Competing Against Equilibria in Zero-Sum Games with Evolving Payoffs

Supplementary material

A. Omitted Proofs

Proof of Theorem 1. We assume there exists an algorithm such that | Zthl x] Ay — minge x maXyey 23:1 xT Ayl <

o(T), Zthl x] Ay — mingea ZtT:l " Ay < o(T), and maxyea, 23:1 z] Apy — 23:1 z] Ayye < o(T) for all
possible sequences of matrices {A;}7_, with bounded entries between [—1,1]. We now construct two sequences of
functions for which all the three guarantees hold and lead that to a contradiction. Let T" be divisible by 2. In scenario 1:

1 -1 T 0 0 T o 1 -1 T
At{—l 1]for1§t§2andAt[0 (JforQ<t§T.Inscenar102.At[_1 1}f0r1§t§2and

1 -1 . .. .
A = [1 1 for % <t <T. Itis easy to see that for both scenarios it holds that min,c x maxycy Zle :UTAty = 0.

Since d; = d2 = 2 and we can parametrize any © € Ax asz = [o;1 — o] and any y € Ay asy = [3;1 — ] for some
0 < «, 8 < 1. By assumption we have that max,ea, ZtT Lo Ay — minmeX maXycy ZfT Lz Ay < o(T) for all
sequences of matrlces {A;}L_,. This implies for scenario 1 that MAX0<p< Zt 14— 28+ 1 — 204 < o(T) which
also implies that Zt 1204 — 1 <0o(T) and Zt 11 =20y < o(T) since Zpl 4oy — 28 + 1 — 2a is a linear function
of 3 and thus its maximum occurs at 3 = Qor 5 = 1.

For scenario 2 maxyca, Zthl r] Ayy — minge x max,ey Zthl T Ayy < o(T) reduces to maxo<p<i Zil 4oy ff —
28+1—2a;+ L (28—1) < o(T) which implies Zil 200 —14%Z < o(T) and Zszl 1—2a;+ L < o(T). Finally, notice

T r T
that 32, 20y, — 1+ Z < o(T) implies T < o(T) + >~ 1 — 2, but from scenario 1 we have that Y2 1 — 20y < o(T)
since % < o(T) is a contradiction we get the result. O

Proof of Lemma 1. We omit the subscript ¢.

(V,z T Ayl
T _ T
IvaT 4yl = |57y |
Afr
= AE_Zrlv:]y
A[:’l]x
o
[Aga®] |,
[ Ay Al
< +
T T
-A[dl,@y- o MA@z,
i Al
< Z(A[E:]y)Q + o
i=1 A[:7d2]x )
A[”x
< \/d1(||A[i7:] loollyll1)? + o by Generalized Cauchy Schwartz
[:’dQ]x 2
A[tl]x
Cd1 —+
T
A[%dz]x 2

cdy + /cde. (using the same reasoning)

The second part of the claim follows by bounding ||Vz " Ay||~ using the same argument. O



Competing Against Equilibria in Zero-Sum Games with Evolving Payoffs

Proof of Lemma 2.

M*ﬂ

min max Z Li(z,y)

~ 1 1
Ioip max Li(xr41,y741) + ERX(QCT-H) - ERY(yT—H)]

t=1

B

_ 1 1 .
(Le(Tr41,y741) + ERX (Try1) — ERY(Z/T-H)] by Equation (2)

&~
Il
-

]~

_ 1 1 .
[Lt(Trr1,Yr+1) + ERX (Trq1) — ERY(yT-H)] by Equation (2)

~
Il

1
T

_ T T
= min max Li(z,y) + —Rx (T 'R
zeX yey t—1[ t(z,y) 1 x(Tr41) 1 y (yr41)]

T
< ,C —R
grﬁrg)r{lrfeaxz ¢ x y) + " X($T+1)

The other inequality can be obtained by a similar argument. O

Proof of Lemma 3. We first prove the second inequality. We proceed by induction. The base case ¢ = 1 holds by definition
of (x2,y2), indeed

Ly(w2,y2) + Gellyr — y2ll = Li(w2,y2) = migy gleagﬁl(%y)-

We now assume the following claim holds for 7" — 1:

T-1 T-1
min ma Li(x Li(xiit, -G - ) 8
i max X Z t y Z t( t+1 yt+1) L ; Hyt yt+1|| @®)

t=1

and show it holds for 7.

min max g Li(z,y)
reX yey

7-1
= Z Li(xr1,yr+1) + Lr(@r41,y741)
=1
T-1
> Li(zrir,yr) + Lr(wris, yr) by Equation (2)
=1
-1
> > Li(wr,yr) + Lr(zri1, yr) by Equation (2)
=1
- 7-1
>3 Li(wer1,ye01) = Ge Y llye — yrnall + Lo(zria,yr) by Equation (8)
=1 =1
-1
Li(xip1, 1) — G Y v = verall + Lo(@ria,yr) — Lr(@ri, yria)
=1
-1

H(@esyee1) — G Yy — venll = Gellyr — yra|
t=1

M%

[M]= HMHII

Li(@es1,%41) — G Z lye = yeaall-

-
Il

1
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We now show by induction that

~

T
min max g Li(z,y) < Li(xiy1,yi41) + G g llxs — zpa1]|-
zeX yey —1 o

Indeed, t = 1 follows from the definition of (23, y2). We now assume the claim holds for 7" — 1 and prove it for T":

min max Z Li(z,y)

zeX yey

T

=Y Li(rr,yri)
t=1
T-1

< Z Li(zr,yr+1) + Lr (@7, y7+1) by Equation (2)
t=1
T-1

< Z Ly(xr,yr) + Lr (21, yr41) by Equation (2)
t=1
T-1 T-1

<Y Li(er1, ) + G Z ¢ — e |
=1

+ Lr(xr, yry1) + £T($T+17 yr+1) — Lo(Tr41, Yy141) by induction claim
T T
Z (441, Yr41) + G Z |lze — xeq1]| since Lt is G -Lipschitz.
=1 t—1

O
Proof of Lemma 3. Fix t, define J(z,y) = Zi_:ll L-(x,y) + L:(x,y) and notice it is %—strongly convex strongly concave
with respect to norm || - ||. Also notice that (z;1, y¢+1) is the unique saddle point of J(z,y).

By strong convexity of J and definition of x4, it holds that forany x € X andany y € Y
4
J(z,y) = J(@e41,9) + VzJ(fCtHay)T(fU —Tpy1) + %Hf — 1%

Plugging in y = 3,1 and recalling the KKT condition V,.J (2 1,%:11) " (x — 2¢41) > 0, we have that for any z € X
2n 2
e [J(z,y141) — T (@41, 9e41)] = ||z — zepa | 9

Similarly, since J is % strongly concave. That is, forany y € Y’

t
J(@e41,Y) < J(@e1, Y1) + Vo (Tes1, Yer1) | (Y — Y1) — %Hy — Yo |”.

Together with the KKT condition V,J (@41, Yi+1) | (Y — ye+1) < 0 we get that forany y € Y
2n 2
e [J (1, ye41) — J (@11, 9)] > Ny — yesa |- (10

Adding up Equations (9) and (10), plugging = = x; and y = y; we get

2n
i [J(xtvyt+1) - J(mtJrlvyt)] > lze — xt+1||2 + [ly — yt+1H2'
t—1

o 1=
— Tn[ZET(xt7yt+1) + Li(e, Yer1) — [Z Lr(2eq1,y:) + Li(wig1, yt)]]

T=1 T=1
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> oy — 21 |* + |y — yesr I
t—1

= 2777[21:7(3%7%) + Le(xe, Ye41) — [Z Lo(zir1,ye) + Lo(wig1, yt)]]

=1 T=1
> [zt = zeral® + ly = gl

since 22;11 Lo(xe,yi11) < Zi;ﬁ Lo (2¢,ye)-
Additionally, since Zi;ll Lo(xe,y:) < Zt;:ll L (441, Yyt), we have

t—1 t—1
2

&L [ Z Lr(ze,ye) + Lo, yeg1) — Z Lo (e, y1) — Lo(@es1,y0)]

T=1 =1

> oy — 21 |* + |y — yesr I

II

[ﬁt(ﬂft’ytﬂ) Li(xeyn,y0)] > e = zeall” + llye — yera |

II

2n
t
2n 1 1 - 1 1
3 [»’3 (s yeg1) + ;RX(J%) - ;RY(ytH) — Le(@es1,yt) — ERX(xt-i-l) + 5RY(yt)]
> [lze — 2ol + lye — yer|?
P 1 1 1 1
=3 (Gl ye] = [wera; vl | + ;RX(Q%) - ERX(fUtH) + 5RY(yt) - ERY(ytJrl)]

> [lze — 2o + lye — yea|?
% 1 1 1 1
=~ (Gzllee — 2ol + Gzllye — yea || + 5RX(T/t) - HRX(ItH) + 5RY(%) - ERY(yt-H)]

> [lze — 2| + llye — yea|?
= 7 (Gzllee — 2ol + Gzllye — yea || + TXH% — T || + ny lye — yesall]

> oy — 21 |® + lye — yesa|1?

1
= *[Gi + *)maX(GRxaGRy)} [zt = zeqall + lye — verall] > llwe — mega |* + llye — gl

2 — 2 _ 2
Gz + - max(Gry, Ory )] 2 2 = @ ® + llye = yesa |
N th - xt+1|| + ||yt — yt+1||

. . . . 2 2 . . Y
Finally, since 22 is a convex function % + % > (‘IT“’) , we have a2 + b2 > @ This, together with the last implication,
yields the result

4n 1
7 (Gt L max(Gry, Gry) 2 Nl =2l + lye = v

Proof of Theorem 2.

T T
Z L(x¢,y;) — min max Z Li(x,y)
P

zeX yeYy P}
T T 1
< Z (e, yt) gIcIél)r(l r;leagz Li(x,y) Z 5 v (y:) by Equation 6
T T ) -
< ;ﬁt(azt,yt QILI.}C_I)I(IIJIE&XZﬁt x,y) ;5 y (ye) + nRX(a:TH) by Lemma 2
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T
1
Li(Tt41,Ye+1) +Z*RY Yt) + RX($T+1 +GLZ||yt Ye+1| by Lemma 3

MH
M=

Li(z,ye) —
t=1 t=1 t= n t=1
T T 1 T
<Y Gellze =zl + llye — yera ) +Z;RY(%) + ERX($T+1) +G£Z||yt = Yt |
t=1 t=1 t=1
T T 1 T T
< Gellwe — wosa |l + llye — yt+1H)+25RY(3J25)+ERX(*TT+1)+G£Z”% — Yt |
t=1 t=1 t=1
a 1 T
<2% Gelllo =zl + v — v )+ D %Ry(yt) + gRX(fTH)
t=1 t=1
T 1 1 T
< 22 GL(T[GE + EmaX(GvaGRy)]) + Z ERY(yt) + gRX(xT+1)
t=1 t=1
1 T d 1o T
< 8GenGg+ — ; max(Gry, Gry)I(1+ [ Sdt) + Z E v (ye) + 7 —Rx(r741)
1 :

1 T T
< 8G,n|Gz + -~ max(Ggr,,Gr,)](1+In(T)) + — ma ny( ) + — max Rx (z)
n n ye n zeX

1 T T
< = — 2 —
< 8[G; + ; max(Gry,Gry )" (1 4+ In(T)) + 7 I;lea})/(Ry( y)+ — p gnea;gRX( x).

Notice that min, e x maxyey Zthl Li(z,y) — Zthl Ly (24, y:) can be upper bounded by the same quantity using the same
argument. This concludes the proof. O

Proof of Lemma 5. We need to find G > 0 such that || VR(2)||cc < Ggforallz € Ay. Notice that [VR(z)]; = 1+1n(z;)
for i = 1,...d. Moreover, since for every i = 1,...,d we have § < z; < 1 the following sequence of inequalities hold:
In(f) <1+ 1n(f) <1+ In(x;) < 1. It follows that Gr = max{|In(9)|,1}. O

Proof of Lemma 6. Choose z* = [1;0;0;...;0; 0], it is easy to see that z; = [1 — 6(d — 1);0;0;...;0,0] and |[2* — 2|1 =
20(d — 1). O

Proof of Lemma 7. Let ( y*) be any saddle point pair for Z? | Li(z,y) with z* € A,y* € A. Let (z},y;) be any
saddle point pair for Zt 1 Lt(cc y) with zj; € A,y; € A. Let x,y; be the projection of z*,y* onto the respective
simplexes using the || - ||, norm. We first show the second inequality. Notice that

T —
2 Llaty)

Et(ﬂf;, y*)

M= HMH

IN

Li(zg,yp) + GeTllyy — y*lla

~
I
—

B

Li(@hy5) + GeTllyy — v -

~
Il
-

To show the first inequality in the statement of the lemma notice that

T
ZE_ ,yz

E_t(x*ay;>

NERANIE

Y

Li(zy,y5) — Gz — ™|

t=1
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T
ZZ (2. v5) — G£T ||z, — 2™ |1

This concludes the proof. O
Proof of Theorem 3. For convenience set L;(z,y) = ' Aw. Let (z*,y*) be any saddle point of
mil,eA MaXyeA Zthl x " Ay, let (x,y7) be the respective projections onto Ag using || - [ norm. By the choice

of @ we have that | In(#)| > 1 additionally, notice that max,ca, Zle ziIn(z;) + In(d) < 0+ In(d) by Jensen’s inequality.

th Ay — mlnmaxe Ay

=1 TEA
T T
g T Ay, — xrrenAne;reuZ);Z:c Ay + GeT||z" — 2|1 by Lemma 7
T T
< T Ay, — A 2G7T6(dy —1) byL 6
<Y ) A ;21&;16%21: 1y +2G;T0(dy — 1) by Lemma

-
Il
—

1 T T

< 89[G 7 + - max(Gry, Gr,))>(1 +In(T)) + — max Ry (y) + — max Rx(z) + 2GzT0(d; — 1) by Theorem 2
n N y€lg 1 z€A,
[ In(0)] 2

T T
y L () + - max Ry (y) + - max R (a) + 2G70(dy — 1)

8n[Gz +

Ag

< 32nG%(1+1In(T)) + r max Ry (y) + r max Rx(z) + 2GzTe "%z(d; — 1) by the choice of 6
n ye N €L
2 T T -nGe
< 32nG%(1+1In(T)) + m In(ds) + n In(dy) + 2GTe "% (dy — 1)

< 32GVT(1+In(T)) + VT (Indy + Indy) + 2d1G;Te VT
=0 (ln(T)\/T—Q— \/Tmax{lndl,lndg}) +  o(1l)max{d;,ds}.

The last line follows because Gz < 1, since each entry of A is bounded between [—1, 1]. A symmetrical argument yields
the other side of the inequality. O

Proof of Lemma 9.

T
E[Z x:Atyt]
t=1
T-1 ) )
= E[Z ) Avye] + Elzq Aryr]
t=1
T-1
=E[) ) Aw] + E[E[xf Aryr|r =1,...T — 1]]
t=1
T-1
=B _ 2] A + Elz7E[Ar|r = 1,...,T — 1]yg]
t=1
T—-1
= IE[Z x; Awyi] + Elx; Aryr] by Theorem 4.
t=1

Repeating the argument 7" — 1 more times yields the result. O
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Proof of Lemma 10. Let us fist bound | Zthl xT Ay — ZZ;I 2T Ayy| forany 2 € Ay and y € Ay with probability 1.
T T
| Z z' Ay — Z fTAty|
t=1 t=1
T T
= ‘IT(Z Ay — ZAty)|
t=1 t=1

T
< Jallall S Ay — Arylls
t=1

T
<| ZAty — Ayl

t=1

It now follows that

T T T
ZxTAty < ZfCTAty +1 ZAty — Awyll2
t=1 t=1 t=1

T T T
— rrgn zT Ay < ZxTAty -+l ZAty —Awyllz VreAxs,y€Ays
TEAX =1 =1
T T T
. T 4 T i
= min z' Ay < max x Ay + Ay — A Vre A cA
oA t:zl tY S yoR ; ey =+l ,;1 tY ll2 X,5,Y Y,8
T T T

— max min z Ay < min max z A+ || ZAty —Awyll2 VreAxs,y € Ays.
YEAy s TEAX s Py €A X 5 YEAY,s P P}

This concludes the proof as max,ea, ; MiNgeay ; ZtT=1 :chlty = MilgeAy s MAXyeAy 5 ZtT=1 :ETflty (since the func-
tion is convex-concave and the sets A and A% are convex and compact), the other side of the inequality can be obtained
using the other inequality follows from applying the same reasoning. O

Proof of Lemma 11. For any y define o, £ Ay — A;y. We first show that for all ¢, ¢ such that ¢t < ¢’ it holds that
E[o] ay] = 0. Indeed
E[O‘tTO‘t/] = E[(Awy — Aty)T(At/y - At/y)]
E[(Aw) " Avy — (Awy) T Apy — (Ary) T Ay + (Ay) T Apy]
(Aty)TAt/y - (Aty)TAt/y - (Aty)TAt/y + E[(Aty)—r/lt/y]
(Aty)TAt/y - (Aty)TAt/y - (Aty)TAt/y + (Aty)TAt,y
0,

where the second to last line follows since

]E[(Aty)Tflt/y] = El,...,t’—l[E[(Aty)TAt/yh- = 17 "'7t/ - 1]]
= El,...,t’—l[(Aty)T]E[At/y|T =1,..,t' —1]
E,, ,t’—l[(Aty)TAt’y}

Now,

T T
E[ Y Ay — Awlla) = | Bl Y aell2)?
t=1 t=1
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IN

T
E||l Z a¢||3] by Jensen’s Inequality
-1

= \| D_Elleld] + 23 Ela/ av]

t<t’

T

= ZE[HAty - At?/”%]
t=1

!

< o D_ERI Ayl +2[| Aryl13)

We proceed to bound || A;y||2, the upper bound we obtain will also bound || 4,y|| because of the following fact. If the
random vector a satisfies ||a|| < c for some constant ¢ with probability 1 then [|[Ed|| < c. Indeed by Jensen’s inequality we
have that [|[Ea|| < El|a|| < c. Let us omit the subscript ¢ for the rest of the proof. Let Aj; . be the i-th row of matrix A.

dy

1Aylla = | > [ Zauya

i=1

i=1

loollyll1 by generalized Cauchy Schwartz

A, .
< d; max |# by definition of A and using the fact that x; € Ax 5 and y; € Ays
]

dy
<5
Notice the upper bound g—% can also be obtained by interchanging the summations and repeating the argument. This yields
the desired result. O

Proof of Theorem 5. We first focus on one side of the inequality,

T T
E[Z €;I,tAt€y,t — min max Z z ! Ayl
t=1

rzeX yey

T
= E[Z e;l:tAtey7t] — mlnmaXZx Ary)
1

zeX yeYy
T T
= E[Z x) Ay — il’él)l(l r;leag > x' Ayy] byLemma 8
s 11l
=E[> z; Ay — E[ min ma x" Ay 420G " (dy — 1)T by Lemmas 6 and 7
[Z ¢ Arye] zeM yeﬁt; ¢yl e (dh ) y
T T .
2\/Tm1n(d1 d2) 1
<E T Ay — TAy] + 20 126G (dy — )T by L 10and 11
[th i) zrélir% ;gix ' Ayl + 5 +20G ;" (d1 — 1) y Lemmas 10 an

Y =1
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T T
A . A Zﬁmin(dl d2) I
<E x, Ayl — E[ min max xl Ayl + 22— 220 495G 1 (dy — 1)T by Lemma 9
< [; ¢ Atyi] [zeAg( yeA‘;; +y] 52 £ (di—1) y
. In(d T
< 877[6%“1 + |n1§)]2(1 +In(T)) + E(ln(dl) +1In(ds))

+ 2\/T min(dl, dg)

52 + 26G!§”1 (di —1)T as in the proof of Theorem 3

1 1 T 2v/T mi d
= 877[? + | n(5)|]2(1 +In(T)) + E(IH(dl) +In(dz)) + % +26(dy —1)T by Lemma 1
. 1
= O((dy + do) In(T)T/®)  after plugging in § = Ti760 = /6

The other side of the inequality follows by a symmetrical argument.



