Why do Larger Models Generalize Better? A Theoretical
Perspective via the XOR Problem
Supplementary Material
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A Experiment in Figure

We tested the generalization performance in the setup of Section [df We considered networks with
number of channels 4,6,8,20,50,100 and 200. The distribution in this setting has p; = 0.5 and
p— = 0.9 and the training sets are of size 12 (6 positive, 6 negative). Note that in this case the
training set contains non-diverse points with high probability. The ground truth network can be
realized by a network with 4 channels. For each number of channels we trained a convolutional
network 100 times and averaged the results. In each run we sampled a new training set and new
initialization of the weights according to a gaussian distribution with mean 0 and standard deviation



0.00001. For each number of channels ¢, we ran gradient descent with learning rate % and stopped

it if it did not improve the cost for 20 consecutive iterations or if it reached 30000 iterations. The
last iteration was taken for the calculations. We plot both average test error over all 100 runs and
average test error only over the runs that ended at 0% train error. In this case, for each number of
channels 4,6,8,20,50,100,200 the number of runs in which gradient descent converged to a 0% train
error solution is 62, 79, 94, 100, 100, 100, 100, respectively.

B Proofs for Section [3

In the XOR problem, we are given a training set S = {(mi,yi)}?zl C {£1}? x {£1}? consisting of
points ¢ = (1,1), o = (—1,1), x3 = (—1,-1), &4 = (1,—1) with labels y1 = 1, yo = =1, y3 =1
and y; = —1, respectively. Our goal is to learn the XOR function f* : {£1}? — {#1}, such that
f*(x;) = y; for 1 < i <4, with a neural network and gradient descent.

Neural Architecture: For this task we consider the following two-layer fully connected network.

Ny (x) = Z [o (w(“ :1:) -0 (u(i) :1:)} (1)

=1

where W € R?#*2 is the weight matrix whose rows are the w(?) vectors followed by the u(*) vectors, and
o(z) = max{0,z} is the ReLU activation applied element-wise. We note that f* can be implemented
with this network for £ = 2 and this is the minimal k for which this is possible. Thus we refer to
k > 2 as the overparameterized case.

Training Algorithm: The parameters of the network Ny (x) are learned using gradient descent

on the hinge loss objective. We use a constant learning rate n = %, where ¢, < é The parameters

Ny are initialized as IID Gaussians with zero mean and standard deviation o4 < 1627’;/2. We consider
the hinge-loss objective:

(W)= > max{l—yNw(z),0}
(z,y)eS

where optimization is only over the first layer of the network. We note that for £ > 2 any global
minimum W of ¢ satisfies (W) = 0 and sign(Nw (x;)) = f*(a;) for 1 <i < 4.

Notations: We will need the following notations. Let W; be the weight matrix at iteration ¢ of
gradient descent. For 1 < i < k, denote by wﬁ” € R? the i*" weight vector at iteration ¢. Similarly we
define u,E” € R? to be the k + i weight vector at iteration ¢. For each point z; € S define the following

sets of neurons: _
Wi (i) = {j | w2 > 0}
UF ) = {i 1wt @i >0}
and for each iteration ¢, let a;(t) be the number of iterations 0 <" <t such that y; Nw,, (z;) < 1.
B.1 Overparameterized Network

Lemma B.1. Exploration at initialization. With probability at least 1 — 8e™8, for all 1 < j <4

E RS W ()] U O] < b+ avE



Proof. Without loss of generality consider |W0+ (1)| Since the sign of a one dimensional Gaussian
random variable is a Bernoulli random variable, we get by Hoeffding’s inequality

P (’ng(m - ];' < 2\/%> <2e 25 — 98

Since |[Wg (1)|+| W™ (3)] = k with probability 1, we get that if | [Wi" (1) — £| < 2v/k then ||[W, (3)| — &
2v/k. The result now follows by symmetry and the union bound. O

<

Lemma B.2. With probability > 1 — ﬁﬁ’g forall1 < j <k and 1 <i <4 it holds that ‘w(gj) @,

@ and ‘uéj)-wi‘ < @.

Proof. Let Z be a random variable distributed as N'(0,02). Then by Proposition 2.1.2 in [Vershynin

(2017), we have
PZ] > f] < L ¢~
T Vot

Therefore, for all 1 < j < kand 1 <37 <4,

P ‘w(()j) ST > 7\/% < ! e 8k
4 8k
and
]P) ’u(()]) - x; Z @ S 1 67816
4 8k

The result follows by applying a union bound over all 2k weight vectors and the four points x;,
1<i<4. O

Lemma B.3. Clustering Dynamics. Lemma restated and extended. With probability
>1- %, for all t > 0 there exists a;, 1 <1 <4 such that |a;| < n and the following holds:

1. Fori€ {1,3} and j € Wi (4), it holds that ng) = 'wéj) + a;(t)nx; + axs.

2. Fori€ {2,4} and j € Uy (i), it holds that uij) = uéj) + a;(t)nx; + oz

Proof. By Lemma with probability > 1 — 2k for all 1 < j < kand 1 < i < 4 it holds

that ‘ng) :EZ} < @ and ’u(()j) sz < @. It suffices to prove the claim for W, (1). The other

cases follow by a symmetry. The proof is by induction. Assume that j € W, (1). For t = 0 the

claim holds with af = 0. For a point (x,y) let {5,y = max{1l — yNy (x),0}. Then it holds that

6;;;(’%) (W) = —yo' (w9 - &)zl N, (2)<1- Assume without loss of generality that a; > 0. Define

B1 = 1INy (z1)<1 and B2 = Ly, (z,)>—1- Using these notations, we have

wg% = ng) + Binxy — Banxs
= w(()j) + (ai(t) + Br)xi + (o7 — Ban) 2

and for any values of 51,32 € {0, 1} the induction step follows.



For each point x;, define the following sums:

SF(i) = Z o (ng) :BZ)

JEW, (i)
R} (i) = Z o (uij) ~a:i)
JEUF ()

We will prove the following lemma regarding S;" (1), R, (1) for i = 1. By symmetry, analogous
lemmas follow for i # 1.

Lemma B.4. The following holds with probability > 1 — \/‘gj;k :

1. For allt >0, RS (1) < 2kn.

2. If yNw,(z1) < 1, then S}t (1) > SF(1) + |W (1)|n. Otherwise, if —yNw,(®1) > 1 then
St++1(1) = S;r(l)~
Proof. 1. Assume by contradiction that there exists ¢ > 0, such that R, (1) > 2kn. It follows that
there exists j € U;" (1) such that o (ugj ). ml) > 2n. However, this contradicts Lemma and
Lemma because with probability 1, there exists [ € {2,4} such that j € Uy (1).
2. This follows by Lemma We note that by this lemma, if j € W, (1) then j € W, (1) for all

t>0.
O

Proposition B.5. Assume that k > 16. With probability > 1 — /;‘:’;k — 8¢ 8, for all i, if until

iteration T' there were at least | > —Cl (;E\/i) iterations, in which yNw,(x;) < 1, then it holds that
. -
yNw, (x;) > 1 for allt > T.

Proof. Without loss of generality assume that 7 = 1. By Lemma and Lemma[E.3] with probability
k

>1- fg’gk — 8¢, if yNw, (x1) < 1 then S}, (1) > SF(1) + (& - 2\/%) 7. Therefore, by Lemma

B4 for all t > T
Nw, (z1) = S (1) — R (1)
> (’; - 2\/E) In — 2kn
>1
where the last ineqaulity follows by the assumption on [. O
Theorem B.6. Convergence and clustering. Theorem restated. Assume that k > 16.

With probability > 1 — \/\g;k —8e78, after T > Ci (\%@) iterations, gradient descent converges to a
N _

global minimum. Furthermore, for i € {1,3} and all j € W (i), the angle between w

gf) and x; s at

most arccos (1_20”). Similarly, fori € {2,4} and all j € Uy (i), the angle between ugpj) and x; is at

1+4+cy
¢ 1-2¢y
most arccos { 7ot ).
Proof. Proposition implies that there are at most % (\1/%‘/3) iterations in which there exists
N _

(z;,y;) such that y; Ny, (z;) < 1. After at most that many iterations, gradient descent converges to
a global minimum.



Without loss of generality, we prove the clustering claim for i = 1 and all j € W (1). At a global
minimum, Ny, (@1) > 1. Therefore, by Lemma [B.3] and Lemma it follows that
20(a;(T) + 1) W (1)] = 577(1) > 1
and thus a;(T) > %7, — 1. Therefore, for any j € W, (1), the cosine of the angle between wg,z) and x
is at least )
(’ng) + Cl1(T)?’]$1 + 041332) -1 > 2&1(T) > 1— 2677
V2(Jwg ||+ V2ai(T)n + V2n) — 2a(T)+3 7 1+

where we used the triangle inequality, Lemma [B.3] and Lemma [B:2] The last inequality follows

since f(x) = 2313 is monotonically increasing. The claim follows. O

B.2 Small Network

Lemma B.7. Non-exploration at initialization. With probability at least 0.75, there exists © €
{1,3} such that W (i) = 0 ori € {2,4} such that U (i) = 0.

Proof. Since the sign of a one dimensional Gaussian random variable is a Bernoulli random variable,
the probability that W' (i) # 0 for i € {1,3} and Uy (i) # 0 for i € {2,4} is . The claim follows. [

Theorem B.8. Assume that k = 2. With probability > 0.75, gradient descent converges to a local
minimum.

Proof. As in the proof of Theorem for i € {1,3} if W, (i) # 0, then eventually, y; Nw, (x;) > 1.
Similarly, for i € {2,4} if Uy (i) # 0, then eventually, y; Nw, (z;) > 1. However, if without loss of
generality Wy (1) = (), then for all ¢,

Ny, (1) = Sf (1) — B (1) <0

Furthermore, there exists the first iteration ¢’ such that y; Nw,, (z;) > 1 for i = 3 (since W (3) # 0)
and any i € {2,4} such that Uy (i) # (. Then, in iteration #' + 1 for all 1 < j < 2 it holds that

ugfilmz < 0 and wgfilmi <0 fori=1andi€ {2,4} such that Uj (i) = 0 (here we use the fact that
‘uij)wl) < n for all ¢ by Lemma Similarly, for ( where i € {2,4}). Therefore at ¢ + 1 we

)
wy Ty
are at a local minimum. O

C Proofs and Experiments for Section

C.1 VC Dimension

As noted in Remark the VC dimension of the model we consider is at most 15. To see this, we
first define for any z € {£1}2? the set P, C {£1}? which contains all the distinct two dimensional
binary patterns that z has. For example, for a positive diverse point z it holds that P, = {41}2.
Now, for any points z(1), 2(2) € {£1}2? such that P,u, = P, and for any filter w € R? it holds that

max; o ('w . z§»1)> = max,; o ('w . z§2)>. Therefore, for any W, Ny (2(Y)) = Ny (2(?). Specifically,

this implies that if both 2 and 2(® are diverse then Ny (2()) = Ny (2(?). Since there are 15
non-empty subsets of {£1}2, it follows that for any k the network can shatter a set of at most 15

points, or equivalently, its VC dimension is at most 15. Despite these expressive power limitations,
there is a generalization gap between small and large networks in this setting, as can be seen in Figure

@
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Figure 1: Higher confidence of hinge-loss results in better performance in the XORD problem.

C.2 Hinge Loss Confidence

Figure [1] shows that setting v = 5 gives better performance than setting v = 1 in the XORD problem.
The setting is similar to the setting of Section [A] Each point is an average test error of 100 runs.

D Experiments for Section

Here we show an example of a training set that has a non-diverse negative point. The training set
contains 6 diverse positive points, 5 diverse negative points and a negative non-diverse point that only
contains the pattern p,. We implemented the setting of Section E| and ran gradient descent on this
training set. In Figure [2] we show the results. The large network recovers f*, while the small does
not. This is despite the fact that both networks achieve zero training error.
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Figure 2: Overparameterization and generalization in XORD problem. The vectors in blue are the vectors
w!” and in red are the vectors u!”. (a) Exploration at initialization (t=0) for k = 100 (b) Clustering and
convergence to global minimum that recovers f* for £ = 100 (¢) Non-sufficient exploration at initialization

(t=0) for k = 2. (d) Convergence to global minimum with non-zero test error for k = 2.

E Proof of Theorem [6.3

We first restate the theorem.

Theorem E.1. (Theorem restated and extended.) With probability at least (1 — ¢ — 16e~5)

28(y+1+48cy)
Cn

after running gradient descent for T > iterations, it converges to a global minimum which



satisfies sign (Nw,.(z)) = f*(x) for all * € {£1}21. Purthermore, for i € {1,3} and all j € W (i),
the angle between wgz) and p; is at most arccos (%)

We will first need a few notations. Define p; = (1,1), 2 = (1,-1),p3 = (—1,-1),p, = (—1,1)
and the following sets:

W) = {5 L maxl? - =i}, 070 = L argmaxal? 5y = o}
1<i<4 1<i<4

W (i) = {j | arg maxw{ - p; = } , Uy (i) = {j | argmaxu{) - p; = }
le{2,4} le{2,4}

We can use these definitions to express more easily the gradient updates. Concretely, let j €
Wt (i1) N W, (i) then the gradient update is given as follows

wgi)l = ng) +0P;, LNy (z+)<y — TP, LNy (w—)<1 (2)

Similarly, for j € U,;"(i1) N U; (i2) the gradient update is given by:

uly = = 0p;, Ly, @) <y + 1P L (- )<1 3)

We denote by =™ a positive diverse point and = a negative diverse point. Define the following
sums for ¢ € {+,—}:

N )

JEWFOUW(3)
pr= Y [max{o (49 0f) o (u af) )]
JEUF (HUUF (3)
R Y [max{o (w0 a?) o (w0 af)]]
JEWF @UW (@)
_ Z |:maX {0. (u(i) x‘f) ey O (u(i) : 3’53) }:|
JEUF 2OV ()

Note that R = R; since for z € {z*, 2~} there exists iy, o such that z;, = p,, z;, = p,.

Without loss of generality, we can assume that the training set consists of one positive diverse
point T and one negative diverse point &~. This follows since the network and its gradient have the
same value for two different positive diverse points and two different negative points. Therefore, this
holds for the loss function defined in Eq. [4] as well.

We let a™(t) be the number of iterations 0 < ¢’ < ¢ such that Ny, (%) < .

We will now proceed to prove the theorem. In Section we prove results on the filters at
initialization. In Section we prove several lemmas that exhibit the clustering dynamics. In
Section we prove upper bounds on S;", P;” and P, for all iterations ¢. In Section we
characterize the dynamics of S;r and in Section we prove an upper bound on it together with
upper bounds on Ny, (z1) and — Ny, () for all iterations ¢.

We provide an optimization guarantee for gradient descent in Section We prove generaliza-
tion guarantees for the points in the positive class and negative class in Section[E.0.7]and Section[E.0.8]
respectively. We complete the proof of the theorem in Section with proofs for the clustering
effect at the global minimum.

INote that with probability 1, a’(wﬁj) piy) =1, a’(w§j> “P;,) = 1 for all t, and therefore we omit these from the

gradient update. This follows since o’ (ng ) ((]j )

-pil) = 0 for some ¢ if and only if wy’” - p;, is an integer multiple of 7.



E.0.1 Initialization Guarantees

Lemma E.2. Ezxploration. Lemma restated and extended. With probability at least 1 —
4e~8, it holds that

’ngu) UWy (3)| — ’;‘ <2Vk
and

‘|U5“(1) Uy (3)] - I;‘ < 2Vk

Proof. Without loss of generality consider |[Wy" (1) UW"(3)]. Since P [j € Wi (1) U W™ (3)] = 4, we
get by Hoeffding’s inequality

2(22k)

PH]WJ(l)uWJ(s)] —]2“‘ <2\/E} <2 " F =28

The result now follows by the union bound. O

Lemma E.3. With probability > 1 — ﬁ—@ forall1 <j <k and 1 <i <4 it holds that ‘w(()j) p,
[ <

<

Proof. Let Z be a random variable distributed as N(0,02). Then by Proposition 2.1.2 in [Vershynin
(2017), we have

2

2
P[|Z] > t] < e 307

V27t
Therefore, for all 1 < j < kand 1 <17 <4,
[ i V2n 1
P )w(y) > Y2 < o8k
L Stk
and _
; V2n 1
P ‘u(a)_ > Y2 < o8k
O P =T = Rak

The result follows by applying a union bound over all 2k weight vectors and the four points p;,
1< <4, O

From now on we assume that the highly probable event in Lemma holds.
Lemma E.4. Ny, (") <1 and —Nw,(z7) <1 for 0 <t < 2.

Proof. By Lemma we have

Ny, (z) = Zz: {max{a (wéi) mf) e (w(()i) :c:{)} — max {a (uéi) mf) - (u(()i) wj) H

and similarly —Nw, (x~) < 1. Therefore, by Eq. [2/and Eq. [3| we get:
1. Fori e {1,3},1€{2,4}, j € Wi (i) n Wy (1), it holds that w = w$’ — np, + np;.

2. For i € {2,4} and j € W (i), it holds that w(lj) = w((]j).



3. Fori € {1,3},1€{2,4}, j € Uy (i) N U; (1), it holds that ugj) = uéj) — np; + Np;.
4. For i € {2,4} and j € Uy (4), it holds that uéj) = uéj).

Applying Lemmaagain and using the fact that n < gz we have Ny, (%) <y and — Ny, (z™) < 1.
Therefore we get,

1. Fori e {1,3}, 1€ {2,4}, j € W5 (i) N Wy (1), it holds that w{’ = w$ + 2p,.
2. Fori € {2,4} and j € W (i), it holds that w$’ = w{’.
3. Fori e {1,3}, 1€ {2,4}, j € U (i) N U; (1), it holds that u§” = u$ — np, + np,.
4. For i € {2,4} and j € Uy (4), it holds that uéj) = u(()j).
As before, by Lemma [E.3| we have Ny, () < v and —Ny,, (z~) < 1. O

E.0.2 Clustering Dynamics Lemmas

In the following lemmas we assume that the highly probable event in Lemma [E.3 holds. We therefore
do not mention the probability in the statements of the lemmas.

Lemma E.5. Clusetering. Lemma restated and extended. For allt > 0 there exists agt),
agt)’ <mn and the following holds:

1. Forie {1,3} and j € W (i), it holds that w?) = wY + a* (t)yp, +a"p,.
2. Fori € {2,4} and j € W' (i), it holds that wEJ) = 'wé 2 mpy form € Z.
3. WiH(i) = Wi (i) fori e {1,3}.

Proof. By Lemma with probability > 1 — B for all 1 <j<kand1l<i<4itholds that

\/7 8k
< @ and ugj ) < f” We will first prove the first claim and that W' (i) C W, (4)

for all t > 1. To prove this, we will show by induction on ¢ > 1, that for all j € W (i) "W, (1), where
[ € {2,4} the following holds:

L. j € Wr().

2. wij) "Dy :wéj) —2n or w() "Dy —w,(fo) ;-

3. w?) =w + at(t)np; + o!"p,, where ’agt)’ <.
4 w9 . p =2
. t p; > 2n.

The claim holds for ¢t = 1 by the proof of Lemma[E:4] Assume it holds for ¢ = T'. By the induction
hypothesis there exists an I € {2,4} such that j € Wi (i) N W (I'). By Eq. Iwe have,
wf), =w{ + anp, + byp, (4)
where a = at(t+1) —a™(¢) and b € {—1,0}. From this follows the third claim of the induction proof
and the first claim of the lemma. 4
If w( 7) P = ( ) -p; then I’ = [ and either wgfil Py = (J) -pifb=0or 'wTi_l p = é]) -p,—2n if

b=-1. Otherwme assume that w;) p = 'w(()]) —2n. By Lemmamwe have 0 < 'w(()j) Py < @.
Therefore —2n < 'w(J) pp<0Oand ! #1. Tt follows that either wgfil “pp = 'wéj) p—2nifb=0



or w;Z)H P = w(()j) -p; if b= —1. In both cases, we have "w(T]il ~pl’ < 2n. Furthermore, by Eq.

wgil “p; > wgz) -p; > 2n. Hence, argmax; ;4 'wgf_)H - p; = % which by definition implies that
j € Wi, 1(i). This concludes the proof by induction which shows that Wy (i) € W;" (i) for all ¢ > 1.

To prove that W, (i) = W, (i) for i € {1, 3}, it suffices to show that W, (2) U W (4) C W;F(2) U
W, (4). This follows since U?Zl Wt (i) = {1,2,...,k}. We will show by induction on ¢ > 1, that for
all j € W (2) UW,"(4), the following holds:

1. j € W, (2)n W, (4).

2. 'ng) = w(()j) + mp, for m € Z.
This will conclude the proof of the lemma. The claim holds for ¢ = 1 by the proof of Lemma [E.4]
Assume it holds for ¢ = 7. By the induction hypothesis j € W (2) N W (4). Assume without loss of
generality that j € W (2). This implies that j € W (2) as well. Therefore, by Eq. [2| we have

'wgz-)i-l = 'wg,f) + anpy + bnp,y (5)

where a € {0,1} and b € {0,—1}. By the induction hypothesis, ng)H = w(()j) + mp, for m € Z. If
a =1 or b =0 we have for ¢ € {1, 3},

wgz-)i-l P2 = wg) “Py > wgf) Db :U’%A "P;

where the second inequality follows by Eq. [5| (we note that this inequality is strict with probability
1). This implies that j € W3, (2) N W, | (4).

Otherwise, assume that @ = 0 and b = —1. By Lemma we have w(()j) “py < @. Since
j € Wi (2), it follows by the induction hypothesis that w(T]) = wéj) + mp,y, where m € Z and m > 0.
To see this, note that if m < 0, then 'w(TJ) -py < 0 and j ¢ Wi (2), which is a contradiction. Let
i €{1,3}. If m =0, then w(TJJ)rl = 'w(()]) — Do, wng)rl Spy > @ and wng)rl p; = 'wé]) -p; < @ by
Lemma Therefore, j € Wi, (4).

Otherwise, if m > 0, then wgfil “py > 'w(()]) “py > 'w((f) P = wgfjrl -p;. Hence, j € Wi, ,(2),
which concludes the proof.

Lemma E.6. For allt > 0 we have

1. ugj) = ugj) + mnp, for m € Z.

2. U (2) uUS (4) C U (2) UU (4).

Proof. Let j € Uy (2) UUS (4). Tt suffices to prove that 'u,gj) = u(()j) + aynp, for ap € Z. This
((j]) "P2| < @ imply that in this case j € U;"(2) UU,"(4).
Assume by contradiction that there exist an i‘geration t for which ugj ) = uéj ) + ounpsy + Binp; where
Bre{-1,1}, as € Z, i € {1,3} and uij_)l = 'u,éj) + ay_1mPy where ay_1 € Z. || Since the coefficient of
p; changed in iteration ¢, we have j € U;” (1) UU," ,(3). However, this contradicts the claim above

which shows that if ugi)l = u(()j) + ay—17mps, then j € U;m 1 (2) WU, (4). O

follows since the inequalities ‘ué‘j) -pl‘ < ’u

Lemma E.7. Let i € {1,3} and | € {2,4}. For allt > 0, if j € Uy (i) NU; (), then there exists
a; € {0,—1}, by € N such that uﬁj) = ugj) + amp; + binp;.

2Note that in each iteration B; changes by at most 7.

10



Proof. First note that by Eq. [3| we generally have ugj) = u(()j) + anp, + Bnp, where «, 5 € Z. Since
< @, by the gradient update in Eq. [3|it holds that a; € {0,—1}. Indeed, ap = 0 and by

the gradient update if a;_1 =0 or a;_1 = —1 then a; € {—1,0}.
Assume by contradiction that there exists an iteration ¢t > 0 such that b = —1 and b;_; = 0.
Note that by Eq. [3| this can only occur if j € U;”(l). We have ugi)l = u((f) + ai—1mp; where

‘uéj) P

a;—1 € {0,—1}. Observe that ugj_)ypi > ’uéj) -pi‘ by the fact that ’uéj) p;| < @. Since
uéj) “p; > u(()j) P = ugi)l -p, we have j € U;" (1) UU;" ,(3), a contradiction. O

E.0.3 Bounding P;", P, and S;
Lemma E.8. The following holds
1. 87 < |\WHA)UWH(3)|n for all t > 1.
2. P <|UF(1)UU3)|n forallt > 1.
3. Py < |UF(1)UUF(3)|n for all t > 1.

Proof. In Lemmawe showed that for all t > 0 and j € W, (1)UW,"(3) it holds that ‘w,(fj) -p2’ <n

This proves the first claim. The second claim follows similarly. Without loss of generality, let
j €U (1). By Lemmait holds that U, (1) C Uy (1) UU (3) for all ¢’ < ¢t. Therefore, by Lemma

we have ‘ugj )pl‘ < n, from which the claim follows.

For the third claim, without loss of generality, assume by contradiction that for j € U, (1) it
holds that uij) ~p1‘ < 1 by Lemma it follows that j € U,"(2) UU," (4), a

ul(tj) ~p2‘ > 7. Since

contradiction. Therefore,

uij) -pz’ < for all j € U; (1) UU,"(3), from which the claim follows. [

E.0.4 Dynamics of S;"
Lemma E.9. Let

Ko S el (0 at) o (1))

JEW (1)

vih= ) [max{a (w(i) ~w1+) e @ (“’(i) "”” }]

JEW(3)

and

X -x5 vy

T = .
hen for all t, W) W)

Proof. We will prove the claim by induction on ¢. For ¢t = 0 this clearly holds. Assume it holds for
t="T. Let j; € W; (1) and j» € W (3). By Eq. [2| the gradient updates of the corresponding weight
vector are given as follows:

w(Tjjr)l = wgl) + anp, + bi1np,y

and

w(Tji)l = wP + anps + banpy

where a € {0,1} and by,b3 € {—1,0,1}. By Lemma j1 € W:,‘fﬂ(l) and jo € W;H(?)). Therefore,

max{a (wgfjr)l :cf) - (wgﬁ)l :L':{)} = max {a (wgfl) :L*f) - ('wgzl) a::{)} + an
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and
max {a (w(jz) ~a:+) o (w(j2) w+)} — max {a (w(jz) ~m+) o (w(jz) m+)} +a
T41 %1 |oees T+1 %q ) [ = T 1) T d N
By Lemmawe have |W;'(1)| = |Wy"(1)| and |W;5(3)| = |[Wy (3)| for all ¢. It follows that

Xig—Xg  an|Wi (D] + X5 - X§
(Wi ()] (Wo" (1)
D7
_ +T70
EARITAE]
an Wi 3)| + Y - Yt
Wy (3)]
YA, Y
(Wi (3)]

where the second equality follows by the induction hypothesis. This proves the claim. O
Lemma E.10. The following holds:
1. If Nw, () < v and —Nw, (&™) < 1, then S;, = S +n|W (1) u W (3)].
2. If Nw, () >~ and —Nw, (x~) <1, then S;\, = S;".
8. If Nw,(z*) < v and —Nw,(x™) > 1, then S, = S; +n|W; (1) UW;(3)].
Proof. 1. The equality follows since for each i € {1,3}, 1 € {2,4} and j € W, (i) N W, (I) we have
wgi)l = wij) + np; — npy and W, (1) UWE(3) = Wi (1) UW(3) by Lemma

2. In this case for each i € {1,3}, 1 € {2,4} and j € W, (i) N W, (I) we have wgi)l =wl — np;
and Wy, (1) UW,%,(3) = W;" (1) UW;*(3) by Lemma [E.5]

3. This equality follows since for each i € {1,3}, I € {2,4} and j € W, (i) N W, (I) we have
wgi)l = ng) + np; and W, (1) UWE(3) = W, (1) UW,'(3) by Lemma
O
E.0.5 Upper Bounds on Ny, (z"), —Nw,(z~) and S;"

Lemma E.11. Assume that Ny, (x") > v and —Nw,(x~) <1 for T <t < T +b where b > 2. Then
Nwy (%) < Nwp (2F) = (b= Dy + 0 [Wo" (2) UWS(4)].

Proof. Define R =Y," — Z;" where

v 3 fmae{e () af) o (w0 ) ]

JEW (2UWF(4)

e F el o) e (021))

JEUF (2)UUS (4)

Let | € {2,4}, t = T and j € U} {(I). Then, either j € U;"(2) UU; (4) or j € U (1) UU(3).
In the first case, ugi)l =ul) 4 np,. Note that this implies that U; (2) U U (4) C U, (2) U U, (4)

and

12



(since p; will remain the maximal direction). Therefore,

> e {o (st 1) oo (s -27) )]

i€(U @UUt, (9) N(UF @uUft (1))

S o (u at) oo ()]
JEUF (2UU (4)
=1 |(UA.(2) LU, (@) N (U@ L TF @)
= |0 (2) U (4)] (6)

In the second case, where we have j € U;" (1) U U, (3), it holds that ugﬂr)l = uij) +np;, j €U (D)

and ugr)l -p; > 1. Furthermore, by Lemma (]) -p; <nfor i € {1,3}. Note that by Lemma
any j1 € U; (1) UU;"(3) satisfies j; € U;",(2) U Ut+1( ). By all these observations, we have

Z [max{ (ug& 5'31+) ) (uf‘i)l 93;) H
i€(U, QuUU, (@) N(UF (1)uT;F3))
C Y o () o (u0))]
JEUF (uU(3)
>0 (7)
By Eq. [ and Eq. l it follows that, Z,"; + Pt+1 > Zjﬂ > 7} + P +|US(2)UU(4)|. By
induction we have ZHb + Ptib > Z5 + P+ ZZ o 77‘ SL2UUL (4 )’ By Lemma for any

1 <i<b—1wehave |US,;(2)UU,;(4)] ={1,....k}. Therefore Zi AP, > 2+ P+ (b— 1)y,

Now, assume that j € W (l) for I € {2,4}. Then 'w(TJ)+1 = w(TJ) np;. Thus either

max{ (ngﬂ :cf), (w(TJJ)r1 wj{)}—max{ (wgf) mf) (wgf) w;)}:—n

in the case that j € W, (1), or
max{ (w(]) -z ) (w(]) T )} <
T+1 1 T+1 Fd n

if j ¢ Wi, (D).
Applying these observations b times, we see that quﬁrb — YTJr is at most 7 W:,Jf+b( U W;er | =
n|Wg (2) UW (4)| where the equality follows by Lemma By Lemma we have S, = S}
Hence, we can conclude that
NWT+b(w+) - NWT(:BJF) = S’ZJ:+b + R;+b - ;—i—b - 57 - RJF + P+
=Y, —Zf, - Pi, Y + 2+ Pf
—(b— 1)y +n|W (2) UW, (4)]

O

Lemma E.12. Assume that Ny, (%) <y and —Nw, (™) > 1 for T <t <T +b where b > 1. Then
—Nw,,(27) < —Nw, (27) = by [W (2) U (4)] + ey

Proof. Define
e S o (000t r (w0 5))]

JEWF (U (4)
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and i
Z, = Z [max {0 (u(j) . a:;r) ey O (u(j) a:j) H
j=1
First note that by Lemma we have W, ,(2) UW, (4) = W (2) U W, (4). Next, for any
1 € {2,4} and j € W, (I) we have wij) = (J) + np;. Therefore,

Vi, =Yy +bn|WEQ2)UWH(4)| =Y + by W (2) U (4)]

where the second equality follows by Lemma
Assume that j € Uf (1) for [ € {1,3}. Then ug,f)ﬂ = ugp) — np; and

max{ (ugfj_l scl_) , O (u(Tj_)s_1 :cg)} — max {a (u(T7) . :cl_) yeey O (u(Tj) . az;)} =0 (8

To see this, note that by Lemma and Lemma it holds that u(Tj) = u(()j Ut arnp; where
ar € {—1,0}. Hence, u(TJJ)r1 = u(()j) + ap+1np; where aryq € {—1,0}. Since ‘uéj) opQ‘ < @
that ug,f_)‘_l “py = u(j) “Ppy = ugj) - py and thus Eq. holds.

Now assume that j € U} (1) for [ € {2,4}. Then

max{or (u(T73_1 -a:f) Yoy O (u(T73_1 md)} —max{a (ug,f) -a:l_) Yoy O (u(T7) :cl;)} =-n

if 1 €{2,4} and j € U}, (), or

masc {o (ufl)y @7 ) oo (wfly @y ) <

if 1 € {2,4} and j ¢ U (1).
Applying these observations b times, we see that Zr., — Zz is at most n|Uf,,(2) U UL, (4)].
Furthermore, for j € Wi (1), [ € {1,3}, it holds that w(]) b= wgf) + np;. Therefore

max{ (wgz)+1 x; ) ('w(TJJ)r1 w;)} = max{ (wgz) T, ) (w(Tj) (B;)}

and since Wy, | (1) UW,, ,(3) = Wi (1) UW(3) by Lemma we get S, = Sp. Hence, we can
conclude that

it follows

_NWT+Z7($_) + NWT (13_) = _S;+b - Y’I?er + Z77"+b + S’.Zt + YIT - Z{“
—bn W (2) UWE (4)| + 1 |UL,,(2) VUL, (4))]
W) U] e,

N

IN

Lemma E.13. For all t, Nw,(z) < v+ 3c,, —Nw,(z7) <1+ 3¢, and S;7 <~y + 1+ 8c¢,.

Proof. The claim holds for t = 0. Consider an iteration 7. If Ny, () < 7 then Ny, (z7) <
Nw, () + 217k < v+ 2¢,. Now assume that Ny, (m"’) >yfor T<t<T+band Ny, () <~.
By Lemma [E.11} it holds that Nw,,(2") < Ny, (@*) + nk < Nw, (€¥) + ¢, < v + 3¢y, where the
last inequality follows from the previous observation. Hence, Ny, (1) < v + 3¢, for all ¢.

The proof of the second claim follows similarly. It holds that — Ny, (£7) < 142¢, if =Ny, (™) <
1. Otherwise if —Nyw, (x7) > 1for T <t <T+band —Nw,_,(x~) < 1 then —Ny,.,,(x7) <14 3¢,
by Lemma

The third claim holds by the following identities and bounds Ny, (") — Ny, (z~) = Sf — P} +
T |S;’ < ¢, and Ny, (") — Ny, (z7) < v+ 1+ 6¢, by the previous
claims. O
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E.0.6 Optimization

We are now ready to prove a global optimality guarantee for gradient descent.

Proposition E.14. Let k > 16 and v > 1. With probabaility at least 1 — V/8k 4e78, after

V/me8F -
T = % iterations, gradient descent converges to a global minimum.
E

Proof. First note that with probability at least 1 — \/\4{’;% —4e~8 the claims of Lemma and Lemma

hold. Now, if gradient descent has not reached a global minimum at iteration ¢ then either
Ny, (xzt) <~ or —Nw,(z~) < 1. If =Ny, () < 7 then by Lemma it holds that

k
552 57+ W@ UG )] 2 57+ (5 -2vE) )

where the last inequality follows by Lemma

If N, (z*) > v and =N, (z~) < 1 we have S;;, = 5" by Lemma However, by Lemma
it follows that after 5 consecutive iterations ¢ < ¢’ < ¢+ 6 in which Ny, (z7) > ~ and
—Nw,, (x~) < 1, we have Ny, ,(x") <. To see this, first note that for all ¢, Ny, () < v+ 3¢, by
Lemma [E-13] Then, by Lemma [E.11] we have

Nw,o(®") < Nw, (2F) = bey +n [W5(2) U (4)]
< v+ 3¢y, — 5ey + ¢y

<7
where the second inequality follows by Lemma and the last inequality by the assumption on k.
Assume by contradiction that GD has not converged to a global minimum after T' = %
E_

iterations. Then, by the above observations, and the fact that S{)" > 0 with probability 1, we have

T
s;zSng(’;—N%)n?
>+ 1+8¢,

However, this contradicts Lemma [E.13] O

E.0.7 Generalization on Positive Class
We will first need the following three lemmas.

Lemma E.15. With probability at least 1 — 4e~8, it holds that
ok
W] - 5| <2vk
and L
i )| -] <2v
Proof. The proof is similar to the proof of Lemma O

Lemma E.16. Assume that gradient descent converged to a global minimum at iteration T. Then
there exists an iteration Ty < T for which S;f > v+ 1 — 3¢y for all t > Ty and for all t < Ty,
_NWt (w_) < 1.

Proof. Assume that for all 0 < ¢ < T} it holds that Ny, () < v and —Nw, (™) < 1. By continuing
the calculation of Lemma[E.4] we have the following:
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—_

. Forie {1,3},1 € {2,4}, j € Wi (i)nW; (1), it holds that w) = w§ +Tinp,— L (1—(~1)™ )np,

[\

. For i € {2,4} and j € W (i), it holds that 'w(le) = w(()j).

w

. Fori € {1,3},1€{2,4}, j € US (i) nU; (1), it holds that u(le) —ul) - np; + np;.

>~

. For i € {2,4} and j € Uy (4), it holds that u%) = uéj).

Therefore, there exists an iteration 73 such that Ny, (%) >y and —Nw,, (z~) < 1 and for all
t < Ty, Nw, () <yand —Nw,(z~) < 1. Let Ty < T be the first iteration such that — Ny, () > 1.
We claim that for all 77 < ¢t < Ty we have NWT1 (xF) > v — 2¢y. It suffices to show that for all
Ty <t < T the following holds:

1. If Nw,(x") >~ then Ny, , () > v — 2¢,.
2. If Ny, (z) < then Ny, , (&%) > Ny, (zT).

The first claim follows since at any iteration Ny, (x") can decrease by at most 2nk = 2¢,. For
the second claim, let ¢’ < ¢ be the latest iteration such that Ny, (™) > ~. Then at iteration t'
it holds that —Ny,, (~) < 1 and Nw,, (z") > 7. Therefore, for all i € {1,3}, | € {2,4} and
j € Uf (i) NUS (1) it holds that ugf_)‘_l = ugf) + np,;. Hence, by Lemma and Lemma it holds
that Uj,'H(l) U U;H(?)) = (). Therefore, by the gradient update in Eq. , for all 1 < j < k, and all
t' < t” <t we have ui%_l = ug,), which implies that NWt”+1(
NWt+1 (:B+) 2 NWt (w+)

The above argument shows that Ny, () > v — 2¢, and —Nyw,, (x~) > 1. Since Ny, (x1) —
Nwy, (™) = S, — Pf, + Py, — Sy, Py, Sy, > 0 and |P| < ¢, it follows that S}, > v+ 1 — 3c,.
Finally, by Lemma we have S > v +1 — 3¢, for all t > Tb. O

xt) > Nw,, (). For t" =t we get

Lemma E.17. Let

X+ — Z [max {a (’w(j) $1+) N (w(j) w;{) H

JEW (2UWT(4)

Y= Z {max {J (u(j) CB1+) Y (u(j) ' x;r) H

JEUF (2)UU; (4)

and

Assume that k > 64 and gradient descent converged to a global minimum at iteration T. Then,
X:,f < 34c, and Y:,fr < 1+ 38cy.

Proof. Notice that by the gradient update in Eq. |2[ and Lemma X;" can be strictly larger
than max {X;",,n|W;(2) UW;"(4)|} only if Nw, ,(z") < v and —Nw,_,(z~) > 1. Further-
more, in this case X;" — X;"; = n|W;"(2) U W;" (4)|. By Lemma S;t increases in this case by
Ui ’Wt+(1) uw;r (3)| We know by Lemma that there exists 75 < T such that S;z >v+1-3c,
and that Ny, (z+) < v and —Nyw, (™) > 1 only for t > T,. Since S;" < y+1+ 8¢, for all ¢ by Lemma

1lec . . . . + _ _
—n‘w;(l)u”vv;(?))‘ iterations in which Ny, (™) < v and —Nw, (™) > 1.

.13} there can only be at most
It follows that

Leyn | W7 (2) U W (4)]
0 [WE (D) U5 (3)

X" <n|Wi (2 UWE ()] +

(1247
(1)

< e,y + 11,

< 34c¢,
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where the second inequality follows by Lemma and the third inequality by the assumption on k.

At convergence we have Ny, (z~) = S; + X} — Y — P > —1 — 3¢, by Lemma (recall
that R, = R = X;" —Y;"). Furthermore, P;, > 0 and by Lemma we have S < ¢,. Therefore,
we get Y7 <1+ 38c,. O

We are now ready to prove the main result of this section.

Proposition E.18. Define 5(y) = 14030 pgsume that v > 2 and k > 64 (6(7)“) . Then with

39¢, +1 B()—1
probability at least 1 — \)ﬁj’gk — 8e78, gradient descent converges to a global minimum which classifies

all positive points correctly.

Proof. With probability at least 1— Y1285 _8¢=8 Proposition[E.14, and LemmalE.15{hold. It suffices to

NS
show generalization on positive points. Assume that gradient descent converged to a global minimum

at iteration T. Let (z,1) be a positive point. Then there exists z; € {(1,1),(—1,—1)}. Assume
without loss of generality that z; = (=1, —1) = p5. Define

X (i) = Z [max {o (w(j) mi") e (w(j) md+) }]

JEWE (4)

Y, (i) = Z {max {0’ (u(j) wi") y ooy O (u(j) . sc;) H

JEUL (i)

for i € [4].
Notice that

Ny, (x¥) = X7 (1) + X7 (3) — Pf + Ry,
=X} (1) +X+(3) - P} + Ry
=X+ (1) +X+3) - Pf + Nw, (™) — S; + Pr
) > 1, |P |<c77 by Lemmaand P;f,S >0, we obtain
XM+ XEB)=v+1-¢ (10)

Since Ny, (1) > v, —Nw, (z~

Furthermore, by Lemma, we have
X - X5 () _ X53) - %) "
(Wi (1) W (3)]

and by Lemma [E.15|
s-2vE _|WE)] b2V
Eyovk = [WiB) ~ & —2vk

By Lemma we have |X6r(1)| < ¥ < 2. Combining this fact with Eq.

(12)

Let a(k) = ?_r;/fz

and Eq. [12] we get

e

XF(1) < a(k)X7(3) + X (1) < a(k) X7 (3) + 7

which implies together with Eq. [10|that X (3) > Wﬁa(k) Therefore,
Ny (2) = X5(3) - P — Vi (2) - Y (4)
5c
yAH1-
= W — C"7 —1- 3(8C77) — 14C77

5¢,

y+1—=
=—F—-39%,—-1>0 13
1+ a(k) =2 (13)
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where the first inequality is true because

3 s fo (49 21) oo (40 2) ) < ilm{ (w9 at) o (w9 z)}] (10

=Pl +Y/(2)+Yi4) (15)

The second inequality in Eq . 3| follows since P < ¢, and by appyling Lemmam Finally, the last
inequality in Eq. . 13| follows by the assumption on k. [°| Hence, z is classified correctly. O

E.0.8 Generalization on Negative Class

We will need the following lemmas.

Lemma E.19. With probability at least 1 — 8e~8, it holds that
n k
U (2)] - e 2k
n k
Ug @] - 7| <2vk
‘|U0 )UUF (3)) N |—‘<2f
k
|wimuu ) v @] -5 <2vE

Proof. The proof is similar to the proof of Lemma and follows from the fact that

PljeUy(2)]=PjeUy(4)]

Lemma E.20. Let

K= 5 ol (s a5) o () 53))

JeuF(2)

o 5 oo (s0-5) o (5 -53))

JEUS (4)

and

Then for all t, there exists X,Y > 0 such that | X| < n|Ug"(2)|, [Y] < n|Uy (4)] and = |U+ X‘ = ﬁ;(_:)/‘

Proof. First, we will prove that for all ¢ there exists a; € Z such that for j; € U, (2) and j2 € Uy (4)
it holds that ugh) = éjl) + aznp, and uE”) (]2) — Py I We will prove this by induction on ¢.

2
3The inequality —39¢y — 1 > 0 is equivalent to a(k) < B(y) which is equivalent to k > 64 (’8(7”1) .

+ —
1+0<(k) B(v)—1

4Recall that by Lemmawe know that Uar(2) U UJ(4) C U2 UU; (4).
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For ¢ = 0 this clearly holds. Assume it holds for an iteration ¢. Let j; € Uy (2) and j2 € Uy (4). By
the induction hypothesis, there exists a7 € Z such that 'u,gj - u(()'“) +asnp, and 'u,gj 2) = u(()'“) —agnps-

Since for all 1 < j < k it holds that ’ugﬂ - p2’ < Y21 it follows that either Uy (2) C Uy (2) and

Uy (4) C U (4) or Uy (2) C U7 (4) and U (4) C U; (2). In either case, by Eq. [3, we have the
following update at iteration ¢ + 1:

ui! = uf™ + anp,

and
(J2) (J2)

Uy = Uy anps

where ¢ € {—1,0,1}. Hence, ugﬁl) = u(()jl)+(at +a)npy and u§j2) = u((]b) —(ag+a)np,. This concludes

the proof by induction.
Now, consider an iteration ¢, j1 € Uy (2), j2 € U (4) and the integer a; defined above. If a; > 0

then
max {0 (u%jl) : a:f) yees O (u%jl) w;)} - max{a (uéjl) -:l:f) sy O (u(()jl) : a:;)} = nay

max {a (ung) . :r,f) y ooy O (ugﬁ) w;)} — max {0 (uéjz) ~acf) sy O (ung) . w;)} = na;

Define X = Xy and Y =Y then |X| < n|Uy (2)], [Y| < n|U; (4)| and

and

X; —X _ Uy (2)|na
Uy (2)] Uy (2)]

= |Ug (4)| na Y-y
Ug 1) |Us (4)]

which proves the claim in the case that a; > 0.
If a; < 0 it holds that

max {0’ (uijl) . :cf) yees O (u,(:jl) m;)} - max{a ((u(()jl) —p2) . a:f) sy O ((uéjl) —p2> w;)} =n(—a;—1)

and
max {O’ (ung) : mf) -~ (ugb) w;)} — max{a ((ung) +p2) : :r,f) e ((u8j2) +p2) w;)} =n(—a; — 1)
Define
X = Z {max {0 ((ugj) —p2) ~a:;) ey O ((ugj) —p2) w;)}]
€Uy (2)
and _ .
Y = Z {max {0‘ ((u(()j) +p2) -xf) ey O ((u(()j) +p2> az;)H
JEUL (4)

Since for all 1 < j < k it holds that [uf)’ - p,| < 21, we have |X| < y|U; (2)

Furthermore,

YT <n|Uy (4)].

X; - X _|Ug @)|n(=a—1) _

U @) T M= Vs Wl n=a,~1) _ ¥ -¥

Uy (4)] Uy (4)]

which concludes the proof. O
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Lemma E.21. Let

X; = > max{o (uf a1 ) o (uf ) }]

i€(Us (WU (3))NU;g (2)

e Y o (uar) cear (7))

J€(UF (DU (3))nU5 (4)

and

X7 -Xg Y, Y,

Then for allt, rrmotF e )is @] — [0 MU @)AE @]

Proof. We will first prove that for all ¢ there exists an integer a; > 0 such that for j; € (U F(1Hu U, F( )ﬂ
Uy (2) and js € (Uy (1) UUS (3)) N Uy (4) it holds that ugﬁ) “Py = (]1) - py + na; and u(”) Py =
(]2) -py + nas. We will prove this by induction on t.

For ¢ = 0 this clearly holds. Assume it holds for an iteration ¢. Let j; € (U (1) UU (3)) NUy (2)
and j» € (U (1) UUL (3)) NUy (4). By the induction hypothesis, there exists an integer a; > 0 such
that u(jl) p2 = ( 2 - py + na; and u(”) p, = (”) -p, +nay. Since for all 1 < j < k it holds that
‘ug pl‘ < X210 it follows that if a; > 1 we have the following update at iteration 7"+ 1:

u§]+11) = “th) + anp,

and
i) = u + anp,

where a € {—1,0,1}. Hence, ugi_ll) Py = u(h) -py +n(as + a) and ugfl Py = uéh) -py +1n(at + a).

Otherwise, if a; = 0 then
ui! = ui™ + anpy + bip,
and

uipl = u™ +anp, + bop,

such that a € {0,1} and by, b € {—1,0,1}. Hence, ug_ll) Py = u( ) - py +n(ar + a) and u§+1) Py =

(Jz) -py +n(ar + a). This concludes the proof by induction.
Now, consider an iteration ¢, j; € (Ug (1) UU{ (3)) N Uy (2) and j2 € (Ug (1) UUS (3)) N Uy (4)
and the integer a; defined above. We have,

max{a (ugjl) . azl_) yees O (uﬁjl) w;)} - max{a (uéjl) ~:1:1_) yees O (ugjl) . az;)} = nat
max {a (ugjz) : wf) yeey O (ugﬁ) w;)} — max {U (uéh) ~33I) yees O (ugjz) : w;)} = nay

It follows that

and

X - Xg _ W uug3)) nUy (2)] nae
(U () LU (3) NUG (2)] !(Uo<> U (3))ﬂUo (2)]
= na
_ UM v 3) Nty (4)] nae
[(Ug () LU (3) NUG (4)]
_ Y, Y,
[(UF () LTS (3) NUG (4)]

which concludes the proof. O
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We are now ready to prove the main result of this section.

361 2
Proposition E.22. Define 8 = ! 335(146", Assume that k > 64 (%) . Then with probability at least
n
1-— ﬁk —8e™8, gradient descent converges to a global minimum which classifies all negative points
correctly.

Proof. With probability at least 1— \/‘gngk —16e~8 Proposition |E.14/and Lemma|E.19/hold. It suffices to
show generalization on negative points. Assume that gradient descent converged to a global minimum
at iteration 7. Let (z,—1) be a negative point. Assume without loss of generality that z; = p, for

all 1 <i < d. Define the following sums for | € {2,4},

- 5 [max {O <w<j> -wf) - ('w(j) : x;)H

FEW (2)UW, (4)
—(7) — (4) . = 4 . =
Y, ()= Z max o (uy - €y ),..,0(u’ -x,
J€UF (1)

7o) = 3 [max{a (uu) ,w;) ,...,o—(u(ﬁ-w;)ﬂ

Je(Us (MuUg (3))nUg (1)

First, we notice that
Nw, (™) =857 + X7 =Yy (2) =Yy (4) = 27 (2) = Z7 (4)

X;,87 >0

and
NWT (:c_) < -1

imply that
Yr @) +Yr (9 +27(2) +2p(4) 21 (16)

We note that by the analysis in Lemma it holds that for any ¢, j; € U (2) and jo € U (4),
either j; € U;"(2) and jo € U, (4), or j; € U, (4) and jo € U;7(2). We assume without loss of
generality that j; € U (2) and jo € Uf (4). It follows that in this case Ny, (2) < Sp + X5 — Z5 (2) —
Y (2). therwise we would replace Y (2) with Y (4) and vice versa and continue with the same
proof.

Let a(k) =

E42vEk
E_ovk’

By Lemma [E.21)and Lemma [E.19

Cn

Zr(4) < a(k)Z7(2) + 2o (2) < alk) 27 (2) +

and by Lemma [E.20] and Lemma [E.19| there exists Y < ¢, such that:
Yr(4) <ak)Yr (2)+Y <a(k)Yr (2) +e
Plugging these inequalities in Eq. |16| we get:

a(k)Z7(2) + %’7 +a(k)Yy (2) +cy + Yy (2) + Z7(2) > 1

which implies that
5cy
Yo() L Z-(2) > -4

5The fact that we can omit the term —Z1(4) from the latter inequality follows from Lomma
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By Lemma we have X < 34c,. Hence, by using the inequality S < ¢, we conclude that

5cy
Nw,(2) < Sp + X7 — Z7(2) — Y5 (2) < 35¢, — Wil <0
2
where the last inequality holds for k > 64 (%) . H Therefore, z is classified correctly. O

E.0.9 Finishing the Proof

First, for £ > 120, with probability at least 1 — v/8k 16e~8, Proposition , Lemma and

J/me8k -
Lemma |[E.19[ hold. Also, for the bound on 7', note that in this case 28(7+61+80”) > 7((Z+;j_/%c)’;7). Define
ul 2
61 = Aggﬁoii" and By = 17335(1%6" and let f = max{f,f2}. For v > 8 and ¢, < ﬁ it holds that

2
64 (%) < 120. By Proposition [E.18| and Proposition [E.22] it follows that for k£ > 120 gradient

descent converges to a global minimum which classifies all points correctly.
We will now prove the clustering effect at a global minimum. By Lemma it holds that
St >~ +1-3c, >~ — 1. Therefore, by Lemma it follows that

2n(a* () + 1) [Wer (1) UWG(3)] 2 55 27— 1

and thus o™ (T) > % — 1. Therefore, for any j € W, (i) such that i € {1,3}, the cosine of the angle

between w(Tj ) and p; is at least

(w§ +at (T)npy +alpy) -py . 204(T) v —1-2c,
V2(|[wf ||+ v2a+(T)n+ V2~ 2a(T) 437 g -1t
where we used the triangle inequality and Lemma The claim follows for j € W (1) UW,(3).

F Proof of Theorem (6.4

Theorem F'.1. (Theorem restated) Assume that gradient descent runs with parameaters n =
where ¢, < 4—11, oy < —25 and v > 1. Then, with probability at least (1 — c) %, gradient descent
converges to a global minimum that does mot recover f*. Furthermore, there exists 1 < i < 4 such
that the global minimum misclassifies all points x such that Py = A;.

We refer to Eq. [9]in the proof of Proposition To show convergence and provide convergence
rates of gradient descent, the proof uses Lemma However, to only show convergence, it suffices
to bound the probability that W, (1) U W (3) # 0 and that the initialization satisfies Lemma

Given that Lemmaholds (with probability at least 1 — \/gff?’z)7 then W, (1) UW;T(3) # 0 holds
with probability %.
By the argument above, with probability at least (1 — \/56*32) %, Lemma holds with &k = 2

and Wy (1) UW,(3) # 0 which implies that gradient descent converges to a global minimum. For the
rest of the proof we will condition on the corresponding event. Let T be the iteration in which gradient
descent converges to a global minimum. Note that T is a random variable. Denote the network at
iteration 7" by N. For all z € R?? denote

2
N(z) = Z [max {0 (w(j) ~z1) s O (w(j) . zd)} — max {0 (u(j) . zl) s O (u(j) . zd) H

j=1

5cy)

_2tn 2
STt holds that 35¢, — oty < 0 if and only if a(k) < 8 which holds if and only if k > 64 (25})".
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Let E denote the event for which at least one of the following holds:
L. Wi(1) =0.

2. Wi(3) =0.

3. . p, >0and u® - p, >0.

4. uM . p, >0and u® - p, > 0.

Our proof will proceed as follows. We will first show that if F occurs then gradient descent does
not learn f*, i.e., the network N does not satisfy sign (N(z)) = f*(z) for all z € {£1}??. Then, we
will show that P[E] > . This will conclude the proof.

Assume that one of the first two items in the definition of the event E occurs. Without loss of
generality assume that W:,T (1) = 0 and recall that £~ denotes a negative vector which only contains
the patterns py, p, and let 2+ € R?? be a positive vector which only contains the patterns p,, p,, p,.
By the assumption W (1) = () and the fact that p; = —ps it follows that for all j = 1,2,

max {o’ ('w(j) . zi") ey O ('w(j) -z;{)} = max {a ('w(j) -a:l_) y ey O (w(j) . az;)}

Furthermore, since zT contains more distinct patterns than «~, it follows that for all j = 1,2,

max {0 (u(j) zf) s ey O (u(j) ~zj)} > max {a (u(j) . wf) s ey O (u(j) . x;)}

Hence, N(z") < N(x™). Since at a global minimum N(z~) < —1, we have N(z27) < —1 and 25
is not classified correctly.

Now assume without loss of generality that the third item in the definition of E occurs. Let z~
be the negative vector with all of its patterns equal to p,. It is clear that N(z~) > 0 and therefore
2z~ is not classified correctly. This concludes the first part of the proof. We will now proceed to show
that P [E] > 11.

Denote by A; the event that item ¢ in the definition of E occurs and for an event A denote by A€
its complement. Thus E¢ =N} ; A¢ and P[E°] = P[AS N A | A N AS]P[AS N AS).

We will first calculate P [A§ N A5]. By Lemma we know that for i € {1,3}, W, (i) = W (4).
Therefore, it suffices to calculate the probabilty that Wy (1) # 0 and W, (3) # 0, provided that
Wi (1) U W (3) # 0. Without conditioning on Wy (1) U W (3) # 0, for each 1 < i < 4 and
1 < j < 2 the event that j € W, (i) holds with probability %. Since the initializations of the filters
are independent, we have P[A{ N A§] = 1.

We will show that P[A§N A§| A{ N AS] = 1 by a symmetry argument. This will finish the
proof of the theorem. For the proof, it will be more convenient to denote the matrix of weights at
) )’ uéQ))
Wo(l) = (wél),wéQ),uél),u82)> and WéQ) = (wél),w((f),fuél),uéz)) and let Wt(l) and Wt(Q) be the
corresponding weight values at iteration t. We will prove the following lemma:

iteration t as a tuple of 4 vectors, i.e., Wy = ('wgl ,fwéQ),ugl Consider two initializations

Lemma F.2. For allt > 0, if Wt(l) = (wgl),wgz),ugl),uiz)) then Wt(2) = (wi”,w?), —uil),u?)).

Proof. We will show this by induction on ¢. ﬁI‘his holds by definition for ¢ = 0. Assume it holds

for an iteration t. Denote Wt(i)l = (21, 22,v1,v2). We need to show that z; = 'w&)l, Z9 = 'wg_)l,

v, = —ug_)l and vy = uﬁ)l By the induction hypothesis it holds that Nqu)(a:*') = wam (™) and

Ny,o (™) = N2 (7). This follows since for diverse points (either positive or negative), negating
t t

"Note that this holds after conditioning on the corresponding event of Lemma,
8Recall that we condition on the event corresponding to Lemma By negating a weight vector we still satisfy
the bounds in the lemma and therefore the claim that will follow will hold under this conditioning.
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a neuron does not change the function value. Thus, according to Eq. |2/ and Eq. we have z1 = wg_)l,

zZg = wg_)l and vy = ug_)l We are left to show that v; = —ug_)l. This follows from Eq. |3 and the

following facts:
L. p3 = —p;.
2. py = =Py
3. argmax; ;<4 u - p; = 1 if and only if arg max; <, —u - p; = 3.
4. argmax; ;<4 u - p; = 2 if and only if argmax; ;<4 —u - p, = 4.
5. argmaxc (o 4y - p; = 2 if and only if argmax;c (o 43 —u - p; = 4.

To see this, we will illustrate this through one case, the other cases are similar. Assume, for example,
that arg max;<;<4 ugl) p; = 3 and argmax;¢ 5 43 ugl) -p; = 2 and assume without loss of generality

that Nth(a:*) = NWf2) (xt) < v and NWtu)(a:*) = NW}"’) () > —1. Then, by Eq. “Sr)l =
(1)

ugl) —p3+Dp,. By the induction hypothesis and the above facts it follows that vi = —u;”’ —p, +p, =

fugl) +Pp3— Py = *u&)y This concludes the proof. O
(1

Consider an initialization of gradient descent where w ) and 'w(()g) are fixed and the event that we
conditioned on in the beginning of the proof and A{ N A§ hold. Define the set B; to be the set of all
pair of vectors (v1,v3) such that if u(()l) = v; and u(()l) = wy then at iteration T, u® -py > 0 and
u® . py > 0. Note that this definition implicitly implies that this initialization satisfies the condition
in Lemma and leads to a global minimum. Similarly, let Bs be the set of all pair of vectors
(v1,v3) such that if uél) = v; and ugl) = wy then at iteration T, u(® - p, > 0 and u® - p, > 0.
First, if (v1,v2) € B; then (—wv1,vy) satisfies the conditions of Lemma Second, by Lemma
it follows that if (v1,v2) € B; then initializating with (—v1,v2), leads to the same values of Ny, (x™)
and Ny, (x7) in all iterations 0 < ¢ < T. Therefore, initializing with (—vy,v2) leads to a convergence
to a global minimum with the same value of T as the initialization with (v1,vz). Furthermore, if
(v1,v2) € By, then by Lemma initializing with u(()l) = —v; and u(()l) = vy results in u®) Py <0
and u® - p, > 0. Tt follows that (v, v3) € By if and only if (—v1,vs) € Bs.

For i1,ly € {2,4} define P, ;, = P [u(l) p, >0Au® p. >0 A5N Ag,w(()l),w((f)} Then, by
symmetry of the initialization and the latter arguments it follows that P2 = Py .

By similar arguments we can obtain the equalities P g = Py = Py4 = P 4.

Since all of these four probabilities sum to 1, each is equal to %. aking expectations of these
probabilities with respect to the values of w(()l) and wéQ) (given that Lemma and A§ N A§ hold)
and using the law of total expectation, we conclude that

P[AgmAﬂA;mAg]:P[u(l)-p4>0Au<2>.p2>0\A§mAg}
1
+P[u(1)-p2>0/\u(2)-p4>0|A§‘ﬂA§} =3

Finally, let Z; be the set of positive points which contain only the patterns p,, p,, P4, 22 be the
set of positive points which contain only the patterns p;, p,, ps. Let Z3 be the set which contains
the negative point with all patterns equal to p, and Z4 be the set which contains the negative point
with all patterns equal to p,. By the proof of the previous section, if the event E holds, then there
exists 1 <14 <4, such that gradient descent converges to a solution at iteration 7" which errs on all of
the points in Z;. Therefore, its test error will be at least p* (recall Eq. .

9Note that the probablity that w9 -p; = 01is 0 for all possible ¢ and j.
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Figure 3: Clustering and Exploration in MNIST with 4x4 filters (a) Distribution of angle to closest center
in trained and random networks. (b) The plot shows the test error of the small network (4 channels) with
standard training (red), the small network that uses clusters from the large network (blue), and the large
network (120 channels) with standard training (green).

G Proof of Theorem [6.5]

Let 6 >1—pyp_(1 —c—16e~%). By Theorem given 2 samples, one positive and one negative,
with probability at least 1 — 3§ < pip_(1 — ¢ — 16e~8), gradient descent will converge to a global
minimum that has 0 test error. Therefore, for all € > 0, m(e,d) < 2. On the other hand, by Theorem

; 2log (55112 4) - .,
6.4] if m < ——~—>-=<~ then with probability greater than

log(p+p-)

R Cer)) 33
(pp-) *50+r=) (1—c) 2 =9

gradient descent converges to a global minimum with test error at least p*. It follows that for 0 <
2log( 5511257

*
€ <p", med) = log(p+p-)

H Experiments for Section

We first provide several details on the experiments in Section [7} We trained the overparamaterized
network with 120 channels once for each training set size and recorded the clustered weights. We
used Adam for optimization and batch size which is one-tenth of the size of the training set. We used
learning rate=0.01 and standard deviation of 0.05 for initialization with truncated normal weights. For
the small network with random initialization we used the same optimization method and batch sizes
but tried 6 different pairs of values for learning rate and standard deviation: (0.01,0.01), (0.01,0.05),
(0.05,0.05), (0.05, 0.01), (0.1,0.5) and (0.1,0.1). For each pair and training set size we trained 20 times
and averaged the results. The curve is the best test accuracy we got among all learning rate and
standard deviation pairs.

For the small network with cluster initialization we experimented with the same setup as the
small network with random initializatoin but only experimented with learning rate 0.01 and standard
deviation 0.05. The curve is an average of 20 runs for each training set size.

We also experimented with other filter sizes in similar setups. Figure |3 shows the results for 4x4
filters and clustering from 120 filters to 4 filters (with 2000 training points). Figure [4{shows the results
for 7x7 filters and clustering from 120 filters to 4 filters (with 2000 training points).
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Figure 4: Clustering and Exploration in MNIST with 7x7 filters (a) Distribution of angle to closest center
in trained and random networks. (b) The plot shows the test error of the small network (4 channels) with
standard training (red), the small network that uses clusters from the large network (blue), and the large
network (120 channels) with standard training (green).
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