Supplementary Material for
Weak Detection of Signal in the Spiked Wigner Model

Hye Won Chung' Ji Oon Lee?

In this appendix, we prove the theorems and technical results in the main article, “Weak Detection of Signal in the Spiked
Wigner Model.”

NOTATIONAL REMARKS

We use the standard big-O and little-o notation: ay = O(by) implies that there exists Ny such that ay < Cby for some
constant C' > 0 independent of N for all N > Ny; ay = o(by) implies that for any positive constant e there exists Ny
such that ay < eby for all N > Nj.

For X and Y, which can be deterministic numbers and/or random variables depending on N, we use the notation X = O(Y)
if for any (small) ¢ > 0 and (large) D > 0 there exists Ny = Ny(e, D) such that P(|X| > N¢|Y|) < N~P whenever
N > Ng.

For an event 2, we say that 2 holds with high probability if for any (large) D > 0 there exists Ng = Ny(D) such that
P(Q°) < N~ whenever N > Nj.

A. Proof of Theorem 5

We adapt the strategy of Bai and Silverstein (Bai & Silverstein, 2004), and Bai and Yao (Bai & Yao, 2005). In this method,
we first express the left-hand side of (4) by using a contour integral via Cauchy’s integration formula. The integral is then
written in terms of the Stieltjes transforms of the empirical spectral measure and the semicircle measure. Since the Stieltjes
transform of the empirical spectral measure converges weakly to a Gaussian process, we find that the linear eigenvalue
statistic also converges to a Gaussian random variable. Precise control of error terms requires estimates on the resolvents
from random matrix theory, which are known as the local laws.

Denote by py the empirical spectral distribution of M, i.e.,

1
PN =5 Eﬂ Ops - (A.1)
As N — oo, pn converges to the Wigner semicircle measure p, defined by

— .2
p(dzx) = %dx. (A2)

Choose (N-independent) constants a_ € (=3, —2), a4 € (2,3), and vg € (0,1) so that the function f is analytic on the
rectangular contour I whose vertices are (a_ =+ ivg) and (a4 = ivg). Since || M| — 2 almost surely, we assume that all
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eigenvalues of M are contained in I'. Thus, from Cauchy’s integral formula, we find that
al 1 A
> fw) 227“ o= ) (Z ) z

i=1 i—1 ° T
N pn (dz)
2 r 1) (/—oo r—=z ) 4

The procedure decouples the randomness of y; and the function f, and we can solely focus on the randomness of y; via the
integral of the function (x — z)~! with respect to the random measure pyx (dz).

(A3)

Let us recall the Stieltjes transform to handle the random integral of (z — z)~!. For a measure v and a variable z € C™, the
Stieltjes transform s, (z) of v is defined by
o
d
su(2) = / v(da), (A4)

Tr—z

We abbreviate s, (2) = sy(2). Then, (A.3) can be rewritten as

N
> fu) =— %lff z)sn(z (A.5)
i=1

Similarly, we also find that

N[ 4;szf(a:) dz = ﬂ Ff(z)s(z)dz, (A.6)

2mi

where we let s(z) = s,(%), the Stieltjes transform of the Wigner semicircle measure. Thus, we obtain that

ivj fi) N/ m( %ff (sn(z) = s(2))dz. (A7)

i=1

We remark that s(z) satisfies
2 Va- 2 —z+ V22 —4

s(z) = o p— = 3 . (A.8)

We use the results from the random matrix theory to analyze the right-hand side of (A.7). For z € C™, define the resolvent
R(z) of M by

R(z) = (M — 2I)~ . (A.9)
Note that the normalized trace of the resolvent satisfies
N
N TrR(z Z ~(2). (A.10)
Let
N
En(2) = N(sn(2) = s(2)) = > [Rui(2) — s(2)]. (A.11)

We introduce an interpolation between x and 1 as follows: Since z,1 € SV ~1, the (IV — 1)-dimensional unit sphere, we can
consider a parametrized curve y : [0, 1] — SV, a segment of the geodesic on S~ joining & and 1 such that y(0) = =
and y(1) = 1. We write

y(0) = (y1(0), y2(0), ..., yn(0))" (A.12)
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and also define
N
Mij(0) = Vg (0)y; (0) + Hij,  R(0,2) = (M(0) — 2I)™",  &n(0,2) =Y [Rii(6,2) — 5(2)]. (A.13)

=1

Our strategy of the proof is to show that the limiting distribution of (6, z) does not change with 6. More precisely, we

claim that
1

%EN(& z) =O(N"2) (A.14)

for any z € I'. Once we prove the claim, we can use the lattice argument to prove Theorem 5 as follows: Choose points
21,22,...,216N € I'sothat |2; — z;11| < N~1fori=1,2,..., 16N (with the convention z16x41 = 21). For each z;, the
claim (A.14) shows that )

En(1,2;) —En(0,2) = O(N2). (A.15)

For any z € T, if z; is the nearest lattice point from z, then |z — z;| < N~!. From the Lipschitz continuity of £, we then
find [€x (0, 2) — En (0, 2;)| = O(N 1) uniformly on z and 2;. Hence,

En(1,2) = En (0, 2)] < [€n(1,2) = En (1, 2)] + [En (1, 2) — En (0, )] + [En (0, ) = En(0, 2)] = O(N2). (A.16)
Now, integrating over I', we get

1
2mi

1

f F)en (1, )z — 5 74 F(2)En (0, 2)dz = O(N~H). (A.17)
r 1 Jr

This shows that the limiting distribution of the right-hand side of (A.7) does not change even if we change x into 1.
Therefore, we get the desired theorem from Theorem 1.6 and Remark 1.7 of (Baik & Lee, 2017).

We now prove the claim (A.14). For the ease of notation, we omit the z-dependence in some occasions. Using the formula

OR;;(0) _ | —Rja(0)Re;(0) — Rjp(0)Raj(0) ifa # b, (A18)
a]\4(1b(0) —Rja(Q)Raj (9) ifa = b,
and the fact that M and R(6) are symmetric, it is straightforward to check that
N N N
0 OMap(0) 0 (6) .
—E&n(0) = =—VA a(0)ys (6 R;a(0)Ry;(0), A.19
00 0= 2 T oty Y 2 B0l 2 Ria0) s 6) (A.19)
where we use the notation ¢, = y,(0) = dygée) .
To estimate the right-hand side of (A.19), we first note that
N N
> Ga(O)y(0) D> Rja(0)Re; (0) = (§(6), R(6)*y(0)) (A.20)
a,b=1 j=1
For the resolvents of the Wigner matrices, we have the following lemma from (Knowles & Yin, 2013).
Lemma A.1 (Isotropic local law). For an N-independent constant € > 0, let I'“ be the e-neighborhood of T, i.e.,
Ire= : mi —w| < el
{zeC glel?\z w| < e}
Choose € small so that the distance between I' and [—2, 2] is larger than 2e, i.e.,
min |z —w| > 2e. (A.21)

wele,ze[—2,2]
Then, for any deterministic v,w € CN with ||v| = ||w|| = 1, the following estimate holds uniformly on z € T¢:

|(v, (H — 2I)"'w) — 5(2) (v, w)| = O(N~3). (A.22)
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Proof of Lemma A.1. We prove the lemma by using the results in (Knowles & Yin, 2013). If z = E + in € I'* for some
E€la_ —€,ay + €l andn € [vg — €,v0 + €], we get the estimate from Theorem 2.2 of (Knowles & Yin, 2013) since the
control parameter ¥(z) in Equation (2.7) of (Knowles & Yin, 2013) is bounded by

I E+i 1
U(E +ivg) = mS(N77+m) + i) = O(N_%).

A similar estimate holds for z = E —in € I'“ with E € [a_ — €, a4 + €] and ) € [—vg — €, —vg + €. On the other hand,
ifz=E+ineTlforE € la_ —e€a_+€UJfay —€,ar + € and n € (0,v9 + €], we can check from an elementary
calculation that | Im s(F + in)| < Cn for some constant C' independent of N. Thus, the upper bound in Equation (2.10) of
(Knowles & Yin, 2013) becomes

Ims(E+in) -1

A similar estimate holds for z = E —in € T“ with E € [a— —€,a_ + €] U [ay —€,ay + €] and n € (0,vg + €]. This
completes the proof of the lemma. O

To show that the right-hand side of (A.20) is negligible, we want to use Lemma A.1. The main difference between the
right-hand side of (A.20) and the left-hand side of (A.22) is that the former contains the square of the resolvent, and it is not
the resolvent of H but of M (6). We can overcome the first difficulty by rewriting R(0, z) as

0 1 9

2 _ _ —2_ 9 _ -
R(6,2)° = (M(0) — 2I) % (M(0) — =1) P R(6,z2), (A.23)
which can be checked from the definition of the resolvent. Hence we find that
. 0 ,.
(9(6), R(9,2)°y(9)) = 5-(9(6), R(9, 2)y(0))- (A24)

Later, we will apply Cauchy’s integral formula to estimate the derivative in (A.20) by an integral of the inner product
(9(0), R(6, z)y(0)).

Next, we obtain an analogue of Lemma A.1 by using the resolvent expansion. Set S(z) = (H — zI)~!. We have from the
definition of the resolvents that
R(0,2)"" = S(2)"" = Vay(0)y(6)", (A.25)

and after multiplying S(z) from the right and R(, z) from the left, we find that
S(z) — R(0,z) = VAR(0, 2)y(0)y(0)TS(2). (A.26)
Thus,
(@(9), S(2)y(0)) = (4(6), R(8, 2)y(8)) + VA{H(6), R(0, 2)y ()y(8) S (2)y (6))
= (9(9), R(6. 2)y(6)) + VA(G(6), R0, 2)y(6))(y(6), S(2)y(9)) (A27)
= ((0), R(0,2)y(0)) (1+ V(). S(=)(0)

From the isotropic local law, Lemma A.1, we find that

(y(0), 5(2)y(0)) = s(2) + O(N"2). (A.28)

Recall that ||y (0)| = 1. Then, it is obvious that ((6),y()) = % L||y(0)||* = 0. Hence, again from Lemma A.1, we also
find that

(@(6). S(2)y(8)) = 5()(5(6). y(9)) + O(N"%) = O(N"%). (A29)

We then have from (A.27) that

(9(6), 5(=)y(0))

S Tr o), sewEe) 0 ) (A3

(9(0), R(0, 2)y(0))




Weak Detection of Signal in the Spiked Wigner Model

where we used that |s] < 1 and A < 1, hence 1 + /s > ¢ > 0 for some (/N-independent) constant c.

Consider the boundary of the e-neighborhood of z, 0B.(z) = {w € C : |{w — z| = €}. If we choose € as in the assumption
of Lemma A.1, B.(z) does not intersect [—2, 2]. Applying Cauchy’s integral formula, we get

9 _ i <y(9)’R(95w)y(0)> w = -1
8z< y(0), R(0,z)y(0)) = 5 ,723 . (w =2 d O(N™z2). (A.31)
Thus, we get from (A.20) and (A.31) that
(#(0), R(0)°y(0)) = O(N~2). (A32)

Plugging the estimate into the right-hand side of (A.19), we get the claim (A.14).

B. Proof of Theorem 6 and Theorem 8

In this section, we prove Theorem 6 by applying Theorem 5. (The proof of Theorem 8 is exactly same as the proof of
Theorem 6 except that we use Theorem 7 instead of Theorem 5.) First, we notice that

mar(f) = mu(f) =Y VN7(f). (B.1)
=1
Recall that

Var(f) = (w2 = 2)71(f) + 2(ws — 3)72(f +2Z£Tg
(B.2)
:'U)QTl(f) +2('LU4717'2 +22€7‘z

Assuming we > 0 and wy > 1, by Cauchy’s inequality, we obtain that
A — A
— R — B.3
mar(f) —m (f) < (w 4_1 Z g> (B3)

From the identity log(1 — \) = — >_7° | A*/¢, we get

L D T -V A2 B Y AN N AV
Vu(f) S1024_2(104—1)4—2:_( )/\+<2( )’\ 2log(1 A), (B.4)

which proves the first part of the theorem.

Since we only used Cauchy’s inequality, the equality in (B.3) holds if and only if

wani (f) _ 2(wa = V)7o(f) _ 2t7e(f) (0=34,...). (B.5)

VA A VN

We now find all functions f that satisfy (B.5). Letting 2C' be the common value in (B.5), we rewrite (B.5) as

2R = A = O

wy wy — 1

m(f) = (6=3,4,...). (B.6)

Since f is analytic, we can consider the Taylor expansion of it. Using the Chebyshev polynomials, we can expand f as

) = i CiTy (g) . (B.7)
=0
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Then, from the orthogonality relation of the Chebyshev polynomials, we get for £ > 1 that

n(f>=0€/22Te(z)T/() & Te<)Te(y)L=9. (B.8)

T 4 — 2 T J_ 1—y2 2

Thus, (B.6) holds if and only if

f()—co+20<\fA (2)+w4A12()+§;\/27 (2))

~ /3 (B.9)
1 T A T
= co+20VA (1] 71 (5) +20) -5 ) (5) v ()
=t \F(wQ )1 T <w4—1 2>22+ 2552
for some constant cg. It is well-known from the generating function of the Chebyshev polynomials that
> t 1
Z = () ) (B.10)
— ! V1 —2te 412
(See, e.g., (18.12.9) of (Olver et al., 2010).) Since T} (x) = x and T (z) = 222 — 1, we find that (B.9) is equivalent to
flz)=c¢ +Cﬁ<21)x+0)\< ! 1>(z22)+Clo <1) (B.11)
0 wa wy—1 2 s 1—Vz+A/) '
This concludes the proof of Theorem 6.
C. Computation of the test statistic
Lemma C.1. Let v
2
4 — 42
=Yoot - [ Yoy <
i=1 -2

where ¢ is defined as in (7). Then,

L,\—logdet((1+)\)IﬁM)++\f( 1>TrM+>\< ! 1>(TrM2N). (C2)
w4—1 2

Proof. 1t is straightforward to see that

ZN:@(M=—1ogdet((1+A)I—ﬁM)+\FA(2—1>ﬁM+A< ! —1>nM2. (C3)

Wo U.)471 2

To compute the integral in the definition of L), we use the formula

2 T
/ log(z—y)Ldey—f(z—\/zQ—ll)+10g(z+\/22—4>—10g2—% (C4)
-2

o 4
for z > 2. See, e.g., Equation (8.5) of (Baik & Lee, 2016). Putting z = (1 + )\)/ﬁ, we get

2 ) 2
/ log< L ) 4_y2dy/ (log\FJrlog( A y))wdy; (C.5)
-2

—2 L—VAy+ A 2m VA 2m

Finally, it is elementary to check that

2 2
4 — 92 2 4 — q2
/ IV2TY gy =0, / YVITY gy =1 (C.6)
_9 27T _9 27T

This proves Equation (C.2). O
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Lemma C.2. Let

m(63) =  (93(2) + 63(=2)) = 370(6) + (w2 = D7a(92) + (w1 = 3)7a(6)

and
mar(fx) = % (0x(2) + o (-2)) — %To(@) + (wy — 2)72(g2) + (ws — 3)7a(d2) + Y VATi(¢)
=1

where @), is defined as in (7). Then,

Wo — 1 1 \ (w4 - 3))\2
Wy — 1 2 4

myg(dy) = —% log(1—X) + (

and

mar(n) = mn(93) ~tog(1 = V) + (2 - 1) VA (L - D)

wy — 1 2
In particular, mg ($y) < mar(dy) if A € (0,1).

Proof. Recall that ¢, is the function f in (B.11) with C = 1 and ¢y = (—2— — 1)t. Thus, from (B.6),

w471
2V/A A VAL
TI(QS/\):TQ’ 72(¢A):w4_1a n(ea) = (U=3.4,...)
Moreover,
2
7’0(¢)\):COZ(W41_1>>\
Since
1 1 1 1
2) + -2)=log|( ————— | +log| ————— | + 8| —— — =
P (2)+6r(-2) g<12ﬁ+x> g<1+2ﬁ+A> <w4—1 2>
1 1
= —2log(1 — — =
og( )\)+8)\(w4_1 2),
we find that

1 1 A 2 -2 —3)\2
Cq) 4 (w2 )+(w4 )

’LU4—1 2

w2—1 1 A (w4—3))\2

U)471 2 '

mn(6x) =~ loa(1 =)+ 22

1
= —§log(1 A+ (
Moreover, we also find that

2 0 ¢
mar(or) = mu(Pr) + 2 + A A
Wy

w4—1 423?

= mu(Px) + (52—1>A+ <w41_1 —é) AMi%f
(=1
=mu(¢x) —log(l —A) + (2—1>,\+< ! 1) A2,

w2 w4—1_2

Finally, it is obvious mas(¢x) > mu (o) if A € (0,1) since 7¢(py) > 0forall ¢ =1,2,. ...
Remark C.3. For any ),

Var(éx) = Vi (éy) = —2log(1 — ) + (j - 2> A+ (w42 T 1) A2

which can be easily checked from (C.11).

(C.7)

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)
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D. Proof of Theorem 7

Recall that the normalized off-diagonal entries v/ N H, 4; are identically distributed with density g and the normalized diagonal

entries \/ N /wq H;; are identically distributed with density g4. In Assumption 1, we further assumed that the densities g and
gq are smooth, positive everywhere, with subexponential tails, and symmetric (about 0). We also assumed that

&[0 = O(N~?)
for some 3 < ¢ < 1.

As discussed in Section 4, we consider the entrywise transformation defined by a function

/
hw) = 9 D.1)
If A = 0, it is immediate to see that for ¢ # j
E[h(VNM;;)] = / h(w)g(w)dw = —/ g (w)dw = 0.

Further, with A = 0, as shown in Proposition 4.2 of (Perry et al., 2018),

o0 oo

FH = E[h(VNM;;)?] :/ dw > 1, (D.2)

— 00

h(w)?g(w)dw = / gw)

—eo gl(w)

where the equality holds if and only if v/ N H;; is a standard Gaussian (hence h(w) = w). For the diagonal entries, we
similarly define

ga(w)
h =— . D3
«w) ga(w) B
Then, if A = 0, E[hq(\/N/wsM;;)] = 0 and
oo/ 2
Fi' i Blhaly/NjwaMa)?) = [ g;% dw> 1, (D4)
— 00 d

We define a transformed matrix M as follows: the off-diagonal terms of M are defined by

T 1 . . —~ wo / N
Mij = \/mh(\/NMz]) (Z 7& J)7 Mn = Fg{ith( waM“) (DS)

Note that the entries of M are independent up to symmetry. Since g is smooth, A is also smooth and all moments of v/ N ]\Zj
are O(1). Thus, applying a high-order Markov inequality, it is immediate to find that M;; = O(N~ z),

D.1. Decomposition of the transformed matrix

We first evaluate the mean and the variance of each off-diagonal entry by using the comparison method with the pre-
transformed entries. For ¢ # j, we find that

— 1 o0
E[M;;]| = ——= h(w)g(w — VANz;z;)dw
VFEN /—oo (D.6)

= — w— VAINz;z;) — g(w) ) dw.
In the Taylor expansion

g(w — VANz;z;) — g(w)
4.0 ¢ o5) (g — . D.7
:;g ggw) (_ Tinxj) L9 (w — OV ANz;2;) (_ Tinxjf (D.7)
=1

5!
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for some 0 € (0, 1). Note that the second term and the fourth term in the summation are even functions. Since g’/g is an
odd function, from the symmetry we find that

E[]’\Zf”] _ \/Xxixj > g’(w)

i () dw + C’3Nx33:3 + O(N322x ) D8
= VAFHzx; 4+ CsNajad + O(N°ala?)

for some (N-independent) constants C's and C'5. Similarly,

E[M}] FHN/ (/(ZUU))> g9(w — VAN 232 )dw

N FHN <gl((;v)>2 — VANw;z;) — g(w)) dw (D.9)
g (w

:i+Am / )" (w )derO(Nx ) i+>\GH.T'2z2'+O(N‘T4I4)
N 2FH oo g(w)Q N ivj ilj)

For the diagonal entries, we similarly get

E[M;] = /AFf'a? + O(Nz) (D.10)
and
172 W2 /\I? Oog( )zgg( ) 72 H 4 8
E[M7] = N + S H [m ga(w)? dw+ O(Nz¥) = P + AG x; + O(Nx3). (D.11)

‘We omit the detail.

The evaluation of the mean and the variance shows that the transformed matrix M is not a spiked Wigner matrix when A > 0,
since the variances of the off-diagonal entries are not identical. Our strategy is to approximate M as a spiked generalized

Wigner matrix for which the sum of the variances of the entries in each row is equal to 1. Let S be the variance matrix of M
defined as . .
Sij = B[M] — (E[My])*. (D.12)

From (D.8), (D.9), (D.10), and (D.11),

1 . . w . .
Sij = w+MGT—FMz?3+O(N||%) (i #34),  Su= WQH(GQJ—FC{{)J:%O(NH»@HEO) (i # j), (D.13)

N
hence
N w
. N
2 = (D.14)
142 NG - P2 4 O(N2al),

which shows that M is indeed approximately a spiked generalized Wigner matrix.

D.2. CLT for a general Wigner-type matrix

To adapt the strategy of Section A, we use the local law for general Wigner-type matrices in (Ajanki et al., 2017). Consider
amatrix W = (Wij)lgid'gjv defined by

1~ — o — —
Wij=TSij(Mij—E[Mij]) (#7), Wy= Aﬁ”; (M;; — E[M;)) (D.15)
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Note that E[W;;] = 0, E[W7] = 4 (i # j), and E[W2] = 2. Then, the matrix W is a Wigner matrix. We set

RY(z)=(W —z2I)"' (zeCh). (D.16)
Next, we introduce an interpolation for . For 0 < 6 < 1, we define a matrix W () by

}):<179+0\/m>w

Wi;(0) = (1 — 0)Wi; + 0(My; — E

(M,
ONNGH — FH)p2,:2 (D.17)
and
Wii(0) = (1 — 0)Wis + 0(My; — E[My]) = (1 040 NS”) W
b (D.18)

_ ( |, ONAGY — Ff)al

2’LU2

Note that W(0) = W and W(1) = M — E[M] For 0 < 0 < 1, W(6) is a general Wigner-type matrix considered in
(Ajanki et al., 2017) satisfying the conditions (A)-(D) therein. Moreover, if we let
W(,2) = W) -zt (zeCh), (D.19)

then Theorem 1.7 of (Ajanki et al., 2017) asserts that the limiting distribution of R}} (z) is m;(2)d;;, where m; (6, z) is the
unique solution to the quadratic vector equation

N
m_(19 5= 2 EWi(0))m; (0, 2). (D.20)

Recall that s(2) = (—z + V22 — 4) /2 is the Stieltjes transform of the Wigner semicircle measure. It is direct to check that
1+ zs(2) + s(2)? = 0. With an ansatz m; (0, 2) = s(z) + C12? + Co N !, we can then find m; (6, 2) = s(2) + O(||z|%);
see also Theorem 4.2 of (Ajanki et al., 2017).

For the resolvent R (6, z), we have the following lemma from (Ajanki et al., 2017).

Lemma D.1 (Anisotropic local law). Let I' be the e-neighborhood of ' as in Lemma A.1. Then, for any deterministic
v = (vi,...,on),w = (w1,...,wy) € CN with |v|]| = |[w|| = 1, the following estimate holds uniformly on z €
r‘n{zeCt:Imz>N"2}:

N N
ST GRY (0, 2)w; — > mi(0, 2)Tiw;| = O(N7#). (D.21)

ij=1 i=1

Proof. See Theorem 1.13 of (Ajanki et al., 2017). Note that p(z), (2) = O(Im z) in Theorem 1.13 of (Ajanki et al., 2017),

which can be checked from Equations (1.25), (4.5a), (4.5f), and (1.17) of (Ajanki et al., 2017). O
LetI'{ p :=TN{z € Ct:|Imz| > N~2}.On I'{ 5, as a simple corollary to Lemma D.1, we obtain

[N

](v,RW(G,z),w> - s(z)(v,w)’ =O(N™?2), (D.22)

which is analogous to Lemma A.1.

We have the following lemma for the difference between Tr RY (0, z) and Tr R (1, z) on I'§ /2

Lemma D.2. Let RV (0,2) be defined as in Equations (D.17) and (D.19). Then, the following holds uniformly for
z €I ,5:
/2

Tr RV (1,2) — Tr RV (0, 2) = A(G — FH)s'(2)s(2) + O(N? ||z||%,). (D.23)
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We will prove Lemma D.2 later in this section.
On I'\I'{ /2> We use the following results on the rigidity of eigenvalues.

Lemma D.3. Denote by i}V (0) > puV (0) > - > p¥V (0) the eigenvalues of W (6). Let ~y; be the classical location of the
eigenvalues with respect to the semicircle measure defined by

ERVZ 1 1
L D.24
/1 o N(Z 2) (D-24)
fori=1,2,..., N. Then,
2
" (0) — il = O(N~3). (D.25)

Proof. See Corollary 1.11 of (Ajanki et al., 2017). Note that the limiting measure p is the semicircle measure in Corollary
1.11 of (Ajanki et al., 2017) since NE[W;;(0)?] = 1+ O(N||z||%,) = 1 + o(1) for i # j. O

From Lemma D.3, we find that

Tr RW Tr RV 3 1 — (1)
1,2) — 0,2)| = - i
T 2L, 2) =T BT (0,2) ;(M)—z e )’ Z PET o6
- .
[ (0) = vl + i = " (Ol _ o
<12 - 900 ) ‘ (N2
Thus, from (D.23) and (D.26),
%J{f )Tr RV (1, 2) dz——j[f )Tr R (0, 2)dz
:% . f(2) (TrRW(l,z)—TrRW(O,z))dz—i—% . f(z) (TrRW(l,z)—TrRW(O,z))dz
1/2 1/2
(D.27)
MGH — FH 3 1
MO [ ) es(aaz + 0 alld) + o)
/e
H H
uff )s(2)dz + O(N [lz]&) + O(N~#)

D.3. CLT for a general Wigner-type matrix with a spike

Recall that W (1) = M — E[M]. Our next step in the approximation is to consider M = W (1) + E[M]. Since E[M] is not
a rank-1 matrix, we instead consider

A0) = W)+ 0VIFHzzT,  RA0,2) = (A(0) — 2I)~* (D.28)

for 6 € [0, 1]. Note that A(0) = W (1).

We follow the same strategy as in Section A. For z € I'§ /2> We use

N N
gTrRA(H,z) =-> > 94u (0 )RA 10, 2)RA(0, 2)

00 ; 00
1=1 a,b=1
(D.29)
0 - 0 N
7Y% i
AF azagbZImaxbRba (0, 2) AF % (x, R*(0, z)x).

Recall that R4 (0, z) = R (1, 2) satisfies the isotropic local law in (D.22),

|(v,RA(O,z),w> - s(z) (v, w)| = |<v,RW(1,z),w> - 5(2) (v, w)| = O(N_%). (D.30)
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As in (A.25) and (A.26), we can easily check that

RA(0,2) — RA(0,z) = OVAFHRA(0, z)xx” R*(0, 2), (D.31)
hence
(x, RA(0,2)x) = (x, RA(9, 2)x) + OVIFH (x, RA(0, 2)x)(x, R4 (0, 2)x). (D.32)
We thus find that
A
(@, RA0, ey = — @ B0z s() O(N~H). (D.33)

= +
14+ 60VAFH (@, RA(0,2)x) 14+ 60VAFTs(z)
Plugging it back to (D.29) and applying Cauchy’s integral formula again, we find that

0 VAFHES (z) 1
—Tr R4(6,2) = — O(N~2). D.34
oo A = g sy O B39
Now, integrating over 6, we get
(2) 1 -
Tr RA(1,2) — Tr RA(0,2) = = ( ) +O(N™?)
s(2) \ 1+ 0VAFHs(z) 9—o0 (D.35)
VAFHS (2) 1
=—————~+ 4 O(N732).
14+ VAFHs(z) o )

On I'\I'{ /2> We use the interlacing property of the eigenvalues. Let £4' and Ef* be the cumulative distribution functions for

the eigenvalue counting measures of A(0) and A(1), respectively, i.e., if we let 11£*(6) be the i-th eigenvalue of A(f) and
denote by p£'(0) > pd'(0) > -+ > 4 (0) the eigenvalues of A(6), then

1 1
Eg(w) = 1 (0) : 5 (0) <w, B (w) = S H (1) 4t (1) < w}. (D-36)
The interlacing property is that
N|Eg (w) = B (w)] < 1. (D.37)
In terms of E', we can represent the trace of the resolvent R4(0, z) by
* E{(dr)
Tr R4(0, =N / —0 = D.38
P02 Zlu;‘ — .
where we used integration by parts with empirical spectral measure of A(0). Similarly,
EA
TrRA(1, 2) N/ 1 d“’l,
(x—2)

and we get

E{(dz) — Eg\(dx)
(- 2)?

From the rigidity, Lemma D.3, we have that ||A(0)|] — 2 = o(1). Moreover, since A(0) = W (1) is a general Wigner-type

matrix and A(6) is a rank-1 perturbation of A(0) with ||A(0) — A(6)]| < 1, itis not hard to see that ||A(0)|| — 2 = o(1)

with high probability as well. Thus,

Tr RA(1, 2) — Tr RA(0, 2) N/ (D.39)
)

> E{(dz) — E{(dz) 2+5Ed — Ef\(d
TrRA(L,2) — Tr RA(0,2) = N i(de) = 0 2 _ N 142) = By (d) _ oy (pag)
oo (x —2) (x — 2)?
Following the idea in (D.27), we obtain from (D.35) and (D.40) that
o j{f )Tr RA(1, 2) z——ff ) Tr RA(0, 2)d=
i
(D.41)

= dz + O(N~2).

1 7{ ) VAFHS (2)
1+ VAFHs(z)

2mi T
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D.4. CLT for a general Wigner-type matrix with a spike and small perturbation

While the rank-1 spike in A is VAFHxx”, the mean of the diagonal entry

E[My] = \JAFfTe} + O(Nel|%), (D.42)
which is different from v AFH 22 in general. We thus define a matrix B(6) for 0 < 6 < 1 by
B;j(0) = Ai;(1) (i #J), Bii(0) = Aui(1) + 0(E[M;;] — VAFHz? — C3Naf) (D.43)
for the constant C3 in (D.8). By definition, B(0) = A(1) and
M;; = Bis(1) + C3Naf. (D.44)
We also set
RB(6,2) = (B(0) — 2I)~!
For z € F1/2,
9 N
o B _ _ .2 _ B B
5 TWR(6,2) _Zl (E[Mm] VAFHg2 — C3Na ) RE(0,2)RE (0, 2)
T (D.45)
0
_ v N FHA2 B
=-3, az::l (E[Maa] AFHz: — C3Nx ) R,.(0,2)
Since | B(#) — A(1)|| = O(||=||%,), we find that
Ry, (6,2) = R, (0,2) = Rg,(6,2) — R, (1,2) = O(||z|%,)
fora =1,2,..., N. Denote by e, a standard basis vector whose a-th coordinate is 1 and all other coordinates are zero.
From (D.31), we find that
(€q, R0, 2)x) = (eq, R (1,2)x) + VAFH (e,, R (1, 2)x)(x, R}(0, 2)x), (D.46)
hence ( Vs(2)
eq,x)s(z 1
eq, R (1,2)x) = —2 =27 L O(N™3). (D.47)
(oo BA1,2)0) = - 2EEE S OV
Using the same argument again, we obtain that
VAFHs(2)?
RA (1,2) = (€q, RA(1,2)€,) = 5(2) — ——————|(x,,)|> + O(N72) = 5(2) + O(N~2), (D.48)
(1,2) = ( (1, 2)eq) = s(2) 1+¢Ws(z)|< )| (N72) =s(2) + O(N"2)
hence 1 1
RB(0,2) = RA,(1,2) + O(N™2) = s(2) + O(N~2) (D.49)
as well. Thus,
N —~
Z (E[M(m] — VAFHz? — Cngg) RE (0, 2)
a=1
N (D.50)
> (E[Maa] - VAFW) 5(2) + O(Nz|L) + O(N~H) '
= VAWFH = \[Fl)s(2) + O(N|z|%) + O(N~?)
and 9
— TrRP%(0,2) = —VA(\/FH —VFH)s' (2) + O(N||z||) + O(N~2). (D.51)

00
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Applying the estimate RZ, (6, z) — R2 (1,2) = O(]|z||%) on F\Fi/Q, we obtain that

f(z TrRB(lzdz—— f(2) Tr RP(0, 2)dz
570 320

27
(D.52)
VA( -VF ,
- ff ()4 + O(VN|&]2,) + O(N~4).
2mi
By construction, for all 7, j, s
M;; = Bjj(1) + CsNaja? + O(N?z]x?). (D.53)
Setx® = (3,23, ...,2%)7, B’ = B(1) + CsNx*(x®)T, and RP'(z) = (B’ — 2I)~'. Then, z € LYo,
(e, RP(2)eq) — (eq, R? (2)e,) = C3N(eq, R ) (x®, RPe,) = O(N|z||%,). (D.54)
On F\Fi/Q, we use the estimate
RE,(2) — RE (2) = O(N|[|%,). (D.55)

Then,

]§f ) Tx RE( )dz——%f ) Tr RB(1, 2)dz = O(N2|z|%.) + ONVN[2[S).  (D.56)

27

Finally, if we set £ = M— B” then E;; = O(N?x2z°). Then, since ||x||cc = N~ for some ¢ > 3,
y J (el ]

Nl

N % N
IEN < 1Elms = | D Byl =0 | Nl | Y afe] =0 (N?|lz]|%) = o(N7H). (D.57)

i,j=1 1,5=1
Thus, if we let RM (z) = (M — z)~!, forany z € I'.,

7{f )Tr RM (2 dz——ff ) Tr RP' (2)dz = o(1) (D.58)

27

with high probability.

D.5. Proof of Theorem 7 and Theorem 8

We are now ready to prove Theorem 7.

N
v
=
=S
c
5
[¢]

Denote by jiy > fiz > -+ > fin the eigenvalues of M. Recall that we denoted by p!V (0) > 1%V (0)
eigenvalues of W(0). From Cauchy’s integral formula, as in (A.3), we have

N 24— 2
> g~ N | e rw

N 2 - N N
- (Z f ) =N [ S ) dx> + (_Z IR S <o>>>

=1

_ - 242 1 o .
_(lz_;f(ﬂgv(()))—]\7/_227Tf(:v)dac)—(zm-7§f(z)f_[‘MDL (2) dz_Tm%f T RY (0, 2)d >
(D.59)

Since W is a Wigner matrix, the first term in the right-hand side converges to a Gaussian random variable, and the mean and
the variance of the limiting Gaussian distribution are given by

1

mw () = 1 (/@) + F(-2)) = 370(7) + (w3~ Dma(f) + (5 — 3)7a(f) (D.60)
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and

Viv (f) = (wo = 2)m1()* + 2(wa = 3)a(f)* +2)_ lre(f), (D.61)

respectively, where

oS oS} /w4
7= o | WMVW@m_uév/m%&&m“ (bo2

corresponding to the leading order term in the fourth moment of W;;. (Note that the fourth moments of W;; are not equal,
but the difference between N?E[(W;;)*] and wy is negligible.)

For the second term in the right-hand side of (D.59), combining (D.27), (D.41), (D.52), (D.56), and (D.58), we obtain that

jqff Tr RM (2 ff ) Tr RV (0, 2)d»
— FH) s(z)3 1 VAFHS (z)
B 27r1 j{ /) 1-— s(z)zdz 27 Jp /() 1+ VAFHs(2) dz (D.63)
VFH)
\/;1 ja{ £(2)s'(2)dz + o(1)

with high probability. From (D.59), we thus find that the CLT for the LSS holds, i.e.,
N SV
<Z Fut) - N/ Tf(w) dﬂ«") = N(mg(f), Var (), (D.64)
i=1 -2

and the variance V7 (f) = Vv (f) since the second term in (D.59) converges to a deterministic number as N — oo, which
corresponds to the change of the mean. In particular,

ANGH — FH) , 1 VAFHS (z)
—7f—%ﬂmmwm+7f<>

my(f) —mw(f) = - Zl—i—)\—\/m z

+‘F( . \/FTIY{f (D.65)
— L r o)) | aGH - FH)s() ¢ — YA _
= 5 IR |-G F)(Hﬁ+%@@@+VXI? VFH)

Following the computation in the proof of Lemma 4.4 in (Baik & Lee, 2017) with the identity s'(z) = % we find that

the right-hand side of (D.65) is given by

NGH _ pHyg(s) o VAT _ B
2mff AG F)()+1+\/MTH()+\WA( FI _VFH)| d

(D.66)
= (WAFFE —VAFH) 7 (f) + AGH — NFH)ry(f +ZW/AFH Yero(f

(See also Remark 1.7 of (Baik & Lee, 2017).) This proves Theorem 7.

D.6. Proof of Lemma D.2

In this subsection, we prove Lemma D.2.

NOTATIONAL REMARKS

In the rest of the section, we use C order to denote a constant that is independent of N. Even if the constant is different
from one place to another, we may use the same notation C as long as it does not depend on NN for the convenience of the
presentation.
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Proof of Lemma D.2. To prove the lemma, we consider

a w 8Wab w w
%TrR 0, z) ;azb:l R (0,2)Ry; (0, 2)
N (D.67)
I Wap(6)
- az aél 89 Rba (97 Z)a

where we again used that %RW(H, z) = RW (0, 2). We expand the right-hand side by using the definition of W (6),
Wap(6) = (1 ' 0\/NSab) " (D.68)

and get

N N N
> ng,’gw)RZZ(az) = ( 1+\/Wab) WapRpy (0,2) = > L VNSw oy R (9, 2)

a,b=1 a,b=1 a,b=1 1-0 + 0 Y NSab (D 69)
NAGT - FT) &, w ) |
= M) S 2w 0B 6,2) + OV Nal%).

a,b=1

Here, we used the properties that W, () = O(N~2), RY (0,2z) = O(N~2) for b # a, R%.(,2) = O(1), and
L T2 =", x} = 1, which imply

N N
N> ey Wa (R (0,2)| < NP |@lls, D waap[Wan(0) Ry, (6, 2)] = O(N||z|1%) (D.70)
a,b=1 a,b=1
and
N
Nch4 sWaa(0)Rin (0, 2)| < Nal|2, Y 22 [Waa(O) R (6, 2)| = O(VN||z|%,). (D.71)
a=1
Since W(0)RW (0,2) = I + zRY (0, 2),
N N N
> Wa(0)RY, (0,2) =Y _ap(W(O)RY (0,2))m =1+2 Y az Ry (0, 2)
ab=1 b=1 b=1 (D.72)

— 1+ 25(2) + O(N~2).

Plugging it into (D.69), we get

N
Z aWab(€> RZZ(97 Z)

00
a,b=1
N (D.73)
ANGH — pH NAGH — FH 1
=MD 1y 2 + M) S (02 )aWa0)RE (6,2) + 0N o)
2 2 Pt N
It remains to estimate the second term in the right-hand side of (D.73). Set
al 1
X =X(0,z) := (22 — N)xfWab(G)RZZ(G, 2). (D.74)
a,b=1

We notice that | X| = O(N~!) on T /2 by a naive power counting as in (D.69). To obtain a better bound for X, we use a
method based on a recursive moment estimate, introduced in (Lee & Schnelli, 2018). We need the following lemma:
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Lemma D.4. Let X be as in (D.74). Define an event Q) by
N 1
2= () <{|Wij(9)| SN2 O{[R (0, 2) — 65s(2)| < NTJFG}) :
i,j=1
Then, for any fixed (large) D and (small) €, which may depend on D,

1., _ e _
E[|X[*P1Q] < ON=*|| 2| LE[ X 2P Q] + ONTH e 2| L E[1X 2P 72| ]

- (D.75)
+ CN' 2| ZE[| X PP 7310 + N2 || SB[ X 2P~ ).

We will prove Lemma D.4 at the end of this section. With Lemma D.4, we are ready to obtain an improved bound for
X. First, note that P(Q¢) < N~ 2, which can be checked by applying a high-order Markov inequality with the moment
condition on M (Assumption 1(iii)). We decompose E[| X |?P] by

E[IX]*P] = E[|X|*” - 1(Q)] + E[ X [*P - 1(Q9)] = E[[ X [*P|Qc] - P(Qe) + E[X[*” - 1(29)]. (D.76)

The second term in the right-hand side of (D.76), the contribution from the exceptional event )¢ is negligible, since
P(Q¢) < N—P7,

E[IX [P - 1(Q9)] < (B[ X|*P))? (P(Q0))? < N™'= (B[ X|*"))? (D.77)
and
4D
4D a w NBD 4D 10D
E[|X[*7] < ;I\WabRba\ < {Tm ) e ElIWa "] < NP, (D.78)

where we used a trivial bound | R}V | < ||RY|| < Inllz.

From Young’s inequality
a? bl
ab S - + )
p q

which holds for any a,b > 0 and p, ¢ > 0 with % + % = 1, we find that
N4 | X[PP~ = NS5 N ||t - NT R X [P0

9D — 1 (D.79)
= ___N"X|?P.
5D |X]

1 1
< EN(2D71)€(N§+EH:BHE§0)2D +

Applying Young’s inequality for other terms in (D.75), we get
E[|X P[] < CNEP- N[ 4)22 + ON PN o) 050
+ ONUE DNz 12) %+ ONED W 1) % + CNTEX PP '

Absorbing the last term in the right-hand side to the left-hand side and plugging the estimates (D.77) and (D.78) into (D.76),
we now get

E[X[22] < NGO V(N |zf[4, 20 + ONP-De(N e 5, )P

2 D.81
—I—CN(%*”E(NPFSGHCC”};)% +CN(§71)5(N1+96H;E||£)% +N7DT+5D. ( )
For any fixed ¢ > 0 independent of D, from the (2D)-th order Markov inequality,
P(|X| > N VN||z|%) < y-2oe _EIXPP] < N72D< NoDe, (D.82)
(VN]|z[[4)2P

Thus, by choosing D sufficiently large and e = 1/D, we find that

|X| = O(VN||z[|%,).
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We now go back to (D.67) and use (D.73) with the bound | X| = O(VN||z||%,). Since ||z| = O(N~?) for some
S<p<i
N H _ pH
OWep (60 AMGT —
5> MWatld) vy - MG =)

E
20 5 (1+2s(2) + O(N2||z||5)- (D.83)

a,b=1
To handle the derivative of the right-hand side, we use Cauchy’s integral formula as in (A.31) with a rectangular contour,
contained in I'{ /20 whose perimeter is larger than e. Then, we get from (D.67) that

0 MNGH —FH) 9 3
EEI}RWXez) 4——7?———5;O+ﬁw&ﬂ—%OUVHMﬂ&) (D.84)
Since 1 + zs(z) + s(2)? = 0,
0 0]
g(l +25(2)) = a(—s(z)Q) = —25(2)s'(2). (D.85)
After integrating over 6 from 0 to 1, we conclude that (D.23) holds for a fixed z € I'§ /2 To prove the uniform bound in the
lemma, we can use the lattice argument in Section A; see Equations (A.14)-(A.17). O
Finally, we prove the recursive moment estimate in Lemma D.4.
Proof of Lemma D.4. We consider
N 1 D
E[|X|?P] = Zl N LW (O)RY (0, 2)XP1X
a.b=

For simplicity, we omit the §-dependence and z-dependence of W = W (#) and R" = RV (0, 2).

We use the following inequality that generalizes Stein’s lemma (see Proposition 5.2 of (Baik et al., 2018)): Let ® be a C?
function. Fix a (small) e > 0, which may depend on D. Recall that €2 is the complement of the exceptional event on which
|Was| or R} | is exceptionally large for some a, b, defined by

N
[ P —14e
Q= [ ({IWil < N“H P {IRY = 555 < N3}

ij=1
Then,
E[Way®(Wap) Q] = EIWEE[®' (W) Q] + €1, (D.86)
where the error term €; admits the bound
1] < CLE [IWab\?’ sup " (tWap) ]Q } (D.87)
[t]<1

for some constant C';. The estimate (D.86) follows from the proof of Proposition 5.2 of (Baik et al., 2018) with p = 1,
where we use the inequality (5.38) therein only up to second to the last line.

In the estimate (D.86), we let

O(Wy) = RV xP1X7 (D.88)
so that
N
E|X[*PQ] = > (= E [Wap®(Wap)| Q] - (D.89)
a,b=1

We now consider the term E [W,;, ®(W,;)|€2] in (D.89). Applying the equation (D.86),

E[Wap®(Wap) 2] = E[WG|E[®(Wap)|2e] + €1
_ 2 W yD-1 D—-1
—EWg) (-E Rl REXPX (0| ~ B[R R XPX 0] (D.90)
0X D 0X —D-1
_ w D—2 w D—-1
+(D UEhmaaﬁf_XK4+DEhmm%ﬁf X |mD+q.
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We plug it into (D.89) and estimate each term. We decompose the term originated from the first term in (D.90) as

N
1
(22 — =) EWEIE |Ryy Ry, X P~ X7 0.
a,b=1 N |: :|
= > (28— ) HEWLE [RXX(RZZ—5>XD‘1X ] +5 3 (2% - ) HEWLIE [RZZXD‘1Y |Q€]
a,b=1 a,b=1
(D.91)
The first term satisfies that
N 1 .
2 ) aR[WAIE |RY (RY — ) XP-1X 7|0,
a%::l (‘Ta N)xb (W) {bb( aa — 5) | } D92)

< ON?||z|| A NTINTEHE X PP Q] = ON ||z | L B X 2P [Q]

for some constant C. For the second term, we recall that > (22 — %) = 0 and E[W2] are identical except for a # b.
Thus,

N
Y (a2 - o )rEWAE (B X2 X0, ]

b=1
N 1 D (D.93)
<C bz_; a7 — S letlws — 1IN T'E [RZbVXD_lX |QE}
< C'N|z| X NT'E[|I X PP7HQ] = O] L E[1 X 2P~ Q]
for some constants C' and C’. We then find that
N
1
(22 - ) e EWAIE [RE REXPTXV(0.] < ONF 2| LBl X PP 0 (D.94)
a,b=1
for some constant C. For the second term in (D.90), we also have
N
1
> (02 - )REWAE R R XPX7 |0 < ON¥ |l LEIX PP ). (D.95)
a,b=1
To estimate the third term and the fourth term in (D.90), we notice that on 2,
N
X 1 1 i
7 - 2 (ot = AW R R + (v = p)abRin | < ONFT s (D.96)
for some constant C. Thus, we obtain that
N
2 Ly o 2 0X p_osD 1+4e 8 2D-2
(22 — =)z E[WSIE | Ry, XP2X70 | < ONYY 2|5 E[1 X 1] (D.97)
e N OWayp
and N
1 0X
M (22— ) aREWEE [RZZ xPIX"” 1|Qe} < ONY™gSE[X[PP20]. (D.98)
e N OWap
Hence, from (D.90), (D.94), (D.95), (D.97), and (D.98),
al 1
2 V2R [W,,® Q.| < ONzF| 2|2 B[ X210
2 (2% — ) DB Wb ®(Wap)| Q]| < CNEH || LE[X PP 6] 099

+ ON | LE[ X P72 + €1
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It remains to estimate |e; | in (D.87). Proceeding as before,

3 (22 — i):ﬁ]EDW B (W, )‘Q }

o N e (D.100)
< ON“||l3LE[ X [PP7HQ + ONTF2 || SB[ X[*P 72|02 + CNTF°| ]| ZE[IX [P 20 ].

S

We want to compare ®”(W,;) and ®” (tW;) for some [t| < 1. Let R"* be the resolvent of W where W,;, and W, are
replaced by tWy;, and W}, respectively, and let Xt be defined as X in (D.74) with the same replacement for W,;, (and
W) and also RW is replaced by R>t. Then,

R —RY = (1— )R Wa Ry, ", (D.101)
and
N 1 1
X' -X=>" (a7 N)xiwilj(}zﬁ’t —RY)—(1—t)(a% - N)xﬁwab}zggvt. (D.102)
i,j=1
Thus, on €,
| X — X| < CN*|z||%.. (D.103)

Using the estimates (D.101) and (D.103), on 2., we obtain that

@7 (Wap) = " (tWap)| < C|®" (W) | + N7 ]| 2] x |2~ (D.104)
uniformly on ¢t € (—1,1).
Combining (D.89) and (D.99) with (D.100), (D.104), and (D.87), we finally get

E[[X*P|2] < CN=¥||2 | L E[X PP~ |0 + CN'||z | B X [P 2|0

(D.105)
+ N2 2B X [PP~2Q ] + ON' ||| SB[ X 2P 4|02,

This proves the desired lemma. O
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