Efficient Dictionary Learning with Gradient Descent

A. Proofs - Separable Objective

Proof of Lemma 1: (Critical point structure of separa-
ble objective)
Denoting by tanh(q) a vector in R™ with elements

tanh( )i = tanh(ql) we have

grad|fsep)(q): = (I — qq*) tanh(%).

Thus critical points are ones where either tanh(%) =0
(which cannot happen on S"~1) or tanh(%) is in the
nullspace of (I — gq*), which implies tanh({) = bq
for some constant b. The equation tanh($) = bz has
either a single solution at the origin or 3 solutions at
{0, £r(b)} for some r(b). Since this equation must be
solved simultaneously for every element of g, we obtain
Vi € [n] : ¢ € {0,£r(b)}. To obtain solutions on the
sphere, one then uses the freedom we have in choosing b
(and thus 7(b)) such that ||g|| = 1. The resulting set of
critical points is thus

A=Pgs|{~1,0,13"\ {0} ].

To prove the form of the stable manifolds, we first show
that for g; such that |¢;| = |/q||, and any g; such that
lg;| + A = |g;| and sufficiently small A > 0, we have

—grad|fsep](q)isign(q;) > —grad|fsep](q);sign(q;)
)
For ease of notation we now assume g;, ¢; > 0 and hence
A = g; —q;, otherwise the argument can be repeated exactly
with absolute values instead. The above inequality can then
be written as

qj)Ztanh(q—lC k—tanh( )—i—tanh(—ﬂ) 0.
=1 H H o
=h
n—1
If we now define s2 = > ¢ and ¢, =
k=1
oy

V1—s2—

(g; + A)?we have

A tanh(—q-7+A) (g; + A)
h = tanh(—\/lszw \/1

+A > tanh(:)qr —
k#i,n

(g +A)? )

tanh(qJ+A) + tanh (%)

Z tanh(4%)qx + tanh(ﬁ)

1-s2—q7 2 2
+tanh(T)w /1— 52 — g3
— 2
=A = +0(A7)
—sechQ(@)f
wp
=h
=ha

where the O(A?) term is bounded. Defining a vector r €
R™ by

k#i,n:?"kZQk,Ti:qj,Tn: \/1_82_(]?

we have ||r||*> = 1. Since tanh(z) is concave for z > 0,
and |r;| < 1, we find

hy = z:tanh(T—k)r;C > tanh(f)Zri = tanh(—)
k=1 H = H

From |¢;| = |q||, it follows that ¢; > ﬁ and thus
q; > ﬁ — A. Using this inequality and properties of

the hyperbolic secant we obtain

j 2A 2
ha < 4exp(—2qi—log 1) < exp(— ———=—log u+log4)
I t

py/n

and plugging in 4 = \/ﬁfogn for some c < 1

2A

21
< exp(— — Al
]

1
—logc+ilogn—i—loglogn—i—logél).

We can bound this quantity by a constant, say he < %, by
requiring

A= —log8

2A 1 2
— —logc+ (= — =)logn +loglogn <
" 2 ¢

and for and ¢ < 1, using — logn + loglogn < 0 we have

2A 2
A< — —logc— (= —1)logn.
w c

Since A can be taken arbitrarily small, it is clear that ¢ can be
chosen in an n-independent manner such that A < —log 8.
‘We then find
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> tanh(y/nlogn) — % >0

| =

1
hl - h2 Z tanh(f) —
1%

since this inequality is strict, A can be chosen small enough
such that |O(A?)| < A(hy — h) and hence

h >0,

proving 9.

It follows that under negative gradient flow, a point with
lgj| < [lg||cc cannot flow to a point ¢’ such that |g;| =
/@’ || 0o~ From the form of the critical points, for every such
7, g must thus flow to a point such that q;- = 0 (the value
of the j coordinate cannot pass through O to a point where
|q;| = |q’|| oo since from smoothness of the objective this
would require passing some g” with g7 = 0, at which point
grad [fsep] (q”); = 0).

As for the maximal magnitude coordinates, if there is more
than one coordinate satisfying |¢;, | = |¢i,| = ||q|| ., it is
clear from symmetry that at any subsequent point ¢’ along
the gradient flow line |¢/ | = |¢},|- These coordinates can-
not change sign since from the smoothness of the objective
this would require that they pass through a point where they
have magnitude smaller than 1/4/n, at which point some
other coordinate must have a larger magnitude (in order not
to violate the spherical constraint), contradicting the above
result for non-maximal elements. It follows that the sign
pattern of these elements is preserved during the flow. Thus
there is a single critical point to which any g can flow, and
this is given by setting all the coordinates with |g;| < ||q|
to 0 and multiplying the remaining coordinates by a positive
constant to ensure the resulting vector is on S™. Denot-
ing this critical point by «, there is a vector b such that
q = Psn-1 [a(a) + b] and supp(a(a)) N supp(b) = &,
Ib]| . < 1 with the form of a(cx) given by 5. The collec-
tion of all such points defines the stable manifold of c.

O

Proof of Lemma 2: (Separable objective gradient projection).

i) We consider the sign(w;) = 1 case; the
sign(w;) = —1 case follows directly. Recalling that
w0 gradfsopl((w)) = tanh (%) — tanh () 2,
we first prove

tanh (W) — tanh (qn> i > c(qn —w;)  (10)
7 H /) Gn

for some ¢ > 0 whose form will be determined later. The
inequality clearly holds for w; = g,. To verify that it holds
for smaller values of w; as well, we now show that

8 4 n [
[tanh (w) — tanh (q) Wi e(gn —w;)| <0
ow; w K/ dn

which will ensure that it holds for all w;. We define s2 =
1 — ||w||? + w? and denote g, = \/s% — w? to extract the
w; dependence, giving

0 Wi qn \ Wi
B, [tanh <H> — tanh (N) i c(gqn — wz)]

Lgech? (“’) + isech2 (V SQw?) w

© m n

— tanh < SQMW?> = (2

(s2—w?)3/2 +c

w 52 _w?
_ow; _ i
% e 2% +e 2 Z

— tanh < v S2H_w12> 52

(s2—w?)3/2 +2c

3

Where in the last inequality we used properties of the sech
function and ¢,, > w;. We thus want to show

(6727 + 672%> + 2¢ < tanh (%) I T —gwl
H 4

=Ie

1—“2 _

. 81
and using log(i)u <w; < gpandc= % we have

an

4 w;
— <6_27 +e % ) + 2c
I

8e 2% 1—
+2c<8u+2c< 152

1 O\ 1
= tanh (log()) < tanh (q) —
© K/ an

2 2
< tanh (Q) I+ 01
2 ay

<

and it follows that 10 holds. For i1 < % we are guaranteed
that ¢ > 0.

From examining the RHS of 10 (and plugging in ¢, =
/8% — w?) we see that any lower bound on the gradient
of an element w; applies also to any element |w;| < |w;].
Since for |w;| = ||w||o We have g, —w; = w;(, for every
log(; )y < w; we obtain the bound
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uD*grad(fsep) (q(w)) > ¢ ||wl| . ¢
O

Proof of Theorem 1: (Gradient descent convergence

rate for separable function)
We obtain a convergence rate by first bounding the number

of iterations of Riemannian gradient descent in C¢,\C1, and
then considering C;\ B2°.

From Lemma 16 we obtain Cc,\C1 C C¢,\ B o=t

Choosing ¢y so that p < 5, we can apply Lemma 2, and for
u defined in 7, we thus have

1 *
[wi] > plog() = u®"grad|fsepl (q(w)) > el w]lacCo.
Since from Lemma 7 the Riemannian gradient norm is

bounded by \/n, we can choose ¢, ¢ such that p log(%) <
1 1

2v/nis 'l S Garram

the conditions of Lemma 17 with r

1 —
M =

¢ ><(1+,/nj_3n> >C(+an)  AD

for some suitably chosen ¢ > 0. If we now define by
w®) the t- th iterate of Riemannian gradient descent and

) = " _q
(O = b - 1
w € C\C; we find

This choice of 7 then satisfies

pulog (), b
\/n, which gives that after a gradient step

= (o, for iterations such that

¢ > ¢t 14+ > ¢+

and the number of iterations required to exit C¢, \C1 is

log(g)
z

log(1 + (12)

ty =

)

To bound the remaining iterations, we use Lemma 2 to
obtain that for every w € C¢,\Bg°,

1w grad{fsep ) (g ()|
@2

lgrad[fsep) (a(w)) I

where we have used ||u(?||? = 1 + o+ < 2. We thus have

T-1 2
S |eradifsep(a(w))|
1=0
= tlz_l ’ grad|fsep)(q (Z H +Z ‘ grad|fsep( )( ))H
i=0 i=t1

> e

GBe

~ (n+3)

ty + (T —t1)c*r?. (13)

Choosing 7 < 57 where L is the gradient Lipschitz constant
of f,, from Lemma 5 we obtain

2 (fSEP(q(O)) -
n

far) Jevactifseo (@)
i=0

According to Lemma B, L = 1/ and thus the above holds
if we demand 1 < 5. Combining 12 and 13 gives

* C2 1
p o 2 (@)~ fo) | (1 - by ) loa(2)
ncir? log(1 + én) )

To obtain the ﬁnal rate, we use in g(w°) — g* < y/n and

am<l= M < % for some C' > 0. Thus one can
choose C' > 0 such that
C 1
T < — (\/f +log()> . (14)
na\r Co

From Lemma 1 the ball B2° contains a global minimizer of
the objective, located at the origin.

The probability of initializing in | JC¢, is simply given from

A
Lemma 3 and by summing over the 2n possible choices
of C¢,, one for each global minimizer (corresponding to a
single signed basis vector).

O

Lemma 5 (Riemannian gradient descent iterate bound). For
a Riemannian gradient descent algorithm on the sphere with
step size ty, < where L is a lipschitz constant for V f(q),
one has

2L’

flay) — f(a*) > f(ay) — flap)

> % grad (1] (a,) .

Proof. Just as in the euclidean setting, we can obtain a lower
bound on progress in function values of iterates of the Rie-
mannian gradient descent algorithm from a lower bound on
the Riemannian gradient. Consider f : S7—1 5 R, which
has L-lipschitz gradient. Let g;, denote the current iterate
of Riemannian gradient descent, and let t;, > 0 denote the
step size. Then we can form the Taylor approximation to
foExpg (v)at0g, :

f i Bi(0g,)NTq, 8" = R v fla)+ (v, V()
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From Taylor’s theorem, we have for any v € B1(0g,) N
qu Snfl

) 1
|f(v) = f o Expg, (v)] < 5 |[Hess[f](gy)llllv — 0g,II%,

where the matrix norm is the operator norm on R"™*"™. Using
the gradient-lipschitz property of f, we readily compute

[Hess[f](qu)ll < IV*f(@)ll + [(Vf(ar) qr)
<2L,

since Vf(0) = 0 and g;, € S"*. We thus have
f o Expy, (v) < flai) + (v, Vf(ay)) + Lol
If we put v = —tigrad|f](q,) and write g,

Expg, (—tkgrad [f](qy)), the previous expression be-
comes

F(@rsr) < flag) — tellgrad [f] (g,)|1* + t3 L|grad [ f] ()]

< f(a) — ¥ llgrad [f] (g,

ifty < ﬁ Thus progress in objective value is guaranteed
by lower-bounding the Riemannian gradient.

As in the euclidean setting, summing the previous expres-
sion over iterations k£ now yields

S Fla) — Flans) = flar) — Flar)
k=1
tk T—1 )
> S grad (1] (00)
k=1

in addition, it holds f(q,) — f(ar) < f(q;) — f(g*). Plug-
ging in a constant step size gives the desired result. O

Lemma 6 (Lipschitz constant of V f). For any x1,x2 €
R™, it holds

IV f(@1) — V f ()] < inwl — .

Proof. Tt will be enough to study a single coordinate func-
tion of V f. Using a derivative given in section D.1, we have
forz € R

d 1
%tanh(z/u) = ﬁsech2 <z) .

A bound on the magnitude of the derivative of this smooth
function implies a lipschitz constant for  — tanh(x/u).
To find the bound, we differentiate again and find the critical

points of the function. We have, using the chain rule,

d 1 2 ([T —4 x 1
. (Iusech (ﬂ)) = jsech (u) . —(ew/u —TE

. (16"”/“ — 1ew/u)
I 0

1 /B _ e—a/u

_E (ex/r + e—x/m)3"

The denominator of this final expression vanishes nowhere.
Hence, the only critical point satisfies «/u = —x /1, which
implies x = 0. Therefore it holds

d 1 9
— < — - —
tanh(z/u) sech”(0) ,

which shows that tanh(x /) is (1/p)-lipschitz.

Now let 1 and x5 be any two points of R™. Then one has
1/2
[Vf(z1) = Vf(za)]| = (Z (tanh(z1;/p) — tanh(fﬂm/u)f)

1/2
= <Z \tanh(m‘h/,u) - tanh(xzi/ﬂ)|2>

K3

) o\ 1/2
T1; T
< il D )
- (oafe-2)
1
=~z -z,
I
completing the proof. O

Lemma 7 (Separable objective gradient bound). The sepa-
rable objective gradient obeys

IV wg(w)ll < v2n
lgrad[f](q)]| < vn

Proof. Recalling that the Euclidean gradient is given by
V fsep(q); = tanh (%) we use Jensen’s inequality, con-

vexity of the L? norm and the triangle inequality to obtain
tanh <qn>
I

lIgrad[fsep](@)| = (T = 4¢")V fsep(@) | < [[V fsep(@)]| = v

O

2 2

[l

IV gs(w)[I* < IV feep (@) ”+

while
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B. Proofs - Dictionary Learning

Proof of Lemma 4:(Dictionary learning population gra-

dient)
For simplicity we consider the case sign(w;) = 1. The

converse follows by a similar argument. We have

u®*grad(f}7](g(w)) =

E. {tanh (q*(w):):) (—xnwi + $Z>} (15)
H dn

Following the notation of (Sun et al., 2017), we write
xj = bjv; where b; ~ Bern(f),v; ~ N(0,1) and denote
the vectors of these variables by 7, v respectively. Defining

= Y q(w)jzj, X™ = g,v,, Y is Gaussian condi-
J#n
tioned on a certain setting of 7. Using Lemma 40 in (Sun

et al., 2017) the first term in 15 is

TEv7j|bn:1 [tanh (

n

Yy 4 X(ﬂ)) X(”)}
7

y) o xn) )}

W
= ——0E, 7, = [sech2 (
poo Tt 7

and similarly the second term in 15 is, with X(*) =

wiv, YO = 3 q(w);a;
i
vy 4 x @) ,
iEuJ\bizl {tanh <+> X(“}
;0 .
e [sechz <q<w>wﬂ
g I

if we now define X = ) ¢*(w);z; we have
JFN,i

uD*grad[f27](q(w)) =

2 (g (w)z
’LUZQ Ev,]\biZI |:SeCh ( M ):|

a —Ey 71b,=1 [sech2 ('1 (:f)w”
= wioEv , sech ( u )
peo —sech? (M)
o
w;f(1 —0) sech? (%)

= *Ev,j\{n,i} —sech2 (X+Z”v") (16)

B.1. Bounds for E [sech®(Y')]

We already have a lower bound in Lemma 20 of (Sun et al.,
2017) that we can use for the second term, so we need an
upper bound for the first term. Following from p. 865, we

define Y ~ N(0,02), Z = exp (%), and defining
B=1- ﬁ for some T > 1 we have

4z
sech?(Y/p) = 1127 < i ﬁZ Zb zZk+1
Where b, = (—3)*(k + 1). Using B.3 from Lemma 40 in

(Sun et al., 2017) we have

= ZbkE |:€72(k:+1)y/” ]]-Y>O:|
k=0

S (3 () ) o (24520

Where ®¢(x) is the complementary Gaussian CDF (The
exchange of summation and expectation is justified since
Y > 0 implies Z € [0,1], see proof of Lemma
18 in (Sun et al., 2017) for details). Using the
following bounds —L- (2 — L)e#/2 < @°(z) <

E lekZ’““]lyw}

k=0

NoT A T 3
\/127 (l - L4+ ) —a”/2 by applying the upper (lower)

bound to the even (odd) terms in the sum, and then adding a
non-negative quantity, we obtain

> 1 1
§ Fk+1) —

2(k+1) 3
V2m = = oy (@UY)

RIR 3
+mk§5 (k+1)

5
(z(k:nay)

[e.e]
b
and using Z( Bk = 1_~1_ﬁ7 Z (k+1) >0, Z (k‘+k1)5 =

2 (from Lemma 17 in (Sun et al 2017)) and ta.kmg T — o
so that 5 — 1 we have

> 11 1 6
bE [ZF T 1y 5] < +
];) > 2/ 21 20‘y \V W(%0y>5

giving the upper bound
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E [sechQ(Y/u)} =
k=0

2w 3u°
<2l B
T Oy 2\/27r035/

while the lower bound (Lemma 20 in (Sun et al., 2017)) is

2 p 2p° 3p° 2

- — < E |sech”(Y

T oy v 27TO'Y 2\/ 27ray [ ( )]
B.2. Gradient bounds

After conditioning on J\{n, i} the variables X +¢,v,, X +
q;v; are Gaussian. We can thus plug the bounds into 16 to
obtain

u D grad[f57](q(w)) > \/zwzﬂ(l —0)

1 _ u? _ 3ut
) 2 > \3/2 > 2\5/2
*]Ej\{n’z} \/¢7X+wz gax-‘rwi) 3M§(ox+wi)
\/U§(+q% 4(U§(+q%)5/2

\/47 +q%\/ﬂ +w

3 [L
5

2w

E . |:\/Ux+‘1n Vo t+w? :l
2 T\{n,i}
> \/7 0(1 — 9)

M

£
w;

the term in the expectation is positive since ¢, >
[|w|loo (1 4+ ¢) > w; giving

5 E\(ni [ Y% Ug( +q2 }
> \[w,ﬂ(l —0) M| /o2 w?
m

_u? 3
w?

5
2wy

. To extract the ¢ dependence we plug in ¢, > w; (1 +¢)
and develop to first order in ¢ (since the resulting function
of ( is convex) giving

w?¢
2 E n,i |: 5= 2:|
>/ —w;0(1 —0) T\ in.i} ox tw;
T 2 4

M 3

3
w;

/2 u? 3pt
>4 /2 — 3o _ o
> 7T0(1 0) <U/1C @ 2

Given some ¢ and r such that w; > r, if we now choose ©

V1+3r3¢—1 .
such that 4 < %ﬂr we have the desired result.

This can be achieved by requiring p < ¢,7%/2/C for a
suitably chosen ¢; > 0.

E [1 — tanh®(Y/u)] <8ZkaE [ZF 1 1y~ 0

Lemma 8 (Point-wise concentration of projected gradient).
For u'9) defined in 7, the gradient of the objective 1 obeys

P Hu(i)*grad[fDL](q) —-E [u(i)*grad[fDL}(q)} ‘ > t}

pt? )
4+ 24/2t

Proof of Lemma 8: (Point-wise concentration of pro-
jected gradient)

If we denote by x* a column of the data matrix with entries
x; ~ BG(0), we have

< 2exp (—

uD*grad(fp.](q(w))

12 * k . 12
= thanh (q(w)zc) (xf - xfbw) = fZZk
pi 12 an p

k=1
. Since tanh(z) is bounded by 1,

| Z| < ’(x —ka}l)‘ = |uTa:k}

Invoking Lemma 21 from (Sun et al., 2017) and ||u||* =
1 + < 2 we obtain

E[|Zk]"] < Ezen2) [121™] < V2" (m — 1)

_ |
< 22" 2%

and using Lemma 36 in (Sun et al.,

\@,a = /2 we have

2017) with R =

P[|Vgpr(w); —E[Vgpr(w)]| > 1]

pt? )
<2exp|-——"—
- p( 4+ 2V/2t

O

Lemma 9 (Projection Lipschitz Constant). The Lipschitz
constant for uW*grad[fp](q(w)) is

X
L=2n|X| . (” MH +1>

Proof of Lemma 9: (Projection Lipschitz Constant).
We have

[u*grad[fp.](q(w)) — w*grad(fpL](g(w"))]
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(1902 (i)

— li M J Qn(w)
P | —tanh(Z (’Z )z ) (:L'; — 7%?;,,)11)3)
1 p * 7 * / 7
=-3 {tanh( (w)2') () — tanh(L )2 )s(w')]
Pi=
where we have defined s(w) = % — Totoyw;- Using
qg(w),q(w’) € C = qp(w), gn(w') > 2\1/77 we have
Wi w'
s(w) — s(w')| = |24 | | ——~ — —L—
) =5l = bl | 200}~ atuwn)
< |znl2v/n|lw — |
Lemma 25 in (Sun et al., 2017) gives
* * !/ 2
tana (%) — iy ) < B oo - )
1

We also use the fact that tanh is bounded by 1 and s(w) is
bounded by || X|| . We can then use Lemma 23 in (Sun
et al., 2017) to obtain

\u(j)*grad[fDL] (q(w)) — u(j)*grad[fDL] (g(w’))]

2f
Z oo 127 ]0) e = |
X
<20 X (”M”w #1) o -
we thus have L = 2\/n || X || (”X”oo +1) ]

Lemma 10 (Uniformized gradient fluctuations). For all
w € Cc, 1 € [n], with probability P > P,

we have

u*grad[fpL](g(w)) ‘
. <y(0,
’ ~E [u®*grad[fpL](q(w))] =09
where
1_py(9,0)?
~iTivaye0 T 108
P, = 2exp a8y/m( H80n) 1 flog(np) )
+nlog ¥(0,0)
Proof: B

Proof of Lemma 10:(Uniformized gradient fluctuations).
For X € R™ P with i.i. d BG(0) entries, we define the

event oo = {1 < || X, \/log np)}. We have
PlES] < O(np) 7 + e~

For any ¢ € (0,1) we can construct an e-net N for

C:\B 1/20\/ﬁ(0) with at most (3/¢)™ points. Using

Lemma 9, on £, grad[fpr](q); is L-Lipschitz with

41
=8vn ( Ogu(np) log(np))
. If we choose ¢ = % we have
6L
N| < n
M=o

. We then denote by &, the event

ugrad(fprl(g(w) | _ (6.0)
—E [u*grad[for)(g(w))] | = 2

and obtain that on £, N €

max
weN,i€[n]

sup  |Vgpr(w); —E[Vgpr(w)i]| < y(0,¢)
weCe,i€n]
. Setting t = 5 in the result of Lemma 8 gives that for all

2
w e Ce,i€ [n)

| gl |, w00
—E [uD*grad[fpr](q(w))] | = 2
1 py(6,¢)° )
= 2exp ( 14+ 2/2(0,0)
and thus
—1 pyf(e,oz
PlEC] < 2ex 4++/2y(60,¢)?
[g]_ P +nlog(())+log()

O

Lemma 11 (Gradient descent convergence rate for dictio-
nary learning - population). For any 1 > (o > 0 and

s > 4%, Riemannian gradient descent with step size
n < 222 on the dictionary learning population objective
8 with p < “43%?",0 € (0,
from a target solution in

Ci (1 )
T< — | -+nlo
né gCO

iterations with probability

P >1—2log(n)¢o

) enters a ball of radius c3s

where the c;, C; are positive constants.
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Proof of Lemma 11: (Gradient descent convergence
rate for dictionary learning - population)

The rate will be obtained by splitting C, into three regions.

We consider convergence to B2(0) since this set contains
a global minimizer. Note that the balls in the proof are
defined with respect to w.

B.3.C,\ B2, /5(0)

The analysis in this region is completely analogous to that
in the first part of the proof of Lemma 1. For every point in
this set we have

w >
lwlloe > 25 5o 1)

From Lemma 16 we know that /G retim, <

L= = w® e B2 (0)hence in this set ¢ < 8. If we

20v/5 1/20v5
_ 1 . . . .
choose r = PO since for every point in this region
5/2 J143r3¢c—-1
T3C<1,wehave’”2\/\{<< +43T < r = 2(r,¢) and

NI
(40\/5(11—1))0/22\/5 - 2vB

obtain from Lemma 4 that for |w;| > r

and

we thus demand p <

d pop > CDL
"grad(f57](g(w)) > (8000(n — 1))772
. We now require n < m = 1;)—7; we can apply

. - 1 _ 1 _
Lemma 17 with b = QOmvr 40m7M

v/ On (since the maximal norm of the Riemannian gradient
is v/n from Lemma 12), obtaining that at every iteration in

this region

and the maximal number of iterations required to obtain
¢ > 8 and exit this region is given by

log(8/¢o)

log (1 + 42(808((8§DI{))3/2 7’)

Vn CDL
2(8000(n —

t = a7

BA. B2, ~(0)\B2(0)

According to Proposition 7 in (Sun et al., 2017), which we
can apply since s > 4\/5, uw< 59—0, in this region we have

U’*vwngof( )

> ch
[|w]]

A simple calculation shows that V,g¢P7(w) =

ow
and thus

(6—“’) grad[f2P](g(w)) where ¢ is the map defined in 3,

w* pop
w' (52) eradlfp?)(a(w)) <_|w| )grad[ 27 (a(w))

> fc (18)

. Defining h(q) = ”w” , and denoting by q’ an update
of Riemannian gradlent descent with step size 7, we have
(using a Lagrange remainder term)

oh(q’ 0%h(q
h(q') = h(q) + (q)n /dt (2) (n—1)
on om?
0
=R
]| 0 Oh(q)
where in the last line we wused ¢
cos(gn)q — Sin(gn)% where ¢ =

lerad(f5F)(@)l-  Since (arad(f57)(@). %) =

(gradf57)(a), (I — qq") 242 ) and

(I —qq") 9h(a)

aq) :(I_qq*)( jzn )
(> >—<|w||2—qi>q=2<1—w||2>< N )

we obtain (using 18)

w'|? w|? o w
Rl B o1y <grad[ ”](q%( por >>+R
Adn
2
w
< a0 o)) e e + R

It remains to bound R. Denoting r =

(_qu ) grad[f](q) we have

Oh(a)  _ (94’ hlg) ¢’  Oh(a)" O’

o ,—, \9n) O0qdq """ oq 2"

cos?(gt) (grad[fp71(a)® — grad[f57](q)7)
= +g? (sin(gt) — cos(gt)) (Ilw]® - ¢2)
+gsin(gt)r(1 + 2 cos(gt))
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hence for some C > 0, if ||grad[fP7](q)]| < M we have

R < CM?y?

(—|lw|?)[wllfe
C

and thus choosing n < e we find

2 2 2
[w'[|” < [lwl]]” = 2(1 — [Jw]]") Jw]| cfn
and in our region of interest |w’||* < ||w|?® — ésfn for
some E~> 0 and thus summing over iterations, we obtain for
some Cy > 0

_ G

to = ——.
2 s0n

19)

From Lemma 12, M = v/0n and thus with a suitably chosen
c2 > 0, < 222 satisfies the above requirement on 7 as
well as the previous requirements, since 6 < 1.

B.5. Final rate and distance to minimizer

Combining these results gives, we find that when initializ-
ing in C¢,, the maximal number of iterations required for
Riemannian gradient descent to enter B2(0) is

C 1
T§t1+t2<1(n10g+)
7o s

for some suitably chosen C1, where 1, t are given in 17,19.
The probability of such an initialization is given by the
probability of initializing in one of the 2n possible choices
of C¢, which is bounded in Lemma 3.

Once w € B2(0), the distance in R"~! between w and a
solution to the problem (which is a signed basis vector, given
by the point w = 0 or an analog on a different symmetric
section of the sphere) is no larger than s, which in turn
implies that the Riemannian distance between ¢ (w) and a
solution is no larger than c3s for some c3 > 0. We note that
the conditions on y can be satisfied by requiring p < cayo,

no/4

O

Lemma 12 (Dictionary learning gradient upper bound). The
dictionary learning population gradient obeys

IVwgp (w)ll < v260n
Ilgrad[f271(@)]| < Vén
while in the finite sample case
IVawgpr(w)|* < v2n| X,

lgrad[fpL)(@)ll < vn [ Xl
where X is the data matrix with i.i.d. BG(0) entries.

Proof. Denoting x = (T, z,,) we have

Fegp)l® = & tann (22) (-2, 2 )

an

2

and using Jensen’s inequality, convexity of the L2 norm and
the triangle inequality to obtain
2]

< E |||tanh <q m)w tanh<q a:) (:L'nw>
1% M dn

-
<E
while

2
+

xng < 20n

n

—12
=" +

lerad[f57 (@)l < (VDL (@)l
E [tanh (q;m> w} <Von

Similarly, in the finite sample size case one obtains

2

1< N2
IVwgpr(w)|® < =3 |2 + ||z —|| < 20| X2
P n
1 gzt
lgrad(fpLl(g)] < = |[tanh x
pi= 14
<Vl X
O

Proof of Theorem 2: (Gradient descent convergence

rate for dictionary learning)
The proof will follow exactly that of Lemma 11, with the

finite sample size fluctuations decreasing the guaranteed
change in ¢ or ||w]|| at every iteration (for the initial and
final stages respectively) which will adversely affect the
bounds.

B.6.Co,\B?,) /5(0)

To control the fluctuations in the gradient projection, we
choose

CocpL
0 =
¥(8:%0) = 35000(n — 1772
which can be satisfied by choosing y(¢, (o) = 0795537720)40

for an appropriate c; > 0. According to Lemma 10, with
probability greater than P, we then have

(D*grad
u'V"grad[fpr](g(w)) < (0
—E [u*grad[for)(gw))] | V)
With the same condition on p as in Lemma 11, combined
with the uniformized bound on finite sample fluctuations,
we have that at every point in this set

)% 0 CDL
O grad FB7)alw) > g
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. According to Lemma 12 the Riemannian gradient norm is
bounded by M = /n || X|| Choosmg r,b as in Lemma

_ b—r
11, we require n < 360HX‘|00\/5”(“_1) = 337 and obtain
from Lemma 17
S 1 Vvnepr
¢=¢ ( T 300000 — 1))372"
log(8

Vne
log (1 + 44(8000@13?))3/2 Tl)

B7. B2, 0. /5(0)\B2(0)

From Theorem 2 in (Sun et al., 2017) there are numerical
constants ¢, ¢, such that in this region

wVugpp(w) _ v (5) sndlila)

with probability P > 1 — ¢;p~%. Following the same
analysis as in Lemma 11, since from Lemma 12 the norm
of the gradient gradient is bounded by v/n|| X || we re-

(I*Hw\|2)|\WH9C*

quire 7) < CnllX which is satisfied by requiring

n < nIIXH2 for some chosen ¢ > 0. We then obtain

ty = 1%] Q1)
s0n

for a suitably chosen C5 > 0.

B.8. Final rate and distance to minimizer

The final bound on the rate is obtained by summing over the
terms for the three regions as in the population case, and
convergence is again to a distance of less than c3s from a
local minimizer. The probability of achieving this rate is
obtained by taking a union bound over the probability of
initialization in C¢, (given in Lemma 3) and the probabilities
of the bounds on the gradient fluctuations holding (from
Lemma 10 and (Sun et al., 2017)). Note that the fluctuation

bound events imply by construction the event £, = {1 <
| X, < 4y/log(np)} hence we can replace | X, in the

COIldlthl‘lS on 7) above by 41/log(np). The conditions on
c50s c6v/Co

7, i can be satisfied by requiring n < mlognp M < a7

for suitably chosen c5, cg > 0. The bound on the number
of iterations can be simplified to the form in the theorem
statement as in the population case. O

C. Generalized Phase Retrieval

We show below that negative curvature normal to stable
manifolds of saddle points in strict saddle functions is a
feature that is found not only in dictionary learning, and

can be used to obtain efficient convergence rates for other
nonconvex problems as well, by presenting an analysis of
generalized phase retrieval that is along similar lines to the
dictionary learning analysis. We stress that this contribution
is not novel since a more thorough analysis was carried
out by (Chen et al., 2018). The resulting rates are also
suboptimal, and pertain only to the population objective.

Generalized phase retrieval is the problem of recovering
a vector x € C" given a set of magnitudes of projections
yr = |x*ai| onto a known set of vectors ar € C". It
arises in numerous domains including microscopy (Miao
et al., 2002), acoustics (Balan et al., 2006), and quantum
mechanics (Corbett, 2006) (see (Shechtman et al., 2015) for
areview). Clearly x can only be recovered up to a global
phase. We consider the setting where the elements of every
ay, are i.i.d. complex Gaussian, (meaning (ay); = u + v
for u,v ~ N(0,1/v/2)). We analyze the least squares
formulation of the problem (Candes et al., 2015) given by

. 1/ o
min f(z) = %Z (yk -

k=1

2
|z*ak|2)

Taking the expectation (large p limit) of the above objec-
tive and organizing its derivatives using Wirtinger calculus
(Kreutz-Delgado, 2009), we obtain

21112 w2
)" 2] — |=* =] (22)

vl - | Y |

(@121 = N2l ~ 22 ) =
(@121 = |2l -z ) 2

For the remainder of this section, we analyze this objective,
leaving the consideration of finite sample size effects to
future work.

E[f] = llz|* + l|=]" -

C.1. The geometry of the objective

In (Sun et al., 2016) it was shown that aside from the mani-
fold of minima y 4

A = ze'?,
the only critical points of E[f] are a maximum at z = 0 and
a manifold of saddle points given by

xTr
zewa = 21

where W = {z|z*x = 0}. We decompose z as

A\ {o} = {z

z=w e (23)
|
where ¢ > 0,w € W. This gives ||z]> = |Jw|® + ¢2.

The choice of w, (, ¢ is unique up to factors of 27 in ¢, as
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can be seen by taking an inner product with x. Since the
gradient decomposes as follows:

* 7 T
VAELf) = (20200~ ol T - @) (w+ G )
— 2 2 i 2 2 T
= (212" = llzlI ) w + 2¢e" (|z[I” — [l Tzl
(24
the directions ei‘i’ﬁ, H‘w"—” are unaffected by gradient de-

scent and thus the problem reduces to a two-dimensional
one in the space (¢, ||w||). Note also that the objective for
this two-dimensional problem is a Morse function, despite
the fact that in the original space there was a manifold of
saddle points. It is also clear from this decomposition of
the gradient that the stable manifolds of the saddles are
precisely the set TV/.

It is evident from 24 that the dispersive property does not
hold globally in this case. For z ¢ B|||| we see that gra-
dient descent will cause ( to decrease, implying positive
curvature normal to the stable manifolds of the saddles. This
is a consequence of the global geometry of the objective.
Despite this, in the region of the space that is more "interest-
ing", namely B 4|, we do observe the dispersive property,
and can use it to obtain a convergence rate for gradient
descent.

We define a set that contains the regions that feeds into small
gradient regions around saddle points within B)|5|| by

Qg, = {=(¢, |wlDI¢ < Go}-

We will show that, as in the case of orthogonal dictionary
learning, we can both bound the probability of initializing
in (a subset of) the complement of QCO and obtain a rate
for convergence of gradient descent in the case of such an
initialization. *

We now define four regions of the space which will be used
in the analysis of gradient descent:

s = {z|1#1? < § eI}

S = {=] el <1207 < 0 - 9 )
Ss = {z] -l <ll=) < =)}
o= 2|l <2 < (14 o) o))

defined for some ¢ < i. These are shown in Figure 4.

We now define
T

"=z -V, E[f] =w + (e (25)

]

96@ is equivalent to the complement of the set C used in the
analysis of the separable objective and dictionary learning.

wll / [l]

¢/ Il

Figure 4. The projection of the objective of generalized phase re-
trieval on the (m, %) plane. The full red curves are the bound-
aries between the sets S1, .52, Ss, Sa used in the analysis. The
dashed red line is the boundary of the set Q(O that contains small
gradient regions around critical points that are not minima. The
maximizer and saddle point are shown in dark green, while the

minimizer is in pink.

and using 24 obtain
¢ = (1= 20(120” = ll21) ¢
2 2
' = (1= n (2020 = llll*) ) llwll

These are used to find the change in (, ||w|| at every iteration
in each region:

(26a)

(26b)

OnSi:  ¢'>(1+n[e|*)¢ (27a)
[w'|| > [|wl]| (27b)
OnSy: ¢ > (1+2cn|al*)¢ (27¢)
lw'| < fluw] (27d)
onss:  (1-nllal) fw] < ||
< (1= =20 ljall) | @7e)
¢ < ¢ < (14 2en|z)*)¢ 279
onsi (1= (1+20)njal?) flwl < flw']
< (1= nl=)?) Jwl @7g)
(1—2enz|*)¢ < ¢ <¢ (27h)

C.2. Behavior of gradient descent in U}_, S,

We now show that gradient descent initialized in S \@Co
cannot exit U?_; S; or enter @Co‘ Lemma 14 guarantees
that gradient descent initialized in U}_,.S; remains in this
set. From equation 27 we see that a gradient descent step
can only decrease ( if z € S4. Under the mild assumption
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@< % |z||* we are guaranteed from Lemma 13 that at
every iteration { > (. Thus the region with { < (( can only
be entered if gradient descent is initialized in it. It follows
that initialization in S;\ @, rules out entering @, at any
future iteration of gradient descent. Since this guarantees
that regions that feed into small gradient regions are avoided,
an efficient convergence rate can again be obtained.

C.3. Convergence rate

Theorem 3 (Gradient descent convergence rate for general-
ized phase retrieval). Gradient descent on 22 with step size

f
< e < b

a point z such that dist(z, A) < v/5¢ ||| in

, initialized uniformly in Sy converges to

|
log ({1 log(2)
log(1+n||=|*) 2log(l+2cn\|w|\ )

N log(2¢) log( %)
log(1—(1—2¢)n ) log(1+2en|@|?)

iterations with probability

8 V2n
Fzl- \[rf(n |<>

Proof. Please see Appendix C.3. [

We find that in order to prevent the failure probability from
approaching 1 in a high dimensional setting, if we assume
that ||| does not depend on n we require that ¢ scale like

—L_ | This is simply the consequence of the well-known

n
c\glcentration of volume of a hypersphere around the equa-
tor. Even with this dependence the convergence rate itself
depends only logarithmically on dimension, and this again
is a consequence of the logarithmic dependence of { due to

the curvature properties of the objective.

Lemma 13. For any iterate z of gradient descent on 22,

assuming 1 < 4”\£H2 e < 7 and defining ¢’ as in 25, we
have i)
! 2 ||-’/UH2
ze|JSi= |w] -
i=1
ii)

7
2 2
z€8S1=( _16||a:||

4

Proof of Lemma 13. i) From 27 we see that in ] .S; the
i=2

quantity ||wH2 cannot increase, hence this can only happen

in S;. We show that for some z € Sj, a point with ||w]|| =

(I—¢) H\"}”,e < 1 cannot reach a point with ||w||" = %

by a gradient descent step. This would mean

(1= n (2wl +2¢ = Jl2)) ) llw]

= (1-n (-2 lal® + 2 - 21)) (1 - o)"

|

Sz

V2

and since ¢ 2> () this implies

(1+enlal’ 2=2) -9 =1

by considering the product of these two factors, this in turn
implies

1 2
—(2—¢) > 2—¢)>1
Lz 2 gl 2 -9 >

where we have used n < b|\f\|2 ,C < . Thus if we choose

b = 4 this inequality cannot be satlsﬁed

Additionally, if we initialize in S1 N @C then we cannot
initialize at a point where |w|’ = H\"}” and hence the in-
equality is strict.

ii) Since only a step from S4 can decrease ¢, we have that
for the initial point || z[|* > ||||*. Combined with |jw||* <

”m“ this gives

2
|

2
>
<_2

and using the lower bound (1 — 27 ||||® ¢)¢ < ¢’ we obtain

2
€
¢ 2 1o o2 > 12— gy g
L faf?
> (1— —)Z
NG

where in the last inequality we used ¢ < i, M < e
Choosing b = 4 gives

2 2
¢* 2 = |

If we require (§ < 1% ||w|| this also ensures that the next
iterate cannot lie in the small gradient regions around the
stable manifolds of the saddles. O

Lemma 14. Defining 2’ as in 25, under the conditions of
Lemma 13 and we have

i)

4 4
z € USi:>z’e USi
=2 =2
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i)
Z651:>Z/651U52

Proof of Lemma 14. We use the fact that for the next iter-
ate we have

2
2 2 2 2
12" = (1—77(2HZI| — |l )) [[w]] 28)
2 2
+ (1= 20011211 — l1l1*)) " ¢
We will also repeatedly use n < bum‘[”%c < i and z €

US = |lw|® < ”m“ which is a shown in Lemma 13.

4
C.4.2653:>Z/E USz

2
o) ="

We want to show 1=l H <) Hz’||2 < (1+
2

1) We have z € S5 = ||z]|* = (1—¢) ||z for some e < ¢

and using 28 we must show
9 2 2 2
la® _ (1= nlzl* (0 —20)) " ]
T = 2
2 + (14 29|l ) ¢

or equivalently

(=201 = 22) + (1 = 2 }2]*) ]

<)’
+4 (e + 2 |l2)”) ¢2

and using n < bl\\fvf\lz’c < i
2
— -2

while on the other hand

2 2
lll” ]

A<e— —
=7 1
thus picking b = 4 guarantees the desired result.

2) By a similar argument, ||2]|* <
lent to

(1+¢) ||| is equiva-

(=20 = 2¢) + 7 llall® (1 - 26)?) o]

A=qz|?
+4 (e 4+ nlla)? <) ¢

< || (c+¢) =B

=SB (140) = 2 < |lz|* (4 +

- Since [lw]|* < 12 and ||2]* < [l2]* = ¢2 < 125 we

obtain

2
|

A<n[nlel* +4 (l2l*+nle) )] 5

1[1 1 )

. If we choose b = 4 we thus have A < B which implies

2 2
127 < (14 ¢) |||

4
C.S.ZES4$ZIE USz
=2

We have z € Sy = |1z = Jwl||* +¢* = (1 +¢) || for

somee < c.

1 @ < ||2'||? is equivalent to

1
Az -+l

(—41+22) + le)® (1 +2¢)2) ]

2 _
<nllz| 44 (—€+77||33||252> ¢2 -
. We have
Bz—MmW(u+%MwW+xﬂz—gﬂw
where the last inequality used [jw|® < ”m”z and ||z|?

+¢). The choice b = 4
gaurantees A < B which ensures the desired result.

2) This is trivial since || z||* < (1 4 ¢) ||||* and in S, both
¢ and ||w||decay at every iteration (ref eq).

4
C.6.Z€SQ:>Z'€ USz

=2

) Weuse z € Sy = ||2[|” = [lw|® + ¢ = (5 +2) ||
for some ¢ < % — ¢ . Using a similar argument as in the
previous section, we are required to show

1(—e+ene)?) el
+ (200 = 20) + (1 = 2 ]2 ¢2

=B

2 2
—elzl” <nl|

where B > —< 2l implies that b = 4 gives the desired
result.
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2) The condition is equivalent to

JR—— 1 (e + =l o)
- + (201 - 20) + (1 = 2 ]2 ¢2

(1

S +0lel’ = B

One can show by looking for critical points of A(e) in the

range 0 < e < % 5 that A is maximized at € = 0, since there

o
. .. . +2
is only one critical point at e* = fi and A(e*) < 0,

b

C 2 1 2
&) Iol’?] + 3 el

1 LY [z
A0y < — (2+ =) EL
0= ( * 2b> 2

and in both cases b = 4 ensures A < B.

while

A < [(-2{)5 T

C.7.Z651:>Z/651U52

We must show ||| < (1 — ¢) ||| using ||z|* =
)”m” for0 <e < 1.

(1-

2
2 2 P 2
1212 = (1 +=nlal?) ||w||2+<1+2(5+1)7]”2”> -

2
(22 + 2012l )

A=nlal’ 2, =l 2
+(2(:—:+1)+(s+1)n o )g

and since A < 7 [2 + 1] “”32”2 and B > W once again
b = 4 suffices to obtaln the desired result. O

Lemma 15. For z parametrized as in 23,
2 2 2
w] <cle|® V> 1-c|z|

= dist(z, A) < V5¢ |||

Proof of Lemma 15. Once |w||” < ¢||z||* for some z €
S3 U .S, we have

2 2 2
I2[I” = ¢* + [[w]” > (1 — o) [||

€ Hﬂf?or some z = w + (e'?

> 1=zl - wl® > @1 -2 lzl|” 29

we have
HwH

10 i _xT
e —w — (e
e T

‘ 2

o 2
dist?(z, A) = mein ‘ ‘

Ceuﬁi

= [Jw]* + min fle Bl

— wl? + (1 — 592 [z

2 2
I = Izl + [l = 2 |||

if we assume || z]|° < (1 + ¢) ||=|®

dist?(z, A) < (c+2) |z|* - 2¢ |z (30)
plugging in the value of ¢ from 29 and using fact that

—v/1—2 < -1+ zforx < 1 we have

dist?(z, A) < (¢ +2) ||lz|® — 2v1 = 2¢||=|® < 5¢|z|?

Alternatively, if (2 > (1 — ¢) ||z||* we have from 30

dist?(z, A) < (c+2) |la||* — 2¢ |||
< (c+2) |z —2vI—cllz|’ < 3¢||

which gives the desired result. In particular, if we choose
o 2

c = 3= we converge to dist?(z, A) < @, a region which

is strongly convex according to (Sun et al., 2017). O

Proof of Theorem 3: (Gradient descent convergence

rate for generalized phase retrieval)
We now bound the number of iterations that gradient

descent, after random initialization in S, requires to reach
a point where one of the convergence criteria detailed in

Lemma 15 is fulfilled. From Lemma 14, we know that after
4

initialization in S; we need to consider only the set U S;.

The number of iterations in each set will be determlned by
the bounds on the change in (, ||w|| detailed in 27.

C.7.1. ITERATIONS IN S}

Assuming we initialize with some ¢ = (y. Then the maxi-
mal number of iterations in this region is

]

2\t _ 1
G +nlzl)™ = 7
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log( ”fﬂ)
log(1 + 7 |l=|*)

2
since after this many iterations ||z[|*> > ¢2 > 12l

4
C.7.2. ITERATIONS IN |JS;
=2

The convergence criteria are ||w||> < ¢ ||z||* or ¢2 > (1 —
o) llz|*.

After exiting S7 and assuming the next iteration is in Sy, the
maximal number of iterations required to reach S3 U Sy is
obtained using

¢' 2 (1+2n]|z]* )¢

and is given by
llzll
V2
log( 2(1—0))
log(1 + 21 |z|| ¢)

(L+2nl2l* ) = (1 - ¢) ||

log(2)
~ 2log(1 + 27|z c)

since after this many iterations || z||> > ¢2 > (1 — ¢) ||z|*.

For every iteration in S3 U Sy we are guaranteed

Jw'l < (1= (1 =209 2 fjw]

thus using Lemmas 13.i and 15 the number of iterations in
Ss U Sy required for convergence is given by

2
[

20 (1- (- 20 a)?) "
log(2c¢)
log (1 - (1 - 2c)n 2]

The only concern is that after an iteration in Ss U Sy the
next iteration might be in .S. To account for this situation,
we find the maximal number of iterations required to reach
Ss U Sy again. This is obtained from the bound on ¢ in
Lemma 13.

2
= clz|

lays =

Using this result, and the fact that for every iteration in So
we are guaranteed ¢’ > (1 + 27 ||z||® ¢)¢ the number of
iterations required to reach S5 U S, again is given by

V7 :
Y all 1+ 20 [z ) = VI =clla]

o (45

" log(1+2n e[ <)

log(J=)
= Tog(1+ 22 <)

C.8. Final rate

The final rate to convergence is

T <t +ta+ tspqt,

I ]|
= log(cﬁ n log(2)
log(1+n]|z[?) 210g(1+2¢77|\a?\| )
+ log(2c) log 7)

log(1—(1—2¢)n|@||*) log(1+2cn]|z||*)

C.9. Probability of the bound holding

The bound applies to an initialization with { > (y, hence
in Sy \@Co' Assuming uniform initialization in S7, the set
QCO is simply a band of width 2(; around the equator of the
ball By, /5 (in R2", using the natural identification of C™
with R?"). This volume can be calculated by integrating
over 2n — 1 dimensional balls of varying radius.

_ Cov2

=l

Denoting r andby V(n) = n = ( ) the hypersphere
volume, the probability of initializmg in S1 N QCO (and thus
in a region that feeds into small gradient regions around

saddle points) is

Vol(@co)
Vol(Bjg)/va)

Vn—1) [ (1 - 22 do

—-r

V(2n)

P(fail) =

2n—1 2

V(2n—1) [e 7= “dx

—-T

= V(2n)

_ nl_ : nﬁ F(I;("Z)l)erf(\/?r)
< \/ierf(\/ﬁr)

. For small ¢ we again find that P(fail) scales linearly with
(, as was the case for the previous problems considered. [J

N[

D. Auxiliary Lemmas

D.1. Separable objective

I q
1 n\ 1 n\ 1
+ [sech2 <q> — - tanh <q> 3} WiW;
H ® /) aqn ® /) an
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D.2. Dictionary Learning

Vuwdhi(w) =E [tanh (q

D.3. Properties of C;

Proof of Lemma 3: (Volume of C;). We are interested in

the relative volume %CC)) = V. Using the standard
solid angle formula, it is given by

[e'e] wl/(l‘i‘q)

1 .2 w2
=lim——= [e "1 II e ="
e—0gn/2

<Tidr;dxq
1=2

0 —z1/(14C¢)

1 B n—1
. _mg2 T z
=lmoe e [erf<(1+c)\£)} de
0
g

changing variables to Z = /T a0

Vo=

Ve = (1+9) /e_(lﬂ)zxzerf”*l(x)dm

NS

0
This integral admits no closed form solution but one can
construct a linear approximation around small ¢ and show
that it is convex. Thus the approximation provides a lower
bound for V¢ and an upper bound on the failure probability.

From symmetry considerations the zero-order term is V) =
2%. The first-order term is given by

oV, 1 272_2 L
—_— =—— — [ze T erf" “(z)dx
= N ﬁo =)

We now require an upper bound for the second integral
since we are interested in a lower bound for V. We can
express it in terms of the second moment of the L norm
of a Gaussian vector as follows:

1 ° 1 y
x) = \ﬁ/xQe_ﬁl;Iﬁ/e_t?dtidx
0 —x

2/211 / —6 /24t dx
i

- / X2, du(X)

= & (VarlIXI + E1X1,.07)

where £1(X) is the Gaussian measure on the vector X € R™.
We can bound the first term using

Var [|| X ] < maxVar [|X;|] = Var [|X;|] < Var [X;] =1

To bound the second term, we use the fact that for a standard
Gaussian vector X (X; ~ A (0,1)) and any A > 0 we have

exp OB X)) < E [exp (1)

— nE [exp (A X))

<E lzexp (A [XG])

(using convexity and non-negativity of the exponent respec-
tively)

nkE lexp (A1 X;|)] = 2n [ exp (AX;) du(X;)

)\2
?)

0\8

< 2nE [exp (AX;)] = 2nexp (

taking the log of both sides gives

log(2n) A
E |:m1§iX|XZ|:| < \ + 5

and the bound is minimized for A = /2 log(2n) giving

~ \/2log(n)

E [mlax|Xi|} < v/2log(2n)

Combining these bounds, the leading order behavior of the
gradient is

Ve

3 4log(2n) S _ log(n)
I =0 '

4n - n

This linear approximation is indeed a lower bound, since
using integration by parts twice we have

f/ e (

02V,
ac

—6(1 + ¢)a?
+4(1 + ¢)32*

) erf" " (z)dx
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o~ (14+0)%2? (1—201+ ()2:52) o~ erf—2

I
|
~
3
A
=
0\8

4(n—1)(n —

7r,3/2

= 1+¢) /e_((l"rC +2)o% opfn 3(x)dz >0
0

where the last inequality holds for any n > 2 since the
integrand is non-negative everywhere. This gives

1 log(n)
Vis> —
= on n ¢
O
Lemma 16. BS(C)(O) C C C B?/ﬁs(g)(o) where

- 1 (o] 7 oo -
s(¢) = (2+C)C+n' BS(C)(O) is the largest L ball con

tained in C¢, and Bf/njs(()(o) is the smallest L? ball con-
taining C¢ (where these balls are defined in terms of the
w vector). All three intersect only at the points where all
the coordinates of w have equal magnitude. Additionally,

Cc C Bl/\/ﬁ( ) and this is the smallest L°° ball contain-
ing Ce.

Proof. Given the surface of some L ball for w , we can
ask what is the minimal ¢ such that 9C;, intersects this
surface. This amounts to finding the minimal ¢,, given
some ||w|| . Yet this is clearly obtained by setting all the
coordinates of w to be equal to |w|| ., (this is possible since
we are guaranteed ¢, > ||lw|| = [lw| < ﬁ), giving

+ Cm

lwlloe =

VA +¢n)2+n—1

thus, given some (, the maximal L°° ball that is con-
tained in C¢ has radius ————. The minimal L norm
< V@O Hn

containing C¢ can be shown by a similar argument to be
Bf;’ \/m(o), where one instead maximizes ¢,, with
some fixed ||w||

Given some surface of an L2 ball, we can ask what is the
maximal C¢ such that Cc C B2(0). This is equivalent to

finding the maximal (57 such that 9C¢,, intersects the sur-
face of the L? ball. Since ¢, is fixed, maximizing ( is

equivalent to minimizing |lwl||
[l

= U1 which gives

oo~ This is done by setting

[wll

”—_l_H I
2+Cm)lm+n v

The statement in the lemma follows from combining these
results. O

Lemma 17 (Geometric Increase in {). Forw € C¢,\Bp®
(Where ¢ = W — 1), assume |w;| > r =

uD*grad[f](q(w)) > c(w)¢ where u® is defined in 7
and 1 > b > r. Then if ||grad[f](g(w))|| < M and we
define

q' = expg(—ngrad(f](q))

forn < 3M , defining ¢’ in an analogous way to ¢ we have
n
¢ >¢ (1 - {ndﬂﬁ)

Proof of Lemma 17:(Geometric Increase in ().
Denoting g = ||grad[f](q)]|, we have

grad[f](q)

q' = cos(gn)q — sin(gn) P

hence, using Lagrange remainder terms,

— ngrad[f f cos(t)(gn — t)dtq,
rad[f n
y —|—f sin(t)(gn — t)dt 2D [g](q)
J =
E — ngrad|f] f cos(t)(gn — t)dtw;
grad(f](q):
+f sin(t) (gn — t)dt ===

. We assume w; > 0, and the converse case is analogous.

Q

n
f sin(t)(gn—t)dt
qn no_ . 00000

> w; wi wig

+ (grad(f)(@)s — Zgrad(f](a)n

S

_ 4 sin(gn) (gradm(q» -

Wy w;g

 gradf1(a) )

dn
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_ % n Slz)(fqmu(i)*grad[f](Q(w))

b— .
Wenow.usen < %31 < oa7 = 9gn < § = sin(gn) > 4
and consider two cases. If |w;| > r we use the bound on the
gradient projection in the lemma statement to obtain

NG

Q@ G n
- . 7nc(w)<

dn
Ins> Iy T o(w)e > 2+
wi T ow; 2wy (w)¢ = w;

n dn Vn Vn

In 1> AL =1+

12 it =< (14 et
(3D

If |w;| < r we rule out the possibility that |w}| = ||w’||

by demanding n < %R/} Since b(b — r) < 1 we have

1+ 3b(b— 1) < y/1+ b(b — r) hence the requirement on

7 implies

1+b(b—7)—1 =29+ /49> + 4g2b(b— )
gb B 29%b

n<

. If we now combine this with the fact that after a Rieman-
nian gradient step cos(gn)g; — sin(gn) < ¢ < cos(gn)g; +
sin(gn), the above condition on 7 implies the inequality (),

which in turn ensures that |w;| < r = |w}| < ||w'||:

|wj| < |w;| +sin(gn) < r+gn 5 (1—g*n*)b—gn

< cos(gn) [lw]|, —sin(gn) < [lw'l|,

Due to the above analysis, it is evident that any w} such that
|wi| = ||w’||, obeys |w;| > r, from which it follows that
we can use 31 to obtain

q, 1=¢>¢ (1 + \éﬁnc(w))

[l [|




