Provable Guarantees for Gradient-Based Meta-Learning

A. Background and Results for Online Convex Optimization

Throughout the appendix we assume all subsets are convex and in R? unless explicitly stated. Let || - || be the dual norm
of || - ||, which we assume to be any norm on R¢, and note that the dual norm of || - |- is itself. For sequences of scalars
01,...,07 € R we will use the notation o1.; to refer to the sum of the first ¢ of them. In the online learning setting, we will

use the shorthand V; to denote the subgradient of ¢; : © — R evaluated at action §; € ©. We will use Conv(.S) to refer to
the convex hull of a set of points S and Projg(-) to be the projection to any convex subset S C R<.

A.1. Convex Functions

We first state the related definitions of strong convexity and strong smoothness:

Definition A.1. An everywhere sub-differentiable function f : S — R is a-strongly-convex w.r.t. norm || - || if
a
fy) 2 f@) +(Vf(2),y —2) + Slly = z|*Va,yes

Definition A.2. An everywhere sub-differentiable function f : S — R is S-strongly-smooth w.r.t. norm || - || if
B
F) < f@) + (V@) y—a)+ Sy —=|*Va,y e S

We now turn to the Bregman divergence and a discussion of several useful properties (Bregman, 1967; Banerjee et al., 2005):
Definition A.3. Ler f : S — R be an everywhere sub-differentiable strictly convex function. Its Bregman divergence is
defined as

Bi(xlly) = f(z) = fy) = (VI (¥),z —y)
The definition directly implies that B (-||y) preserves the (strong or strict) convexity of f for any fixed y € S. Strict convexity
further implies By (x||y) > 0V x,y € S, with equality iff x = y. Finally, if f is c-strongly-convex, or 3-strongly-smooth,
w.rt. || - || then Definition A.1 implies By (x|ly) > |z — y||% or By (z|ly) < ng -y

Claim A.1. Let f : S — R be a strictly convex function on S, aq, . ..,a, € R be a sequence satisfying ay., > 0, and
T1,...,Tn € S. Then

2 respectively.

= Za xlfargrganale xi||y)

Hin i ves 1

Proof. Vy € S we have

> i (By(willy) — By(aill2)) ZO@ zi) = fy) = (VI(y), 2 —y) — (@) + f(2) + (V(Z), 2 — 7))
i=1

= (f(@) = f(y) + (V). 9) arn + Zaz ,2) + (V@) = V), )
=(f(@) = fly) = (VI(y), 7 —y)) a1n
= ar. By (7|y)

By Definition A.3 the last expression has a unique minimum at y = . 0
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A.2. Standard Online Algorithms

Here we provide a review of the online algorithms we use. Recall that in this setting our goal is minimizing regret:

Definition A.4. The regret of an agent playing actions {0; € ©},c|1) on a sequence of loss functions {£; : © — R}, is

T T
Ry =Y 4(0;) — gggZet(e)
t=1 t=1

Within-task our focus is on two closely related meta-algorithms, Follow-the-Regularized-Leader (FTRL) and (linearized
lazy) Online Mirror Descent (OMD).

Definition A.5. Given a strictly convex function R : © — R, starting point ¢ € O, fixed learning rate n > 0, and a
sequence of functions {£; : © — R}, Follow-the-Regularized Leader (FTRLY") plays

0, = arggr(ralinBR(Hqu) + 77268(9)
€

s<t

Definition A.6. Given a strictly convex function R : © — R, starting point ¢ € O, fixed learning rate n > 0, and a
sequence of functions {{; : © — R};>1, lazy linearized Online Mirror Descent (OMD;PZ) plays

0, = arg %inBR(GHQS) + nZ(VS, 0)
5

s<t

These formulations make the connection between the two algorithms — their equivalence in the linear case ¢,(-) = (Vs, ) —

very explicit. There exists a more standard formulation of OMD that is used to highlight its generalization of OGD - the
case of R(-) = 1| - || - and the fact that the update is carried out in the dual space induced by R (Hazan, 2015, Section 5.3).

However, we will only need the following regret bound satisfied by both (Shalev-Shwartz, 2011, Theorems 2.11 and 2.15)

Theorem A.1. Let {{; : © > R},c[7) be a sequence of convex functions that are Gy-Lipschitz w.rt. || -|| and let R : S — R
be 1-strongly-convex. Then the regret of both FTRL;{? and OMD;{? is bounded by
Br(6*
Ry < S018) o

forall 9* € © and G* > 7 S G

We next review the online algorithms we use for the meta-update. The main requirement here is logarithmic regret guarantees
for the case of strongly convex loss functions, which is satisfied by two well-known algorithms:
Definition A.7. Given a sequence of strictly convex functions {{; : © — R};>1, Follow-the-Leader (FTL) plays arbitrary
0, € © and fort > 1 plays

0y = arg min Z 25(0)

0c®

Definition A.8. Given a sequence of functions {{, : © — R};>1 that are oy -strongly-convex w.rt. || -
(AOGD) plays arbitrary 01 € © and fort > 1 plays

2, Adaptive OGD

. 1
0i+1 = Projg <9t - Vf(at))
Q¢

Kakade & Shalev-Shwartz (2008, Theorem 2) and Bartlett et al. (2008, Theorem 2.1) provide for FTL and AOGD,
respectively, the following regret bound:

Theorem A.2. Let {{; : © — R},cr) be a sequence of convex functions that are Gy-Lipschitz and o-strongly-convex w.r.t.
| - I|. Then the regret of both FTL and AOGD is bounded by
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One further useful fact about FTL and AOGD is that when run on a sequence of Bregman regularizers
Br(01]]-), ..., Br(0r]|-) they will play points in the convex hull Conv ({0} };¢[r)):

Claim A.2. Let R : © — R be I-strongly-convex w.r.t. || - || and consider any 61, ...,07r € ©* for some convex subset
©* C ©. Then for loss sequence a1 Br(611), . .., arBr(0r||-) for any positive scalars o, . .., ar € Ry, if we assume
¢1 € O then FTL will play ¢, € ©* Y t and AOGD will as well if we further assume R(-) = %|| - ||*.

Proof. The proof for FTL follows directly from Claim A.1 and the fact that the weighted average of a set of points is in
their convex hull. For AOGD we proceed by induction on ¢. The base case t = 1 holds by the assumption ¢, € ©*. In the
inductive case, note that Br(0;||¢;) = (|6, — ¢¢||3 so the gradient update is ¢y1 = ¢y + a=(0: — ¢¢), which is on the
line segment between ¢, and 6, so the proof is complete by the convexity of ©* > ¢, 6;. O

A.3. Online-to-Batch Conversion
Finally, as we are also interested in distributional meta-learning, we discuss some techniques for converting regret guarantees
into generalization bounds, which are usually named online-to-batch conversions. We state some standard results below:

Proposition A.1. If a sequence of bounded convex loss functions {{; : © — R}, drawn i.i.d. from some distribution
D is given to an online algorithm with regret bound R that generates a sequence of actions {0; € ©},cir) then for

0= %91@ and any 6 € © we have

7 < Rr
IIFTZINED o) = eINED “om)+

Proof. Applying Jensen’s inequality and using the fact that 6; only depends on ¢4, ..., ¢;_1 we have

T T
_ 1 1
E E <= E E 7/ =— E E /7 — —
E ZNDE(G) <7 DT;QND@(@) T (0 opr <;€;ND£t(9t) ft(ﬁt)) + T }NDT <Z€t (0:) )

t=1

T T
1 !
T2 o Eo (B 00— B )] + 5+ 230 B
RT
=+ E_6(0")

O

Proposition A.2. If a sequence of loss functions {£; : © + [0, 1]},¢7) drawn i.i.d. from some distribution D is given to an
online algorithm that generates a sequence of actions {0; € © },¢(r) then the following inequalities each hold w.p. 1 — 6:

liEe(axlie(eH 2 log~  and liEf(9)>li£(9)—«/zl E
T Z2epp =T 2 A T T A P R T %%

Note that Cesa-Bianchi et al. (2004) only prove the first inequality; the second follows via the same argument but applying
the symmetric version of the Azuma-Hoeffding inequality (Azuma, 1967).

Corollary A.1. If a sequence of loss functions {{; : © + [0, 1]},¢[r) drawn i.i.d. from some distribution D is given to an
online algorithm with regret bound R that generates a sequence of actions {0 € © },¢(7| then

. Ry 8. 1
< - — — p. 1 —
tNZIE[T]ZrI?Dg(et) EAO)+ 7+ ples  wpl=9

Proof. By Proposition A.2 we have

forany 0* € ©.

T T

1 2 1

ST E 06 < B o < B 007) + ot 4 P
T;M) ST g Jrop Tyl < B A0 T g los;
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B. Proofs of Theoretical Results

In this section we prove the main guarantees on task-averaged regret for our algorithms, as, lower bounds showing that the
results are tight up to constant factors, and online-to-batch conversion guarantees for statistical LTL. We first define some
necessary definitions, notations, and general assumptions.

Setting B.1. Using the data given to Algorithm 2 define the following quantities:

e convenience coefficients oy = G/

o the sequence of update parameters {ét € O}cir) with average update parameter gfg = # ZtT:1 o0,

. T
e a sequence of reference parameters {0 € ©},cr) with average reference parameter ¢’ = Ull_T > iq 00,

e asequence {0; € O},cp) of optimal parameters in hindsight

o we will say we are in the “Exact” case if 0, = 0, = 05 Y t and the “Approx” case otherwise

e k> 1,Af >0s.1. Z?:l aBr(0f||p:) < Zthl A+ R Zthl o Br(04||py) for some nonnegative o
o v> 1A >0s58 Y, 0Br(0:]|d) <A+ v 0.Br(0;]|¢)

o Apax > 058 2[105 — 0,]1? < A V£ € [T]

1
o1:T

e average deviation D? = ZtT:1 oitBr(0;||¢") of the reference parameters; assumed positive

e task diameter D* = maxg geConv({6}},c(r) Br(0]|¢); assumed positive

e action diameter D*> = max{D** maxgco Br(0||¢1)} in the Exact case or maxg sco Br(0]|¢) in the Approx case
o universal constant C' s.t. ||0]] < C'||0]|2 V¥ 0 € © and ly-diameter D' = maxg 4 |0 — ¢||2 of ©

e upper bound G' on the Lipschitz constants of the functions { Bg (0| |') }ee[r) over Conv({0,}T_)

o we will say we are in the “Nice” case if Bg(0||) is 1-strongly-convex and (-strongly-smooth w.rt. || - | V 6 € ©

o in the general case META is FTL; in the Nice case META may instead be AOGD re-initialized at 0

e convenience indicator . = 1\ETA=FTL

e effective meta-action space © = Conv({ét}tE[T]) if META is FTL or © if META is AOGD

e TASK,, = FTRL") or OMD'")
We make the following assumptions:

o the loss functions {; ; are convex ¥ t,1
e at time t = 1 the update algorithm META plays ¢, € O satisfying maxgco Br(0||¢1) < oo

e in the Approx case R is [3-strongly-smooth for some > 1
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B.1. Upper Bound

We first prove a technical result on the performance of FTL on a sequence of Bregman regularizers. We start by lower
bounding the regret of FTL when the loss functions are quadratic.

Lemma B.1. Forany 61,...,07 € S and positive scalars aq, ... ,ar € Ry define ¢ = i 22:1 a0y and let ¢g be
any point in S. Then

T T
Dl — il =D aullbr — ér5 >0
t=1 t=1

Proof. We proceed by induction on T". The base case 1" = 1 follows directly since ¢; = 6; and so the second term is zero.
In the inductive case we have

T-1 T—-1
> anllbr = ralls = D> aullfr — pra[3 >0
t=1 t=1

so it suffices to show
T T
¢r1 = argmin y _ ay[|6; — ¢r1ll3 — D aull6r — 63
O 4= t=1

in which case ¢ = ¢p_1 and both added terms are zero, preserving the inequality. The gradient and Hessian are

9o T
207 (0r — ¢r_1) + ——
r(0r — dr-1) o >

t=1

T 2 2 202
2aT<1—O‘T°‘1'T1—1+ ar aT)I— Sy S

Q1.7

a0y — o) — 2ar (07 — 1) (1 _ar )

a? a 2
1T T A Q1.7
so the problem is strongly convex and thus has a unique global minimum. Setting the gradient to zero yields
= = o o
T T
0=0r—dr 1+ — > aby—— Y by — O+ ——0p+ér — ——¢r = br — ¢ 1 = Or = ¢
QLT QLT ar.T ar:rm

O

We use this to show logarithmic regret of FTL when the loss functions are Bregman regularizers with changing first
arguments. Note that such functions are in general only strictly convex, so the bounds from Theorem A.2 cannot be applied
directly.

Lemma B.2. Let By be a Bregman regularizer on S w.r.t. || - || and consider any 61, . ..,01 € S. Then for loss sequence
a1Br(01]]"), ..., arBr(0r||) for any positive scalars oy, . . . ,ar € Ry we have regret bound
2 1 r
Ry < Gr+ M
2 —1 a1:t

where G'g is the Lipschitz constant of the Bregman regularizer Br(0:||-) for any t € [T] on S w.r.t. the Euclidean norm.

Proof. Defining ¢ = l_T 23:1 a0y, we apply Claim A.1 and Lemma B.1 to get

a1

T T
Ry = 3 uBn(tl60) —~min 3 ouBie(64)

t=1

T T T T
1 1 _
< ;atb’g(ﬁtﬂqﬁt) - ZatBR(GthS) t3 ;atH@t — ¢ull5 — 3 ;atHet - 9|3

t=1

I
[M]=

T
[0 . «
aBr(0:]|¢r) + ;IIGt — ¢ull5 — glggZOctBR(OtHaﬁ) + é”gt - 9|3
t=1

-
Il
_

Since Bregman regularizers are convex in the second argument, the above is the regret of playing FTL on a sequence of
a¢-strongly-convex losses. Applying Kakade & Shalev-Shwartz (2008, Theorem 2) yields the result. O]
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The following result is our main theorem; Theorems 2.1 and 3.1 will follow as corollaries.

Theorem B.1. In Setting B.1, Algorithm 2 has TAR bounded as

1 KC o 02 vD?
R<—| (2D —_— —_— — D"+ & .

log., pD”+E |

Il NP “ 7 (k(pD* + €
e D) ((pk) + ’yk5> o1
k=0 e

2 Y /
for C' = % in the Nice case or otherwise C' = %, p = 1 in the Exact case or p = 2+/3 in the Approx case, and

& = 2280 mm.

Proof. We first use the [3-strong-smoothness of R to provide a bound in the Approx setting of the distance from the
initialization to the update parameter at each time ¢ € [T']:

. B - .
Ba0illén) < 516~ oull> < 8 (10 = 0712 + 107 — .12)
< 6 (10, — 012 + max20; — 02 + 216, - 6.2
< 48D + 4B max 6] — 6,

< 48D*% 4 88A max

Combining this bound with the Exact setting assumption yields Bz (0 ||¢¢) < p2D** + 88Amax < p2D*2 +E2V t € [T)].
We now turn to analyzing the regret by defining two “cheating” sequences: ét = ¢; on all t except ¢ = 1, when we set
¢1 = 07, similarly, D, = D, onall t exceptt = 1 and any ¢ s.t. BR(ét| |¢¢) > D2, when we set D, = pD* + £. In order to
do this we add outside of the summation the corresponding regret of the true sequences whenever one of them is not the
same as its “cheating” sequence. Note that by this definition all upper bounds of B (6;||¢;) also upper bound Bg (6y||).
Furthermore the times ¢ s.t. Br(0;||¢;) > D7 corresponds exactly to the times that the violation count k is incremented in
Algorithm 2 and thus this occurs at most log,, D ;+£ times, as we multiply the diameter guess by ~ each time it happens,
which together with Lemma A.2 ensures that ¢, remains within max{y(pD* + £), ¢} of all the reference parameters 6;.
We index these times by k = 0, ..., so that at each k the agent uses 7, set using v*e.

T

_ fx

RT =) Br(0illén) + 0, G2y
-1 Nt

T ~
A*. kB (0 ||¢t) . Dt
< =LY MERHITY 4 p bstitute 1y = ———— and D, >
. + 2 < D, + Dy | oy (substitute 7, N and D; > ¢)

0 Aj
< (KBR(M + D1> o1+ %T (substitute cheating sequence)

D,
T A llog., 2R22+E | R
+Z KBR(?t||¢t) D, ) o+ Z KJBR(Q'ZCHQStk) _’_,yks o1,
€
t=1 Dy k=0 v

D*+¢
P+J

.- llog
A¥ L Br(0:|dr) = R k(pD* + &)
<((k+1)D+e)oy+ =L 4 o3 (ZECLC) L p oy Fpl TC) | ok
< ((r ) g)oy . HtZI ( B . | o 2 ( o ~y 5) o
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We now bound the third term. For any ¢ € [T define B2 = Br(6,||¢) and f,(x) = B?f? + x. Its derivative 0, f; = 1 — f—;
is nonnegative on # > B;. Thus when D, < pD* + £ we have f(D;) < f(pD* + &), as by definition both are
greater than B; and so f; is increasing on the interval between them. On the other hand, for D, > pD* + &, either
Dy < fy(pD* + &) by the tuning rule or, if we initialized ¢ > pD* + &, then D, = ¢ ¥ t € [T, so either way we have

fe(Dy) < 2o+ max{y(pD* + E),e} ¥t € [T)]. Since v > 1 this bounds f(D,) in the previous case D; < pD* + & as
well, so we have

2 |

T AT Llog
i AL Baldilld) . - (D +8)
RT<((1+:‘€)D+€)01+;T+H§<lit“v‘Dt ot + Z T+’7k5 O,
T llog,, £2Z£E |
A7 Br(0:||:) ~ K(pD* + &)
1 * k
< (26D +¢€)o Jrnt:Zl( D +v(pD* + &)+ | o+ ];) TJﬂys o1,
Ajr d -
< (2kD +2)o + 2D (Ba(@ul16:) — Br(dill5) )
—1
T Aa llog,, £BZE |
Br(6:|9) '~ k(pD* +&)
2Sr\HIP) D* 1 & MpE T e)
+m;< oD +y(pD*+ &) +e | o+ kZ:O e +% ) oy,
T 2 A/
< (26D +¢) KO S~ 0p |k (Thm. A.2 and Lem. B.2)
pD* oLt pD*
UOg'y h‘r(ﬂD*+5)J
vBr(63]1¢') " : k(pD* +&)
+ K 2( pD* ’Y(pD +5)+€ o+ kZ:O T—‘r’}/éﬁ Oty
T
A* kC o? KA’
= (26D +¢ LT ¢ — Lot
( ) € pD* t; ot pD*
D2 Loz, 2521 (D" +€)
v . K(p b
+l€< D +~(pD +5)—|—8) oT + ]CZ:;) ( i + v 5) ot

The following result corresponds to the general case of Theorem 2.1.

Corollary B.1. In the Exact case of Setting B.1, if Gy = G,m; = m ¥ t € [T, the FAL variant of Algorithm 2 has TAR

2D + 2e +

£ (1+1ogT) + Py} <D2+D) D2

T “r‘ﬁﬁ-’)’D +€ G\/TTL

R <
If we assume known D, picking e = D=2~ H'logT and v = 1+1°gT yields
_ C\1+logT 9
R < -+ -D"
< (( D*> 7 *3 ) Gvm
Proof. For K = |log,, L~ | we have

+Vk€) _OFP -p@P ke o (D*2 +D*>
Yy —1)e -1\ e

K *2

> (5%

k=0

The result follows by noting that in the exact case we have k = v = p = 1, A}, = A’ = A, = 0, and substituting
Zt 1% L<(1+1ogT). O
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B.2. Lower Bound

The following lower bound, which extends Theorem 4.2 of Abernethy et al. (2008) to the multi-task setting, shows that the
previous TAR guarantees are optimal up to a constant multiplicative factor. Note that while the result is stated in terms of
the task divergence D*, since D* > D the same lower bound holds for the average task deviation as well.

Theorem B.2. Suppose the action space is © C R? for d > 3 and for each task t € [T) an adversary must play a a
sequence of my convex Gy-Lipschitz functions {; ; : © — R whose optimal actions in hindsight arg mingcg Y iy 41 (0)
are contained in some fixed {s-ball ©* C © with center ¢* and diameter D*. Then the adversary can force the agent to
have task-averaged regret at least %: Zthl Giy/my.

Proof. Let {0;;}", be the sequence of actions of the agent on task ¢. Define c(f) = %t max{0, |6 — ¢*||> — D*},

1=

which is 0 on ©* and an upward-facing cone with vertex (gzﬁ*, —GfTD*> and slope % on the complement. The strategy

of the adversary at round i of task ¢ will be to play ¢, ;(0) = (Vy;,0 — ¢*) + c(0), where V,; satisfies ||V ;[l2 = S,
(Vi 01 —¢*) =0,and (Vy;, Vi 15-1) = 0. Such a V ; always exists for d > 3. Note that these conditions imply that
along any direction from ¢* the total loss >, ¢; ;(6) is increasing outside ©* and so is minimized inside ©*, so we have

me me D*
iny " ¢,;(0) = mi Vi 0— ¢ = i 0 — ¢* Vitm,) = ——|Ver
min ;:1 ti(¢) = min i:1< tis0 = &%) \|9—qgl\fgf?;< ¢*, Vi 1im,) 5 Vevim, 2

Note that the condition (V, ;, 0; ; — ¢*) = 0 and the nonnegativity of ¢(¢) implies that the loss of the agent is at least 0, and

so the agent’s regret on task ¢ satisfies R,,,, > % V¢ 1:m, ||2. By the condition (V; ;, V4 1::—1) = 0 we have that

Gt

IVeilld = IVei + Vericall3 = (I Veall3 + Ve i1l = 2 7 IVei-1ll3

and so by induction on i with base case ||V 1]z = % we have ||Vi i, |2 = $y/mi = Ry, > G‘f*,/mt.
O

Substituting the regret on each task into R = % Zle R, completes the proof.
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B.3. Task-Averaged Regret for Approximate Meta-Updates

For the Approx variants of FMRL we need a bound on the distance between the last or average iterate of FTRL/OMD and
the best parameter in hindsight. This necessitates further assumptions on the loss functions besides convexity, as a task may
otherwise have functions with very small losses, even far away from the optimal parameter, in which case the last iterate of
FTRL/OMD will be far away if the initial point is far away from the optimum. Here we make use of the a-QG assumption
on the average loss functions to obtain stability of the estimates w.r.t. the true loss.

m

Lemma B.3. Let (1, ... ¢, be a sequence of convex losses on © with L(0) = % Zl 1 £(0) being a-QG w.rt. || - || and
define 6 = arg mingcg Br(0||¢) + nmL(0) to be the last iterate of running FTRL( pforn>0,0€0,and R:© — R

I-strongly-convex w.rt. || - ||. Then the closest minimum 0* € © of L to 0 satisfies
1 a2 Br(0*|l¢) — Br(d
2 anm

Proof. We have by definition of " and 6 that
Br(07(|¢) +1mL(6") = Br(6]|¢) + nmL(d)
On the other hand since L is a-QG we have that

L(®) > L(6°) + 10" 6]

Multiplying the second inequality by nm and adding it to the first yields the result. O]
Proposition B.1. In Setting B.1 , if for each task t € [T the losses {y1, ..., . m, satisfy the a-QG condition as in
Lemma B.3 and € > max; é@% then for 0y set according to the FLI-Online algorithm and 07 = 0, ¥/ t € [T we have
6BD2 GtO't DQGt
=4 A =0Vtell], =30, Al = Apax =
k=148, A 1),  v=3p %Z R T

Proof. Applying the triangle inequality, Jensen’s inequality, and Lemma B.3 yields the first two values:

ABRr(07||¢:)
t

107 — ¢l* < 2167 — étHz + 2H9At —u|” <
anm

. 9 .
L 4Br(Bullén) < —L 16 — 60l + ABr(Gi]|n)
Qe

28Br(0;)|¢:)
243

- < 4BBr(0:|¢¢)

— Ba(tillo) < 2167 — ol <

angme

Here in the last step we used the fact that ¢ > 557\/% == 1 > cj’g ; V¢ € [T]. For the next two values, noting that for

FLI-Online, ; = 0; V' t € [T'] we have by the triangle inequality and Titu’s lemma that

T 2 1 T 2 I
0| < —— a0, =6 | < — o6, — 62
Y] <l (S ) < LS

Therefore since 7 > = and Br(0;||¢:) < D? we have that

16 — ¢||* =

T 0*
ZafBRaqub 752 16, — 641 + 110, — & + 6 — 31) <3/32 (2O . o)

The last value follows directly by Lemma B.3, n; > Uit, and the bound D? on the maximum Bregman divergence. O

The following upper bound yields Theorem 3.1:
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Corollary B.2. In the Approx. case of Setting B.1, if Gy = G,m;y = mVt € [T],y = 1'121;§T, and e = 4661 + D28~ 1+1°gT
then the FLI-Online variant of Algorithm 2 has TAR

Ro(l?* (k’gT L >+D*)G\/%

T Im
Proof. Substitute Proposition B.1 into Theorem B.1 and simplify. O
LemmaB4. Let ly,..., 0, : © — [0, 1] be a sequence of convex losses on © drawn i.i.d. from some distribution D with
risk Bgup € being a-QG w.rt. || - || and let 6* € argming.g > i, €;(0) be any of the optimal actions in hindsight. Then
w.p. 1 — 0 the closest minimum 0" € © of Eyp £ to 0* satisfies
1 8 2
—lo* —0')* < log =
S =817 <\ tog 2
Proof. By definition of * and 6" we have w.p. 1 — § that
g||0* 9’H2<i E Y E-(@*)—l E 3 £;(0") (apply a-QG)
2 m {t}~pm ! m (e}~ ‘ PPy

IN

1 1 / 2
- ; £;(6%) — . Z 0;(0") + % log 5 (apply Prp. A.2 twice)

8 2
\/ —log = (definition of 6*)
m 0

<
O
Lemma B.5. Suppose V' t € [T the r.v. Q; satisfies 0 < Q; < B a.s. and Q; < 1/7% log 2 wp. 1 — 0 forany § € (0,1).
Then for nonnegative o, . . ., ap we have w.p. 1 — ~ for any v € (0, 1) that
T
2Bamax 1+ 4log(Bm 1
3 i, < 2B0max o 1 +QZ 1 +4log(Bmy) (Hlogv)
my

Proof. Define convenience coefficients §; = o = 3:Q; V' t € [T, the martingale sequence
Yo=0,Y; =271+ —EZ4Vt € [T] and the assomated martingale difference sequence X; = Y; —Y;_1 V¢t € [T]. By
substituting § = 52— we then have

2 > 2 + 8log(Bmy) 52
B —

B 1 X7 =Ei1(Y; — Y1)’ = B7E(Q: —EQy)* < BFEQ} < B} < log 83 +0B -

. _ 2 . . .
Note further that using § = TBms and Jensen’s inequality we have

4 log(B
EQ: < 8log +6B<1/ +8og M)

Noting that Q; < B a.s. = X; < B a.s., we have by Freedman’s inequality (Freedman, 1975, Theorem 1.6) that

El T 1+ 2log(Bmy) 4 d 2
E >7+2 E — | <P E >T7+ E <exp| ————557—
t=1 e t=1 o my t=1 o ; e b 20° + 2B53mx7—

fort > 0,02 = ZtT 1 %&Bm’)ﬁt Substituting 7 = QﬁT“X log% + \/W yields

2B B max 1 1—|—210 (Bmy) 2—|—810 Bm
ZﬁtQt > 20 +2Zﬁt L 2losBim) 2+ 8lop(Brmu) go

t =
m
t=1 t
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Proposition B.2. In Setting B.1, if for each task t € [T the losses {1, ..., m, and reference parameter 8, satisfy

the a-QG condition as in Lemma B.4, then for 6, = 0y set according to the FAL algorithm we have w.p. 1 — § that
k=1v=238,

me

T
453 2 1+ 4logm, 2 4 1 2T
* I - 1 - —
A;=0vVte[T], A'= . (amaxlog5 +3tE:1 oy | —mM— < +log§)> , Apax = - log

Proof. k=1and A} =0Vt € [T] because 6, = 07 ¥V ¢ € [T]. Applying Titu’s lemma as in the proof of Proposition B.1
yields the values of v and A’ w.p. 1 — 20:

ZUtBR 0:|9) < Zat (1167 = 61117 + 10, = &'I7 + 116" — I*)

t=1

T
<38> o (1107 — 0;1° + Br(6]1¢))
t=1

T
4ﬁamax 1 144 log my !
< —log =+ — El \/(1+log >+3,6’§ o1Br(6;|¢")

Here in the last step we applied Lemma B.5 on Q; = § |67 — 6;/|?, which is 1-bounded by Lemma B.4. The value of Ap,ax
follows directly by Lemma B.4 w.p. 1 — 24. O

The following upper bound yields the FAL result in Theorem 3.1:

Corollary B.3. In the Approx. case of Setting B.1, if Gy = G,m; =mVt € [T],y = 1'1‘;lggTT, and e = D28~ 1+10gT then the
FAL variant of Algorithm 2 has TAR

= D (logT 1 Tm *
R_O<D*< 7t %log(S)—i-D)G\/ﬁ

Proof. Substitute Proposition B.2 into Theorem B.1 and simplify. O

Lemma B.6. Let (q,..., 0, : © — [0,1] be a sequence of G;-Lipschitz convex losses on © drawn ii.d. from some
distribution D with risk E¢vp { being a-QG w.rt. || - || and define 0 = L01.,,, 1o be the the average iterate of running

FTRL or oMD" ¢ only,... by forn>0,0€0,and R: © — R I-strongly convex w.r.t. || - ||. Then w.p. 1 — § the

closest minimum 0’ € © of Eyp L to 0 satisfies

R Br(0'||¢) + n*G*m + n\/8mlog 2
S = < 5

anm

2 _ 1 5m 2
where G* = -3 " G}

Proof. By definition of 0 and ¢’ we have w.p. 1 — 4 that

m m

f||9 o' < e }NDm z; T }IEpm ;&(0’) (apply a-QG and Jensen’s inequality)

- / 2
- ; 0;(6;) — p. Z 0;(0') + % log 5 (apply Prp. A.2 twice)

i=1

1BR(O']|¢) + nG%*m S B}
2Brll0) + 1/ — log H (substitute the regret of FTRL/OMD)
m m

IN
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Proposition B.3. In Setting B.1, if for each task t € [T the losses {; 1, . .., m, and reference parameter 9 satisfy the
a-0G condition as in Lemma B.6 and € > max; 24\[/37% then for 0; set according to the FLI-Batch algorithm we have w.p.

1— 06 that k = 128, v = 35,

4 20 max 1+41 126G;(D
A*_w( + 6Gt><a log3+2\/+0gm<1+log3)>+W\HE[T]

ae 3o T 0 my 0 amy
T
4ﬁomax 3 1+4 log my 3 (D? +¢)Gy 1 8 6T
A = - — = (1+log~ - Apax = — 1
@ log 6 @ 2 (\/ < +log 6) + 2e/my ot a\ Mmin o875

Proof. Applying the triangle inequality, Jensen’s inequality, Lemma B.4, and Lemma B.6 yields w.p. 1 — §
167 — ¢ull* < 31167 — 641° + 31167 — 6:* + 3]16, — I

3 /8, 2 6 ; A

am+ o (BR(0£|¢t)+nEGfmt+m 8my log 5) + 0Bn(0dlen)
9 [8 2 12 . . 6GID + = A

<2 0w % 21 01+ 16— ol + LD oo
- 5 Ay

3 Gy 12 . 6G?(D + ¢ A
g<1+ v ),/1og+ o -l6; o2+ 3P o)
« ae my 6 amm amy

where we have used the uniqueness of the reference parameter 91’5. The above implies

45@) LR | 128G*(D +e)

my (5 amg

<

+126Br (0|1

B0 < 5167 - o < 2 (14

(0%3)

Here in the last step we used the fact that ¢ > jjﬁli = > 24ﬁ YVt € [T]. Thus by Lemma B.5 w.p. 1 — 3§

T
353 45G, 2amx 1+ 4log my 3
* <= (1 S 42 ————"(1+log=
;atBR(otnqst)_ ~ ( + - )( + Z < + og§)>
12,6G2D+a o )
12
+ ;m + ﬂ;atBR(etH@)

This yields the values of x and A} V ¢ € [T]. We next have by applying Titu’s lemma as in the proof of Proposition B.1

T T
Y oBr(9ld) <38 ou(0: — 6,11 + Br(6;11¢")

t=1 t=1

6 Br(6; 8 2
< S5 obalilon G+ o g2 383 oBaltl16)
=1 nemey t=1
T T
480 max 3 128 1+ 4log my ( 3) (D? +¢)Gy S
< A og S 4 22 — = (14logs |+ ———"" )01 +3 oBr(0
«@ g5 « ;(\/ my g5 2e\/my K ﬁ; Br(6:]1¢)
This yields the values of v and A’. The value of A, follows directly by Lemma B.4 w.p. 1 — 30. O

The following final upper bound yields the FLI-Batch result in Theorem 3.1:
Corollary B.4. In the Approx. case of Setting B.1, if Gy = G,m; = mVt € [T],y = 1E1§§T, and e = 24&@ + D228 1+1°gT
then the FLI-Batch variant of Algorithm 2 has TAR

= D (logT 1 Tm N

Proof. Substitute Proposition B.3 into Theorem B.1 and simplify. O
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B.4. Online-to-Batch Conversion for Task-Averaged Regret

The following yields a bound on the expected transfer risk when randomizing over the output of any TAR-minimizing
algorithm when in the setting of statistical LTL.

Theorem B.3. Let Q be a distribution over distributions P over convex loss functions { : © — [0,1]. A sequence of
sequences of loss functions {{4 ;}ie(1).icm)] is generated by drawing m loss functions i.i.d. from each in a sequence of
distributions {Py } e |1 themselves drawn i.i.d. from Q. If such a sequence is given to an meta-learning algorithm with
task-averaged regret bound R. that has states {s;},cr) at the beginning of each task t then we have w.p. 1 — ¢ for any
0* € O that B

_ R 8 1

E E E ¢6)< E E £0%)+ — — log =

t~U[T] P~Q P™ U~P 9) < P~Q I~P (67)+ m + T 08 0
where 0 = %91:m is generated by randomly sampling t € U[T), running the online algorithm with state s, and averaging

the actions {0; }icm)-

Proof. Applying Proposition A.1, linearity of expectations, the fact that the regret over 1-bounded loss functions is
m-bounded, and Proposition A.2 yields

E E E (0)< E (IE £(0*)+RM> < E 0o + 1 E Rm(st))
t~U[T] P~Q P™ P P~Q \U~P m ~ -
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C. Computing the Quadratic Growth Factor

For our analysis of the FLI variants of Algorithm 2 we consider a class of functions related to strongly convex functions that
satisfy the quadratic growth (QG) condition:

S0 =677 < £(6) - £(6°) ©)

By Theorem 2 of Karimi et al. (2016), in the convex case QG is equivalent, up to multiplicative constants, with the Polyak-
Lojaciewicz (PL) inequality (Polyak, 1963). Using the latter condition, Karimi et al. (2016) further show that functions of
form f(A®) for f strongly-convex satisfy the PL inequality, and thus also QG, with constant & = Q(0in(A)). This provides
data-dependent guarantees for a variety of practical problems, including least-squares and logistic regression. Garber (2019)
shows a similar result for expectations of such functions with the QG constant depending now on A, (E AT A); in order to
do so they assume the constraint set is a polytope, e.g. an £ or £, ball.

For our results we require a stronger condition, namely that if L is a sum of m convex losses then L satisfies am-QG.
While this additive property holds directly if the losses are strongly-convex, in the general case it does not. Furthermore,
the spectral lower bound on « studied by Karimi et al. (2016) and Garber (2019) is an underestimate; for example, in the
strongly-convex case, where A A is the identity, the lower bound will be 1 even though their sum is m-QG.

Here we derive an alternative approach for verifying «-QG for a convex Lipschitz function f constrained to a ball of radius
B. Note that since the functions are Lipschitz, we can focus on computing the minimal difference between f(6) and f(6*)
over all 6 located some fixed distance  away from any minimizer * of f over the ball:

es=min  f(0) — f(07)
st |6 —6%% > 62
0]l < B

2e;5

Then if f is a-QG, Equation 6 implies that as = z* should be a constant, or equivalently that 5 = (6 2). While the
above problem is non-convex due to the first constraint, note that

52 < 1|60 — 0%[I5 = (10115 — 2(6,0%) + |16*13 < B* — 2(6,6") + [|6*|3
which is a linear constraint since 8* is constant. Therefore we have

es >min  f(0) — f(67)
st 2(0,60) < B — 82+ 673
102 < B

which is a convex program amenable to standard solvers; we employ the Frank-Wolfe method (Frank & Wolfe, 1956).



Provable Guarantees for Gradient-Based Meta-Learning

D. Experimental Details
D.1. Constructing Mini-Wikipedia

We briefly describe the construction of Mini-Wiki. Starting with the raw corpus of the Wiki3029 dataset of Arora
et al. (2019), we select those Wikipedia pages whose titles correspond to lemmas in the WordNet corpus (Fellbaum,
1998). We then use the hypernymy structure in this corpus to separate the pages into four semantically meaningful meta-
classes; this is necessary when using linear classification as the task similarity only depends on the classifier and not
the representation. Finally, we take the longest sentences from each page to construct m-shot tasks of 4m samples each,
form = 1,2,4,...,32. We have made MiniWiki available here: https://github.com/mkhodak/FMRL/blob/
master/data/miniwikipedia.tar.gz.

D.2. Complete Deep Learning Results

Below are plots for all evaluations on Omniglot and Mini-ImageNet. As our algorithm generalizes the Reptile method of
Nichol et al. (2018), we use code they make available at https://github.com/openai/supervised-reptile
and vary the parameters train-shots and inner—iters.
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Figure 7. Performance of the FLI variant of Ephemeral with OGD within-task (Reptile) on 5-way Mini-ImageNet when varying the
number of task samples and the number of iterations per training task. In the left-hand plots we use 1-shot at meta-test time; in the
right-hand plots we use 5-shots. 50 iterations are used at meta-test time in both cases.
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Figure 8. Performance of the FLI variant of Ephemeral with OGD within-task (Reptile) on 5-way Omniglot when varying the number of
task samples and the number of iterations per training task. In the left-hand plots we use 1-shot at meta-test time; in the right-hand plots
we use 5-shots. 50 iterations are used at meta-test time in both cases.
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Figure 9. Performance of the FLI variant of Ephemeral with OGD within-task (Reptile) on 20-way Omniglot when varying the number of
task samples and the number of iterations per training task. In the left-hand plots we use 1-shot at meta-test time; in the right-hand plots
we use 5-shots. 50 iterations are used at meta-test time in both cases.



