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Proposition 4 The optimal product offering S* to the optimization problem (3.1) in each tier is
a profit-ordered set. In addition, S* is profit-ordered by tier.

Proof. To show S} is profit-ordered, we will first prove that for any i € ST, r; > E[R(S*)]. Suppose
there exists i € ST and r; < E[R(S*)], it implies that,
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The last inequality suggests that removing ¢ from S} will improve the expected profit. It is a
contradiction that S* is optimal. Similarly we can prove that for any ¢ ¢ ST, m < E[R(S")],
otherwise adding 7 to S} will improve the expected profit. The proof follows similarly for S5.

To prove S* is profit-ordered by level, notice that the expected profit of the tiered assortment is at
least as large as only offering So since S = (0, S2) is also a feasible solution. That is, E[R(S5)] <
E[R(S*)]. Therefore, r; < E[R(S5)] < E[R(S*)] < r; for any i ¢ S5,j € S. Thus, we reach the
desired result. m

Proposition 5 Denote the optimal recommendation before and after including a new product
with profit r,, to a candidate set as S* = (S7,55,---,S),) and S*, respectively. Define S; =
(S’;‘, JIRTERE ,Syy). The following properties holds.
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a.) E[R(S?)] > E[R(S},,)] for any j =1,--- , W — 1.
b.) If EIR(S})] < rm < E[R(S]_,)] for some j, then m € S* butm ¢ S;US;U---USE .
c.) If rm < E[R(S},)], then m ¢ S*.

Proof. First note the relation between E [R(gz‘)] and E [R(S;‘ +1)], where

ZieS; 705 + E[R(S}‘H)]

E[R(S))] =
J 1+ Zieé}% v;
Therefore, for any j, we have E[R(S’;)] [R(S’;H)}, otherwise S = (S%,-- - T 0, Sg+l) would

be a feasible solution whose expected profit is higher than E[R(S*)]. It is a contradiction to the
fact that S* is optimal. This proves a).

Note that E [R(S;‘)] > E[R(Sj)] for any j since S’; comes from a larger candidate pool. Following
the similar procedure in the proof for Proposition 4, if the new product m is included in tier k

where k < j—1 but rp,, < E[R(S;‘ D] S E[R(S})] < [R(S*)] we prove b) and ¢) by contradiction.
That is, removing product m in tier £ will make the expected profit hlgher It implies that m ¢
StuS;U---U S* On the other hand, if m is not included in tier j,---,W, then we have

E[R(S})] = E[R(Sz)] for all i = j,---,W. Therefore if r,, > E[R(S])] = E[R(gj)] > >
E[R(Sy)] = E[R(S*W)], then adding m to any one of the tier j,--- , W would increase the expected
profit, which is also a contradiction to the fact that S* is optimal. It concludes the proof for b) and
c). =

Lemma 7 v(]? are i.1.d. geometric random variables with parameter 1+ for anyl and k = 1,2.
Therefore, they are unbiased i.i.d. estimators of v;.

Proof. Lemma 7 can be derived directly from Lemma 12 which is stated and shown next. m

(k)

Lemma 12 The moment generating function of the estimator conditioned on St and S., 0y s

given by

for alli € S,lg, 0 < loglt—i”i, and k =1,2.

Proof. Let N li denote the number of customers who enter tier k£ in epoch [ € L, before no purchase

in S,i occurs. The probability of no purchase for S,i, conditioned on entering tier k is
1

l

po(Sp) = 7 —=—"—"
1+ Zje st U

(k)

Given any fixed value of N, ¥;, is a binomial random variable with N,lC trials and the success
probability (i.e., exiting without choosing any product from current tier) is given by

qgk)(S,lc) = P(choose i from S |choose at least one product)
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Since the moment generating function for a binomial random variable with parameters n,p is
(pe? + 1 — p)™, we have

Ex [e%ivl\Nﬂ = By [(q-(k)eg +1- q(’f))Nfi} .

7 )

Therefore,
Er [e%i’l} =E [EN; [(qz(k)ee +1- qffk))N’iH
_ po(S},)
k k
1= (@76 +1 - ") (1 = po(S})
1 1+
=———forallf <l )
1= os(e? = 1) or all 6 < log o
[ |
Lemma 8 Assume(0 < v; < vz-UCB foralli=1,--- | K. Suppose S* is an optimal tiered recommen-

dation when the parameters of SMNL model are given by v. Then E[R(S*,vU9B)] > E[R(S*,v)].

Proof. For any product i € S5, we have r; > E[R(S5,v)] where

Zjes; TjUj

E[R(S3,v)] = Tsv'j
jesy Vi

ucB

otherwise removing it from S5 will improve the expected profit. Let Av; = v; —v;, then we have

. UcBy  2ujesy TiVi T 2jesy TiAY)
RSy = T 0 ¥ s B0y
jesy Vi jesy BUj

Since r; > E[R(S5,v)] for j € S5, we have

> riAv; > Y AvE[R(S5, V)],

jES] jESs

which implies that

Z T’jAUj 1+ Z vj | 2 Z TiU; Z Avj

JESS JESS JES3 JESS
2 2 2 2

Adding (1 + ZjeS; Uj) (Z]ES; rjvj> to both sides,

ZT‘jAUj 1+ZUJ' + 1+Zvj ZTJ'UJ'

jESs jeSy jESE jESE
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> Z"”ﬂ}j ZAW + 1+Zvj ervj = ZTjUj 1+Zvj+ZA’L)j

jeSsE jES] jeSE jeSE jESE jESE jESs

Therefore, we obtain the following

Do > A | 1D o | =D | [T D] v+ D A

JES3 jES; jES; jES; jES; JES]
It implies that

D o TV Y ox TiAD; D e TV
BIR(S5,vVOP)) = IR IR > IS BlR(S5, V).
+ 2 jes; Vit Xjes; Av + 2 jess Ui

Similarly we can prove that

EjeS{ rv; + ZjeS; riAv; + E[R(S3, V)] - Z]—esf rjvj + E[R(S3,v)]

- = E[R(S*,v)]
1+ EjESi‘ vj + Z]ESI AUJ 1+ Zjesf v;
for Av; > 0. Combining both results, we have
* UCB ZjGSf ijj+zj65f TjAUj—f'E[R(S;,vUCB)]
E[R(S*,vVCBY] =
1 + Z]‘EST /Uj + ZjGS’f AU]
. « TiU; + R *T'AU'—FER S*,V
> Z]€S1 %7 Zjesl J J [ ( 2 )] E[R(S*7V)]

|

The following lemma is a straightforward derivation from Corollary D.1 from Agrawal et al., 2017a.

Lemma 13 (Concentration bound of geometric random variable) For n i.i.d. geometric

random variables X1, - - , X,, with parameter —— with v; < 1, we have

1+’U¢
1 n
P ( — ZXZ — Uy
n
=1

for any A >0 and alln € N*.

>

48log(A+ 1)  48log(A+ 1)) 4
+ < —
n n — )2

Lemma 9 (Minimum learning criterion) For any ¢ and o > 0, if the number of epochs M >

%, then v; is within the e-confidence bound of v; with probability at least 1 — . That is,

P(lvig —vi| >¢) <1—-a

sl 1921log(2/a+1)
if Ti(l) > (—1+v1+4e)? "



Proof. Set A = 2/a. Since f(t) = t> +t — € is negative on [71”271%6, 71+V271+46] and

481log(A + 1) < —1++V—-1+4e

0< M - 2

we have

48log(A+1) N 48log(A+1)
M M

Therefore, applying Lemma 13, we have

<e.

. . 481log(A+1) = 48log(A+1) 4
P(|vi—vi]>e)§P<]vi—vi|> M =+ i Sﬁ:a‘
Therefore,
P(\ﬁi—vi| <6) >1—a.
[

Lemma 14 The expected profits during one learning epoch, conditioned on S’, S”, and v, for the
two strategies are

> jes, Tiv

B
1+ ZjESQ Uj

= Z 7V + T'mUm +
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Ny
> Ry(S)
t=1

and

No
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Proof. Conditioned on Nj, the probability of choosing product j € S7 at the time before Ny is

R U
1+ Ziesg Vi I+ Ziesi v )’

and the expected profit to obtain at time Ny is EJZES% Thus the expected profit obtained during
JES I
the process of getting one sample is
N1 Nl
> Ri(S") > Ry(S) N1] ]
t=1 t=1
[Ny —1

1 1 D jes, TivVi
=F TV + Tmv 1-— ==z - -
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> jes, Vi

= TV +TmUm + —
2 ity Tt L+ 3 jes, Vi

JES1

where the last equality follows from the fact that Nj is a geometric random variable with mean
1+ Zjesl vj + vy 50 E[N; — 1] = Zjesl vj + U Alternatively, since Nj is a stopping time, the
above result can be computed through Wald’s equation

N
Zl:Rt(S/) 2 jes, Tivi
t=1

E .
1+ ZjESQ Uj

= E[M]E[R(S)] = Y _ rjv; + rmvm +
JEST

E =F

If we add the new product to S3. Then the expected profit gained during the process of one sample
No No—1
> Ry(S") E

t=1

obtained is
> Ry(8") N2”
t=1
No—1

1 +2j651 Uj 1 7 1+Z]ESQ Uj +Um

t=1

1
<1 - (1+ Zjesl v;)(1+ ZjeSQ v;j +vm)>]

. iV + 'm0
= 1+Zvj+vm ZTjUj‘FZJGSZ]] n
143 es, Vi +vm

JES2 JES
=1+ g vj + U Z rjv; + g 7505 + TmUm,
JES2 JEST JES2

where the second last equality follows from the fact that N, is a geometric random random variable
with mean (1 +2 jes vj) (1 + D es, Vit vm>. ]

Theorem 10 The optimal solution to GV and G? is the same as S*. That is,
Q* — Ql* — S*

In addition, we have
G (8*,v) > GO (S*,v) = v (E[R(S3)] — m).

Proof. Let Q* and Q'* denote the optimal tiered recommendation solution that minimizes the
regret G and G, respectively. Note that

> jeQs T3V

G(Qv) = B[RS | 1+ D vj+om | = | D 150+ rmvm +
1 + ZjeQz Uj

JEQ1 JEQ



Let Q* denote the optimal solution. The optimal recommendation Q* = (Q7, Q%) satisfies
Qi = argmin ) _ v;(E[R(S")] —r)),
@ JEQ1

and 5
s
Q% = argmin _ L@ I
Q@ 120,
From the above equation, j € Q7 if and only if r; > E[R(S*)]. As is shown in Proposition 4, it
implies that )7 = S7. The second equality implies that Q)5 = S5 so Q* = S*.

Note that

GOQ v)=ERS) {1+ D v | [1+ D vj+vm

jeQy JEQy

-1+ Zvj—i—vm ervj— ervj—rmvm.

JEQS JEQ] JEQS

Minimizing G®)(Q’,v) is equivalent to solving the optimization problem

max (13 vy | | 14 3 vy | (BIR@Q)I-EIR(S ) +om [ 1+ 3 v | (BIRQ)]-E[R(S")]).
JEQY JEQ] JEQ]
(1)

For any fixed set 0%, to find the optimal @, note that

Bq ()= 14> v | | D rjuj + E[R@Q)] | +vm | Y rjvj + E[R(Q))]

JEQ), JEQ JjEQ)

_ 1+Zvj—|—vm 1-1—21)]' E[R(S")]

JEQh JEQ)
= 1+Zvj+vm ervj—E[R(S*)] 1—|—Zvj+vm Zvj
JEQ, JeQ) JEQY JjeQ)

+ (EIR(Q3)] = E[R(SM)]) [ 1+ D vj + v
JEQy

Therefore

Q/f = max 1+ Z Vj + Um Z rjv; — E[R(ST)] | 1+ Z vj Tt Um Z v

Q] : : : :
! JEQY J€Q, JEQY JEQy



= max Z rjv; — S)] Z v}
@ JEQ] JEQY
It implies that j € Q7 if and only if 7; > E[R(S*)]. For any i € Sf, we have r; > E[R(S*)], which
implies that S} C Qll*. Also, for any product that r; > E[R(S*)] and i € X7, it is included in Qll*.
It implies that the optimal Qll* is ST. For the fixed set S7, we find the optimal Q). Note that the
second term in Eq 1 is not dependent on Q%, and the first term with @} = ST equals

1+ Z vj 1+ Z Uj R((S7,Q3))] — E[R(S)))

je@) jesy
ey z)z ) (13
JEQy Jest JEQy JEQY JeSsy
JEST JEST JEQ, JEQY
+ > = 1+ > v | E[R(S
jes: jess

For the optimal QIQ*,

QY = argmax (Z rjvj — (1 + Z vj) E

2 JEST jess

R(S*)]> (Z Uj) + )
JEQY JEQY

= argmax [ 1+ Z vj | (E[R(ST)] — E[R(S")]) Z vj | + Z T;v;.

Q@ JeST JEQY JE€Qy
Therefore j € @ if and only if
rp> | 14+ > v | (B[R(S)] - E[R(S))]) = E[R(S3)].
jEST
It implies that Q4 = S5 so Q* = S*.

For G (S*,v), we have

Zjesg TjYj

G (S*,v) = E[R(S")] | 1 + Z Vj + U | — Z 7§V + FmUm + 1o o
jess jEST + 2jesy Vi
S* ;U5
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jes; jess + ZJES* Yi



= U (E[R(S™)] — rm).

Similarly, we have

GA(S*v)=ERES) [ 1+ D v | [ 14+ D vj+vm

jesy jeSs;
- 1+Zvj+vm ervj—ervj—rmvm
JES; JEST JES]
> jesy iV
= 1—|—Zvj E[R(S")] 1+Zvj —ervj——] 2
]. + Z « Uj
jess jeSt jess jess vl

- * 505
t o, 1+ZUJ (E[R(S*)] Zﬂe‘ql”>_rmvm

Since E[R(S*)] > E[R(S%)] as shown in Proposition 4, we have G (S*,v) > G?)(S*,v). =

Lemma 15 provides the concentration bound of UZ-U’ZCB, which is a straightforward conclusion from

Lemma 4.1 from Agrawal et al., 2017a.

Lemma 15 (Concentration bound) For everyl € L, we have

a.) viUlCB > v; with probability at least 1 — % foralli=1,--- K.
b.) There exists constants Cy and Cy such that UlUlCB — 01 < C1y /™ 10%(5;—’_1) + Cy log(Tl_((;;rl). with

probability at least 1 — 75

Theorem 11 (Performance bound for Algorithm 1) The regret during time [0, T] is bounded
above by

Reg(T;v) < CK log*(KT) + C\/TK log(KT)

+ M Z Ui(rmaa: - T'i),
ieX

for some constant C' where ryq, s the highest profit among X, and K is the total number of
products.

Proof. S~ince products are being dynamically launched, the optimal recommendation is changing.
Let S7 (S!) be the optimal recommendation among sets (X!, X1) with value v (v/“B). The new
product is defined as the product whose learning epoch is less than M. Define H; as the set of new

products that are not in S4 but are added to the second-tier recommendation at epoch [ for I € Ly.



Also define the function x(l) as a set of epochs on tier 1 which corresponds to epoch I € Lo. (In
the example of Fig 1, k(0) = {0,1}, x(3) = {3,4}.) The summation of the regret until time 7" is

Reg.(T;v) Z Z Z (Rt ((S{,SQUH1)7V>) )

leLs jer(l) tes

where R; denotes the profit obtained at time t. Define F; as the filtration associated with the policy
up to epoch [. Since

> YR (S (ShuH)).v)

leLa jer(l) tee]

A S S R(Sv)+ D RS UHLY) ¢

leLs jer(l) tEs leLy tea?

we have

Regn(T;v) = Ex 4 > ZZRt — Ry(S{,v) | = > R(ShU Hy,v)

1€Lo jer(l tea teel,
For all [ =1,--- |L], define the event A; as
K
ilog(K (I —1;0) +1) log(K (I —lip) +1)
1 Q {vl,l Cl E(l) + 2 E(Z) < < U’L,l

For products not launched before epoch [, we assume they directly fall into this confidence bound
in epoch [. Conditional on A;A; for j € £; and [ € Lo, according to Lemma 8, we have

E[R(S',v)] < E[R(S*,v)] < E[R(S",v{ “")] < B[R(S', v/ “")],

so E[R(S*,v)]— E[R(S!, v)] can be bounded from above by E, [R(SJ,VJUCBEBleCB)} — Ex[R(S},v)]
where VUCB @ VUCB denotes using VJUCB and leCB to calculate the first- and second-tier recom-

mendatlon respectlvely. Then we have for a given | € Lo,

o SN RS V) - Ri(S],v) | = D Ru(SSUH, V) | 1(A)
jex(l) tes tee),

SE:Q Y [ DR v) = Ri(S],v) | 1A A) = ) Ry(SyUH, VLAY + Y 1A D Tmas
jer(l) \ teet tee? jeR(l) tee;

SE-Q > | D R(S VOB avI9B) — Ry(S],v) | 1(4;A)

jer(l) tGE
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- Z Ry(S5 U Hy, v)1(A) + Z 1(Af)Ex Z Tmaz|Fj—1

tes? jer(l) tee;

<E:Q Y ULAE | Y RS VOB @ viO8) - Ri(S],v)| Fia
JjeR(l) t65

=" RSy UHL, VLA + Tmaa(1+ K) > 1(A9) 8,

tegf JeR(l)

where 7,4, is the maximum profit among all products in X. Since on the event A;A;, we have

B |32 RS VYO & vPOP) — RS, v)| Fyo

tEs
> WWOB 4 Ties, rivi”
i€ "ivi 1+ e5, w007
= 1+ZU. 2 0 _Zr,v.
(2 1 + Z ; /UUCB (]
ZES{ 165 165’{
UCB UCB
< Z Ti(vi,j —v;) + E[R(SQ’ NFi-1l,
€8]

where the first equality uses Wald’s equation and the fact that |e]1] follows the geometric distribution
with mean (1 + 3, s v;). Therefore, we have
1

Regn(Tiv) < Bxq > > > (vl ? —v)l(4))

l€Ls jer(l) zESJ

+ 303 (BIR(SS vPOP)|Fia] — Ru(ShU Hiv) ) 1(A)

leLo tee?

+7'max 1+K Z Z AC +Tmal‘z Z Z Ac

leLs jer(l) lels jen(l )t€5

QD> > Y PP —ui)1(Ay)

l€Ls jer(l) 165]

+3 3 ( [Re(3, vVOBY| Fi_1] — Ry(8L U Hl,v)) 1(A))

leLo tee?

Hrmaz(L+ K) D 1(AS) + rmaa (1 + K)? ) 1(AF)
JELY leLoy
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Since

leLs tes

{Z > ( [Ri(S5, v “P)|Fia] = Re(S5 U Hlﬂ)) 1(Az)}

Z(Rt(SQ, vUCB) _ Rt(S*guH,,v)> Fia

teal

|

< B, { 3 (1 SNEDD vZ) (BIR(SS, v°P) = R(S} U Hy,v)\Fia]) 1(Al)}

leLo ZES% iGHl

=E, { > LA)E

leLo

Eﬂ{z (Z P o)+ ) wlER(S, v chg)]m)) Wh)}

ieS} i€H;

9

| S w(BIRSEVICP)] — 1A

leLy i€ H;

and

2 1 S0 ST wi(BIR(SE, v OB)] — ri)1(A)

ZEL‘,Q ’LEHZ

<MY 0i(Tmaz — 79)-
icX

The above inequality holds since any product will be included in H for at most M times. Thus,
we have

Regn(T;v) < Ex AR+ rmaa(1 4+ K) > 1(AD) + Fiaa(1+ K)* Y 1(AD) | + MY vi(rmas — 141),

lelq leLo 1€X
where
Z Zrl UCBin 1(4;) + Z Zrl Vil CB _u)1(A)).
I€L1 Sl leLs icS]
According to Lemma 15, we have
PAS) €3 (1> 1)
T~ K2(1 = lip) m
i€X ’
which implies that
Er [(14+EK)> 1A+ (1+K)* > 1(4))
lely leLs
13
<E:|(l1+K) ————1(1 > ;) K) 1l >
+ ZZKQ(Z—ZO)(> 0 L+ ZZ l—lo > lio)
lelyieX lELo ZEX
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<<1+K +K

) ZK— < C3K log(T)

for some constant C3. Since

vilog(K (I —1; 1 log(K (I —;, 1
AR<ZZ< \/ KU+ 1) | o, Bl + >>

leLoy ZESl

v; log(K (I —; 1 log(K(I —1;0) +1
+ZZ<01\/ KL+ 1) | o, B Lo >>

leLy e8!

K T;
- v;log(KT + 1) log(KT +1)
<9 LoV I T e Ty
<23y <c\/ Trl) | o oelKTE D)

=1 t=1

where T; is total number of epochs for product ¢ at time 7', we have

. vilog(KT + 1 log(KT +1
ZZ( \/ g( . )+02 g( . ))

+ PmaaBr |(1+K) D 1A + (1 + KD 1AD) | + MDD 0i(rmax — 1i)

ey leLo 1€X

Regr(T;v) < 2E,

K
< CiK1og*(KT) + C1 Y Es {\/viTi log(KT)} + CuK log T+ MY 0ilrimas — 1)

i=1 1€X

< C4K1og}(KT) + Cy4 Z VUiEr [T} 1og(KT) + CaK log T + M Y~ vi(rmaz — 73)-

=1 eX
Since
ST+ ] Iefl| <41,
leLy leLo
and

E, ijm =B |3 E [Iel1] 7]

k=11leLly k=11eLy,
2 K
>E- (DY 14 ) || =) E: T,
k=11eLy ies! i=1

where F is the filtration corresponding to the recommendation offered in each epoch. To obtain
the worst-case bound, we have

max v B[T;] log( KT
Z\/ g(KT)

=1
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K
st. Y E[Tiv; <4T.
=1

The maximum possible objective value is 2,/T K log(KT). Therefore we conclude that
Regr(T;v) < CKlog*(KT) + C\/TK log(KT) + M > _ vi(rmaz — 1)
1€X
for some constant C. m

Remark: The regret bound can be extended to multiple tiers. Similar to the proof for Theorem 11,
define the function k,(l) as a set of epochs on tier  which corresponds to epoch I € £,41. Then
the summation of the regret until time 7T is

Regr(T;v)
—E{ Y >y (Ri(s5,v) = Re (S, 85, S U HL,).v)) ¢S
lwelw lw_1€cw—_1(lw) lieri(l2) tee}

1

and the remaining analysis follows similarly.
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