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Below we prove Theorem 1. The proof is based on two supwhereuv,(I) denotes théth element ofy;, andd is the Kro-
porting lemmas. We begin with some mathematical termsnecker delta. An example fé¥, with £ = 3 andb = 4, is

Consider thex x n block-circulant matrix of the following
form, wheren = kb and all numbering of rows, columns,
blocks, etc., starts from O for convenience

A0
A
A= A®)
A(b.—l)
where the blockst(™ ,m = 0,...,b— 1 arek x n real or

complex matrices whose elements satisfy

b—1 (1)

and henced; ; = A 1od (1—k,n), mod (j—k,n)- HEre, we
are adopting the MATLAB form mogd:, y) = “x modulo
y”, i.e., the remainder obtained when dividing integdry
integery. Below, we continue to uskand; to denote row

ge ey

Al(j;?) — Al(j”‘” -1

mod (j—k,n)’ m

and column numbers, respectively, and apply the decom- _

position:
l:l0+tk7 j:j0+5k, (2)

wherely = mod(l, k), t = [ L], jo = mod(j, k), s = [£].
Note thatl,j € {0,...n — 1}; lp,j0 € {0,....,k — 1};
t,s €{0,...,.b—1}.

Let the column vector

2wm

. -2 yj
_ 7 ==L
Uy = |1, L.

2rm(n—1) %
, € n g n

——e

denote the unnormalizedth Fourier component of dimen-
sionn,form = 0,...,n—1. LetW denote the: xn matrix

given in Fig. 1.

Lemma 1. ﬁW iS a unitary matrix.

Proof. Let W, and W,, denote the jth and mth
columns of W. Consider the inner produd}l[/j*Wm =

S oy Wi (q)Wi(q). For mod (j—m, k) # 0, the prod-

uct evidently vanishes because in each term of the sum at

least one of the factors is zero. Foe m, the terms where
mod (g, k) = jo are equal to 1, while the rest are equal to
zero, and therefore the producbisFinally, forj # m but

mod (j —m, k) = 0, we can writem = j + rk for some
integerr s.t.0 < |r| < b. Summing up the non-zero terms,
we obtain:
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q=0
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We conclude tha%W*%W = I, then x n identity

matrix. Il

Lemma 2. The similarity transformation,/l =
%W*A%_W, yields a block-diagonal matrixd with b
blocks of sizé x k.

whose nonzero values are comprised of the elements of the

first b Fourier components as follows:
Wi = 610&07}8 (l) ) ©))
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Figure 1.An example foV with £k = 3 andb = 4.
By repeated use ofl], this yields lo€{0,....,k—1}andt € {0,...,b— 1}, yields
b—1
b—1 * * —qi s
g 27 G0 +ak) W, AWJ = Wi (lo +qk‘)€ E Uj (l())
AWy =" Al (jo +mod (g — t,b) k) e % q;
=0 b—1
b—1 * _qi2ms
_js2nth ) _ig2mlo+a=tk) = vy (lo+ qgk)e 70 U j (lo)
=e Tn Z;)Al"(jo+mod(q—t,b)k)e " qZO
—
b—1 27r’f(loJqu) _gi2ms
= 67137 ZAZO (.70 + mod (q _ t b) k‘) _is 27r(j0+mo:(q—t,,b)k) = Z b U’j (l())
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Denotingu; = AW, we thus obtain Fort # s, the final sum yields
b— b— ,
) 27r(t B 27r(f s) 1—e i2m(t—s)
,iqi Z _Z( ) PP CED] =0.
e u; q=0 q=0 — et
_9Qj2ns
AW; = | e ,
: We conclude that?;* AW; vanishes unless = s, which
e—(b—l)iQZsuj implies the block-periodic form stated in tipeoposition.
Il

where thegth element ofu;, ¢ = 0,...,k — 1, is given by

u;(q)

Fort = s, all the terms in the final sum in the proof are

b-1 equal to 1, and therefore the sum is equal.td his yields
= AWj = A (jo + qk) vs (o + gk) . the following.
q=0

Theorem 1. LetW be the matrix defined ir8f. Then,4 =

%W*A%W = blockdiag(B, ..., B®=1), where the

Multiplying on the left by W, for anyl = I, + tk with  elements of thé x k blocks B, s = 0,...,b — 1, are
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given by
0 = g (o)
. 2mslg ity
= Y AP (o + qk) vs (o + gk)
q=0
ey P21
=e Y AP (o + gk
q=0
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Remark 1. In the context of multigrid analysis, particu-
larly in the present paper, the block size is chosen to be at
least as large as the stencil. In such cases, the coefficients
Alo(jo + gk) are equal to zero for all non-zerg yielding

the simple form:

PRLEIU )

Al (jo) =€ Ay jo-

(s) i27rs(12—.7‘0)

lo,jo —

Remark 2. The block Fourier analysis is applicable to dis-
cretized partial differential equations of any dimensibloy
recursion. Thatis, forl > 1 the blocks ofd are themselves
block-circulant, and so on. Remark 1 also generalizes to
any dimension. That is, if the diameter of the discretiza-
tion stencil is at most then each element @8 is easily
computed from a single elementf



