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Abstract

We present a generalization of the adversarial
linear bandits framework, where the underlying
losses are kernel functions (with an associated re-
producing kernel Hilbert space) rather than linear
functions. We study a version of the exponential
weights algorithm and bound its regret in this set-
ting. Under conditions on the eigen-decay of the
kernel we provide a sharp characterization of the
regret for this algorithm. When we have polyno-
mial eigen-decay (1; < O(577)), we find that
the regret is bounded by R,, < O(n?/2(5-1),
While under the assumption of exponential eigen-
decay (1; < O(e™?7)) we get an even tighter
bound on the regret R,, < O(n'/?). When
the eigen-decay is polynomial we also show a
non-matching minimax lower bound on the re-
gret of R,, > Q(n#+1/28) and a lower bound
of R,, > Q(n'/?) when the decay in the eigen-
values is exponentially fast.

We also study the full information setting when
the underlying losses are kernel functions and
present an adapted exponential weights algorithm
and a conditional gradient descent algorithm.

1. Introduction

In adversarial online learning, a player interacts with an
unknown and arbitary adversary in a sequence of rounds.
At each round, the player chooses an action from an action
space and incurs a loss associated with that chosen action.
The loss functions are determined by the adversary and
are fixed at the beginning of each round. After choosing
an action the player observes some feedback, which can
help guide the choice of actions in subsequent rounds. The
most common feedback model is the full information model,
where the player has access to the entire loss function at
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the end of each round. Another, more challenging feedback
model is the partial information or bandit feedback model
where the player at the end of the round just observes the
loss associated with the action chosen in that particular
round. There are also other feedback models in between
and beyond the full and bandit information models, many
of which have also been studied in detail. A figure of merit
that is often used to judge online learning algorithms is the
notion of regret, which compares the players actions to the
best single action in hindsight (defined formally in Section
1.2).

When the underlying action space is a continuous and com-
pact (possibly convex) set and the losses are linear or convex
functions over this set; there are many algorithms known
that attain sub-linear and sometimes optimal regret in both
these feedback settings. In this work we present a general-
ization of the well studied adversarial online linear learning
framework. In our paper, at each round the player selects an
action a € A C R?. This action is mapped to an element
in a reproducing kernel Hilbert space (RKHS) generated
by a mapping K(+, -). The function (-, ) is a kernel map,
that is, it can thought as an inner product of an appropri-
ate Hilbert space H. The kernel map can be expressed as
K(z,y) = (®(z), ®(y))3, where ®(-) € RP is the associ-
ated feature map.

Thus at each round the loss is (®(a), w)y, where w € H
is the adversary’s action. In the full information setting,
as feedback, the player has access to the entire adversarial
loss function (-, w)4,. In the bandit setting the player is just
presented with the value of the loss, (®(a), w).

Notice that this class of losses is much more general than
ordinary linear losses and includes potentially non-linear
and non-convex losses like:

1. Linear Losses: (a,w)3, = a'w. This loss is well
studied in both the bandit and full information setting.
We shall see that our regret bounds will match the
bounds established in the literature for these losses.

2. Quadratic Losses: <¢(a), (Vg)>7-t =a'"Wa+b'a,
where W is a symmetric matrix and b is a vector. Con-
vex quadratic losses have been well studied under full
information feedback as the online eigenvector decom-
position problem. Our work establishes regret bounds
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in the full information setting and also under the mostly
unexplored bandit feedback.

3. Gaussian  Losses: (®(a), ®(y))n =
exp (—[la — y||3/202). We provide regret bounds
of kernel losses not commonly studied before like
Gaussian losses that provide a different loss profile
than a linear or convex loss.

4. Polynomial Losses: (®(a), ®(y))3 = (1 +a'y)? for
example. We also provide regret bounds for polyno-
mial kernel losses which are potentially (non-convex)
under both partial and full information settings. Specif-
ically in the full information setting we study posyno-
mial losses (discussion in Section 4.3).

1.1. Related Work

Adversarial online convex bandits that was introduced and
first studied by (33; 22). The problem most closely related
to our work is the case when the losses are linear introduced
earlier by (35; 7). In this setting (20; 18; 13) proposed the
EXP 2 (Expanded Exp) algorithm under different choices of
exploration distributions. (20) worked with the uniform dis-
tribution over the barycentric spanner of the set, in (1) this
distribution was the uniform distribution over the set and in
(13) they use the exploration distribution given by John’s
theorem that leads to a regret bound of O((dn log(N))'/?),
where NN is the number of actions, n is the number of rounds
and d is the dimension of the losses. For this same problem
when the set A is convex and compact, (1) analyzed Mirror
descent to get a regret bound of O(d+/0n log(n)) for some
6 > 0. For the case with general convex losses with bandit
feedback recently (1 5) proposed a poly-time algorithm that
has a regret guarantee of @(d95\/ﬁ) which is optimal in its
dependence on the number of rounds n. Previous work on
this problem includes, (2; 41; 27; 21; 14; 28) in the adver-
sarial setting under different assumptions on the structure
of the convex losses and by (?) who studied this problem
in the stochastic setting'. (46) study stochastic kernelized
contextual bandits with a modified UCB algorithm to obtain

a regret bound similar to ours, R,, < \/% where d is the
effective dimension dependent on the eigen-decay of the
kernel. This problem was also studied previously for loss
functions drawn from Gaussian processes in (44). Online
learning under bandit feedback has also been studied when
the losses are non-parametric, for example when the losses
are Lipschitz (16; 40).

In the full information case, the online optimization frame-
work with convex losses was first introduced by (49). The
conditional gradient descent algorithm (a modification of
which we study in this work) for convex losses in this set-

"For an extended bibliography of the work on online convex
bandits see (15).

ting was introduced and analyzed by (3 |) and then improved
subsequently by (260). The exponential weights algorithm
which we modify and use multiple times in this paper has a
rich history and has been applied to various online as well as
offline settings. The particular with the losses being convex
quadratic functions has been well studied in the full informa-
tion setting. This problem is also called online eigenvector
decomposition or online PCA. Very recently (+) established
a regret bound of @(\/ﬁ) for the problem by presented an
efficient algorithm that achieves this rate — a modified ex-
ponential weights strategy, follow the compressed leader.
Previous results for this problem were established in both
adversarial and stochastic settings by modifications of expo-
nential weights, gradient descent and follow the perturbed
leader algorithms (63 45; 47; 48; 32; 23).

In the full information setting there has also been work on
analyzing gradient descent and mirror descent in RKHS
spaces (30; 8). However, in these papers the player is al-
lowed to play any action in a bounded set in Hilbert space,
while in our paper the player is constrained to only play
rank one actions, that is the player chooses an action in A
which gets mapped to an action in the RKHS.

CONTRIBUTIONS

Our primary contribution is to extend the linear bandits
framework to more general classes of kernel losses. We
present an algorithm in this setting and provide a regret
bound for the same. We provide a more detailed analysis of
the regret when we make assumptions on the eigen-decay
of the kernel. Particularly when we assume the polynomial
eigen-decay of the kernel (1; < O(j 7)) we can guar-

antee the regret is bounded as R,, < (’)(nWLiU). Under
exponential eigendecay we can guarantee an even sharper
bound on the regret of R,, < O(n'/?). We also provide a
minimax lower bound on the regret of R,, > Q(n(#+1)/25)
and R,, > Q(n'/?) under the polynomial and exponential
decay eigen-decay assumptions respectively. We analyze
an exponential weights algorithm and a conditional gradi-
ent algorithm for the full information case where we don’t
need to assume any conditions on the eigen-decay. Finally
we provide a couple of applications of our framework — (i)
general quadratic losses (not necessarily convex) with linear
terms which we can solve efficiently in the full information
setting, (ii) we provide a computationally efficient algorithm
when the underlying losses are posynomial (special class of
polynomials).

ORGANIZATION OF THE PAPER

In the next section we introduce the notation and definitions.
In Section 2 we present our algorithm under bandit feedback
and present regret bounds for this algorithm. In Section 3 we
study the problem in the full information setting. In Section
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4 we present two applications of our framework, and prove
that our algorithms are computationally efficient in these
settings. All the proofs, technical details and experiments
are relegated to the appendix.

1.2. Notation, main definitions and setting

Here we introduce definitions and notational conventions
used throughout the paper.

In each round t = {1, ..., n}, the player chooses an action
vector {a;}™ ; € A C R% The underlying kernel function
at each round is (-, -) which is a map from R? x R? — R
such that it is a kernel map and has an associated separable
reproducing kernel Hilbert space (RKHS) H with an inner
product (-, -)3; (for more properties of kernel maps and
RKHS see (42)). Let ®(-) : R? + RP denote a feature
map of K(+,-) such that for every x,y we have K(z,y) =
(®(z), ®(y))%- Note that the dimension of the RKHS, D
could be infinite (for example in the Gaussian kernel over
0.1]%.

We let the adversary choose a vector in H, w; € W C
RP and at each round the loss incurred by the player is
(®(at), wt)s,. We assume that the adversary is oblivious,
that is, it is a function of the previous actions of the player
(a1,...,a;—1) but unaware of the randomness used to gen-
erate a;. We let the size of the sets A, )V be bounded” in
kernel norm, that is,

sup K(a,a) < G2 and, sup (w,w)y < G2 (1)
acA weWw
Throughout this paper we assume a rank-one learner, that
is, in each round the player can pick a vector v € H, such

that v = ®(a) for some a € R%. We now formally define
the notion of expected regret.

Definition 1 (Expected regret) The expected regret of an
algorithm M after n rounds is defined as

Ro =B | D (D(ar), wi)p —

t=1 t

(@(a"),we)p | (2)
=1
where a* = infoc 4 {>"}_ | (P(a), w)y } and the expecta-
tion is over the randomness in the algorithm.

Essentially this amounts to comparing against the best single
action a* in hindsight. Our hope will be to find a random-
ized strategy such that the regret grows sub-linearly with
the number of rounds n. In what follows we will omit the
subscript H from the subscript of the inner product when-
ever it is clear from the context that it refers to the RKHS
inner product.

*We set the bound on the size of both sets to be the same for
ease of exposition, but they could be different and would only
change the constants in our results.

To establish regret guarantees we will find that it is essential
to work with finite dimensional kernels when working under
bandit feedback (more details regarding this in the proof of
the regret bound of Algorithm 2.3). General kernel maps
can have infinite dimensional feature maps thus we will
require the construction of a finite dimensional kernel that
uniformly approximates the original kernel /C(-,-). This
motivates the definition of e-approximate kernels.

Definition 2 (e-approximate kernels) Let K1 and Ko be
two kernels over A x A and let ¢ > 0. We say Ko is an
e-approximation of Ky if for all z,y € A, |K1i(z,y) —
Ka(x,y)| <e.

2. Bandit Feedback Setting

In this section we present our results on kernel bandits. In
the bandit setting we assume the player knows the underly-
ing kernel function /C(+, -), however, at each round after the
player plays a vector a; only the value of the loss associated
with that action is revealed to the player — (®(ay), wi)3 —
and not the action of the adversary w;. We also assume
that the player’s action set A has finite cardinality”. This is a
generalization of the well studied adversarial linear bandits
problem. As we will see in subsequent sections to guarantee
a bound on the regret in the bandit setting our algorithm will
build an estimate of adversary’s action w;. This becomes
impossible if w; is infinite dimensional (D — o0). To cir-
cumvent this, we will construct a finite dimensional proxy
kernel that is an e-approximation of K.

Whenever no approximate kernel is needed, for example
when D < oo we allow the adversary to be able to choose an
action w; € W C RP without imposing extra requirements
on the set VV other than being bounded in 4 norm. When
D is infinite we impose an additional constraint on the
adversary to also select rank-one actions at each round,
that is, w; = ®(y;) where y; € R?. Next we present a
discussion of the procedure to construct a finite kernel that
approximates the original kernel well.

2.1. Construction of the finite dimensional kernel

To construct the finite dimensional kernel we will rely cru-
cially on Mercer’s theorem. We first recall a couple of useful
definitions.

Definition 3 Let A C R and P a probability measure sup-
ported over A. We denote by La(A; P) the space of square
integrable functions over A and measure P, Ly(A;P) :=

3This assumption can be relaxed to let .4 be a compact set
when I is Lipschitz continuous. In this setting we can instead
work with an appropriately fine approximating cover over the set

A.
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{f:A—)R

S 4 PP (z)dP(x) < oo}.

Definition 4 A kernel K Ax A — R is square
integrable with respect to measure P over A, if

Jasc 4 K2 (z,y)dP(z)dP(y) < oo

Now we are ready to present Mercer’s theorem (35) (see

(19)).

Theorem 5 (Mercer’s Theorem) Let A C R? be compact
and P be a finite Borel measure with support A. Suppose K
is a continuous square integrable positive definite kernel on
A, and define a positive definite operator Ty : Lo(A;P) —
La(A;P) by

/K

Then there exists a sequence of eigenfunctions {¢;}5°,
that form an orthonormal basis of La(A; P) consisting of
eigenfunctions of T, and an associated sequence of non-
negative eigenvalues {j1;}3 | such that Tic(¢;) = j1;¢; for
j = 1,2,.... Moreover the kernel function can be repre-

sented as -
v) = pidi(w)gi(v) 3)
i=1

where the convergence of the series holds uniformly.

(T f) (

Mercer’s theorem yields a natural way to construct a feature
map ®(z) for K by defining the i** component of the feature
map to be ®(x); == \/ldi(x ) With this choice of feature
map the eigenfunctions {¢; }$2, are orthogonal under the in-
ner product (-, -)2,*. Armed w1th Mercer’s theorem we first
present a simple deterministic procedure to obtain a finite
dimensional e-approximate kernel of K. Essentially when
the eigenfunctions of the kernel are uniformly bounded,
sup e 4|0 (x)| < Bforall j, and if the eigenvalues decay
at a suitable rate we can truncate the series in (3) to get a
finite dimensional approximation.

Lemma 6 Given e > 0, let {11;}52, be the Mercer opera-
tor eigenvalues of IKC under aﬁnzte Borel measure P with
support A and eigenfunctions {¢; 152, with p1 > pa >
Further assume that sup jcy supx€A|¢J( x)| < Bfor some
B < oco. Let m(e) be such that 377° | j1j < z55. Then
the kernel induced by a truncated feature map,

90 (z) = {mz() ifi<m @

O.W.

“To see this observe that the function ¢; can be expressed as
a vector in the RKHS as a vector v; with ¢; in the ¢*" coordinate
and zeros everywhere else. So for any two v; and v; with ¢ # j
we have (v, vj)n = 0.

induces a kernel K9, = (®°(x),®° (y))n =

doie 165 (2)d;(y), for all (z,y) € A x A that is an
€/4-approximation of K.

The Hilbert space induced by the I@;’n is a subspace of the
original Hilbert space H. The proof of this lemma is a
simple application of Mercer’s theorem and is relegated to
Appendix C. If we have access to the eigenfunctions of K we
can construct and work with Iﬁfn because as Lemma 6 shows
I@gl is an €/4-approximation to K. Additionally, I@fn also
has the same first m Mercer eigenvalues and eigenfunctions
under PP as . Unfortunately, in most applications of interest
the analytical computation of the eigenfunctions {¢; }$2; is
not possible. We can get around this by building an estimate
of the eigenfunctions using samples from P by leveraging
results from kernel principal component analysis (PCA).

Definition 7 Let S,, be the subspace of H spanned

by the first m eigenvectors of the covariance matrix
Epnp [@(2)®(x)"].

This corresponds to the span of the eigenfunctions
&1, P2,...,¢m in H > . Define the linear projection op-
erator Pg  : H +— H that projects onto the subspace Sy,;
where P(S,,)(v +vt) = v,ifv € S,, and vt € S

Remark 8 The feature map ®°,(x) is a projection of
the complete feature map to this subspace, 99 (x) =

Ps,, (®(x)).

Let z1,22,...,2p ~ P be p iid. samples and con-

struct the sample (kernel) covariance matrix, S o=
% P ®(x;)®(z;)". Let S, be the subspace spanned
by the m top eigenvectors of 3. Define the stochastic
feature map, ®,,,(2) := Py (®(z)), the feature map de-
fined by projecting ®(z) to the random subspace S In-
tuitively we would expect that if the number of samples p
is high enough, then the kernel defined by the feature map
By (), Ko (2, 9) = (B (), D ()7 will also be an e-
approximation for the original kernel K. Formalizing this
claim is the following theorem.

Theorem 9 Let m, P be defined as in Lemma 6. Define the
m-th level eigen-gap as 6,, = % (L — pmt1)- Also let

2 2
B,, = § (1+\/§), 26 > /e > 0andp > %.
Then the finite dimensional kernels IC, and IC,,, satisfy the

[e3

following properties with probability 1 — e~%,

1. sup, ye 4 |K(2,y) = Kin(z,y)| <€

5This holds as the ‘" eigenvector of the covariance matrix has
¢; as the it" coordinate and zero everywhere else combined with
the fact that {¢;};=, are orthonormal under the L(.A;P) inner
product.
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Algorithm 1 Finite dimensional proxy construction

Input :Kernel K, effective dimension m, set A, measure
P, bias tolerance ¢ > 0, number of samples p.

Function : Finite proxy feature map ®,,, (-)

sample x1,--- ,x, ~ P.

construct sample Gram matrix K; ; = %K(mi, zj).

calculate the top m eigenvectors of K — {wy,wa, ...
forj=1,...,mdo

| Setwv; =Y F_, wir®(xk), (Wj is the k" entry of w;)
end
define the feature map

(v, ®(x))n
D,.(-) = =
(Vm, ()2

;Wi }-

S wikK(zg, x)

Zzzl w’ka:(xka I)

2. The Mercer eigenvalues ugp) > > usﬁ) and

w > > pum of Ky, and I@fn are close,
Supi:l,m m ‘:uﬁ(p) - Mz| < \/E/2

Theorem 9 shows that given ¢ > 0 the finite dimensional
proxy Ko is a e-approximation of /C with high probability
as long as sufficiently large number of samples are used.
Furthermore, the top m eigenvalues of the second moment
matrix of C are at most /€/2-away from the eigenvalues of
the second moment matrix of Iﬁm under P.

To construct ®,,(-) we need to calculate the top m eigen-
vectors of the sample covariance matrix f], however, it is
equivalent to calculate the top m eigenvectors of the sample
Gram matrix K and use them to construct the eigenvectors
of 3 (for more details see Appendix B where we review the
basics of kernel PCA).

2.2. Bandits Exponential Weights

In this section we present a modified version of exponential
weights adapted to work with kernel losses. Exponential
weights has been analyzed extensively applied to linear
losses under bandit feedback (20; 17; 13). Two technical
challenges make it hard to directly adapt their algorithms to
our setting.

The first challenge is that at each round we need to estimate
the adversarial action w;. If the feature map of the kernel is
finite dimensional this is easy to handle, however when the
feature map is infinite dimensional, this becomes challeng-
ing and we need to build an approximate feature map ®,,(-)
using Algorithm 2.1. This introduces a bias in our estimate
of the adversarial action w; and we will need to control the
contribution of the bias in our regret analysis. The second
challenge will be to lower bound the minimum eigenvalue

of the kernel covariance matrix as we will need to invert
this matrix to estimate w;. For general kernels which are
infinite dimensional, the minimum eigenvalue is zero. To
resolve this we will again turn to our construction of a finite
dimensional proxy kernel.

2.3. Bandit Algorithm and Regret Bound

In our exponential weights algorithm we first build the finite
dimensional proxy kernel K using Algorithm 2.1. The
rest of the algorithm is then almost identical to the exponen-
tial weights algorithm (EXP 2) studied for linear bandits in
(20; 17; 13). In Algorithm 2.3 we set the exploration distri-
bution I/j;‘ to be such that it induces John’s distribution (v.7)
over ®,,(A) := {®,,(a) € R™ : a € A} (first introduced
as an exploration distribution in (! 3); also a short discussion
is presented in Appendix H.1). Note that for finite sets it
is possible to build minimal volume ellipsoid containing
conv(®,, (A))-John’s ellipsoid and John’s distribution in
polynomial time (24)°. We assume without loss of gen-
erality that the center of the set A is such that the John’s
ellipsoid is centered at the origin.

If we know beforehand the behavior of the eigen-decay of
the Mercer eigenvalues of /C under measure p we will be
able to choose our tuning parameters optimally. In our algo-
rithm we also build and invert the exact covariance matrix
257?, however this can be relaxed and we can work with a
sample covariance matrix instead. We analyze the required
sample complexity and error introduced by this additional
step in Appendix D. We now state the main result of this
paper which is an upper bound on the regret of Algorithm
2.3.

Theorem 10 Let i; be the i-th Mercer operator eigenvalue
of K for the uniform measure p over A. Let m,p, « and €
be chosen as specified by the conditions in Theorem 9. Let
the mixing coefficient be chosen such that v = nG*m. Then
Algorithm 2.3 with probability 1 — e~“ has regret bounded
by

1
R < yn+ (e — 2)G nymn + 3en + p log(|.A]).

We prove this theorem in Appendix A. Note that this is sim-
ilar to the regret rate attained for adversarial linear bandits
in (20; 18; 13) with an additional term 3en that accounts
for the bias in our loss estimates w;. In our regret bounds
the parameter m plays the role of the effective dimension
and will be determined by the rate of the eigen-decay of the
kernel. When the underlying Hilbert space is finite dimen-
sional (as is the case when the losses are linear) our regret

%1t is thus possible to construct 7 over ®,,(.A) in polynomial
time. However, as A is a finite set, using ®,,,(-) and v it is also
possible to construct Vé efficiently.
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Algorithm 2 Bandit Information: Exponential Weights

Input :Set A, learning rate 7 > 0, mixing coefficient v >
0, number of rounds 7, uniform distribution p over
A, exploration distribution yél over A, kernel map
K, effective dimension m(e), number of samples
p.

Build kernel K,,, with feature map P, (-) using Algorithm
2.1 with kernel KC, dimension m, distribution y, bias toler-
ance € and number of samples p.

set q1(a) = v7.

fort=1,...,ndo

setpr =5 + (1 =)

choose a; ~ p;

observe (P (at), we)n

build the covariance matrix

S =Epp, [@m(2) @ (2)"]

compute the estimate 1y = X 1®,, (a;)(®(as), wi) .
update g1 (a) ox g¢(a) - exp (—11 - (i, B, (a))3)

end

bound recovers exactly the results of previous work (that is,
e = 0 and m = d). Next we state the following different
characteristic eigenvalue decay profiles.

Definition 11 (Eigenvalue decay) Let the Mercer opera-
tor eigenvalues of a kernel IC with respect to a measure P
over a set A be denoted by iy > o >

1. K is said to have (C, 3)-polynomial eigenvalue decay
(with 8 > 1) if for all j € N we have p; < Cj=h

2. Kis said to have (C, 3)-exponential eigenvalue decay
if for all j € Nwe have ji; < Ce P,

Under assumptions on the eigen-decay we can establish
bounds on the effective dimension m and p,,, so that the
condition stated in Lemma 6 is satisfied and we are guar-
anteed to build an e-approximate kernel K. We establish
bounds on m in Proposition 33 presented in Appendix C.1.

Corollary 12 Let the conditions stated in Theorem 10 hold.
Then Algorithm 2.3 has its regret bounded by the following
rates with probability 1 — e~ “.

1. If K has (C,B)-polynomial eigenvalue decay
under measure [, with 5 > 2. Then
b choosi B e 1/26-1
v choosing m = — [&]

[ log(A) r“‘l and m = [4032]1/5*1
((e=1)g") "7 n (o=e

(B-1)/B 1/B
where € = (%) {4/36}?12] , the ex-

pected regret is bounded by

(eg4 log (\.A|)) =l n2G-1)

4CB2) 7T
73 575]

51

2. If K has (C,p)-exponential eigenvalue decay un-
der measure . Then by choosing n =

1/2
Blog(|A]) _ 1 4032)
((e—l)g4 log(‘lc}fz)n) and m B log ( Be

4
where € = (67;239 1 log (4(’;332

), with n large enough

so that € < 1, the expected regret is bounded by

1/2

18G*log (|A|) - n

<0 Blog (40132)

Remark 13 Under (C, 8)-polynomial eigen-decay condi-
tion we have that the regret is upper bounded by R, <

]
O(n2@-1). While when we have (C,[3)-exponential
eigen-decay we almost recover the adversarial linear ban-

dits regret rate (up to logarithmic factors), with R,, <
O(n'’?log(n)).

One way to interpret the results of Corollary 12 in contrast to
the regret bounds obtained for linear losses is the following.
We introduce additional parameters into our analysis to
handle the infinite dimensionality of our feature vectors — the
effective dimension m and bias of our estimate e. When the
effective dimension m is chosen to be large we get can build
an estimate of the adversarial action w; which has low bias,
however this estimate would have large variance (O(m)).
On the other hand if we choose m to be small we can build a
low variance estimate of the adversarial action but with high
bias (e is large). We trade these off optimally to get the regret
bounds established above. In the case of exponential decay
we obtain that the choice m = O(log(n)) is optimal, hence
the regret bound only degrades by a logarithmic factor in
terms of n as compared to linear losses (where m would be
a constant). When we have polynomial decay, the effective
dimension is higher m = O(nm) which leads to worse
bounds on the expected regret. Note that asymptotically
as f — oo the regret bound goes to n'/? which aligns
well with the intuition that the effective dimension is small.
While when 8 — 2 (the effective dimension m — o) the
regret bound becomes close to linear in n.

We can also show a minimax lower bound for these two

settings that are close to matching the upper bound.

Proposition 14 (informal) For any algorithm used by the
player, there exist a strategy for the adversary such that

R, >Q (n%) whenever j1; = O(j "), while when the
decay is exponential R,, > §2 (nl/ 2).
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Algorithm 3 Full Information: Exponential Weights

Algorithm 4 Full Information: Conditional Gradient

Input :Set A, learning rate 7 > 0, number of rounds 7.
Set p1 (a) uniform distribution over A.
fort=1,...,ndo

choose a; ~ p;

observe w;

update p11(a) o< pi(a) - exp (=7 - (we, ®(a))n)
end

The lower bound follows by a modification of the arguments
used to prove a lower bound linear bandits. For a complete
proof see Appendix E.

3. Full Information Setting
3.1. Full information Exponential Weights

We begin by presenting a version of the exponential weights
algorithm, Algorithm 3 adapted to our setup. In each
round we sample an action vector a; € A from the ex-
ponential weights distribution p;. After observing the loss,
(®(at), we)3 we update the distribution by a multiplicative
factor, exp(—n(w;, ®(a)) ). In the algorithm presented we
choose the initial distribution p; (@) to be uniform over the
set A, however we note that alternate initial distributions
with support over the whole set could also be considered.
We can establish a sub-linear regret of O(+/n) for the expo-
nential weights algorithm.

Theorem 15 Assume that in Algorithm 3 the step size

is chosen to be, n = 4/ log(:iléA)) ) gzil/z, with n large

log(:"%# < 1. Then the expected

2 n1/2 —
regret after n rounds is bounded by,

enough such that

Ry < \/(e — 2)log(vol(A))G2nt/2.
We prove this regret bound in Appendix F.1.

3.2. Conditional Gradient Descent

Next we present an online conditional gradient (Frank-
Wolfe) method (26) adapted for kernel losses. The con-
ditional gradient method is also a well studied algorithm
studied in both the online and offline setting (for a review
see (25)). The main advantage of the conditional gradient
method is that as opposed to projected gradient descent and
related methods, the projection step is avoided. At each
round the conditional gradient method involves the opti-
mization of a linear (kernel) objective function over A to
get a point v; € A. Next we update the optimal mean ac-
tion Xy 1 by re-weighting the previous mean action X; by
(1 — 7¢) and weight our new action v; by ;. Note that this
construction also automatically suggests a distribution over

Input :Set A, number of rounds n, initial action a; € A,
inner product (-, -)3, learning rate 7, mixing rates
{retios

X1 = (I)(Cll)

choose D; such that E,p, ®(z) = X;
fort=1,2,...,ndo
sample a; ~ Dy
observe the adversarial action wy
define F4(Y) 2 030wy, V) + |V — X3
compute v; = argmin,c 4 (VF(Xy), P(a))n
update mean X;11 = (1 — ) Xy + 7P (v;)
choose Dy s.t. Epp,,, [P(2)] = Xiy1.
end

ai,v1,vs,...,v € Asuch that, X;, is a convex combina-
tion of ®(ay), ®(x1),...,P(as). For this algorithm we can
prove a regret bound of O(n?/4) (presented in Appendix
F.2.).

Theorem 16 Let the step size be n = 2n+/4 Also let the

mixing rates be v; = min{1,2/t'/?}, then Algorithm 4
attains regret of R,, < 8G>n3/%.

4. Applications
4.1. General Quadratic Losses

The first example of losses that we present are general
quadratic losses. At each round the adversary can choose
a symmetric (not necessarily positive semi-definite matrix)
A € R?™? and a vector b € R, with a constraint on the
norm of the matrix and vector such that || A||% + ||b]|3 < G2
If we embed this pair into a Hilbert space defined by
the feature map (A, b) we get a kernel loss defined as —
(®(x), (A, b))y = 2" Az + b 2, where ®(x) = (zz ", )
is the associated feature map for any = € A and the inner
product in the Hilbert space is defined as the concatenation
of the trace inner product on the first coordinate and the
Euclidean inner product on the second coordinate. The cu-
mulative loss that the player would aspire to minimize is,
ZLI mtT Aixy + th x;. The setting without the linear term,
that is when b; = 0 with positive semidefinite matrices A,
is previously well studied in (47; 48; 23; 4). However when
the matrix is not positive semi-definite (making the losses
non-convex) and there is a linear term, regret guarantees
and tractable algorithms have not been studied even in the
full information case.

As this is a kernel loss we have regret bounds for these
losses. We demonstrate in the subsequent sections in the
full information case it is also possible to run our algorithms
efficiently. First for exponential weights we show sampling
is efficient for these losses.
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Lemma 17 (Proof in Appendix F.1) Let B € R¥? be a
symmetric matrix and b € R%. Sampling from q(a) o
exp(a’ Ba + a'b) for ||lall2 < 1,a € R? is tractable in
O(d*) time.

4.2. Guarantees for Conditional Gradient Descent

We now demonstrate that conditional gradient descent also
can be run efficiently when the adversary plays a general
quadratic loss. At each round the conditional gradient de-
scent requires the player to solve the optimization problem,
vy = argmin,c 4(VF(X;), ®(a)). When the set of ac-
tionsis A = a € R? : ||al|2 < 1 then under quadratic losses
this problem becomes,

v = argmin a'Ba+b'a, (®)]
acA
for an appropriate matrix B and b that can be calculated by
aggregating the adversary’s actions up to step . Observe that
the optimization problem (5) is a quadratically constrained
quadratic program (QCQP) given our choice of A. The dual
problem is the (semi-definite program) SDP,

maxr —t — |
S. L.

[Bbj;;f bﬂ ol

For this particular program with a norm ball constraint set it
is known the duality gap is zero provided Slater’s condition
holds, that is, strong duality holds (see Annex B.1 (12)).

4.3. Posynomial Losses

In this section we will define a posynomial game, by intro-
ducing posynomial losses and prove that these losses can
also be viewed as kernel inner products. We will use the con-
nection between posynomials and Geometric programs to
prove that conditional gradient descent can be run efficiently
on this family of losses.

Definition 18 (Monomial) A function f : RY +— R de-
fined as

f(x) = caytay?

coeald
where ¢ > 0 and o; € R, is called a monomial function.

A sum of monomials is a posynomial.

Definition 19 (Posynomial) A function f : Ri — R de-
fined as

m
f(z) = Z ckx‘f“‘x‘;% . xjdk
k=1

where c, > 0 and o, € R, is called a posynomial function.

Note that posynomial functions are closed under addition,
multiplication and non-negative scaling. If we assume the
adversary at each round plays a vector of dimension m
with all non-negative entries, w; = (¢1,¢a, -+ , ¢ ), While
the player chooses a vector x € Ri. This vector is then
partitioned into m parts,

T = (x17x27---;$d72;md715$d)7
——" (S
S1 Sm

and the feature vector is defined as

Q02
L1 Lo

P(z) = :
Qg—2 OQd—1_«
Tty Tgly Ty
Where the i*" component of ®(-) is only a function of the
it" partition of the coordinates s;. Then the loss obtained
on the evaluation of the inner product between the adversary
and player action is a posynomial loss function,

m
(we, ®(x))y = Z cpa*t gt
k=1

A number of scenarios can be modeled as a minimiza-
tion/maximization problem over posynomial functions (see
(1'1) for a detailed list of examples). We now show that con-
ditional gradient descent can be run efficiently over posyn-
omial losses. If we again assume that the set of actions
A= {a €R?%: |a|lz < 1}. Additionally we all choose the
initial action to be the solution to the optimization problem,

d

ay = argminz d(a);.
acA T

Observe that the objective function is a posynomial subject
to a posynomial inequality constraint. This is a geometric
program that can be solved efficiently by changing variables
and converting into a convex program (Section 2.5 in (! 1)).
At each round of the conditional gradient descent algorithm
requires us to solve the optimization problem,

t—1
v = argrrjin(nZwt +2(X; — P(a1)), P(a))n. (6)
ae s=1

Given that posynomials are closed under addition, and given
our choice of ay, the objective function (6) is still a posyn-
omial and the constraint is a posynomial inequality. This
can again be cast as a geometric program that can be solved
efficiently at each round.

Conclusion

It would be interesting to explore and study more kernel
losses for which we have regret guarantees and for which
our algorithms are also computationally efficient.
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Appendix

Organization of the Appendix and Roadmap of the Proof

Here we describe the general organization of the proofs of the paper. We use the same notation for parameters as throughout
the paper.

In Appendix A we provide a proof of Theorem 10 and Corollary 12. At a high level, the elements to prove this theorem are
similar to that of proving regret bounds for linear losses. We first decompose the regret into an approximation error term
that arises due to the construction of the finite dimensional proxy ®,,,(-) and another term which corresponds to the regret of
a finite dimensional linear loss game (see Equation 7). To prove Theorem 10 we then proceed in Appendix A.l to control
the regret of this finite dimensional linear bandit game by classical techniques. Crucially we also control terms that arise due
to the bias in our estimators by invoking Lemma 23.

We prove minimax lower bounds for the bandit setting in Appendix E.

In Appendix B we introduce and discuss ideas related to kernel principal component analysis (PCA). While in Appendix C
we prove Theorem 9. Recall that this theorem was vital in establishing that the finite dimensional feature map we construct
in Algorithm 2.3 induces a kernel K, that is an e-approximation of /. In Appendix D we establish bounds on the sample
complexity and control the error if the sample covariance matrix is used instead of the full covariance matrix in Algorithm
2.3.

The results about the full information setting, specifically the proofs of Theorems 15 and 16 are provided in Appendix F. In
Appendix 4.3 we apply our framework to posynomial losses, in Appendix H we discuss Hoeffding’s inequality and John’s
Theorem. Finally in Appendix [ we present experimental evidence to verify our claims.

A. Bandits Exponential Weights Regret Bound

In this section we prove the regret bound stated in Section 2. We borrow all the notation from Section 2. As defined before
the expected regret for Algorithm 2.3 after n rounds is

Rn = E Z((I)(at),th—<¢(a*),wt>H] = E
t=1

5 Burer, [(@(a0) w0 - <¢><a*>,wt>a\ﬂ_1}] ,

t=1

where p; is the exponential weights distribution described in Algorithm 2.3, a* is the optimal action and F;_; is the sigma
field that conditions on (a1, ag,...,at—1,Y1, Y2, - - -, Yt—1, Yt), the events up to the end of round ¢ — 1. We will prove the
regret bound for the case when the kernel is infinite dimensional, that is, the feature map ®(a) € RY, where D = co. When
D is finite the proof is identical with ¢ = 0. Recall that when D is infinite we constrain the adversary to play rank-1 actions.
We are going to refer to the adversarial action as w; =: ®(y;) for some y; € R?. We now expand the definition of regret and
get,

R, =E

ianm {@)(at%wt)?{ - <‘I)m(at)7wt>7-t‘ft1w

t=1

+E

i:anpt [(fbm(a*),wtm - <‘I’(a*)7wt>ﬂ‘ft—1n

+E

S B [0 fa) ) - <¢»m<a*>,wt>ﬂ\ﬂ_1}] .
t=1

—Rem
=R

Here R7" is the regret when we play the distribution in Algorithm 2.3 but are hit with losses that are governed by the kernel —
Ko (-, +) (with the same a* as before). Observe that in R]* only the component of w; in the subspace \S,,, contributes to the
inner product, thus every term is of the form

<¢m(at)awt> = <(I)m(at)7q)m(yt)> = Km(yt7(lt)-
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As the proxy kernel Ko is uniformly close by Theorem 9 we have,
Rp <2en+ R @)

A.1. Proof of Theorem 10

We will now attempt to bound R and prove Theorem 10. First we define the unbiased estimator (conditioned on F;_1) of
®,,,(y¢) at each round,

Wy = Ko (ag, y2) ((zg,?)—lcbm(at)) . tefl,....n}, ®)

where @, (y:) = Py (®(y:)) = Pg_(w¢). We cannot build @; as we do not receive Ko (at, 1) as feedback. Thus we also
have

Ea,p, [t Fi_1] = E [K(at,yt) ((253)*1%(%)) ‘]-‘t_l]

= @0 (y) + E | (Klas,90) = Kmlar, ) (Z0) 7 @mlar)) |Foca | st € {1, om). ©

=:&, the bias

If ®,,,(-) = ®(-) then the bias & would be zero. We now present some estimates involving ;. In the following section we
sometimes denote w; and w; more explicitly as w;(a;) and w;(a;) where there may be room for confusion.

Lemma 20 For any fixed a € A we have,

Bampe [ (@0(00), (@) | Fica] = Km(gena),  te {1, n}

We also have forallt € {1,...,t},

Ba,~p, [’em(ytaat)’}—t—l} =Eaq,~p, lz pe(a) (W (ag), ‘]-'t 1] .
acA

Proof The first claim follows by Equation (8) and the linearity of expectation we have
Eaipe [(00(01), ®n(0)|Fioa] = (B [@0(a0)|Fi-1], @ (@) = Konl, ).

where the expectation is taken over p;. Now to prove the second part of the theorem statement we will use tower property.
Observe that conditioned on F;_1, p; and a; are measurable.
(It‘|

We are now ready to prove Theorem 10 and establish the claimed regret bound.

Eli@m(yt,at) Fi1| =E Fi1

]anpt [@Dt (at); (I)m<a)>

Zpt (¢ (at), Pm(a)) ‘}—t—l‘| .

acA

Proof [Proof of Theorem 10] The proof is similar to the regret bound analysis of exponential weights for linear bandits. We
proceed in 4 steps. In the first step we decompose the cumulative loss in terms of an exploration cost and an exploitation
cost. In Step 2 we control the exploitation cost by using Hoeffding’s inequality as is standard in linear bandits literature, but
additionally we need to control terms arising out of the bias of our estimate. In Step 3 we bound the exploration cost and
finally in the fourth step we combine the different pieces and establish the claimed regret bound.
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Step 1: Using Lemma 20 and the fact that w; is an unbiased estimate of ®,,,(y;) we can decompose the cumulative loss, the
first term in R} as

E Z Km(ab Yt)
t=1

)

t=1 LacA
n n
—(1-yE|Y [th(a By, ® ’]—"t A+ EY [Z VA (a) (iy, @ ‘]—"t 1H (10)
t=1 LacA t=1 LacA
Ezploitation Ezploration

where the second line follows by the definition of p;.

Step 2: We first focus on the ‘Exploitation’ term.

[ q¢(a) (g, ® ‘]:t 1]
t=1 La€A

E zn: lz Qt(a Wy, P ‘]:t 1

t=1 La€ A

&:=(1-7E

+(1-7)E

Z [Z Qt(a)< — Wy, @ ‘}-t 1]] .1y

t=1 LacA

=M =<
Under our choice of v by Lemma 24 (proved in Appendix A.l.1) we know that 7(w;, ®(a;)) > —1. Therefore by
Hoeffding’s inequality (Lemma 53) we get,

=FE z": [Z qi(a) (g, @ ‘]—} 1

t=1 LacA

1 < —;E lz log (Egg, [exp (— n<wt(at)7¢m(a)>)])1

t=1

="

Z [Z qi(a) ((y, ® 7n(a)>)2 ‘]:t—l‘|‘| . (12)

t=1 LacA

+ (e —=2)nE

=I5
Both I'; and I's can be bounded by standard techniques established in the literature of adversarial linear bandits. We will
see that I'; is a telescoping series and is controlled in Lemma 21. While the second term I'; is the variance of the estimated
loss is bounded in Lemma 22. We defer the proof of both Lemma 21 and Lemma 22 to Appendix A.1.1. Plugging in the
bounds on I'; and I's into Equation (12) we get,

(1 - ’Y)‘ (1 - Z lz Qt wt, m “Ft 1]] (13)
t=1 LacA
Z a*,yt) :’log |A]) +E Z — Wi, Py (a™)) | + (e — 2)nGimn
- 1
Z:: «un) |+ 0g (A + g+ (e = 2)uGhmn,

where the last inequality follows by Lemma 23. Also by Lemma 23 we get, > < en/G?7. Combining this with Equation
(11) we get,

log (JA]) + gT + (e — 2)nG*mn. (14)

a<E lz Konta® )| +
i=1
Step 3: Next, observe that the exploration term is bounded above as

Z]E

v-E

>~ v (@) (@, @nla) | 7o 1H < 44G™n, (15)

acA



Online learning with kernel losses

where the above inequality follows by Lemma 20 and Cauchy-Schwartz inequality along with the fact that ¢ < G2.
Step 4: Putting these all these together into Equation (10) we get the desired bound on the finite dimensional regret

n

Z <I€m(at7yt) — I@m(a*, yt))] < 4vG%n + (e — 2)Grgmn +

t=1

R =E og([Al).

g2

Plugging the above bound on R into Equation (7) we get a bound on the expected regret as

R < 49G*n + (e — 2)G*'nmn + 2en + - log(|A\)

g2

completing the proof. |

A.1.1. TECHNICAL RESULTS USED IN PROOF OF THEOREM 10

First let us focus on bounding I'y. A term analogous to I'; also appears in the regret bound analysis for exponential weights
in the adversarial linear bandits setting; we adapt those proof techniques here to work with biased estimates ().

Lemma 21 Let I'y be as defined in Equation (12) then we have

) Kl ] ~ log (|A])

Proof Expanding I'; we get

lZlog arvge [€XD (=1 (W, Py (a)))])

0 oy [ Soeacww (0T @ m<a>>)-exp<—n<wt,¢>m<a>>>
T E Soeaex (-1 S (5, Bn(a)

YE llog (Z exp (—nZ (s, %(a»)) - log(lAD] : (16)

acA

where (i) follows by the definition of ¢;(a) and (ii) follows as the sum telescopes and we start of with the uniform
distribution over .A. We have for any element a’ € A,

E llog (Z exp (—nznj <wi,<1>m<a)>>>1
acA i=1

Y

-E ani,@m(a’»}
i@t,@ 1 nE
> Kuld, yt]—nlE

t=1

—nE

where the last equality by Lemma 20. Choosing @’ = a* and plugging this lower bound into Equation (16) completes the
proof. |

The next lemma controls of the variance of the expected loss — I's. A term analogous to I's appears in the regret bound
analysis of exponential weights in adversarial linear bandits which we adapt to our setting.
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Lemma 22 Let I'y be defined as in Equation (12) and the choice of parameters as specified in Theorem 10 then we have

n
Ty = (e — 2)yE lz Eqey, [mt, o, (a))? ’IHH < (e — 2)G ymn/(1 — ). (17)
t=1
Proof Note that by definition of ¢;, we have that (1 — 7)g:(a) < p:(a). To ease notation let ¥; := s =

Ep, [®m(2)®:m () "]. Taking expectation over the randomness in 1 for any fixed a we have,
Ea,~g, [(W0e(ar), @ (a))?] = ®n(a) 'E [y ] @ra(a)

= (I)m(a)TEatNPt [K(atayt)22t_1(I)M(at)(I)m(at)TEt_1] (I)m(a)
<GP, (a) 271D, (a).

where the second equality follows by the definition of ;. Given this calculation we now also take expectation over the
choice of a so we have,

Earpe [Baimp: [(0; Pm(a))*]] < G Banp, [tr (m(a) S @p(a))]
= Gtr (Zt_lEaNpt [@m(a)q)m(a)T]) = G%r (Inxm) = G*m.
Summing over ¢ = 1 to n establishes the result. |

We now prove the bound on the terms that arise out of our biased estimates.

Lemma 23 Let v = 4nG*m and let ¢ < G2, then for all a € A and forallt € {1,...,n} we have

€

‘<wt - wtvq)m(a)” < @

Proof By the definition of w; and wy,

i = s = | (Kinto 0 = Klors)) (2) " @

2
1

= ol a0) = K] | (20) (o0

(G +Ve),

<e-

=23

where the inequality follows as Ko, is an e-approximation of /I, the minimum eigenvalue of 22‘2

So by Cauchy-Schwartz we get,

is v/m by Proposition 35.

em(G + Ve)®

(@ — Wp, Py (a))] < [0 = Wel2]| P ll2 < ———F—

the claim now follows by the choice of « and by the condition on e. |

While using Hoeffding’s inequality to arrive at Inequality (12) we assume that the estimate of the loss is lower bounded by
—1/7. The next lemma help us establish that under the choice of v the exploration parameter in Theorem 10 this condition
holds.

Lemma 24 Let ¢ < G? then for any a € Aandforallt =1,...,n we have
-1

[, ®ra(@))] < G 50D |@n(€) " (Eanpe [@r(0)®in(a)T])

@m(d)’ :
c,de A

Further if the exploration parameter is vy > 4nG*m, then we have a bound on the estimated loss at each round

n|(wy, P (a))] < 1, Ya € A.



Online learning with kernel losses

Proof Recall the definition of £{}) = Ep, [®m(a)®.,(a)T] (we drop the index ¢ to lighten notation in this proof). The
proof follows by plugging in the definition of the loss estimate w,,

] ®n(0)] = [Kar, ) (Z5! Pra(a0)) " Bra(a)

< K, 00| | (57 () (o)
<gz2

<4G? sup |D(c) "2, 0 (d)] (18)
c,de A

Now note that the matrix ¥,,, has its lowest eigenvalue lower bounded by ~/m by Proposition 35 (see also discussion by
). Thus we have,

4 2
sup ’(I)m(C)TET_nlfI)m(d)‘ < g m,

c,deA Y

where the inequality above follows by the assumption that ¢ < G2. Combing this with Equation (18) yields the desired
claim. |

A.2. Proof of Corollary 12

In this section we present the proof of Corollary 12, which establishes the regret bound under particular conditions on the
eigen-decay of the kernel.

Proof [Proof of Corollary 12] Given our assumption G = 1 and by the choice of v = 4nG*m the regret bound becomes,

2en 1
Ry, < 20pmn+ — + —log (|A|) + 2en .
=R, ~—~ ——— =Ry
::Rz ::Rg

Case 1: First we assume (C, 3)-polynomial eigen-value decay. By the results of Proposition 33 we have a sufficient
condition on the choice of m for /C,, to be an e-approximation of K,

acp? 1M1
-l
With this choice of m we equate the terms 1, Rs and R3 with each other. This yields the choice,

1
o los(A) L
2n

2 €
T 10m’

Note that under this choice there exists a constant ng (3, C, B,1og(]A|)) > log(|.A|)/2 such that when n > ng then,
R4 < R;. Also note when n > log(]A|)/2 then € < 1 = G? so the conditions of Theorem 10 are indeed satisfied. Plugging
in these choice of €, m and 7 for n > ng yields,

26+2CB2

m B—=2 B
-1 } - (log(]A|))2E=D . n2G-1D,

Rn§4R1\/160[

Case 2: Here we assume (C, 8 )-e)iponential eigen-value decay. Again by the results of Proposition 33 we have a sufficient
condition for the choice of m for Iy, to be an e- approximation of /C,

m*llo (4CBZ>
3%\ B )
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Again as before, by equating Ry, Ro, R3 yields ¢ = log(].A|)/(2n) and n? = ¢/10m. Again as with Case 1, there exists a
constant ng (3, C, B,log(].A|)) > log(|.A])/2 such that when n > ng then, R4 < R;. Plugging in these choice of €, m and
n for n > ny yields,

_ (320 -log(]A]) 40CB2%n
R’L§4Rl‘¢ 5 s (ﬁlo <|A>)

B. Kernel principal component analysis

We review the basic principles underlying kernel principal component analysis (PCA). Let X be some kernel defined over
AcCcR%and 24, - - ,Zp ~ P a probability measure over A. Let us denote a feature map of /C by & : R? — RP,

The goal of PCA is to extract a set of eigenvalues and eigenvectors from a sample covariance matrix. In kernel PCA we
want to calculate the eigenvectors and eigenvalues of the sample kernel covariance matrix,

SPRY

When working in a reproducing kernel Hilbert space H in which no feature map is explicitly available, an alternative
approach is taken by working instead with the sample Gram matrix.

@\H

Lemma 25 Let ®(x1),---,P(z,) be p points in H. The eigenvalues of the sample covariance matrix,
LS ®(x:)®(x:) " equal the eigenvalues of the sample Gram matrix K € RP*P, where the sample Gram matrix

P
is defined entry-wise as K;; = W

Proof Let X € RPXP be such that the i*" row is é\(/“"i) The singular value decomposition (SVD) of X is

X=UDVT,

with U € RP*P, D € RP*P and V' € RP*P, Therefore X' X = VD 'DV ' and XX " = UDD'U". We identify
X T X as the sample covariance matrix and X X | as the sample Gram matrix. Since DD and D T D are both diagonal and
have the same nonzero values this establishes the claim. |

Another insight used in kernel PCA procedures is the observation that the span of the eigenvectors corresponding to nonzero
eigenvalues of the sample covariance matrix = Zp ®(z;)®(2;) " is a subspace of the span of the data-points {®(z;)}}_,.
This means that any eigenvector v correspondmg to a nonzero eigenvalue for the second moment sample covariance matrix
can be written as a linear combination of the p—datapoints, v; = Zé’:l w;; ®(x;) (w;; denotes the jt" component of
w; € RP). Observe that v; are the eigenvectors of the sample covariance matrix, so we have

[;Z‘b(z@i)@(%)—r] Zwij@(wj) ZuiZwijq)(acj).

This implies we may consider solving the equivalent system
1 D
i ((@(xk), vi)n) = <‘I’(Ik)7 (p Z‘N%)‘ﬂ%f) Ui> Vk=1,---,p. 19)
=1 H

Substituting v; = 25:1 w;; ®(x;) into Equation (19), and using the definition of K we obtain

,uini = szi .
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To find the solution of this last equation we solve the eigenvalue problem,
Kw; = pyw;.

Once we solve for a;; we can recover the eigenvector of the sample covariance matrix by setting v; = Z§=1 wi; ®(x;).

C. Proxy Kernel Properties
In this section we prove Theorem 9. We reuse the notation introduced in Section 2.1 which we recall here.

Let {y1;}32, be the Mercer’s eigenvalues of a kernel K under measure P with eigenfunctions {¢;}32 ,, and we assume that
SUp;j e SUP,e 4|@5 ()| < B for some B < co. Let m(e) be such that Z;imH 1; < 15z and denote the m'" eigen-gap as

Eonp [®(2)®(z) "] and a sample covariance matrix § 3°7_; ®(x;)®(z;) " respectively. Define Ps,, and Pg to be the
projection operators to S,,, and S,.,. Recall the definition of

Ko (@,y) = (Ps,, (®(x)), Ps,, (®(9) 1 = (85, (x), ®5, (y))

a deterministic approximate kernel and the stochastic proxy approximate kernel

Om = % (tm — pm+1)- Denote by S,, and S,, the subspaces spanned by the first m eigenvectors of the covariance matrix

Km(2,y) = (P, (®(x)), Pg_(®(y)))n,
with associated feature map @, (z) = Py ®(z). We first prove Lemma 6 restated here.

Lemma 6 Given e > 0, let {y; }‘;‘;1 be the Mercer operator eigenvalues of IC under a finite Borel measure P with support
A and eigenfunctions {, 321 with iy > pg > - -+ Further assume that sup ey Sup,ecl@;(z)| < B for some B < co.
Let m(¢) be such that Z?im 41 15 < g5z- Then the kernel induced by a truncated feature map,

o, (x) = {OMW) ifi <m .,

O.W.

induces a kernel K, = (®°, (), D%, (y))3 = Z;n:l widi(x)p;(y), forall (x,y) € A x Athat is an €/4-approximation
of K.

Proof By definition, for all z,y € A

oo oo o

o €
K(z,y) =Ko (z,y) = Y wigi(@)eiw) < Y. miles@esw)l < > wB < 1
j=m+1 j=m+1 j=m-+1
The reverse inequality; K2, (2, y) — K(z,y) < . is also true therefore,
0 €
forall z,y € A. [ ]

We now state and prove an expanded version of Theorem 9 (where w = min(y/€/2, d,,/2)) which is used to establish the
e-approximability of the stochastic kernel /C,,.

Theorem 26 Let €, m, P be as in Lemma 6. Define the m-th level eigen-gap as 0., = % (tm — poma1)- Also let By, =
2 2 A ~

% (1 + \/g ) Om/2>w>0andp > BTf The finite dimensional proxies K2, and ICy, satisfy the following properties

with probability 1 — e
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2. K2, y) — Ko (z,y)] < w?, Va,yeA
3. The Mercer operator eigenvalues ,ugm) > 2> Mﬁ,ﬁ") and pig > -+ > oflem and I@,On Jollow sup,_; ... ,, |uim) —
il < w?.

Theorem 26 shows that, as long as sufficiently samples p(m) are used, with high probability Ko is uniformly close to
I@Zﬁb and therefore to K. We prove this theorem by a series of lemmas and auxiliary theorems. We first prove part (1) and
(2) and establish that under mild conditions on K we can extract a finite dimensional proxy kernel K by truncating the
eigen-decomposition of K and estimating a feature map with samples. We leverage a kernel PCA result by (50) to construct
K.

Theorem 27 (Adapted from Theorem 4 in 50) If m,p, Sm, 5',,“ Om, Bm and « are defined as in Theorem 26 then with
probability 1 — exp(—a«) we have

B,
F<—F/—. (20)

Ps — P;
1Ps p(m)

In particular,

2B,
$m C {g+ hog € Sih € S5 (IRl < ﬁ,wnﬂ}.

Now using this theorem we prove Part (1) of Theorem 26.

Lemma 28 With probability 1 — e~ we have,

K, y) = Kon(2,)] <+ Vew+ w?, Vayed
Proof First we show this holds for x = y.

[@(z) = Pg, (®(2))]» < |®(z) = Ps,,, (2(2))ln + || Ps,, (2()) = Pg_(®(x))]ln

(1) /e (4i1) | /e B,, (iv) /e
DV @)l Ps,, — Po flop = Y1 g Y Ve
2 2 'p(m) 2

m

where () follows by triangle inequality, (i) is by the fact that Pg, (®(z)) is an €/4 approximation of K, (i%) follows by

m

Theorem 27 and (iv) is by the choice of p(m). Therefore with probability at least 1 — e* for all z € A

|K:(CL',$) - K:m(l‘,x)| < 2 + \/Ew + w2,

Now we prove the statement for general =,y € A. We write ®(z) = ®,,(z) + h, and ®(y) = ®@,,(y) + hy. The above
calculation implies that ||k || < Ve 4 wand | hylln < % + w. We now expand K(z, y) to get

(@), 2(y)) 1 = (P (), P (Y)) 1 + (B P (Y)) 2 + (P (@), hy )1 + (hary )
Since h,, and h,, both live in ;%
(@(2), ®(Y)) 1 = (P (@), P (Y)) 3t + (has hoy )
Rearranging terms,
[(@(2), 2(0))3e — (@ (@), P (9))2a] = [, )l <+ Vew + .

This establishes the claim. [ |

We now move on to the proof of Part (2) in Theorem 26.
Lemma 29 [fp, B,, are chosen as stated in Theorem 26 we have

|I€m(xay)_léfn(x7y)| SwQ Vx,yeA (2])
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Proof The feature map for K2, is Ps, (®(x)) for all z € A while Py (®(z)) is the feature map for K. We first show
that for all z € A,

Bm,
1Ps,,. (®(x)) = Pg, (®(@))ll# < [|®() % Ps,, = Pg, llop <G <w,
p(m)
where the second inequality follows by applying Theorem 27 and the last inequality follows by the choice of B,,,. A similar
argument as the one used in the proof of Lemma 28 lets us then conclude that,

\l@m(%y)—léfn(m,yﬂ S’Ll)?, VCEJJG.A
|

We now proceed to prove part (3) of Theorem 26. We will show that the Mercer operator eigenvalues of K are close to
Mercer operator eigenvalues of K2 . We first recall a useful result by (37).

m*

Theorem 30 (Adapted from Theorem 3.3 in 37) Let KC be a kernel over A x A such that sup,¢ 4 K(z,z) < G2. Also let
fin > fig > -+ > [in be the eigenvalues of the Gram matrix (KC(x;, xj)/N)ﬁrjzl for {z;}., ~ P. Then there exists a
universal constant c such that for every t > 0

ct N
P| su ; — ;| >t <2exp| —=4/—= |, 22
iel,uF-),Nm il } P ( g\ log(N)> 22

where for i > N we define [i; = 0.
Proposition 31 The top m eigenvalues of the sample kernel covariance matrix equal that of the Gram matrix.

Recall that we established this proposition in Appendix B as Lemma 25. Further note that for any set of samples
Z1,--+ ,xy ~ P, the Gram matrices of K2, (K¢, (NV)) and KC,;, (K,,,(NV)) are close in Frobenius norm as the matrices are
close element-wise by part (2) of Theorem 26.

1K, (V) = Kin (V)| p < .
Let 2™ > a{™ > ... 4 and 5™ > 5™ > - 47 be the eigenvalues of K9, (N) and K., (V) respectively.
For both of these Gram matrices only the top m out of N eigenvalues will be nonzero, since both kernels are m—dimensional.
By the Wielandt-Hoffman inequality (30) this implies that the ordered eigenvalues are close,

sup "™ — ™| < w?.
i=1,--N
Theorem 30 and Proposition 31 together imply the statement of Theorem 30 with the Gram matrix replaced by the sample
covariance matrix holds.

Theorem 32 The Mercer operator eigenvalues ugm) > > ,ugf ) and W1 > > ey Of Ko and l@fn follow

sup \ugm) — 5| < w (23)

i=1,---,m

Proof We will use the probabilistic method. By Theorem 30, for every ¢t > 0 there is N(¢) € N large enough such that
probability of the event — the eigenvalues of both sample Gram matrices K,,(N) and K2, (N) be uniformly close to the
Mercer operator eigenvalues ugm) > > u%ﬂ ) and W1 > -+ > g, —is greater than zero. By triangle inequality this
implies that for all £ > 0

o I

i=1,---,m

N .  (m,0 . (m,0
™ — il < sup ™ — @™+ sup [0 — A0+ sup (A8 — |
11 12 13
<t4+w+t=w*+2t

Taking the limit as ¢ — 0 yields the result. |
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C.1. Bounds on the effective dimension m

In this section we establish bounds on the effective dimension m under different eigenvalue decay assumptions.

Proposition 33 Let the conditions stated in Theorem 9 and Lemma 6 hold.

1. When the kernel K has (C, 3)-polynomial eigenvalue decay then

suffices for I@fn to be an €/4-approximation of K and therefore for K to be an e-approximation of K.

b

2. When the kernel K has (C, §)-exponential eigenvalue decay then

1 (4062)
m > ~ log ,
Be

suffices for I&fn to be an €/4-approximation of K and therefore for K o be an e-approximation of K.

Proof We need to ensure that the assumption in Lemma 6 holds. That is,
o0
> < 15
2. M=y
Jj=m+1

We will prove the bound assuming a (C, §)-polynomial eigenvalue decay, the calculation is similar when we have exponential
eigenvalue decay. Note that,

> >, > c 1
—B -B _
E i < E Cj S/ Czr dx—ﬂ_lmﬁ_l.

j=m-+1 j=m-+1 m

‘We demand that,

rearranging terms yields the desired claim. |

D. Properties of the Covariance matrix — »{

We borrow the notation from Section 2.1. In this section we let p,, be the smallest nonzero eigenvalue of
Esmv [P ()@ () 7] where v is the exploration distribution over A.

Lemma 34 Let ugﬁ) be the m-th (smallest) eigenvalue of 25}?. Then we have

18 > i
Proof Recall that in each step we set p; = (1 — v)q; + yv. Let v € H be a vector with norm 1.
v TS0y = (1=7) v Epnyg, (@1 (2) @ (2) T] v+ 7 0 Epyy [@rn (2) @i () T] 0.

Since both summands on the RHS are nonnegative, this quantity at least achieves a value of 'y.vTIEg:N,, [<I>m ()P, () T} v >
YHm- u

Observe that by our discussion in Appendix H.1, the minimum eigenvalue when the distribution is v (John’s distribution)
over ®,,,(A), then ji,, = 1/m. That is, if v is the exploration distribution over A then fi,, = 1/m.

Proposition 35 If I/é is the exploration distribution then we have

n) > L
m
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D.1. Finite Sample Analysis

Next we analyze the sample complexity of the operation of building the second moment matrix in Algorithm 2.3 using
samples. Let 25,? be the second moment matrix estimate built by using z1, - - - , x, drawn i.i.d. from p;.

. 1 —
B0 ==Y @@ (@)
=2 () P (25)

We will show how to chose r appropriately to preserve the validity of the regret bound when we use Sﬁ,? (built using finite
samples) instead of Effl). First we present some observations.

Remark 36 (Covariance eigenvalues are Mercer’s eigenvalues) The eigenvalues ugt) > e > ugﬁ) of
Epp, [@m(aj)q%n (x)T] are exactly Mercer operator eigenvalues for K, under p;.

Remark 37 (Sample covariance and Gram matrix have the same eigenvalues) Assume r > m. Let x1, -+ ,x, ~ p;.

The eigenvalues of the sample covariance 2%) coincide with the top m eigenvalues of the Gram matrix K%%p =

(’Cm (i, 33]'))1.7

ij=1

We formalize the above remark in Lemma 41. We will use an auxiliary lemma by (50) which we present here for
completeness.

Lemma 38 (Lemma I in 50) Let K' be a kernel over X x X such that sup ¢ K'(x,x) < G'. Let 3’ be the covariance of
o' (), x ~ P. If X is the sample covariance built by using r samples x1,- - ,x, ~ P, with probability 1 — exp(—9):

o 26’ \/5
— < = — 1.
”2 Ep”ol)—\/; I+ 2

—1 i\ 1
The following lemma will allow us to derive an operator norm bound between the inverse matrices (25,?) and (E%))

from an operator norm bound between the matrices 257? and isfl .

Lemma 39 If||A—Bl|,p < s, then ||[A™'—=B7!||,, < o) Where Amin(A) and A in (B) denote the minimum
eigenvalues of A and B respectively.

Proof The following equality holds:
Al —B'=A"YB-A)B "

Applying Cauchy-Schwartz for spectral norms yields the desired result. |

We are now ready to show that given enough samples r, the operator norm between the inverse covariance and the inverse
sample covariance is small.

Lemma 40 Let g : R(ﬁ 00) R be defined as g(x) is the value such that % = x. If the number of samples

i

r > max g<{(m(2)+g)2g]2>7 M 2

Y (Yim)?er
where c is the same constant as in Theorem 30, then with probability 1 — 2e~¢:

() - (s

SEl.
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Proof We start by showing that if » follows the requirements stated in the lemma above, then the minimum eigenvalue
of =) is lower bounded by = with probability 1 — exp(—(). We invoke Theorem 30 to prove this. Let us denote by
Mgt) > > us,? and ﬂgt) > > ;15,? the eigenvalues of 2%) and 25,? respectively.

We want to ensure that the probability of sup; |u§t> — pgt)| > 15m be less than e~¢. Again by invoking Theorem 30, this is

true if exp(—¢) < 2exp (_ CWQIgn 1og(’“> . This yields the condition,

r

(In(2) + €)2G61>
log(r) >[ CYhm } ’

2
This together with triangle inequality (as u&f} > lm > Ylm) ensures thatif r > g ({W} ), then with probability
1 —exp(—(),

Setting A = ngl) and B = 25,’? and invoking the concentration inequality Lemma 38, we have that

< (’y)\m)Qel
op 2 ’

- 54

with probability 1 — exp(—¢) as choose 7 to satisfy

2G ¢\ _ (ypm)?er
NG (1 * \/;> =2

As the matrices A and B are close with high probability, Lemma 39 proves that the inverses are also close,

< €1.
op

o= (50)

CYAm (Y Am)?%e1

holds with probability 1 — 2 exp(—(). [ |

2 < 2
with the same probability. By union bound as long as » > max (g ([(IH(QHC)ZQ} ) , <M> ) the stated claim

D.1.1. AUXILIARY LEMMAS

Let us denote the pseudo-inverse of a symmetric matrix A by AT. We now prove Lemma 41 that formalizes the connection
between the eigenvalues the Gram matrix and sample covariance matrix.

Lemma 41 Forany x,y € A:

D, (x)—r (EE,?) - Qn(y) = A;‘ (Kst)p) X A?—Jr’
A~ ~ T > C T
where A, = (ICm(ac,JH)w" ,ICm(Jc,xp)> and A, = (Km(y,x1),~'~ ,Km(y,xp)) )

Proof The claim can be verified by a singular value decomposition of both sides. |

Given Lemma 40 we also prove a bound on the distance between the estimates of adversarial actions generated in Algorithm

PN -1
2.3. Define u?t@) = (ng)) D, (ar)K(ag, wy) and let wy = u?t(l) = (ZSfL)) D, (an)K(as, wy).
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Corollary 42 We have that
@ — @V ln < @d.

In other words, the bias resulting from using the sample covariance instead of the true covariance is of order €; as long as
we take enough samples p at each time step. We can drive €; to be as low as we like by choosing enough samples and hence
this bias does not determine the rate in the regret bounds in Theorem 10.

E. Proof of the lower bound

Theorem 43 Ler A C RP with A = {(A;)52, 5.t [Aj] < 1Vj} and W € RP with W = {(w)32y st |wi| < py Vi)

be the action sets of a player and an adversary. For any integer n and for any algorithm used by the player, there exist a
~ 1 ~ .

strategy for the adversary such that R,, > €0 (n%) whenever y; = O(J%) When the decay is exponential p; = O(e=7)

then R,, > Q (n1/2).

Proof We start by proving the result above for the following oblivious noisy feedback model:

1 At the beginning of time the adversary selects a vector in W.
2 Every round the player selects an action vector a € A.

3 The player experiences (a, W)y + 7, where n ~ N (0, I).

Under this feedback model, the bounded-ness assumption of the losses is lost. We fix this at the end of the proof by
considering a bounded loss model for an adversarial non oblivious adversary.

The adversarial case will be dealt with later by defining W° C {c, ¢’} x W for some ¢, ¢’ € [0,1] and A° = {(1,a), a € A}.
We then analyze an adversary that at time ¢ plays vectors 1) = (c;,w*) where @w* is independent of ¢ and ¢; € {c, ¢’} and
is chosen by sampling independently from a Bernoulli distribution over {c, ¢’}. In this case (a°, 0%) 40 = (@, )% + c.

The lower bound we prove for the Gaussian noise model cannot be immediately turned into a result for an adversarial model
without sacrificing the bounded-ness assumption for the adversarial vectors in V. We fix this issue at the end by using a
Bernoulli noise model instead. Consider the action sets for the adversary and the player:

W= {()) | ] < iy ¥}
A:={(a;) | a;] < 1}.
We show that for any integer n, and any algorithm 7, there exists w € W such that
R, @) = (57 ),

where R, (7, w) denotes the regret incurred by the player’s algorithm 7 and an adversary’s strategy “centered” around .

Let &, 1w € W. Denote by Py, Py the probability distributions induced by the interaction of a player using 7 and an
adversary using either w or w’.

KL(Pg, Py) = % > B, (b — '),
t=1
where K L(p, q) is the Kullback-Leibler divergence between distributions p and ¢. Let,
P = Pg(ag,;w; < 0 for at least n/2 of indices 7).
Then we have,

| (24)
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Averaging argument: Let r(0) = ), py,;|W;|, and

~ . 1
Wa = {(£A;)}, where A; = min (\/ﬁ,,ui> .

Pinsker inequality: For w € Wd, let W, be the vector equal to @ with the ith coordinate flipped, then w; — @) = £A;e;,
and KL(Py, Py) = A2 Y, a7, 2 2 AZ. Therefore

—_

_nAZ2
Pijo + Piw, = 3 25,

Let W = {ib € W, | i; = A;Vi > k}, then:

Z Alpzw: = Z ZAlplw = — Z ZApzw"‘pr

d weW(k) d wew“‘> i w€W<k) i

I\/
DN | =

k

Z Aie_%Af.
i=1
Therefore, for any k there exists w(*) such that

i i .

_n A2
Zéipm(k)’i 2 5 Zl Aie 27,
2 1=

From (24) we conclude that
k k
iRy > I A > D e~ BAl
Rn(,ﬂaw ) Z 9 Zpu?(k‘)lez 2 4 §A’Le 2 .
By taking the supremum on both sides, we get
supR Z Ao~ 387,

Since

Ai = min <\/lﬁ7/~1'7,) ’

and let M = min{i s.t. y; < ﬁ} For example if y1; = 75, then M = n?s . Then:

Sg}pRn(mw) > %ane’% + o > pie” P > Q(v/nM)
i>M
. 3
For example if p; = ; L then sup, R > Q (n7=z | and therefore:
supRn( )>Q(n%l)

The same algorithm carries forward for an adversarial non obvlivious feedback model. We assume the action set of the
player is {1} x A and the action set of the adversary is [—1, 1] x W. We assume that maxze 4 gew |{@, )| < 1.

1 At the beginning of time the adversary selects a vector w in W.
2 In every round the player selects an action vector (1,a) € {1} x A.

3 The adversary computes (a,w) and samples value v € {—1, 1} from a Rademacher random variable with parameter
i+ w and chooses as its action the vector (v — (@, @), W)
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4 The player experiences loss ((1,a), (v — (@, ), w)) = v.

In this feedback model the same argument holds since the KL term has a quadratic bound as in the Gaussian case:
KL(Pg, Piy) <2 El(dy, (i — '))3].
t=1

For some constant C. This is because the loss values are always either 1 or —1. The upper bound follows from a x2-squared
bound on the KL of two Bernoulli random variables. The rest of the argument remains unchanged. |

F. Full Information Regret Bounds
F.1. Exponential Weights Regret Bound

In this section we prove a regret bound for exponential weights and present a proof of Theorem 15. The analysis of the
regret is similar to the analysis of exponential weights for linear losses (see for example a review in 10). In the proof below
we denote the filtration at the end of round ¢ by F;, that is, it conditions on the past actions of the player and the adversary
(@g—1,wi—1,...,01,W1).

Proof [Proof of Theorem 15] By the tower property and by the definition of the regret we can write the cumulative loss as,

S
t=1
_E lz [/Apt(a)@)(a), wy)da fHH .

t=1
Observe that our choice of 7 implies that n{®(a), w;) > —1. By invoking Hoeffding’s inequality (stated as Lemma 53) we

n

> (@(ar),wy)

t=1

E (®(ar), we)

get
E Z l/Apt(a)@)(a)vada ftl]]
< 2| 30108 (Buny, fexp (<n(®(a). ) IFics]) | +(e = 2B |3 | [pt<a><<1><a>,wt>2da|f“}]

=
(@ T
st (e —2)nG"n,

where (i) follows by Cauchy-Schwartz and the bound on the adversarial and player actions. Next we bound I' using Lemma
44. Substituting this bound into the expression above we get

E [zn:@(at), wﬁ} <E li(@(a*),wﬁ] + log(vol(A)) + (e — 2)nG* - n.

t=1 t=1 U
Rearranging terms we have the regret is bounded by

Roy < (e — 2)Ginn + 28LOUA)

The choice of = y/log(vol(A)) / /(e —2)G%n'/2, optimally trades of the two terms to establish a regret bound of
O(n'/?). [ |

Next we provide a proof of the bound on I' used above.
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Lemma 44 Assume that py(-) is chosen as the uniform distribution in Algorithm 2.3. Also let T be defined as follows

I'=E li log (anpt [exp (—n(®(a), wi)n) ‘Ftl})] .

Then we have that,

I > -k Z(‘P(a*),wi)%] — log (vol(A)),

i=1

where a* is the optimal action in hindsight in the definition of regret and vol(A) is the volume of the set A.

Proof Expanding I" using the definition of p, we have that,

" Jaexp (—77 Y (®(a), wi>?—l) da
;1 i Jaexp (—n ZZI@(@),wi)H) da

log </ exp ( nz ) da)} — log (vol(A))

where (¢) follows by the definition of p;(a) and (i7) is by expanding the sum and canceling the terms in a telescoping series.
The log(vol(A)) term is because we start off with a uniform distribution over all elements. Lastly observe that by optimality

of a* we have that,
10g</ exp( nz )da)} > —nE

Plugging this into the above expression establishes the desired bound on I'. |

(i)

E

Z<¢><a*>,wi>] .

i=1

We now present a proof of Lemma 17 that guarantees that it is possible to sample efficiently from the exponential weights
distribution when the losses are quadratics.

Proof [Proof of Lemma 17] Let vy, - - - , vg an orthonormal basis of eigenvectors of B with eigenvalues A1, - -+, Ay possibly
negative. We express b using the basis {v;}¢_; as b = E?:l ~iv;. Also leta = Zle «;v;. By the definition of the set A
we have Z?zl a? < 1. The distribution g(-) can be thus expressed as

d
q(a) o exp (Z()\ia? + %‘%)) :

Completing the squares (whenever A; # 0),

la >°<e’“°{;A (a = <27A>>}

Let us re-parametrize this distribution by setting 3; = (o; + 75 )2. The inverse mapping is o;; = v/B; — 5%. To sample

from ¢(+) it is enough to produce a sample from a surrogate distribution 3 ~ t(/3) and turn them into a sample of ¢ where,

d
t(p) o< exp (Z /\i5i> ;

i=1

s.t. 0 < Bia

Zd: (\/E_ 21)2 =1

i=1
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Let {¢; %, be independent Bernoulli {—1, 1} variables, then a = Zl L6(VBi — 73-)v; is a sample from ¢. Note that the

distribution t(/) is log-concave. We now show that the constraint set C is convex, where C ={p|B; >0, Zi:l( Bi —
)P <1}

2/\

Let 3 and 3 be two distinct points in C. We show that for any 7 € [0, 1] the point 3 + (1 — 1)) € C. The non-negativity
constraint is clearly satisfied (n8 + (1 — 1)/3); > 0, Vi. The second constraint can be rewritten as

d /A N2
Bz——%\/g+(%> <1 25)

Ai 2

d /3. 2
Z&;—%\/EjL(%) <1 (26)

A 2

These equations imply that,
A 2 d 3 2
i ~ Vi BZ i
DS L P o R ey E N

By concavity of the square root function we have

d %‘\/E %‘\/E 4 v/ + (1 =)
;U7+(1—77) N <> y ;

Ai

these two observations readily imply that 773 +(1-n) /3 satisfies the constraint of C thus implying convexity of C. We
can thus use Hit-and-Run (34) to sample from () in O(d*) steps and convert to samples from ¢(-) using the method
described above. In case some eigenvalues are zero, say without loss of generality A1, -+, Ag. Then set 3; = o? for
i€ {R+1,...,d} and sample from the distribution,

) o exp <Z vioy + Z )\sz) ,

i=R+1
s.t. 0 < 61',
R , d 5\ 2
, ;- — <1.
Satt 3 (VA-3) =
The analysis follows as before for this case as well. |

F.2. Conditional Gradient Method Analysis

The regret bound analysis for Algorithm 4, conditional gradient method over RKHSs follows by similar arguments to the
analysis of the standard online conditional gradient descent (see for example review in 25). To prove this we first prove the
regret bound of a different algorithm — follow the regularized leader.

F.3. Follow the Regularized Leader

We present a version of follow the regularized leader (4 3) (FTRL, Algorithm 5) adapted to our setup. Note that this algorithm
is not tractable in general as at each step we are required to perform an optimization problem over the convex hull of ®(.A4).
However, we provide a regret bound that we will use in our regret bound analysis for the conditional gradient method. Let
us define wy = X7 /n. We first establish the following lemma.

Lemma 45 (No regret strategy) Forany u € A

n

Z(Xt7 Ny > Z (Xe, Xev1)n
t=0

t=0
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Algorithm 5 Follow the Regularized leader (FTRL)

Input :Set .4, number of rounds n, initial action a; € A, inner product (-, -)3;, learning rate n > 0.
Let X1 = argmin y ¢ onu(a(4)) %(X,X}
choose Dy such that E,p, [P(z)] = X;
fort=1,2,3...,ndo
choose a; ~ Dy
observe (P (az), we)n
update X417 = argminy e ono(a(a)) 1 Souer (Ws: X )2 + (X, X) 2
choose Dy s.t. Egp,,, [®(2)] = X1
end

This is the crucial lemma needed to prove regret bounds for FTRL algorithms and its proof follows from standard arguments
(see for example Lemma 5.3 25).

Definition 46 Define a function g;(-) : RP + R as,

gi(X) = 772<w57X>H + (X, X | -
s=1

Definition 47 Define the Bregman divergence as,
Br(zlly) & R(z) — R(y) — (VR(y), (& — y))n-

Given these two definitions we now establish a lemma that will be used used to control the regret of FTRL.
Lemma 48 Foranyt € {1,2,...,n} we have the upper bound,

(we, Xy — Xep1)n < 2nl|we]|3,-

Proof By the definition of Bregman divergence we have,

9t(Xt) = g1 (Xev1) + (Xe — Xig1, Ve (Xo1))n + By, (Xe|[Xi41)
> 9¢(Xi41) + By, (X[ | Xe41),

where the inequality is because X is the minimizer of g;(-) over conv(®(X)). After rearranging terms we are left with
an upper bound on the Bregman divergence,

Bgz (XtHXt-&-l) < gt(Xt) - Qt(Xt-',-l)
= (9e-1(X2) — 91-1(Xu41)) + n{we, Xy — Xpg1)n
< nlwe, Xy — Xeg1) 0, 27

where the last inequality follows because X;_ is the minimizer of the function g;_1(-) over conv(®(X)). Observe that
By, (Xi||Xi41) = 3] X — Xi41]|3,- Thus by the Cauchy-Schwartz inequality we have,

(Wi, Xt — Xe1))n < |lwe(Xe) |2 ]| Xt — Xeqalln

= llwelly/2Bg, (X¢l| Xes1).

Substituting the upper bound from Equation (27) we get,

<wt,Xt - Xt+1)>?—t < HthH : \/27]<wtaXt - Xt+1>7-[~

Rearranging terms establishes the result. |
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Theorem 49 Given a step size 1 > 0, the regret suffered by Algorithm 5 after n rounds is bounded by

2 2
R, < anQQ + i
Proof By the definition of regret we have
n n
Rn = E [Z((b(at) U)t H— 212}41 Z ]]
t=1 P
:) ]E ZEatN'Dt <wt7 @(at) — @(a*)>,}_[ ft—l] (2) ]E
t=1

(#4) n n .
< E Z(wt,Xt —Xi1)u| +E Z<wt,Xt+1 — ®(a™))n (X1, X1)n — ((Xo, Xo)n)
t=1 t=1
(w) n 2g2
Z (we, Xe = Xepr)u| + = (28)

The first equality follows as a* is the minimizer, (i) is by evaluating the expectation with respect to Dy, (4i%) is an algebraic
manipulation and finally (iv) follows by invoking Lemma 45 and using Cauchy-Schwartz to bound the last term. We need
to control the first term in Equation (28) to get a regret bound. To control the first term we now invoke Lemma 48
2G° 92
R < o>l + 2 < omng? +
Py n U]
This establishes the stated result. |

F.4. Regret Bound for Algorithm 4

In deploying Algorithm 4 we will at each round find distributions over the action space A as the player is only allowed play
rank 1 actions in the Hilbert space at each round, while the action prescribed by the conditional gradient method might not
be rank 1. Thus we find a distribution D; such that,

Eoop, ®(a) = X,

where X is the action prescribed by Algorithm 4. We will strive to match the optimal action in expectation by choosing an
appropriate distribution and get bounds on expected regret. Forall ¢ € {1,2,...,n} let X;° be defined as the iterates of the
follow the regularized leader (Algorithm 5) with the regularization set to R(X) = || X — X1 ||3, and applied to the shifted
loss function, (w;, X — (X" — X;))3. Notice that,

(X, wi)p — (X = (X{ = Xe), w)n| < Jwe|lwl| X¢ — Xellae < Gl X — Xel[n- (29)
We are now ready to prove Theorem 16.

Proof [Proof of Theorem 16] We denote the filtration up to round ¢ by F;_1, that is, we condition on all past player and
adversary actions. Also let us denote the optimal action in hindsight by a*. We begin by expanding the definition of regret

to get,
Rp=E | Eo,~p, [(wt’q’(at»ﬂ — (w, ©(a”))n ft—lH
Oy D (we, Xy = ®(a))p | =E | > (wy, Xy — X[ )y | +E Z(W,Xt* — ®(a*))u

t=1 t=1

+2nnG* +

1
n
E wfaXt

t=1

gQ
n

t=1

| om0+ 2L RS Sl x, - x;
1 1 we [ ]| Xe — IE”

I
i
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where (i) follows by taking expectation with respect to Dy, (iz) follows by invoking Theorem 49 and (¢ii) by Cauchy-
Schwartz inequality. We finally need to control = to establish a bound on the regret.

—~

i)

E=E | llwllnlXe — X 2| <E [ZWtHH\/Ft(Xt) - R(X))| <2) ¢,
t=1 t=1 t=1

here (7) follows by the strong convexity of F}(-) and (i:) follows by the upper bound established in Lemma 50. Plugging
this into the bound for regret we have

- 2 2 2G* () 2. 3/4 2 2G*
Ra <23 GV +20mG* + == < 4" + 20mG® + =,

t=1

where (i) follows by summing the series 1/t'/4 (,/7;). The choice = 1/n3/* satisfies the conditions of Lemma 50 and
we can plug in this choice to get,

R, < 4G2n3/% 426201/ 1 9G2n3/* < 8G2n3/4.
This establishes the desired bound on the regret. |
Finally we prove Lemma 50 used to establish the regret bound above. We introduce a new function,
he(X) & F(X) - Fy(X]).
Also the shorthand that Ay = h;(X;). These functions are defined conditioned on the filtration F;_; and f;.

Lemma 50 If the parameters 1 and ~y; are chosen as stated in Theorem 16, such that nG+/h;11 < QQ'ytz, the iterates X,
satisfy, hy < 4G%~,.

Proof The functions Fj is 1-smooth therefore we have,
hi(Xit1) = Fi(Xew1) — F(XY) = Fo(Xe + 7 (@(ve) — Xo)) — Fi(X7)

(1) 2
< Fy(Xy) = Fo(X]) +7(@(ve) — Xo, V(X)) + 7éH‘I)(Ut) - XI5,

(i#)
< (- ’Yt)(Ft(Xt) - Ft(Xt*)) +76%,

where (i) follows by the strong convexity of F; and (i¢) follows as ®(v,) is the minimizer of F;(-). By the definition of
Fi+1(+) and hy we also have,

hiv1(Xir1) = Fi(Xip1) — Fo( X)) + n{wepn, Xevr — X))

(%)
< Fy(Xig1) — F(XT) + n{werr, Xevr — X))

(#1)
< h(Xig1) + 0811 X1 — X, (30)

where (4) follows as X} is the minimizer of F} and (4¢) is by Cauchy-Schwartz inequality. Again by leveraging the strong
convexity of F; we have, || X — X/ 1|3, < Fi41(X) — Fy41(X}, 1) = hey1 which leads to the string of inequalities,

hi1(Xeg1) < he(Xe1) + 061 X1 — X llae < he(Xeg1) +1GV hegr (Xet1).
Plugging in the bound on h;(X;y1) from Equation (30) into the above inequality gives us the recursive relation,
(4)
hivr < he(1 =) + ’7t2g2 +0G\/ hip1 < he(1—y) + 27t2g2,

where, the last step follows by our choice of the schedule for the mixing rate y; such that nG+/h;1 < G?v2. We now
complete the proof by an induction over .
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For the base case t = 1, we have by = F(X;) — F1(X7) = || X1 — X{||? < 491G?. Thus, by the induction hypothesis for
the step ¢t + 1 we have,

(1) (i)
hiyr < he(1 =) + 29767 < 4G (v(1 — ) + 207 G° = 4Gy (1 B %) < 4G%3141,

where (i) follows by the upper bound on Ay, (i) is by the definition 7, = min (1, t12/2 ). [ |

G. Application: Posynomial Losses

In this section we will define a posynomial game, by introducing posynomial losses and prove that these losses can also be
viewed as kernel inner products. We will use the connection between optimizing posynomials and Geometric Programs to
prove that conditional gradient descent can be run efficiently on this family of losses.

Definition 51 (Monomial) A function f : Ri — R defined as
f(a) = caftag? -2y,
where ¢ > 0 and o; € R, is called a monomial function.

A non-negative linear combination of monomials is a posynomial.

Definition 52 (Posynomial) A function f : Ri — R defined as

m
fla) = epafhag® o agh,
k=1

where ci, > 0 and oy, € R, is called a posynomial function.

Note that posynomial functions are closed under addition, multiplication and non-negative scaling. Assume the adversary at
each round plays a vector of dimension m with all non-negative entries, w; = (¢1,ca, -+ , ¢ ), while the player chooses a
vector x € Ri. This vector is then partitioned into m parts,

T = (3317552, cee ;xd—2;xd—1;xd)a
S1 Sm
and the feature vector is defined as
[ 5 Ne3)
D)
®(z) =

Xd—2 (.Xd—l «
Tty gty Ty
Where the i*" component of ®(-) is only a function of the i*" partition of the coordinates s;. Then the loss obtained on the
evaluation of the inner product between the adversary and player action is a posynomial loss function,

m

(wy, ®(x))y = Z cpaFt - aghd
k=1

A number of scenarios can be modeled as a minimization/maximization problem over posynomial functions (see ! |, for a
detailed list of examples). We now show that conditional gradient descent can be run efficiently over posynomial losses.
If we again assume that the set of actions A = {a € R? : ||a||2 < 1}. Additionally we choose the initial action to be the
solution to the optimization problem,

d

a1 = argminz O (a);.
acA =1



Online learning with kernel losses

The objective function is a posynomial subject to a posynomial inequality constraint. This is a geometric program that can
be solved efficiently by changing variables and converting into a convex program (Section 2.5 in | |). At each round of the
conditional gradient descent algorithm requires us to solve the optimization problem,

t—1

vy = argmin(nZwt +2(X; — P(a1)), ®(a)) . 31

acA s—1

Given that posynomials are closed under addition, and given our choice of a1, the objective function in Equation (31) is
still a posynomial and the constraint is a posynomial inequality. This can again be cast as a geometric program that can be
solved efficiently at each round.
H. Technical Results
We present a version of Hoeffding’s inequality (29) that is used in the regret bound analysis of exponential weights.
Lemma 53 (Hoeffding’s Inequality) Let A\ > 0 and X be a bounded random variable such that A\ X > —1, then,

log (E[e7*]) < (e = 2)NE [X?] — AE[X],
and hence

E[X] < —i log (E [e™*¥]) + (e — 2)N’E [ X?] . (32)

Proof We look at the log of the moment generating function to get,

)

log (E [exp(=AX)]) © E [exp(=AX)] = 1 € —AE [X] + (e — AE [X2]

=
=

where (i) follows by the inequality log(y) < y — 1 for all y > 0 and (44) is by the bound e ™% < 1 — z + (e — 2)z? for
x> —1. |

H.1. John’s Theorem

We present John’s theorem (see ©) that we use to construct an exploration distribution.
Theorem 54 (John’s Theorem) Let K C RY be a convex set, denote the ellipsoid of minimal volume containing it as,
&= {x € Rd‘(x —¢)TH(z—¢) < 1}.

Then there is a set {u1, ..., us} C ENKwithq < d(d+1)/2+ 1 contact points and a distribution p (John’s distribution)
on this set such that any © € R¢ can be written as

q
x:c—&-dei(J:—c,ui —c)y(u; — ¢,
i=1

where (-, -) j is the inner product for which the minimal ellipsoid is the unit ball about its center ¢ : {z,y); = x| Hy for all
z,y € R4

This shows that

J;—c:dei(ui —¢)(u; —¢) " H(z —¢)

= F=d) pii i

1
1 .
— gfdxd = zi:piuiu;
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where ii; = H'/?(u; — ¢), and similarly for Z. We see that for any a,b € K,

@ Eyep [uu']b==a"b. (33)

1
d
To use this theorem, we need to perform a preprocessing of the action set A following a similar procedure described in
Section 3 by (13):

e First we map A onto the RKHS generated by the kernel K to produce @,,, (A).

e We assume that ®,,(.A) is full rank in R™. If not, we can redefine the feature map ®,,, as the projection onto a lower
dimensional subspace.

e Find John’s ellipsoid for Conv(®,,(.A)) which we denote by £ = {x € R™ : (z — x) " H ™! (z — ) < 1}.

e Translate ®,,(.A) by z¢. In other words, assume that ®,,(.A) is centered around o = 0 and define the inner product
(r,y); = =" Hy.

e We now play on the set ®; (A) := H~1®,,(A) in R™. Let the loss of playing an action H~1®,,(a) € ®/ (A) when
the adversary plays z be (H~1®,,(a), 2); = ®,,(a)" 2.

e The contact points, ug, ..., U4 are in @/ (A) and are valid points to play. We now use p — John’s distribution — to be
the exploration distribution.

Mimicking (13) it can be shown that Algorithm 2.3 works with a generic dot product and that all the steps in the regret
bound in Appendix A go through.

I. Experiments

We perform an empirical study of our algorithms in both the full information and the bandit settings and demonstrate their
practicality. In the full information setting we conducted experiments with quadratic losses using exponential weights. We
also plot the performance of exponential weights algorithm on Gaussian losses. In the bandit feedback setting we again
study quadratic and Gaussian losses.

FULL INFORMATION

Regret for Quadratic with linear termd =2 Regret for Gaussian Kernel d = 2

0.035 | -

0.030 1

0.025 4

© 0.020 T s
o o
o o
(5] (5]
o 0.015 o 64
0.010 44
0.005 2 /
m= Regret mm Regret
0.000 4 w=  Fitted curve () = ax* with v = 0.51 04 I = Fitted curve g(x) = az* + ¢ with w = 0.67
0 10 2 3 A s0 60 0 80 0 10 2 30 4 s0 60 70 80
n n
Figure 1. Quadratic with linear term Full Information. Figure 2. Gaussian Losses Full Information.

Exponential weights requires us to sample from a distribution of the form p(x) oc exp(u Y i_, K(x,w;)). In general
sampling from these distributions is possibly intractable, however they present good empirical performance. The following

plot shows a diffusion MCMC algorithm sampling from a distribution proportional to exp (—77 22:1 K(z, zz)> where I is



Online learning with kernel losses

the Gaussian kernel, = 10, and « is restricted to an ¢ ball of radius 10. In practice using exponential weights in the full
information setting and sampling using a diffusion MCMC algorithm yields sublinear regret profiles and tractable sampling
even for Gaussian losses. We ran experiments generating random loss sequences and we plot the average regret over 60 runs

of the

algorithm.

BANDITS EXPERIMENTS

Bandit Regret for Quadratic with linear term d = 2
0.08
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Regret

0.03
0.02 4

0.01 4

Figure 3. Quadratics with linear term Bandit Feedback.
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Figure 4. Gaussian Losses Bandit Feedback.

The kernel exponential weights algorithm presents also a sub-linear regret profile. The Gaussian experiments involved the

construction of the finite dimensional kernel /C,,, by kernel PCA.
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