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A Proof of Theorem 3

We start our proof with the following auxiliary claims.
Claim 1. Suppose that max;||W; — A;|| < 0 and |W;]| = 1. We have:
1. (Wi, Ai) > 1—62%/2 for any i € [m);

2. (Wi, As)| < /i + 6, for any j £ 1 € m];
3. ZjeS\{i}<Wi’Aj>2 < O(pk/n + %) for any S C [m] of size at most k.

Proof. The claims (i) and (ii) clearly follow from the J-closeness and p-incoherence properties as shown below.
(Wi, Ai) = 1= (1/2)[W; — Ail|* 21— 6%/2,

and
(Wi, Aj)| = [{As, Aj) + (Wi — Ay, Aj)| < pu/v/n 6.

For (iii), we apply Cauchy-Schwarz to bound each term inside the summation. Precisely, for any j # ¢,
(Wi, Aj)? < 2((As, 45)° + (Wi — Ay, 45)?) < 202 I+ 2(W; — Ai, A).
Together with ||A]| = O(y/m/n) = O(1), we finish proving (iii) by noting that

Y (Wi Ay < 20%k/n + 2| AG(W; — A7 < 24°k/n + 2| As|P[W; — Ail|* < O(uPk/n + 6).

jes\{i}
|
Claim 2. Suppose |W;|| = 1, then max;|(W;,n)| < oy, logn holds with high probability.
Proof. Since n is a spherical Gaussian random vector and ||W;|| = 1, (W;,n) is Gaussian with mean 0 and variance
J%. Using the Gaussian tail bound for (W;,n) and taking the union bound over i = 1,2,...,m, we have that
max;|[(W;, n)| < o, logn holds with high probability. [ |

Proof of Theorem 3. Denote z = WTy + b and let i € [m] be fixed for a moment. (Later we use a union bound
argument for account for all ). Denote S = supp(z*) and R = S\{i}. Notice that x; = 0 if ¢ € S by definition.
One can write the ™" entry z; of the weighted sum z as

zi =W (Asas +n) +b;
= (Wi, Agya; + > (Wi, Aj)as + (Wi,m) + b;
jeR

where we write Z; = > je r(Wi, Aj)x}. Roughly speaking, since (W, A;) is close to 1, z; approximately equals x}
if we can control the remaining terms. This will be made precise below separately for different generative models.

A.1 Case (i): Sparse coding model

For this setting, the hidden code z* is k-sparse and is not restricted to non-negative values. The nonzero entries
are mutually independent sub-Gaussian with mean x; = 0 and variance ko = 1. Note further that a; € (0, 1] and
as = oo and the dictionary is incoherent and over-complete.

Since the true code takes both positive and negative values as well as sparse, it is natural to consider the hard
thresholding activation. The consistency is studied in [16] for the case of sparse coding (see Appendix C and also
work [28], Lemma 8 for a treatment of the noise.)
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A.2 Case (ii) and (iii): Non-negative k-sparse model
Recall that S = supp(z*) and that z} € [a1,as] for j € S. Cauchy-Schwarz inequality implies

. p2k?
< 2 Al < any | —— + ko?,

JER

1Zi] = | > Wi, Az
JER

where we use bound (ii) in Claim 1 and ||z*|| < aoVk.

If 1 € S, then w.h.p.

2 = (Wi, Apai + Zi + (Wi, m)

112k2
> (1—52/2)a1 —ag\| —— + ké2 — o, logn+b; >0
n

for b; > —(1 — 8)a; + a26vk and a26vk < (1 — d)ay, k = O(1/6%) = O(log® n), u < 8y/n/k, and o, = O(1//n).
On the other hand, when i ¢ S then w.h.p.

zi=2Z;+ (Wi,m) +b;

2).2
< aQ\/L + ké% + o, logn +b;
n

<0

for b; < —ag4/ ”2”’“2 + ké? — o, logn = —ay0Vk.

Due to the use of Claim 2, these results hold w.h.p. uniformly for all i and so supp(x) = S for x = ReLU(W Ty +b)
w.h.p. by We re-use the tail bound P[Z; > €] given in [11], Theorem 3.1.

Moreover, one can also see that with high probability z; > a1 /2 if i € S and z; < as0VEk < a; /4 otherwise. This
results hold w.h.p. uniformly for all i and so 2 = threshold; /5(2) has the same support as 2* w.h.p. |

B Proof of Theorem 4

B.1 Case (i): Mixture of Gaussians

We start with simplifying the form of g; using the generative model 3 and Theorem 3. First, from the model we
can have p; = Pz} # 0] = ©(1/m) and E[n] = 0 and E[nn"] = 021. Second, by Theorem 3 in (i), 14,20 = 2} =1
with high probability. As such, under the event we have z; = o(Wly + b;) = (Wly + bi) 120 for both choices
of o (Theorem 3).

To analyze g;, we observe that
v =E[(Wyl + bl +yW)(y — Wa)(Ler 20 — 1u,20)]

has norm of order O(n~*()) since the failure probability of the support consistency event is sufficiently small for
large n, and the remaining term has bounded moments. One can write:

9i = —E[Lgr oWyl + bid + yW)(y — Wa)] + v
= *]E[le;éO(WiTyI + sz‘T +0,1)(y — WiWiTy —b;Wi)| +~
= —E[Lyz oWyl + yW) (I = WiW] )yl + bE[Ls20(W] yI + yW] )W,
— bB[1prz0( — W;W )yl + BIWiE[Lyr 0] +

=g + 0P + g+ pibW; 4,
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Next, we study each of ggt)

denote A\; = (W;, A;). Then

,t =1,2,3, by using the fact that y = A; + n as 7 = 1. To simplify the notation,

gt = —E[(W] (As + mI + (A + )W) (I = WW)(Ai + 0) Loz o)
= —E[(\d + AW+ (Wi, )T + W) (I = WiW[) (A; + n)Lar 2]
= —(\d + AW (A = NW)Pla} # 0] — E[(Wi,m) T + W) (I — W[ )l 4]
= —piXiAi + AW — E[(Wi,m) ] +qW,)(I — Win'T)Ulw#O],

where we use p; = P[z} # 0] and denote |W;|| = 1. Also, since 7 is spherical Gaussian-distributed, we have:

E[(Wi, )T + W) (I = WiW, )nles z0] = piE[(Wi, )y — (Wi, n)* W]
= pioy (1 — |Wil|*)W; =0,

To sum up, we have
g = A + P AW (6)
For the second term,
0® = bR 2o(WEyT + yWI)Wi = biE[Ly: 2o (W (Ai + )T + (A; + )W) Wi

= bE[(AWi + [Wil|* Ai) Las 0]
= pibi Wi + pibi A;. (7)

In the second step, we use the independence of spherical  and x. Similarly, we can compute the third term:

97 = =bi(l = WiW)E[yLy: 0] = —bi(1 = Wil E[(A; + )Ly 0]
= —pibi(I = W; W) A;
= —pibiAi + pibi MW (8)

Putting (6), (7) and (8) together, we have

9i = —PiNiAi + pi(A] + 2000 + 0))Wi +

Having established the closed-form for g;, one can observe that when b; such that A? + 2b;\; + b? ~ \;, g; roughly
points in the same desired direction to A* and suggests the correlation of g; with W; — A;. Now, we prove this
result.

Proof of Lemma 1. Denote v = p;(A? 4 2b;\; + b7 — \;)W; + . Then

9i = —PiXiAi + pi(A + 2000 + )W + 9)
=piXi(Wi — A;) + v,
By expanding (9), we have

1
Dii

1
lgill* = padill W — Aq* — mllvﬂz-

2<U, Wi — Az> =

Using this equality and taking inner product with W; — A; to both sides of (9), we get

1 1
2(gi, Wi — A;) = pi\i||[W; — Ag|]? + PRy lgill* — EHUHZ-
12

We need an upper bound for |[v||*. Since

|(bs + M) — N <2(1—)\)
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and
2(1 - N) = [[W; — A%,

we have:

(B 4+ X0)% = Nl < Wi — Ai|? < 6[[W; — Al
Notice that

[0l = [Ips (A7 + 2b3A; + b7 — X)W + |1?
< 2p28%| Wi — Ayl + 2)v]%

Now one can easily show that

1 2
2 7 i*Ai > 1‘)\1*252 ifAiQ 1,27 2.
(90 W = A = i = 269 [Ws = A+ = [aul = =1

B.2 Case (ii): General k-Sparse Coding

For this case, we adopt the same analysis as used in Case 1. The difference lies in the distributional assumption of
x*, where nonzero entries are independent sub-Gaussian. Specifically, given the support S of size at most k with
pi = Pli € S] = ©(k/m) and p;; = P[i,j € S] = O(k?*/m?), we suppose E[z}|S] = 0 and E[z§z5"|S] = I. For
simplicity, we choose to skip the noise, i.e., y = Az* for this case. Our analysis is robust to iid additive Gaussian
noise in the data; see [28] for a similar treatment. Also, according to Theorem 3, we set b; = 0 to obtain support
consistency. With zero bias, the expected update rule g; becomes

gi = —E[(WiTyI + szT)Q/ - W$)1m7ﬁ0]~

For S = supp(z*), then y = Aga%. Theorem 3 in (ii) shows that supp(z) = S w.h.p., so under that event we can
write Wa = Wszg = Ws(W1'y). Similar to the previous cases, v denotes a general quantity whose norm is of
order n=*( due to the converging probability of the support consistency. Now, we substitute the forms of y and
z into g;:

gi = —E[(W]yI +yW])(y — Wa)1,, 0]
= —E[(W]yI + yW)(y = WsWy)Lazz0] + 7
= —E[(I - WsW§ ) (W[ Asas) Asglar zo] — E[(Asaz )W, (I — WsW§ ) AsziLar20] +

1) (2

Write
93 = ~E[(I - WsWE) (W] Asay) AsaLas 20lS),

and
(2) _ * T T *
giﬁ = —]E[(Asl‘S)Wi (I - W5'WS )Asxslx;«;ﬁo‘S],

%

so that gfl) = E(gl(ls)) and g?) = E(g(Q)). It is easy to see that E[zjz}1.r20|S] = 1ifi =j =1 € S and

E[z}x] 1. £0]|S] = 0 otherwise. Therefore, gglg becomes

g = —E[(I - WsWE)(WT Asas) AsaLa: 20lS] (10)
== > E[(I - WIWs) (W, A;) Az} 1,r 40/ 9]
3,leSs

= - NI —WsWA,, (11)



Thanh V. Nguyen*, Raymond K. W. Wong', Chinmay Hegde*

where we use the earlier notation \; = WiTAi. Similar calculation of the second term results in

9% = ~E[(Aszs) W (I — WsWE) AsahLar 20lS] (12)
= —E[)_aj AW (I = WsWE) > af Aly: 40lS]
jES 1es
=— Z E[AjWiT(I — WSWST)Alxjxfsgn(xf)\S]
j,les
= —AWI(I - WsW)A; (13)

Now we combine the results in (10) and (12) to compute the expectation over S.

9 =Elg3 + g3+~ (14)

= —ENI - WeW3)A; + AW = WsW§)A;] +
= —EQR2NA; — A > W;W A - AW Y WW A+
jes jeS
= 72}77)\7147 + ]E[)w Z WJWJTAZ + Z<WZ, WJ><A1, WJ>A7] + v
jES JES
= =2\ A; + EDIW; + D (Ag, W)W + N[ Wil 24 + > (Wi, Wil (Ai, W) Al + 7,
JER JER

where p; = P[i € S] and R = S\{i}. Moreover, ||W;|| =1, hence

gi = —DiNiAi + PN Wi+ > pighiAn, W)W + pig (Wi, Wi (Ai, Wy) Ai) +
Jje[m]\{i}
= —piXiAi + AW + MW diag(pi )W As + (W] W_idiag(pi; )W, Ai) Ai + 7, (15)
for W_; = (Wy,...,W;_1,Wii1,..., W,,) with the i*® column being removed, and diag(p;;) denotes the diagonal
matrix formed by p;; with j € [m]\{i}.

Observe that ignoring lower order terms, g; can be written as p;\;(W; — A4;) + p;Ai(\; — 1)W;, which roughly
points in the same desired direction to A. Rigorously, we argue the following:

Lemma 2. Suppose W is (8,2)-near to A. Then

1

2091, Wi = Ai) = pdd[We = AP+

lgill* = O(pik?/n*N;)

Proof. We proceed with similar steps as in the proof of Lemma 1. By nearness,
W1 < [W — Al + [[A]l < 3[|A]l < O(v/m/n).
Also, p; = O(k/m) and p;; = ©(k?/m?). Then
IW_idiag(pij) WAl < pil[W-idiag(pi; /o) WE|

< pilW=il|? T?gf(pij/pi) = O(pik/n).

Similarly,
[WW_idiag(pi; )W, 4i) A || < O(pik/n).

Now we denote
v = pi)\i()\i — 1)Wi + /\J/V_ldlag(p”)VVE;Az + (WzTW_zdlag(pU)WzAl)Al + .

Then
gi = pihi(Wi — Ay) +v
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where ||v|| < piXi(6/2)[|W; — A;|| + O(pik/n) + ||7]|- Therefore, we obtain

52 1
29, Wi = Ai) 2 pdi(1 = ) [Wi = Ail]” + —==[lgi]* = O(pik® /o).

i \i
where we assume that ||| is negligible when compared with O(p;k/n). [ ]

Adopting the same arguments in the proof of Case (i), we are able to get the descent property column-wise for
the normalized gradient update with the step size ¢ = max;(1/p;);) such that there is some 7 € (0, 1):

Wt — A2 < (1= 7)W= Ail|* + O(pik? [n®\).
Since p; = ©(k/m), Consequently, we will obtain the descent in Frobenius norm stated in Theorem 4, item (ii).

Lemma 3 (Maintaining the nearness). |[W — A| < 2||A]|.
Proof. The proof follows from [16] (Lemma 24 and Lemma 32).

B.3 Case (iii): Non-negative k-Sparse Coding

We proceed with the proof similarly to the above case of general k-sparse code. Additional effort is required
due to the positive mean of nonzero coefficients in z*. For = o(W 7y + b), we have the support recovery for
both choices of o a shown in (ii) and (iii) of Theorem 3. Hence we re-use the expansion in [11] to compute the
expected approximate gradient. Note that we standardize W; such that ||W;|| = 1 and ignore the noise 7.

Let 4 be fixed and consider the approximate gradient for the i*® column of W. The expected approximate gradient
has the following form:

9i = —E[lozo(Wyl + b, +yWi)(y — Wa)] = a;W; — BiA; + e,
where

i = RapiX] + Ko Y pig (Wi, A) + 267 Y pighi(Wa, Aj) 4+ k7 Y pit (Wi, A;) (Wi, Ar)

i i A
+ 2k1pibidi + 261 > pisbi(Wi, Aj) + pib3;
J#i

Bi = KopiXi — K2 me W17W><A17W Jr’11 pr WzyA H%Zpij<W1,Wj><Wj,Aj>
J#i J#i J#i
— K7 > pigt{Wi, Wil (W5, A) — k1 pighs (Wi, W5);
I i

and e; is a term with norm ||e;|| < O(max (k%, k3)p;k/m) — a rough bound obtained in [11] (see the proof of
Lemma 5.2 in pages 26 and 35 of [11].) As a sanity check, by plugging in the parameters of the mixture of
Gaussians to «;, 5; and e;, we get the same expression for g; in Case 1. We will show that only the first term in
«; is dominant except ones involving the bias b;. The argument for §; follows similarly.

Claim 3.
o = Kopi A + K20 (pik/m) + 263p;i A O(k/v/m) + ﬂlO(szz/m)
+ 2K1pibiN; + 261pib;O(k//m) + pib3.

Proof. We bound the corresponding terms in a; one by one. We start with the second term:

szj Wi, A < maszg Z Wl7A
J#i Jj#i

< max py; || AT, Wi| 7
J#i

< O(pik/m),
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since p;; = O(k?/m?) = O(p;k/m). Similarly, we have

Y i (Wa, )| = WD pis A
i i

< Wil Al >3
J#£i
< O(pik/v/m),
which leads to a bound on the third and the sixth terms. Note that this bound will be re-used to bound the
corresponding term in ;.

The next term is bounded as follows:

D pit(Wi, A (Wi, Ay = WS~ pii A AT W

L L
Jil# Il
< |32 punds AT w2
Al
Il

< O(pik?/m),

where M = ) 4 pilejAlT = A_;QAT, for Qji = piji for j # 1 and @;; = 0 otherwise. Again, A_;

ol
denotes the matrix W with its i column removed. We have p;;; = O(k*/m?®) < O(q;k*/m); therefore,
1M < IQIFIAIP < O(g:k? fm). n
Claim 4.

Bi = KapiXi — k20(pik/m) + K1O(pik/v/m) — K10 (pik//m)
+ K20 (pik? /m) — k1b;O(pik //m).

Proof. We proceed similarly to the proof of Claim 3. Due to nearness and the fact that | A*|| = O(y/m/n) = O(1),
we can conclude that |[W]| < O(1). For the second term, we have

1> " pis (Wi, Wil (Ai, W) | = W] pi W WAyl
Foy Iy
< r?gfpijllW—iWillHWiHIIAiII

where WjoT are p.S.d and so 0 j ngéipijoWjT j (Hlan;ﬁi plj)(zjsﬁl WJWJT) j Hlan;ﬁz‘ pijW_iWTi. To
bound the third one, we use the fact that |\;| = |(W;, A;)| < 1. Hence from the proof of Claim 3,

1> pis (Wi, Wiy (Wi, Al = 11D pighi (Wa, W) |
i i

< [WilllW I, >~ (pighs)?
i
< O(pik/v'm),
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which is also the bound for the last term. The remaining term can be bounded as follows:

1> pit(Wa, W)Wy, ADIL < (1Y pin W WA
porh AA

<> lpipW-i W
I#i

2
< ;ggpmﬂw—iﬂ
1

< O(pik*/m).

When b; = 0, from (3) and (4) and b; € (—1,0), we have:
;i = pi(Ra\? + 2k1pibi)i + b2) 4+ O(max(k?, k2)k//m)

and
Bi = kapiXi + O(max(ki, k2)k//m),

where we implicitly require that k& < O(y/n), which is even weaker than the condition k& = O(1/6%) stated in
Theorem 3. Now we recall the form of g;:

9i = —RapiNiAi + pi(R2A7 + 2m1pibi i + 07 )W + v (16)
where v = O(max(k?, ka)k//m)A; + O(max(k?, k2)k//m)W; + e;. Therefore ||v|| < O(max(k?, k2)k/\/m).

Lemma 4. Suppose A is 6-close to A* and the bias satisfies |koA? + 2k1p;ibi\i + b7 — kaXi| < 2k2(1 — ;) then

1 9 o K2
1ill" = O(max(1, ko /k7)

2(gi, Wi — A3) > kapi( N — 26%)|W; — A2
(90, We = A43) 2 mapi(hs = 20| We = A4+ — po)

The proof of this lemma and the descent is the same as that of Lemma 1 for the case of Gaussian mixture. Again,
the condition for bias holds when b; = 0 and the thresholding activation is used; but breaks down when the
nonzero bias is set fixed across iterations.

Now, we give an analysis for a bias update. Similarly to the mixture of Gaussian case, the bias is updated as
B = /C

for some C > 1. The proof remains the same to guarantee the consistency and also the descent.

The last step is to maintain the nearness for the new update. Since it is tedious to argue that for the complicated
form of g;, we can instead perform a projection on convex set B = {W|W is d-close to A* and ||W| < 2||4||} to
guarantee the nearness. The details can be found in [16].

B.4 Auxiliary Lemma

In our descent analysis, we assume a normalization for W’s columns after each descent update. The descent
property is achieved for the unnormalized version and does not directly imply the J-closeness for that current
estimate. In fact, this is shown by the following lemma:

Lemma 5. Suppose that |[W7| = ||4i]] = 1 and |[W7 — Ai|| < 5. The gradient update /V\[//is+1 satisfies

Wt — Ay < (1 —7)|We = Ail| +0(3,). Then, for =2

= <7 <1, we have

W+ = Al < (1+ 0(1))ds,
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Proof. Denote w = ||Wis+1|\. Using a triangle inequality and the descent property, we have

W+ —wAi| = W = A+ (1 - w) Ay
< W — Al + 1= w) Al (14 = 1)
< (=)W = Al + (1= 7)W= Auf| + 0(55)
<21 = 7)W= Ail| + 0(5)-

At the third step, we use |1—w| < ||Wf+1—AiH < (1—7)||Wg—A;||+0(ds). This also implies w > 1—(1—7—0(1))Js.
Therefore,

Wt — A

IA

W7 = Aill + 0(d5)

2(1—1)
T 1+ (1 —=7-0(1))ds)

2(1—17)

W3 = Aill + o(65)-

This implies that when the condition éigz < 7 < 1 holds, we get:

W+ = Al < (1+ 0(1))ds.



