PAC Identification of Many Good Arms in Stochastic Multi-Armed Bandits

A. Lower Bound on the Worst Case Sample Complexity to Solve (k,m,n)

Theorem 3.1. [Lower Bound for (k,m,n) ] Let L be an algorithm that solves (k, m,n). Then, there exists an instance

(A,n,m, k,€e,0), with0 < e < \/%, 0<d< E;l, andn > 2m, 1 < k < m, on which the expected number of pulls
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performed by L is at least In

The proof technique for Theorem 3.1 follows a path similar to that of (Kalyanakrishnan et al., 2012, Theorem 8), but differs
in the fact that any k of the m (e, m)-optimal arms needs to be returned as opposed to all the m.

A.1. Bandit Instances:

def

Assume we are given a set of n arms A = {0,1,2,--- ,n — 1}. Let Iy = {0,1,2,--- ,m — k} and Z, o {I:IC
{A\N D} AT =1} Alsofor I C{m —k+1,m—k+2,---,n— 1}, we define

7 def

I={m-k+1m-k+2,--- ,n—1}\1.

With each I € 7;,_; UZ,, we associate an n-armed bandit instance B7, in which each arm a produces a reward from a
Bernoulli distribution with mean p,, defined as:

i ifa €l
fa =14 3+2 ifacl )
%—26 ifa eI

Notice that all the instances in Z_1 U Z,,, have exactly m (e, m)-optimal arms. For I € Zj_, all the arms in I are
(e,m)-optimal, but for I € Z,, they are not. With slight overloading of notation we write 1(.S) to denote the multi-set
consisting of means of the arms in S C A.

The key idea of the proof is that without sufficient sampling of each arm, it is not possible to correctly identify % of the
(e, m)-optimal arms with high probability.
A.2. Bounding the Error Probability:

We shall prove the theorem by first making the following assumption, which we shall demonstrate leads to a contradiction.

Assumption 1. Assume, that there exists an algorithm L, that solves each problem instance in (k,m,n) defined
on bandit instance BY, I € TI,_1, and incurs a sample complexity SCy. Then for all I € T)_;, E[SC;] <

m -1
L1 n ln((’"4’§“)>,for0<e§\/{@,O<5§e4,andn22m, whereC’:ﬁ.

18375 " €2 "m—k+1

For convenience, we denote by Pr; the probability distribution induced by the bandit instance B and the possible
randomisation introduced by the algorithm L. Also, let S be the set of arms returned (as output) by £, and Ts be the total
number of times the arms in S C A get sampled until £ stops.

Then, as L solves (k,m,n), forall [ € T,

P;r{SLQIOUI}Zl—& 3)
Therefore, forall I € Zy,_4
n m,—m
El[TA]SC(m—]{)—i—l)GZ 1n<( 413+1)>. (4)

A.2.1. CHANGING Pr; TO Prjyg WHERE Q € I S.T. |Q| =m — k + 1:

Consider an arbitrary but fixed I € Z;,_ ;. Consider a fixed partitioning of A, into LW%WJ subsets of size (m — k + 1)

each. If Assumption (1) is correct, then for the instance B, there are at most L 10

#H)J — 1 partitions B C I, such that



PAC Identification of Many Good Arms in Stochastic Multi-Armed Bandits

E; [Tg] > 4T§ In (75). Now, as LﬁJ — ({WJ — 1) > {WJ + 1 > 0; therefore, there exists at least

one subset Q € I such that |Q| =m — k+1,and E; [Tg] < 2§ In ((mjl’g”’l)) Define 7% = 15 In (%’yl)) Then
using Markov’s inequality we get:

1
> T iy
Pr{Tq > T} < 5)

Let A = 2T + +/T* and also let K be the total rewards obtained from Q).
LemmaA.l. IfI €T;_jand Q € [ s.t. |Q| =m — k + 1, then

T 1
PriT, <T*ANKp<-2_Abl<Z
zr{‘?— Q=" }—4

Proof. Let K¢ (t) be the total sum obtained from @ at the end of the trial ¢. As for B0, Vj € Q p; = 1/2 — 2¢, hence
selecting and pulling one arm at each trial from ) following any rule (deterministic or probabilistic) is equivalent to selection
of a single arm from @) for once and subsequently perform pulls on it. Hence whatever be the strategy of pulling one arm
at each trial from @, the expected reward for each pull will be 1/2 — 2¢. Let r; be the i.i.d. reward obtained from the 5™
trial. Then Kq(t) = Zzzl riand Var [r;] = (3 —2€) (3 +2¢) = (3 —4€?) < 1. AsVi: 1 <i <t r;areiid., we get
VarlKqg(t)] = 22:1 Var(r;) < %. Now we can write the following:

. (o0 o(3-2) =7

1
< Pr{ max KQ(f)—f(—QE)‘Z\/T*}
I | 1<t<T* 2
VarlKo(T*)] 1
—_— 6
< T 1 (6)
wherein we have used Kolmogorov’s inequality. O

Lemma A.2. Let I € Ty and Q € T,,,_j11 such that Q C I, and let W be some fixed sequence of rewards obtained by
a single run of algorithm L on B! such that To < T* and K¢ > TTQ — A, then:

IE&{W} > f}r{W} - exp(—32eA). (7

Proof. Recall the fact that all the arms in () have the same mean. Hence, if chosen one at each trial (following any strategy),
the expected reward at each trial remains the same. Hence the probability of getting a given reward sequence generated from
Q is independent of the sampling strategy. Again as the arms in () have higher mean in B?, the probability of getting the
sequence (of rewards) decreases monotonically as the 1-rewards for B0 become fewer. So we get

_ (3
Pr{W}=Pr{w} é LY

gy 3200 S
T G- g (F)

= Pr{W} - (%_26)

§+26

1
> Pr{W}- —32eA) |for0<e< —|.
Ir{ } - exp(—32¢ )[or 6_\/372
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Lemma A.3. If (5) holds foran I € Zj,_1 and QQ € Ly, _j+1 such that ) C I, and if W is the set of all possible reward
sequences W, obtained by algorithm L on BY, then Priug{W} > (Pr; {W} — }) - 46. In particular,

4]

(k1)

C
IIL)JIQ{S[: Clyu I} > (8)

Proof. Let for some fixed sequence (of rewards) W, Tg/ and K sz respectively denote the total number of samples received
by the arms in () and the total number of 1-rewards obtained before the algorithm £ stopped. Then:

Pr{W}=Pr(W:WeW)
IuQ IuQ
wo 1o
. w *
ZIE%{W.WEW/\TQ <7 \K§ 22—A}

T™W
. W * w Q
>1F;r{W.WeW/\TQ <17 \K§ >2—A}-exp(—326A)

> (Plr{W W e W/\TCSV < T*} — le) - exp(—32eA)

1 46 1 e !
> (P —=)i— forC=——, d < —.
( 1r v} 2) (m_k‘, 1) or 18375’ < 4

In the above, the 3, 4" and the last step are obtained using Lemma A.2, Lemma A.1 and Equation (5) respectively. The
inequality (8) is obtained by using inequality (3), as Pr;{Sp € [y} >1—-d>1— % > %. O

A.2.2. SUMMING OVER Z)_1 AND Z,,

Now, we sum up the probability of errors across all the instances in Zy_; and Z,,. If the Assumption 1 is true, using the
pigeon-hole principle we show that there exists some instance for which the mistake probability is greater than §.
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Recall that VI € Z,_; there exists aset Q C A\ {I U Iy} : |Q| = (m — k + 1), such that Ty < T*. Therefore,

> Pr{Se Z J}

JELy,

> ) Z Pr{Sc CTUI}

I€T) 1
| J’ |—m k-‘rl

1)

Z Z ( m )

IT€Z)y 1 J'cl m—k+1
AT |=m—k—+1

V

\%

1€l 1 <m k+ 1) m k+1

Z<n—m k+1 ) <m k+1> (m:’f’;l)
)

_<n— (m+k—1)

]

= |Z,n]6.

Hence, we get a contradiction to Assumption 1, thereby proving the theorem.
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B. Analysis of LUCB-k-m

Let at time ¢, ﬁfl be the empirical mean of the arm a € A, and ut be the number of times the arm a has been pulled
Qut In kl”t , where k1 = 5/4. We define

upper and lower confidence bound on the estimate of the true mean of arm a € A as ucb(a t) = pa + B(ul,t,6), and
leb(a,t) = po, — B(ul,t,5) respectively.

until (and excluding) time ¢. For a given § € (0, 1], we define 8(ul,t,6) =

a’ ™
To analyse the sample complexity, first we define some events, at least one of which must occur if the algorithm does not

stop at the round ¢.

PROBABLE EVENTS. Leta,b € A, such that 1, > pp. During the run of the algorithm, any of the following five events
may occur:
i) The empirical mean of an arm may falls outside the upper or the lower confidence bound. We define it as:

CROSS! & {uch(a,t) < g V lch(a,t) > piq}-
ii) The empirical mean of arm a may be lesser than that of arm b; we definite as:
BrrA(a,b,t) = {pt, < ph}.

iii) The lower and upper confidence bounds of arm a may fall below those of arm b; we define them as:

ErrL(a,b,t) < {lcb(a,t) < lcb(b, 1)},
ErrU(a,b,t) £ {ucb(a,t) < uch(b, t)}.

iv) If an arm’s confidence bounds are above a certain radius (say d), we define that event as

NEEDY}(d) = {{lcb(a,t) < pa — d} V {ucb(a,t) > p1a + d}} .

Letu*(a,t) € [max {3A2a,§}2 In kl"t —‘ forall @ € A, where k1 = 5/4. We show that any arm a, if sampled sufficiently, that

is u!, > u*(a,t), then occurrence of any of the PROBABLE EVENTS imply occurrence of C ROSS?. First we show that if
CROSS! does not occur for any a € A, then occurrence of any one of the PROBABLE EVENTS implies the occurrence of
NEEDY/!(-) or NEEDY}/(-).

Lemma B.1. [Expressing PROBABLE EVENTS in terms of NEEDY}! and CROSS] To prove that {—CROSSE A
-CROSS} AN ErrA(a,b,t)V ErrU(a,b,t) V ErrL(a,b,t)} = {NEEDYt (8s2) v NEEDY} (S52) ).

Proof. ErrA(a,b,t): To prove that -{CROSS., Vv CROSS!} A ErrA(a,b,t) => NEEDY! (%) Vv
NEEDY} (8s2).

ErrA(a,b,t) = p' < pp
- 152 - (pa - ﬂ(ufmtv(s)) < ﬁi - (pb + 6(uivt75)+
(B(ub,t,8) + Bup, t,0)) — Agp/2)

A A
— NEEDY;< 2“”) \/NEEDYJ( 2"”)

ErrU(a, b, t): To prove that -{C ROSS. v CROSS}} A ErrU(a,b,t) = NEEDY} (

50)-
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Assuming “CROSS. A ~CROSS} we get

ErrU(a,b,t) = {ucb(b,t) > ucb(a,t)}
= {p} + B(up,t,0) > p, + B(ul,t,6)}
= {p} > o+ Bup, t,6)} V{p, < pa — Bul,t,6)}v
{28(u},t,6) > Au}

— NEEDY} (i‘“’) .

ErrL(a, b, t): To prove that ~{CROSS! vV CROSS}} A ErrL(a,b,t) => NEEDY} (%s%).
Assuming “CROSS! A ~CROSS] we get
ErrL(a,b,t) = {lcb(b,t) > lcb(a,t)}
= {ph — Blup, t,0) > P — Blug,t,0)}
= {B, > o + Blup,t,0)} vV {py < pra — Blug, t,0)}V
{28(ut,t,8) > Awp}

A
= NEEDY;< 2”“’)

O

We show that given a threshold d, if an arm a is sufficiently sampled, such that 5 (uz, t,0) < %, then NV EEDY(f infers
CROSS!.

Lemma B.2. Foranya € A, {NEEDY!(d)|8(u!,t,8) < d/2} = CROSS..

Proof. First, we show that {lcb(a,t) < pg — d|B(ul,t,0) < d/2} = CROSS.,

{leb(a,t) < pg — d|B(ul,t,8) < d/2}
= {po — Blug,t,0) < pio — d|B(ug, t,0) < d/2}
= {Ph < Ha — d + Blug,t,0)|B(ug, t,8) < d/2}
= {Po < Ha — d/2|B(uy, t.6) < d/2}
= CROSS!. )

The other part follows the similar way. O

By the very definition of confidence bound, at any round ¢, the probability that the empirical mean of an arm will lie outside
it, is very low. In other words, the probability of occurrence C ROSS?, is very low for all ¢ and a € A.

Lemma B.3. [Upper bounding the probability of CROSS!] Va € A and ¥Vt > 0, Pr{CROSS!} < kgt4. Hence,
P[3t>0A3a€ A: CROSSE[u, > 0] < 5.

Proof. Pr{CROSS!} is upper bounded by using Hoeffding’s inequality, and the next statement gets proved by taking
union bound over all arms and ¢. O

Now, recalling the definition of k%, and {% from Algorithm 1, we present the key logic underlying the analysis of LUCB-k-m.
The idea is to show that if the algorithm has not stopped, then one of those PROBABLE EVENTS must have occurred. Then
using Lemma B.1, and Lemma B.2, Lemma B.3 we show that beyond a certain number of rounds, the probability that
LUCB-k-m will continue is sufficiently small. Lastly, using the argument based on pigeon-hole principle, similar to Lemma
5 of Kalyanakrishnan (2011), we establish the upper bound on the sample complexity. Below we present the core logic that
shows, until the algorithm stops one of the PROBABLE EVENTS must occur.
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Caselhi €¢ By AlL € By

if 3b; € AL N B; then

Then ErrL(ht, b3, t) has occurred.
else

Ibs € AL N By

Then Err A(hL, bs,t) has occurred.
end if

Case2h! € By AlL € By

if b3 € Aﬁ N B3 then

Then ErrL(ht, b%,t) has occurred.
else

dbs € Aé N Bs.

if Apiy > 2% then
Then NEEDY), (Ap: /4) V NEEDY} (Ap: /4) has occurred.
else ’ ’
Then ErrL(l%, b}, t) has occurred.
end if

end if

Case3 hl € By Al € Bs

Then NEEDY, (Ap: /4) V NEEDY}, (A /4) has occurred.

Cased hl € BoAlL € By

. Apt
lfAh’ili > 2* then

Then ErrA(IL, ht,t) has occurred.
else
if Jb3 € Afi N Bs then
Then ErrL(ht, bk, t) has occurred.
else
dbs € Ag N By
- ErrA(IL, bs, t) has occurred.
end if
end if
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CaseShfk GBQ/\li € By andAhili >0

Here, Jb; € (AL U AL) N By and 3b3 € (AL U AL) N B3
if |Ahili| < Ahi /2 then
if Ablhi’ > Abl /4 then
if b, € Ag) N B then
ErrA(by, hi,t)
else
b, € Aé N By
ErrU(by, 1%, t) has occurred.
end if
else
Ap pt < Ay, /4 and hence Ajey, > Ay /4
if b3 € AL N B; then
ErrA(lt, bs, t) has occurred.
else
bs € Atl N Bs
ErrL(ht, bs,t) has occurred.
end if
end if
else
|Angi| > Ape /2
NEEDY) (Ap: /4) V NEEDY;; (A /4) has occurred.
end if

Case 5 (continued) h, € By Al € By and Apeyr <0

Here, 3b, € (A4 U AL) N By and 3bs € (A} U AL) N By
if |Ahili| < Ahi /2 then
if Abﬂi > Abl /4 then
if b, € Ag N B then
ErrA(by, hi, t) has occurred.
else
b, € Ag N By
ErrU(by, 1L, t) has occurred.
end if
else
Abﬂi < Ay, /4 and hence Ahibg > Ahf; /4
if b3 € Ag N B3 then
ErrA(lt, bs, t) has occurred.
else
bs € Atl N Bs
ErrL(ht, bs,t) has occurred.
end if
end if
else
[Apeie| > Ape /2
NEEDY);; (Ape /4) V NEEDY]: (A /4) has occurred.
end if




PAC Identification of Many Good Arms in Stochastic Multi-Armed Bandits

Case6 hl € Bo Al € Bs

. A
if Apeye > —= then

Then NEEDY}, (A/4) v NEEDY;! (A /4) has occurred.
else A ’ ’
Ay < =
Wby € {ALU ALY N By, Ay e > S0
if 3b, € Ag N B then
ErrA(by, ht,t) has occurred.
else
db, € Ats N Bj.
Then ErrU(bY,1¢,t) has occurred.
end if
end if

Case7hl € B3 Al € By

- ErrA(IL, bt t) has occurred.

Case 8 hl € B3 NIl € By

Ahi

if Ahili > then
ErrA(lt, hi, t) has occurred.
else
A
Angiy < —3°
Vb € {ALU ALY N By, Ay > B,
if 3b, € Aé N B; then
ErrA(by, ht,t) has occurred.
else
db, € Ag N Bj.
. ErrU(by, 1, t) has occurred.
end if
end if

Case9 hl € B3 Al! € B

by € {ALU ALY N By
if 3b, € Ag N B then

ErrA(by, ht,t) has occurred.
else

db, € Ag N B

- BErrA(by, 1L, t) has occurred.
end if

Lemma B4 (H). I[fT =CH.In (Ig ), then for C > 2732, the following holds:

T>2+2) u(a,T).
acA

Proof. This proof is taken from Appendix B.3 of Kalyanakrishnan (2011).
1 k:nt4“

242 u'(a,T)=2+64) 5 In
= aeA[max(Aa, (e/2)) 4]
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knT?
1)

=2+4+64n+64H . Ink + 64H. 1n6 +256H . InT

H.,
< (66 + 641n k) H, + 64H, In % + 256H, [m C+InH. +Inln 5}

<24 64n 4+ 64H, In

< (66 + 6410 k)H, + 64H, In =

5 + 256 H., [lnC +InH,+1Inln HE}

]

< 130H, + 64H. In % 1 256H, [m C+InH. +In Z]

H H
< 130H, + 64H,In 76 + 256 H., [m C+2Iln 5}

< (706 4+ 256InC)H, In Ig < CH:In Ig [For C > 2732].

O

Lemma B.5. Let T* — [27321{6 In (

after T' rounds of sampling is at most %

Egﬁ )—‘ For every T' > TY, the probability that the Algorithm I has not terminated

Proof. Letting T = L we define twoeventsfor 7' < ¢t < T—1: EV €30 e A: CROSS! and E@ £ INEEDY} (8e).
If the algorithm stops for ¢ < T, then there is nothing to prove. On the contrary, let the algorithm has not stopped after
t > T and neither E) nor E? has occurred. Letting N,.ounds be the the required number of rounds beyond 7', we can

upper bound it as:
A
4

A
Nyounds = Z {]1 |:NEEDYifi ( Z

t=T

. At
) vV NEEDY}, ( 0 > vV NEEDY}; (

IN
Dﬂ

1
cA

A,
a € {ht,m' i’} N NEEDY} (4)}

e

La € {hy,mi, L} A (ug < u”(a,t))]

2
m
IS

IN

Il
<7 57 =M

La € {hL,mL L} A (u}, < u*(a,t))]

IN

1[(a € {ALmi, 1}) A (ug < u”(a,t))]

~MI

IN
)
m
IS
*

u*(a,t).

IS

IS]

S

Using Lemma B.4, T > T* =T >2+23 _,u*(a,t). Hence, if neither EM nor E®) occurs then the algorithm runs
for at most 7' + Nyounas < [T/2] + > ,c4 16u*(a,t) < T number of rounds.

The probability that the algorithm does not stop within 7" rounds, is upper-bounded by P[E(") v E(?)]. Applying Lemma B.2
and Lemma B.3,

T-1 T-—1
5 5 2 T\ 86 4\ 8
EW v EC <N L (1)< ()22 (1+42) <2,
PIETV (md kt4> D ( * t) )= \'TT)

=T t=T

~+
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Theorem 3.2. [Expected Sample Complexity of LUCB-k-m ] LUCB-k-m solves (k,m,n) using an expected sample

complexity upper-bounded by O (H€ log fg‘ )

Using Lemma B.4, and Lemma B.5 the expected sample complexity of the Algorithm 1 can be upper bounded as

. = 8 H,
E[SC) <2 | Ty + t;* T3 | <5464 (H In (5>) + 32. (10)
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C. Proof of Theorem 4.7

Algorithm 4 describes OPTQP. It uses P2 (Roy Chaudhuri & Kalyanakrishnan, 2017) with MEDIAN ELIMINATION as the
subroutine (inside Ps), to select an [e, p]-optimal arm with confidence 1 — ¢§’. We have assumed ¢’ = 1/4, in practice the
one can choose any sufficiently small value for it, which will merely affect the multiplicative constant in the upper bound.

Algorithm 4 OPTQP

Input: A ¢, 4, and OPTQF.

Output: A single [e, p]-optimal arm
Setd =1/4,u= {Wl_é,)z -log %—‘ = [810g %—‘
Run u copies of Pa(A, p, €/2,6") and form set S with the output arms.
Return the output from OPTQF (S, u, |%],1, £, 3).

Theorem C.1. [Correctness and Sample Complexity of OPTQP] If OPTQF exists, then OPTQP solves Q-P, within the
sample complexity © (p% log % + 7())

Proof. First we prove the correctness and then upper bound the sample complexity.

Correctness. First we notice that each copy of P, outputs an [e/2, p]-optimal arm with probability at least 1 — §’. Also,
OPTQF outputs an [e/2, p]-optimal arm with probability 1 — . Let, X be the fraction of sub-optimal arms in S. Then
Pr{X > 1} =Pr{X — ¢ > 1} <exp(~2-(1)? - u) = exp(~2- & - 8log 2) < 2. On the other hand, the mistake
probability of OPTQF is upper bounded by 4 /2. Therefore, by taking union bound, we get the mistake probability is upper

bounded by §. Also, the mean of the output arm is not less than § + § = ¢ from the (1 — p)-th quantile.

Sample complexity. First we note that, for some appropriate constant C', the sample complexity (SC) of each of
. . C 212 1
the u copies of Py is S—755s (log2)” € O (

pe?

). Hence, SC of all the u copies P, together is upper bounded

by (“;16'2”, for some constant C;. Also, for some constant C5, the sample complexity of OPTQF is upper bounded by

Cs (W log 2 + 7()) = (5 (£ log 2 +7(-)). Now, adding the sample complexities, and substituting for u we
prove the bound. O



