Efficient Optimization of Loops and Limits

A. Algorithm pseudocode

Algorithm 1 Optimization with randomized telescopes

Input: initial parameter 6, gradient routine g(6, i) which returns G;(6), compute costs C, exponential decay «, tuning
frequency K, horizon H, reference learning rate 7
Initialize B = 0, next_tune= 0, D, ; = 0
repeat
if next_tune<= B then
D,q,W,S < tune(6, D, g,C, v, H)

expectedCompute, expectedSquaredNorm = compute_and_variance(D, C, S)
— expectedSquaredNorm

e Do i

B+ = ZzH:1 C(ﬁ)_
next_tune + = C(H)

end if

N ~gq

for n =1to N do
G, < g(0, S[n])

end for

G« YN G.wn N)

0+ 6 —nG

if compute reused then
B+ = C(S[N])

else
B+=3,_,C(S[n))

end if

until converged

Algorithm 2 tune

Input: current parameter ¢, current squared distance estimates D; ;, gradient routine g (6, ) which returns G;(6), compute
costs C, exponential decay «, horizon H
60(9) +~0
fori = 1to H do

Gi(0) « g(0,1)
end for
fori = 0to H do

for j = 1to H do

Dy + ||Gi — Gy13

end for
end for
D+ aD+(1-a)D
S < greedy_subsequence_select(D, C')
¢, W + q_and_W (D, C, S)

Return: updated estimates D; ;, sampling distribution ¢, weight function W, and subsequence S
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Algorithm 3 greedy_subsequence_select

Input: Norm estimates D, compute costs C
Initialize N = len(C)
Initialize S* = [N
bestRemoveCost=cost(D, S~
while not converged do

., S™ = [1,...,N], converged=FALSE,
,C)

for i € [ifori € [1...N]ifnoti € ST| do
trialS <—sort(S* + [7])
trial Cost«—cost(D, C trialS)
if trialCost < bestAddCost then
ST <trialS
bestAddCost<—trial Cost
converged < False
BREAK
else
converged < True
end if
end for
end while
converged <— False
while not converged do
fori c [ifori e S~ ifi # N do
trialS «— [j for j € STifj! = 4]
trial Cost«—sequence_cost(D, C, trialS)
if trialCost < bestRemoveCost then
S «trialS
bestRemoveCost<—trialCost
converged < False
BREAK
else
converged < True
end if
end for
end while
if bestRemoveCost> bestAddCost then
Return: S~
else
Return: S+
end if

bestAddCost=cost(D, S*, ),
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Algorithm 4 compute_and_variance

Input: Norm estimates D, compute costs C, sequence S
¢, W < q_and_W (D, C, S)
expectedCompute < 3, g 9(S[E])C(S[i])
if RT-SS then
expectedSquaredNorm <= >,y gy ¢(S[)W (Si], S[i]) Dspi—1,s10
else if RT-RR then
: expectedSquaredNorm <= >0y gy 2o seq...q) (S TANDW(S[], S[il) Dy, s
else
Undefined: must specify RT-SS or RT-RR
end if
Return: expectedCompute, expectedSquaredNorm

Algorithm 5 sequence_cost

Input: Norm estimates D, compute costs C, sequence S o
expectedCompute, expectedSquaredNorm = compute_and_variance(D, C, S)
Return: expectedCompute * expectedSquaredNorm

Algorithm 6 ¢_and_W

Input: D, C, and S
if RT-SS then

Dsiny,s(v—1]
4N <\ = 50smD

W(n,N) «+ ﬁﬂ{n =N}
else if RT-RR then
Q(N) <_\/ DS[N],S[N—I]

C(S[n)—C(S[n—1])

(¢)(NV) <-max(0,Q(N) — Q(N — 1))
a(N) « 255
W(n,N) +
else
Undefined: must specify RT-SS or RT-RR
end if
Return: ¢, W

= o Hn < N}
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B. Proofs
B.1. Proofs for section 2
B.1.1. PROPOSITION 2.1

Unbiasedness of RT estimators. The RT estimators in (2) are unbiased estimators of Y} as long as

H
EnegW(n, N)I{N > n}] = > W(n,N)g(N) =1 Vn.
N=n

Proof. A randomized telescope estimator which satisfies the above linear constraint condition has expectation:

n;l N=1 u .
= ZAH Z W(nvN)Q(N) = ZA” _YH
n=1 N=n n=1

B.2. Proofs for section 4

B.2.1. THEOREM 4.1

Bounded variance and compute with polynomial convergence of 1). Assume 1) converges according to ¥, < W or
faster, for constants p > 0 and ¢ > 0. Choose the RT-SS estimator with ¢(n) o 1/((n)?**/2). The resulting estimator
achieves expected compute C' < (HII){_ 5 )2, where H¢; is the Hth generalized harmonic number of order 4, and expected
squared norm E[||G|3] < Ci('H?{_%)z := G?. The limit lim g _, o0 ’HZ_% is finite iff p > 3, in which case it is given by the

_1
Riemannian zeta function, limg _, o, 7—[?{ 2=((p— %) Accordingly, the estimator achieves horizon-agnostic variance and
expected compute bounds iff p > %

Proof. Begin by noting the RT-SS estimator returns 2= with probability ¢(n). Let §(n) = —— and ZnH:1 q(n) =2,

qn nPt3
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_ 1 ~
such that g(n) = $Z"). First, note Z = Zle ﬁ = HZJFQ. Now inspect the expected squared norm E||G||3:
n 2

Now inspect the expected compute, E,, . ,n:

B.2.2. THEOREM 4.2

Bounded variance and compute with geometric convergence of v). Assume v, converges according to ¥, < cp”,

or faster, for 0 < p < 1. Choose RT-SS and with g(n) x p™. The resulting estimator G achieves expected com-

pute C' < (1 — p)~2 and expected squared norm ||G||3 < oy = G2. Thus, the estimator achieves horizon-agnostic

variance and expected compute bounds for all 0 < p < 1.
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H

Proof. Letq(n) = LZ"), for g(n) = p™. Note Z = ZnHzl p = pi=P

5 < 1?1;9' Now, note 1, = ¢y g(n). It follows

H

A 1A]]3

E,~ 212 = q(n nl2
=3 atm)

Now consider the expected compute. We have

I
M=
3
S

Epgn
n=1
N '
- Z np—
n=1 Z
1 N
-y
Z n=1
114 Hpftt - (H+1)pH
Pz (1-p)?
1+ Hpf'tt — (H + 1)pH
(1—p)(1—pH)
c_
~ (1-p)(1—pH)
- 1
~(1-p)2

B.2.3. THEOREM 4.3

Asymptotic regret bounds for optimizing infinite-horizon programs. Assume the setting from 4.1 or 4.2, and

the corresponding C' and G from those theorems. Let R; be the instantaneous regret at the tth step of optimiza-

tion, Ry = L(0:) — ming £(6). Let t(B) be the greatest ¢ such that a computational budget B is not exceeded. Use

online gradient descent with step size n; = m. As B — oo, the asymptotic instantaneous regret is bounded
2

by Ry(p) < O(GD,/ £), independent of H.

Proof. First, we control ¢(B) using the central limit theorem. Note t — oo <= B(t) — oo. Consider B as a function
B(t) of t. We have B(t) = Y."_, N;, where N ~ q. Thus, @ — Epn.~qN by the central limit theorem. This implies that

. . . _ B
in the limit, t = ok
To complete the proof, plug in ¢(B) and 7;, as well as the upper bound on squared norm E||G||2 < G2 and upper bound on
diameter D, into standard results for stochastic gradient descent with convex loss functions (e.g. section 3.4 in (Hazan et al.,

2016)) O
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B.3. Proofs for section 5
B.3.1. THEOREM 5.1

Optimality of RT-SS under adversarial correlation. Consider the family of estimators presented in Equation 2. Assume
8, Vg, and G are univariate. For any fixed sampling distribution g, the single-sample RT estimator RT-SS minimizes the
worst-case variance of G across an adversarial choice of covariances Cov(A;, A;) < /Var(A;)/Var(A

Proof. Recall G = Zi:;o AW (n,N). Let Uf’j = Cov(Ai, A;) and 02 = Var(A;). The variance of G is:

2
3
Il
o

Note the above bound is tight as the adversary can choose Cov(A;, A;) = o;0;. Introduce p(n, N) = W(n, N)g(N), and
note that the constraint from proposition 2.1 can equivalently be stated as ) _ y~.,, p(n, N) = 1Vn. We have the variance:

N
Var(G|N) < Z ﬁ ( Z p(n, N)a")2
N n=0

Consider finding p(n, N') which minimizes the variance for an arbitrary g. The constrained optimization has the Lagrangian:

J:(Zqu(lm(;)p(n,N)an )+Z)\ (3" p(n.N) - 1)

N>n

We can accordingly optimize by taking derivatives:

dJ al
—— =2Cq(N w(i, N)o;)on + A\n
T~ 2N e M)
dJ al
—— =0 = o,q(N w(t, N)o; = kn,
o ()3 wti. )
N
= 0n Y pli,N)oi = kYN >n
i=0

= p(n,N)=0YN >n

B.3.2. THEOREM 5.2

Optimal q under adversarial correlation. Consider the family of estimators presented in Equation 2. Assume Cov(A;, A;)
and Cov(A;, A;) are diagonal. The RT-SS estimator with ¢,, o 4/ E“(lj?ig)‘@ maximizes the ROE across an adversarial choice
of diagonal covariance matrices Cov(A;, A;) g, < \/Cov(Ai7 A ekCov(Aj, Aj) k.

Proof. First, note that by the assumption of diagonal covariance between all terms, the expected squared norm decomposes
over indices k:

E|IG|3 =) EG[K?
k
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For all choices of g, the RT-SS estimator minimizes the worst-case variance and thus (due to unbiasedness) the expected
squared value of each entry in G. Because the squared norm decomposes, the RT-SS estimator minimizes the squared norm
for all q.

It remains to optimize g. We know p(n, N) = OVN > n. Therefore to satisfy the constraint, we have p(N, N) = 1. It

follows that: ElA |12
ROE™1= (D" a(N)C(V)) (Y 'J](]V]V)'Q)
N N

We require )y ¢(N) = 1. The constrained optimization has the Lagrangian:

7= (S amem) (2 2oy s A% o) - 1
N N N

Let C' = (EN q(N)C(N)) and V = (ZN Elﬁﬁ)ﬂg ) We optimize ¢(N) by taking the derivative of the inverse ROE:

dROE™! o2
o NV - 2N
dq) ~ V=
dROE™" E||Ax|3C
b S N)2 —=N12
dq(N) — N x =5y
E||An|3

CN)

= q(N) x

B.3.3. THEOREM 5.3

Optimality of RT-RR under independence. Consider the family of estimators presented in Eq. 2. Assume the A; are
univariate. When the A; are uncorrelated, for any importance sampling distribution g, the Russian roulette estimator
achieves the minimum variance in this family and thus maximizes the optimization efficiency lower bound.

Proof. By independence, we have E( Y, W(n, N)An)2 = Y, W(n,N)?EA2. It follows that an RT estimator has
variance:

Recall the constraint in proposition 2.1 requires » N>n p(n,N) = 1 for all n. The Lagrangian of the constrained

minimization of Var(G) with respect to p is:
J=Var(G) + > A()_ pn—1)
n N>n

We optimize p by finding the minimum of the Lagrangian:

dJ 2
= n, N)EAZ 4 )\,
dp(n, N) Q(N)p( )
dJ p(n, N) An
—_— 0 = —
dp(m,N) T q(N) | 2EA?
An o
= W(n,N)= “OEAZ which is independent of N
1
= W(n,N) = = to fulfill the constraint in proposition 2.1
> onren A(N)
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B.3.4. THEOREM 5.4

Optimal q under independence. Consider the family of estimators presented in Equation 2. Assume Cov(4;, A;) is
diagonal and A; and A; are independent. The RT-RR estimator with ()(¢) %&U%l)], where Q(i) = Pr(n > i) =
me q(j), maximizes the ROE.

Proof. First note that by theorem 5.3, for any ¢ and for each element in the vector G, the RT-RR estimator minimizes the
variance of that element. Now note that due to independence of A;, A; and diagonality of Cov(A,;, A;):

EIIZW n, N)A, 3 —ZW n, N)E[| AL 13

n=1

= ZXN: W (n, N)EA,[k]? = EG[k]
k

k n=1

As the RT-RR estimator minimizes EG/[k]? for each coordinate , it also minimizes E||G]||2. It remains to optimize Q.
Consider the inverse ROE of the RT-RR estimator. By independence we have:

ROE(G) ™" = EI[GIBEC = (Y a(N) Z Q S ElanlB) (2 amem)
N

N
Take the gradient of the inverse optimization efficiency lower bound w.r.t. g(n):

dROE(G)™" _ 2

S — ) j 2
() C(N)E[G[3 +ng;v Q —E[|A,]|3 - Z:Q(Z)Kmm(m) Q(j)gEHAJHQ

, 1 q()1{i > j}

1 E||A; o

Z:Q( )M%m Q( rEllAllz = Z Q Q0)
- Z by definition of Q(35)
]<NQ
dROE(G)~!
= = NE[GIE - Q Q0 lAn 15

n<N

Now optimize the objective w.r.t. ) by finding the critical point:

dROE(G)~'
T =0 = CIVEIIGIE = H;VQ Bl
— E|IGIB(C(V) -~ C(N = 1)) = ;W
s QV)? o — ElIARI[E

C(N)—C(N —1)



