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A. Variational Lower Bound

We derive a variational lower bound to the marginal log-
likelihood of our model using Jensen’s inequality

logp(y|6) = log/dwdfdu pylz)p(x|f)p(flu,0)p(uld)

(ylz)p(z|f)p(flu,8)p(uld)
q(z, f,u)

> / dzdf duq(z, f,u)log 2
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where p(f|u, 0)p(ulf) = [T, p(filux, 6)p(u/8). Choos-
ing a factorised variational distribution of the form

g(@, f,u) = @ (@) [ [ p(frlr, 0)qu(us)
k

we can rewrite the bound as
() [T, qu(ur)

= (logp(ylz)),, — (KLlg:(2)llp(z[f)]),,
— > KLgu(us)|p(ur)]
k

where
qr(f) = H/dukp(fklukﬁ)qu(uk)
k

and ¢, (z) is described by (3) and (4). We can derive the
Kullback-Leibler divergence between the distributions over
SDE paths ¢, (z) and p(z|f) by discretising time in steps
of At. The discretised paths have Markovian structure with
p(@it1|2e, f) = N(Teqalze + f(z:) AL, BAL)
Qo (@1 |Te) = N(@ppr |2 + folxe) AL, BAL)

‘We can hence write
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Taking the limit as At — 0, we obtain
1

Ka.@lp@)]) = 5 [ de((f = £S5 - 1),
T
B. Inference Details
B.1. Lagrangian

The full Lagrangian, after applying integration by parts to
the constraints in (8), has the form

L=F —C —C

C1 = / dt (Tr {\II(AS’m +8,AT 1) - dq’szD
- dt

+ Tr [W(T)S.(T)] — Tr [¥(0)S.(0)]

.
C :/ dt (AT(Amw—b)—d/\ mz>
- ar

+A(T)"my(T) = X(0) 'm(0)

For the variational free energy term ™, we have from before
F =) (ogpyilz)), —KLg:(@)llp(z)]

and
K
Fr=(F)y, = > KLlgu(ur)|p(ur|6)]
k=1
The Kullback-Leibler divergences can be evaluated as

1 _ 2,
KLlq(ur) p(ur10)] = 5 (Tr [@,718%] = M + log Skl
(s —mf) TR, 7wk —mb))

with
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For later convenience, we denote this term as

(KL{gz (@) [p()]),,

Using the identity

=&(m,,S:)

of)

T

(oo =mahe = (T30 ) 5.
the integrand can be evaluated as

(f = £ = Fo)auas

n <g£>w S(t)]

+Tr[ATA (S, +mem])] +2m]AT(f).q,
+b'b—2bT(f) — 2b" Am,,

= {f"F)gpa, +2Tr

For the expected log-likelihood terms, in general, there will
be terms that are continuous in &, and terms that depend
only on evaluations of z at specific locations ¢;, which we
will denote by £¢°™* and ¢7“P respectively. We can write

(logp(ylz))q, = 7" (My, S5) + €77 (s, S

Thus, the variational free energy can be expressed as
F* — gcont (mx’si) +

(P (m, 8,) — E(my, S,)

K
~ 3 Kug(we) lp (s 0)]

k=1

B.1.1. EXAMPLE: GAUSSIAN LIKELIHOOD

In the case of a Gaussian likelihood, there is no continuous
term in the likelihood:

gcont =0

]ump_ Tena THATp-—1
Z/ dto(t —t;)(mg () 'C' T (y, — d)

—fT lcTr 102 t) +my(t )mz(t)T)])

B.1.2. EXAMPLE: MULTIVARIATE POISSON PROCESS
LIKELIHOOD

In the case of a multivariate Poisson Process, with g(-) =

exp(-) and observed event times tgn) t((;é) for the nth
output dimension:

Tena 1
zcont Z/ exp (C m, + 2CnS Cn> dt
Tend
e zz/

le
n=1 i=1

)+ dn) 8(t — t)dt

B.2. Symmetric variations in S,

To arrive at the fixed point equations given in the main paper,
we need to take variational derivatives of the Lagrangian
with respect to m,, and S;.. In contrast to Archambeau et al.
(2007), we take the symmetric variations in S, into account.
Also note that the Lagrange multiplier ¥ is symmetric. We

can write
aCy
o (m

dW¥ ~
ATV — — | oP

a ) ©
where © denotes the elementwise Hadamard product and
P;; = 2fori # j and 1 otherwise. Differentiating the entire
Lagrangian with respect to the symmetric matrix S, and
setting to zero we get

OF* av

OP—VA-ATU + —

0= %5, dt

matching the equation given in the main text with P;; = %

if 7 # j and 1 otherwise. Note that the derivatives of the free
energy with respect to S, will also need to take into account
the symmetry of the covariance matrix. The derivations for
(20)-(22) follow those of Archambeau et al. (2007).

B.3. Expected values of dynamics

The inference algorithm requires evaluating several expec-
tations with respect to ¢, and qs. LetU = [u; ... uk]
and (U),, = M, such that we can define (M + L+ LK) x
K matrices stacking all inducing variables, zero function
values, and Jacobians as

U. M,

0 0
(1) (1)

Uu,fS,J = Js y <Uu,fS,J>q“, = Mu,fs,J = Js

0 0
The required expectations can then be evaluated as

(F(@))g,,, = (@), Muy.s

.
<8j<;5:)> = (Veal(2)), Muy.s

qzqf

k(z, )

<f($)Tf(x)>qxqf = Z <fk2'(w)>Qme -
k

T [ (Wi Ul 1), ~ KL (a(@) 0l @),

The above expressions still involve computing expectations
of covariance functions and their derivatives, which can be
computed analytically for choices such as the exponentiated
quadratic covariance function.
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B.4. Inference algorithm

The full inference algorithm involves solving a set of ODEs
forward and backward in time, which we do using the for-
ward Euler method. We provide the full approach in Algo-
rithm 1, where the subscript r denotes the evaluation of the
functions at the rth point of the time grid between 7Ty and
Tena taking steps of size At. Note that the derivatives of
the terms in /%™ will need to be discretized appropriately
as well. Using the same time-grid as was used for solving
the ODEs, the delta-functions will contribute a factor of
Ait, such that the At terms cancel in the update written in
Algorithm 1.

C. Learning Details
C.1. Conditioned Sparse Gaussian Process dynamics

The only term in the variational free energy that depends
on the parameters in f are the KL-divergence between the
continuous-time processes and the KL-divergence relating
to the inducing points for f.

C.1.1. INDUCING POINT COVARIANCES

Collecting the terms that contain S¥ we have

3 o 1 -1 _ 1 k_l
s KLl o)] = 50,77 - 38k
o _ 1 9 S 0], 0, T 0
s =3 g | [ D] @l@an,

[ e,

where the last line selects the first M x M block from

(a%(x)Ta’(x)),,. We hence obtain the closed form update

C.1.2. INDUCING POINTS AND JACOBIANS
To find the update efficiently, let J;, = [J ,(Cl), o d ,(CL)}T S0
that we can write

0

Iy :f{zsk;slvz :KZSK;31 [ } =GJ;
Ji

We can rewrite the quadratic terms in the Kullback-Leibler
divergences of the inducing points as

D (wh —mi)TQ, T (uh —mi)
k
mT T Q!
2[5 |t
—Tr [M;JQMU}J}

-Q,7'G] [mk
G'Q, G| | Jx

1 K
m, ... m

with M, ; = { J“ 7 } and derivative
1 - K
0

oM, ; KL[g(ut)|[p(ur|0)] = QM

o0& . 0 T,0
aMu,J n /7‘dt |:<az(w) a, ($)>qm} [4,1] Mu,J

+/Tdt {(Vmag(z»qm]:

o

_ /Tdt {(ai(m»qlﬂl] (—Am, +b)"

5.AT

Putting all terms together, we obtain the update
M, ;=B (B; - B;)

with
B (24 [ arfale) @), ],
B~ [, ]
B; = /Tdt [(Vwaﬁ(x»qmr

and we have defined an indexing operation where [ X}y, .]
selects the first M x M and last LK x LK block of X
and [X];, ;) selects the first M and last LK columns of X.
Hence, this selects the appropriate block matrices for the
updates. The one-dimensional integrals can be computed
efficiently using Gauss-Legendre quadrature.

S, AT

[:,uj]

C.2. Sparse Gaussian Process dynamics

Similarly, closed form updates are available in the sim-
pler case, when f is modelled by a classic sparse Gaussian
Process, i.e. using inducing points without the additional
conditioning on fixed points and Jacobians.

-1
Sk=K.. (KZZ +/ dt <n(Z,x)n(m,Z)>qw> K,
- :
M,=S8K! < / dt®.f] — / dt@dlsxAT>
T T

Where ®; = (k(z,Z)), and®q = (Zk(z,Z))

q qx’

C.3. Linear dynamics

Our modelling framework also easily extends to other pa-
rameterisation of f. For example, in a contipuous—time lin-
ear dynamical system with f(z) = —Ax + b direct minimi-
sation of the KL-divergence between the continuous-time
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Algorithm 1 Inference algorithm

Input: data {y;,t;} 71, M40, S0 4 (f), At, To, Tena
Initialize A(t), b(t)
R — %_Az;end
repeat
forr =0to R — 1do
my r41 — mg ., — At (Armz,r - br)
S:c,rJrl — Sa:,'r‘ — At (AT’SCE,T + SI,TATT - I)
end for
forr = Rto1do

U () ) -

om

\IIT_1<—\IIT—At(A O, 4 U,A, +1P>@(

end for
A= <§—£> 42U

4ody
b= (f(z)),, a5 + Am, — A

until convergence in F*

return: {A,,b, A, ¥, m, ., S, } )

Zcont

oM |4 1)At

8S )‘t rAt) Aﬂp@

EJ ump

t=(r—1)At

processes leads to the closed form updates

A= ([ aee) - g aT)) ([Fdﬂm”)l

b= [ dr(Ufufe) + )

reminiscent of the update equations for the generative pa-
rameters of a discrete-time Linear Dynamical System.

C4. Output mapping

‘We consider an observation model of the form
y(t;) =Cz(t;) +d +¢;

where €; ~ N (€]0,T"). Dropping all terms that are constant
in C, d from the expression for the variational free energy,
we have

9z

f* = *% ; <(yt — Cmt *d)T F71 (yt *C.’l:t — d)>

Differentiating and setting to zero gives

oY — <Z<yt — d)m;r) (Z(Sm,t +mm,tml—,t)> _

t t

drev = T ;

Cnewmm’t)

D. Chemical reaction dynamics

The dynamical system used to generate the data in section
5.4 is of the form

d[I” |4

i = (ka[I"Ja+ k[T 1%) (So — [T"|a)
Ao (FB+F)[Im|a A7)
+ = o (F3 Vj: + 4VA D
WEID (k171 + ko7 13) (S0~ 17 o)
I L E O L )
Vb Vb

To generate the simulations, we use the parameter settings

T"Jo=44x107"° ko =2.7x 1073
Vi=4x10" F,=325x1073
Vp =1 Fs = koV,
1
k, = 2.1425 x 107! F = 5F3
1
kp = 2.1425 x 10* = 5F3
1
Sy = 3 (I Jo+1.42x 107%)
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