||S‘2a”F} [O |t|||52&"F:| |:0T |-

r—1 [¢]
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We can therefore easily compute the trace norm of S?(A + tael),
[5%(A + tae ). = [S2 Al + [t]S%al p > 1S Al + [¢]s7,
where sy is the smallest eigenvalue of S. So finally, we obtain

fa(A+ta€ ) < fa( ) - S?|t| +0(t)'

K.5 Proof of Lemma

Proof. Let Abe a critical point of f, : A+ 1|SA|%—]|S?A|. and denote V4 € argmaxy cpe,r. yry—; (S, SAVT).
We know from Lemma [49| that A is full-rank and applying Danskin’s Theorem (Danskin| [1967), we have

Vfu(A) = S?(A—Vy) =0. (95)
Besides, writing IIZ R the singular value decomposition of S2A4 with II € R®" a matrix whose columns
are orthogonal, 3 € R™" a diagonal matrix whose entries are denoted o1, ...,0; and R € R™" an orthogonal
matrix, we know that A = V4 from Equation and that V4 = IIR by Fact Therefore, we have
S?A = S*IR
= IIZR=S’TR since IIXR is the SVD of S?A
= TII¥ = S’  since RRY = 1I,. (96)

Let i € [1,7], w := (wy,...,we)T be the i-th column of II. Equation implies that

S%’U)l

o; W = s
S?wg
= Vjel[l,r], (o; — S?)’w] =0.
Since we assumed that si,...,s; are all different, only one w; can be different from zero and must be 1
since w has norm 1. Given that the columns of the matrix IT are orthogonal and contain only one nonzero
coefficient, up to a permutation of its columns, the matrix II has the form given in Lemma
With Lemma we know that A is not a local maximum of f,. If A = IR, we have proved in Lemma

that A is a global minimum. Now assume that A = I, R, with = and II, as in Equation and that there
exists ¢ € {1,...,7} such that 7(¢) > ¢ and for all ' < ¢, w(i’) =i'. We have

1 . 2

SIS(A+teel B = Z1SA + 557, (97)

Since the Frobenius norm of the i-th column of S?(A + te;el R) is USi(i) +t2s} and the columns of
S2(A + te;el R) have disjoint supports, we also have

t* s

2 T 2 4 _ g2 Si
1S2(A + teiel B = [S2AL. — 52 + /1) + st = [S2A]. - >+%@Q+2¢

7(2)

>+OW)®&

Combining Equation (@ with Equation , we obtain

fa(A+teie] R) — fa(A) = t222 (1 B ; > +0(t).
77()

Since we have assumed that 7(7) > 7 and the eigenvalues of the matrix S are strictly decreasing, we have

2
(1 - = > < 0 and A is not a local minimum.
7 (4)
O
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K.6 Proof of Theorem [53|

As in section we consider a permutation 7 : [1;¢] — [1;¢] such that simultaneously n(1) < ... < 7(r)
and m(r +1) < ... < m(¢). We denote

Oy i= (Licr())1<i<e, 1<j<r € R,
and define for ig € [1,£] and jo € [1,7],

lr
FEigjo = (Lizio, j=jo )1<i<e, 1<i<r € RV

We want to compute the Hessian H,,, of f,,, : M — |M|% — |SM]|. at the matrix M = SII,R. It is
well defined according to Proposition 6 in (Grave et al.l 2011) since SM = S?II; R is full-rank. We recall
this result below in Proposition In order to introduce the different eigenvectors of the Hessian of f,,,
we need the singular value decomposition and the polar decomposition of SM. Since M = ST, R and
S211, = deiag(si(l), cee sfr(r)), a singular value decomposition of SM is given by

SM = diag(s2 ), .-, s2y)R, ML =1, and R'R=1I,.

We have 5727(1) > 0> si(r) because we assumed s; > ... > s, > 0 and 7(1) < ... < 7(r). Defining
V=I,RcR" and K = RTdiag(si(l), cee sfr(r))R € R™", we obtain the polar decomposition of SM :

SM=VEK, V'V=I and K¢S (99)

with S;* the set of positive-definite matrices in R™". We also denote S, = {H € R™" | HT = H} the set of
symmetric matrices in R™".

First we focus on a set of directions where the restriction of f,, is exactly a quadratic strongly convex
function.

Fact 63. The restriction of M' w |SM'|. to the affine subspace {M + S~2MH | H € S,.} is linear in a
neighborhood of M, its Hessian at M is zero. Consequently, the Hessian of fy, : M — L|M|% — |SM].
restricted to the subspace Tic := {S™2MH | H € S,.} is exactly the identity. A basis for T is the concatenation
of (ST (Er),; + Erg),i)R)1<icj<r with (ST Ergy i R)1<i<r.

Proof. For any matrix M such that the polar decomposition of SM has the form V B with B € ST, we have
|SM|. = (SM, V). Indeed, if QDQT is a singular value decomposition of B with Q € R"™", QTQ = I, and
D € R™" a diagonal matrix, then (VQ)DQ? is a singular value decomposition of V B. Using Fact 25| and
Fact 27 we have 3 ) )

[SM|.. = (SM, (VQ)QT) = (SM, V).

Consequently, we have
- 1. - .
SN0 = 13| = (SN, V).

In particular, for any A = STV H with H € S, such that K + H € S;F, we have M + A = S7'V(K + H)
since M = STV K according to Equation and

Fn(M + 8) = ZIM + A} — (S(M + A),V).

Therefore, the Hessian of A +— f,,(M + A) restricted to the subspace Tx := {S™'VH, H € S, } is locally the
identity. Note that S™'V = §~2SII,R = S~2M since V =II,R and M = SII.R so

Tx ={S™2MH, H € S,}.
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We can also use M = STI; R to write

T = {S™'I,RH, H € S,}
= {STUI,HR, H € S,}. (100)

For Equation (100}, we have used the fact that for any orthogonal matrix R € R™", the application
H — RTHR is an automorphism of S,. We then obtain a basis for Tk using the fact that the concatenation
of (Eiﬂ' + Ej,i)1§i<j§r with (Ei,i)lgigr is a basis of ST and for any 1 S i, j S T, Hﬂ-Ei,j = E‘n’(i),j-

Secondly, the invariance of f,, when its argument is multiplied on the right by an orthogonal matrix gives
a set of directions included in the kernel of the Hessian.

Fact 64. The subspace Tr := {MT | TT = —T, T € R""} is included in the Kernel of the Hessian of f,, at
M = SIIR. Additionally, Tx &+Tr = {MF | F € R""} and a basis for Tg is (S(Exi),j — Er().i) R)1<i<j<r-

Proof. Since M is a critical point of f,,, which is invariant when its argument is multiplied on the right by
an orthogonal matrix, then by (Li et al., [2016, Theorem 2), the subspace that is tangent to the manifold
{MR'| R’ € O,} is included in the Kernel of the Hessian of f,, at M. In Example 4, |Li et al.| (2016) show that
this subspace is exactly Tr := {MT | T € R"", TT = —T}. Since M = STI, R and the set of antisymmetric
matrices of R™" can be written {R*TR | T € R™", TT = =T}, a basis for T is (S(Er(:),; — Er(j),i)) R)1<i<j<r-

To show that {MF | FF € R™"} can be decomposed with the given orthogonal sum, it is first important to
notice that

Tx ={S"'VH|HcS,}
={MK'H|HcS,}. (101)

We have used Equation to obtain Equation (L01f). It is then sufficient to notice that both Tx =
{MK7'H|H€S8,} and Tr = {MT | T" = —T, T € R""} are included in {MF, F € R™"}, they are also

orthogonal given the bases that we have introduced and finally, their dimensions are respectively T+ and

2
@ since M is full-rank so their sum must be equal to {MF | F € R""} which is of dimension 7. O

What remains to study is the eigenvectors and the corresponding eigenvalues of the Hessian of f,, at M
in the subspace that is orthogonal to {MF | F € R™"}.

Fact 65. Forr+1 <k </ and 1 < j <r, the matriz E,) ;R is an eigenvector of the Hessian of fm,

2
restricted to the subspace Ty = {C € R | MTC = 0} and the corresponding eigenvalue is 1 — i;‘“") .

()

To prove Fact we use the following result.

Proposition 66. (Grave et all 2011, Proposition 6) Let £ > r, N € R" be a full-rank matriz and
W2ZT € RO be its singular value decomposition, with W € RO, WITW =1,, % = diag(oy > ... > o) €R"T
with o, >0, Z € R™" and ZTZ = I,. Let Wy € R4~ such that WOTWO =T, and WTW, = 0. We denote
(wi)1<i<r the columns of W, (zj)1<j<r the columns of Z and (wk)r+1<k<¢ the columns of Wy. For any
A € RY", we have :

IN + A = IN|. + (W27, A)

(w] Azj —w] Az)?

1
+5
2(0’1' + Uj)

T, 1)

1 (wTAZ‘)2
T Y (1) (102)
rH1<k<L, 1<5<r !
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Proof of Fact[65 Given a perturbation AR of the matrix M, we have

|SM + SAR|, = |S*I1.R + SAR]., (103)
= |S%11, + SA|. (104)
Equation (103 comes from M = STI,R and we have Equation (104) since the trace-norm is orthogonal

invariant. Thus, we apply Proposition [66| for a perturbation SA of the matrix S?II, whose singular value
decomposition is Hﬂdiag(si(l) > > si(r)). With the notations of Proposition this corresponds to

wW=1II,, X = diag(si(l) > > sfr(r)) and Z = I,. Let Wy € R44~" be the matrix whose columns wy, are
the ey for r +1 <k < £, then WEWy = I, and WTW, = 0. We have

|S?Tr + SAL. = |S*TLe | + (W27, SA)
1 (wI'SAz; — w]TSAzi)2
5 D

2 2
1<i<r, 1<j<r 2(877(i) + Sﬂ(j))
1 (wFSAz;)?
52 EEE oAl
r1<k<e,1<j<r (5)

= ”S2H7r”* + <H7raSA>

1
5 D

1<i<r, 1< <r

(sﬂ(i)eZ(i)Aej - sﬂ(j)eZ(j)Aei)2

2 2
2(s7(i) + 52(s))

2
1 Sr(k
+5 2 (i Az + o(1AT):

B e

Note that in the first sum, A only intervenes through a product with the transpose of an element e ;) that
belongs to Im M. Since we already studied the effect of the Hessian on the subspace {MF | F € R™"} in
Fact [63] and Fact [64] we focus on the effect of the Hessian in the orthogonal subspace that is described in the
second sum. Given a perturbation A of the form Wy FZ” with F' € R“~"", we have on the one hand

|S°Ir + SA[, = [S*TLx]s + (I, SA)

2
1 Sﬂk

+3 Y 2w WoFZ ) + ol|AlF)
r+1<k<e,1<j<r ()

= |S°I . + (ILy, SA)
1 Sfr(k) 2 2

+s > T E2 L+ o(lAl%). (105)
r+1<k<e,1<j<r ~m(J)

Equation (105]) comes from €Z(k)W0 = (Lick—r)Tcicpr and Z72; = (Li=j)1<i<s-
On the other hand, T

1 1 1
1M+ ARIE = SIM[E + SIAR[E + (M, AR)

1 1

= 5IMIF + SIALG + (ST R, AR) (106)
1 1

= SIMI% + S IWoF ZT 3 + (STLs, A) (107)
1 1

=5IMIE+5 Y F+(SIL A) (108)

1<i<b—r, 1<5<r
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Equation (106) follows from M = SII, R, Equation (107) from A = WyFZT R and Equation (108) from
WEWy = I, and Z = I,. Combining Equation (105) with Equation (108]), we obtain for A = WoFZ7T

2
(M4 AR) = fu(M) 45 Y (1 - 82"“) F2, ;+o(lAl).

r+1<k<e,1<j<r i

()
Since Wy € R4 is the matrix whose columns are the €x(k) forr+1<k</{and Z = I,, we obtain the last
eigenvectors of the Hessian of f,, : for r +1 <k </ and 1 < j <r, the matrix E.) ;R is an eigenvector

2
: . Sr(k
associated to the eigenvalue 1 — . O
()

Remark 67. Note that we could have directly used Equation (102)) to prove simultaneously Fact@ Fact
and Fact[65 but we believe that the proposed analysis helps understanding the structure of the eigenspaces.

Eventually, we have proved that the Hessian of f,, at M is block diagonal on the three orthogonal
subspaces :

o Tic:={S™2MH | H € S,} where the eigenvalues are all equal to 1.

o T := {MT | TT = —T} where the eigenvalues are all 0.
92
o Ty :={WyC | C € RE"""} where the eigenvalues are the 1 — FE forr+1<k<(1<j<r

w(5)

We summarize the eigenvectors of the Hessian of f,, : M' +— 2|M'|3 — |SM’|, at M = ST R in the
table below.

Eigenvectors and Eigenvalues of the Hessian of f,, : M’ — L|M'|% — |SM'|, at M =11, R
Indices Number of elements Eigenvectors Eigenvalues
1<i<r r S_lEﬂ(i)’iR 1
1<i<j<r rr=1) ST Er(iyj + Exiyi)R 1
1<i<j<r ) S(Ergiy; — En(jyi)R 0
2
r+1<k<{1<5<r r(f—r) Er ;R 1_%

L KL with exponent %

As announced at the end of Section we show in Section that the geometric structure leveraged in
Corollary@ can be used to prove that F'* has the KL property with exponent % near the set of optima. While
in the core of the article, we proposed a direct proof of Corollary [I0] based on Corollary [9] and Theorem [7} we
present in Section an application of the framework developed by [Csiba and Richtarik| (2017) to show that
the KL property with exponent % (instead of the PL inequality) also leads to linear convergence. The proofs
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appear simpler than the ones encountered in (Attouch and Bolte, [2009} |Attouch et al., [2013} |(Chouzenoux|
let al.l |2014} [Frankel et all, [2015)) as the algorithms considered in these papers are more general while we
restrain our study to the proximal gradient algorithm with line search.

L.1 KZE-1 on cones for (RRR]/|[SRRR)

We assume that X7 X is invertible. Let span C(I,) be the subspace spanned by C(I,.) = 7(C,(I,.), RP~%7)
with 7 defined in Equation () and C,([,) defined in Equation (8). Let F}* be the restriction of F* to C(1,) :
it is defined for any U € span C(I,.) as F (U) = FA(U) if U € C(I,;) and F} (U) = +o0 otherwise. From the
structure described in Corollary |§|, and since 7 is a linear invertible change of variables, we know that F’ I/\T oT
I,
OZ—T,T

is strongly convex in a neighborhood of (f, Op—e,r) = ([ ] ,0p—p,) included in C,(I;.).
Fact 68. Let F be a proper lower semi-continuous function. If F is p-strongly convex in a set ¥V C R then

given x* € V, F has the Kurdyka-Lojasiewicz property at x* € dom OF with exponent 1/2 : there exists n > 0
and a neighborhood U of x* such that for allx e UN{y | F(a*) < F(y) < F(x*) + n}, we have

C

Proof. Let «* € V. First, if 0 ¢ 0F (z*), then by Lemma 2 of |Attouch et al| (2010)), there is ¢ > 0 and a
neighborhood U of z* such that for any = € U, we have

dist (0, 0F (z)) >

[

and F(z)— F(z*) <1,
so Equation ([109)) holds for any = € U.

Secondly, assume that 0 € OF(xz*). Let € V such that F(z) > F(a*) and v € dF(z). Since F is
p-strongly convex, we have :

F(x) = Fa*) < (v,0 —a7) = o —a"|?

1 1 1 " ”
= [M2||v||2 - ﬁllvll2 2 vz —at) —fr—a I”

I

1 1
[Jﬂ”ﬂx—ﬁ—ﬂZ
u u

IN

o).

. . . 1
Therefore, we obtain Equation (109) with ¢ = ok

1 1

V21 \/F(z) - F(z*)

dist(0,0F (x)) > 1.

O

Since FI)‘T is strongly convex, it is a KL—% function by Fact This is key to apply the following result.

Theorem 69. (Theorem 3.2 in|Li and Pong, |2017) Consider a >b>1, g : R® — R a proper closed function
and h : R* — R? a continuously differentiable mapping. Suppose in addition that g is a KE function with
ezponent o € [0, 1) and the Jacobian Jh(Z) € RY® is a surjective mapping at some T € dom goh. Then goh
has the KE property at T with exponent c.
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Let I,,—¢, : RP—67 s RP=4T be the identity function and & : R4" — C(I,) be the function defined for
full-rank matrices based on the polar decomposition :

_ | B o By
o [BJRER — {BJ,

where B; € §f*, R € O,. This definition is correct as the polar decomposition of a full-rank matrix B; is
unique. Given the orthogonal invariance of F* and F* o 7, we have

F = FI)‘ oTo(d,l—¢r)o0 L.
1

Before applying Theorem |69| with g = FI/\T orand h =g o7~ ", we first have to prove that its assumptions are
satisfied. Clearly, the Jacobian of 7, 77! and I, are surjective since these are linear invertible functions.

Ax
Ay
The Jacobian JG(A) is a surjective mapping.

Proposition 70. Let A = [ } € R4 such that A; € R™" is a square invertible matriz and Ay € R,

Proof. Thanks to the polar decomposition, we know that there exists By € S+, B, € R  and R € O,

such that
_ | B
A= [
_ B
Consequently, we have 5(A) = [ ]

By
AN
Ag

[21] — [Ml] R where M, € R™" is a symmetric matrix, My € R*~"" and
2

Also, given A = [ ] € R®" such that Ay € R™, Ay € RE™ and A+ A € Cpr, we can write

M

GA+A) = (A+ AR = 5(A) + ART = 5(A) + {%ﬂ .

Therefore, we can identify the differential of & on the set of matrices { Ml] R with M; symmetric with
2

the linear application M + M RT. The surjectivity of this differential is obvious. O

Corollary 71. Let 0 < X\ < X and a sublevel set V> be defined as in Corollary @ The function F» has the
KE property with exponent 1/2 in the sublevel set V.

Proof. According to Fact FI); oTisa KL—% function around its optimum since it is locally strongly convex.
Consequently, F* = [F}* o 7] o [(7,1p—s,) o 77 '] is the composition in the sublevel set V* of a KE-3 function
with a smooth function that has a surjective Jacobian mapping, according to Proposition [T0] We deduce
with Theorem [69] that F* has the KL property with exponent % in V. O

L.2 From KL with exponent i to (t-strong prozimal PL)

Here, we prove that the KL—% property in Y for the function F* of SRRR leads to linear convergence in
Algorithm [1} This result differs from Theorem 15 of |Csiba and Richtarik| (2017 for which they assumed
strong-convexity instead of the K¥ property with exponent %

As in Theorem [43] we make the assumptions H2 and #H3 in this section so that we can use Lemma [46]
Indeed, we need these extra assumptions because although the function f we consider for SRRR is L x-smooth
with Lx the largest eigenvalue of X7 X, it may not have Lipschitz gradients in the entire sublevel set defined
in Corollary [6] mainly because the latter is not convex.
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We denote for any U € YV}, and ¢t > 0 :

Ru(U") = fO) + (V). U = Uy + 2|0’ = UP + MU (110)
W0) =~ min [Ru() - PA0)]. (111)

Before obtaining in Proposition [73| a result similar to the (t-strong prozimal PL)) property, we first need
to introduce the following result. It is highly similar to Lemma [36] but is is adapted to the present context.

Lemma 72. Let U € V* and Uy := argming cgp.r [F{}U(U’) - FA(U)] There is a subgradient sy, of |- |12
at Uy such that
Up —U=—-t(Vf(U)+ Asy,), (112)
1
WU) = SV AU)+ dsur (113

Proof. Equation (112]) is a direct consequence of the first-order optimal conditions for Problem (111f). We
also have

By(U4) = FNU) = J(U) + (V). Uy~ U) + 2 |Us ~ U + AUz = (0) = U2 (114)
= (VI(U) + dsu, Uy = U) + 2|V S(U) + s 13
FA[T s + (s, U = U3~ [Ulh2] (115)

t
< —§||Vf(U) + Asu, |- (116)

In Equation (114)), we simply use Equation (110)). Equation (115]) follows from Equation (112]). Equation (116)
follows again from Equation (112)) and from the convexity of | - |1,2. Therefore, we have

1
() 2 5[V f(2) + Asu, .
O

Proposition 73. Let ky > 0 be defined as in Lemma k > ki and assume that U, € VN\Q*. Let
Uk+1 = argming, cgp.» {Ff"“Uk v - F)‘(Uk)]. We have

(L4 (Mtr)*) e, (Ur) = FA(Upgr) — F. (117)

Proof. We know from Lemma 72| that there exists a subgradient sy, ,, of U’ + |U’|12 at Uj41 such that

U1 = U — g [Vf(Uk) + )\sUk+1] . (118)
We have
”vf(Uk+1) + )\SUk+1 "2 < QHVf(Uk) + )\SUk+1 "2 + 2||Vf(Uk) - vf(Uk+1)”2 (119)
< 2|V (Uk) + Asv, i, | + 2MP| Uy, = Uppa|? (120)
< 2|V (Uk) + Asv i, |2+ 2(M )2 [V f (Ur) + Asuy |2 (121)
<2(1 4+ (Mty)) |V f(Ur) + Asu,, |2 (122)
<A1+ (Mty)*)7:(Uy) (123)
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We obtain Equation (119)) using the triangle inequality and the inequality of arithmetic and geometric means.

Equation (120)) is due to Lemma We have Equation (121)) thanks to Equation (112)). Equation ((122])
follows from Equation (113)) in Lemma
Since |V f(Ug+1) + Asu,,, |? is an upper bound of dist(0, 0F*(Uy41))?, Equation implies that

dist (0, 0F*(Up41))? < 4(1 + (Mtg)H) e, (U).

Besides, we know from Corollary [71|that there exists ¢ > 0 such that for any U’ € V*, the function F*
satisfies the inequality :

dist (0, 0F*(U")) > =\/FNU') — FA+. (124)

[SIN )

The element Uy41 being in the sublevel set Y since F)‘(Uk+1) < F)‘(Uk) and Uy, € V)\7 we finally obtain
with Equation (124]) :
1
(1 + (Mtk)Q)’Yt(Uk) > ?(FA(Uk+1) — F)"*)

O

Remark 74. Note that Equation (t-strong prozimal PL)) in Section that is to say in the PL framework,
can be written

Y (U) > e [FMNU) = FM] with ¢y > 0,
while Equation[I17, in the KL framework, can be written,

Y (U) > co[FMNUL) — FM] with ¢o > 0.

The right term depends either on U or U, and this is the main reason for the differences found in the
computations between the two frameworks.

We denote
£:U = FMNU') — FM.
Proposition [73] finally leads to local linear convergence, as encountered in Proposition 5.1 of
(2017) for batch proximal gradient descent. As in Proposition 5.1 of [Li and Pong| (2017, we have to use an

upper bound d > 0 on the step size ¢ while this was not necessary when we used the Polyak-Lojasiewicz
inequality instead of the Kurdyka-f.ojasiewciz inequality.

Proposition 75. Let ky > 0 be defined as in Lemma[{6 Assume that there is d > 0 such that for any
k > ki, we have t), < d. There is 0 < p < 1 such that for any k > ky, if Ui, € VA\Q*, then we have :

§(Ug+1) < (1 = p)&(Uk).
Therefore, the convergence of Algorithm/[1] is locally linear.

Proof. Let k > ki, U, € V* and

Uk41 = argmin [ﬁ‘{:,Uk(U/) - F)‘(Uk)} :
U'’€Rp:7 i

First, from Equation (117)) in Proposition we have

’Ytk(Uk) > 1
EUky1) — (1 + (Mtg)?)

(125)
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Secondly, we have

E(Ur41) < E(Uk) — trve, (Ur) (126)
< E(Uk) =t 7(tU(]Z]fl)))f(UkH)
1
< &(Uk) — tkmf([}k+l) (127)
<€) - e (Uki). (128)

t -
M1+ (Md)?)
Equation (126)) comes from Fact Equation ([127)) follows from Equation and Equation (|128]) follows

from the assumption t; < d. Consequently, we have

1
EUir1) < (0
T EF M)

< ! £(U) (129)

8
L+ srraram

<(1—-p)Ux) withp:=1-

1

3 .
L+ Zrrarara
We have Inequality (129 . since tg, > 7= for k sufficiently large by Fact O

Proposition [75] finally leads to local linear convergence for the forward-backward algorithm applied to
(SRRR)). The proof in this section is different from the core of the article since we used KL inequalities instead
of PL inequalities for the proof.

M Additional details and results on the experiments

M.1 Algorithm of Park et al. (2016)

To evaluate the performance ofAlgorithm [I] for RRR, we compare it with the algorithm proposed in [Park et al.
(2016), which minimizes the biconvex formulation of Problem i.e. with the form of Equation . To avoid
the scaling issue due to the invariance of the objective by any transformation (U, V) +— (UC,VC~T) where C
is a square invertible matrix, the formulation they propose to add a regularizer (U, V) — 1|UTU — VTV|%,
which does not change the optimal value of the function. With this differentiable function, simultaneous
gradient descent in U and V is feasible. However, this regularization scheme is not applicable if a group-Lasso
penalty is added, because the latter is not compatible with imposing the constraint UTU = V™V at the
optimum.

M.2 Different values of the correlation coefficient p

Given that the choice of p has a strong impact on the running time, we report in Figure [5] and Figure [f]
additional results for different values of the parameter p. Apart from this modification, we test the algorithms
with the same setting as in Section [6] This change corresponds to modifying the correlation between the
columns of the design matrix X. Although the speed of the algorithms decreases when p increases, the
relative order of the methods remains the same.

M.3 Different sparsity scenarios

To assess the quality of the algorithm when the proportion of zero rows in Wy varies, we present Figure
where the proportion of zero rows pq is respectively 0.5 and 0.8, that is Wy has 50% and 80% of zero rows.
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Figure 5: (Left) RRR : p = 0.4. (Right) RRR : p = 0.8. Times reported are times to reach a gap of 10~*
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Figure 6: (Left) SRRR : p = 0.4. (Right) SRRR : p = 0.8. Times reported are times to reach a gap of 107%.
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Figure 7:  (Left) SRRR : p = 0.6, po = 0.5 and A = 0.02. (Right) SRRR : p = 0.6, po = 0.8 and A = 0.02.
Times reported are times to reach a gap of 1074
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