Supplementary material for “Submodular Observation Selection and
Information Gathering for Quadratic Models”

Abolfazl Hashemi! Mahsa Ghasemi! Haris Vikalo' Ufuk Topcu'

Proof of Proposition 1

First note that we can define c; equivalently as ¢y =

max]";' C; where

C =

max
(8, T,i)ex;

fi(T)/ fi(S), (1)

and X = {(S,7,9)|S C T C X,i € X\T,|T\S| = 1}.

Now, let S C 7 and T\S = {j1,.-.,Jr}. Then,
F(T) = 1(8) = f(SU{j1,---.0r}) = F(S)
= [i(S) + [i(SU{inh) +...
+fjr(SU{j17'-'7j7‘—1})' (2)
Applying (1) yields
F(T) = £(S) < [5,(S) + C1fjn(S) + -+ Croi f5,.(S)
r—1
= [ (8) +D_Cifi(S).
. )

Note that (3) is invariant to the ordering of elements in
T\S. In fact, it is straightforward to see that given ordering
{j1,---,Jr}, one can choose aset @ = {Py,..., P} with
r permutations — e.g., by defining the right circular-shift
operator Py({j1,.--,Jr}) = {Jr—t+1, -+ J1,... pfor 1 <

t < r—such that P,(j) # P,y(j) for p # gand Vj € T\S.

Hence, (3) holds for r such permutations. Summing all of
these 7 inequalities we obtain
> S

1 (1 +Tzcl>
" =1 JET\S 4)
(I+(r=1)ep) > f;(S).

JET\S

H(T) = f(S)
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Next, we prove the second inequality.  Note that
we can define ¢ = max;;l €, where ¢ =
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max(s,7,iyex, Ji(T) — fi(S). Using a similar argument
as the one that we used for c¢, for any S C 7 and
T\S = {j1,...,jr} it holds that

> £(S)

JET\S (5)

S(r=Dep+ Y. £(S),

JET\S

FT) - 1S < e+
=1

which completes the proof.

Proof of Proposition 2

The proof follows the classical proof of greedy maximiza-
tion of submodular functions given in (Nemhauser et al.,
1978). We first prove the performance bound stated in
terms of cy. Consider S;, the set generated at the end
of the i" iteration of the greedy algorithm and assume
|S*\St(l)| = r < k. Employing Proposition 1 with § = S;
and 7 = §* U §;, and using monotonicity of f yields

f(S*) = f(S) < F(STUS) — f(Si)
% 1+ (r—1)cs) — % (1+(r—1)cy)

> FiS) ©®)
JES*\S;

<r(f(Sit1) — f(S),

where we use the fact that the greedy algorithm selects
the element with the maximum marginal gain in each it-
eration. It is easy to verify, e.g., by taking the derivative,
that 2 (1+ (r — 1)cy) is decreasing (increasing) with re-
spect to 7 if ¢y < 1 (¢; > 1). Let ¢ = max{cs, 1}. Then
%(1 + (r — 1)Cimax) < c¢. Therefore, using the fact that
r < k we get

F(S%) = f(Si) < ck(f(Sit1) — f(Si))- (7N

By induction and due to the fact that f(()) = 0 we obtain

168;) = (1 - (1 - ,j)k> £8 > (1-et) fs0).

(®)
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where we use the fact that (1 + z)¥ < ™ for y > 0.
The proof of second inequality is almost identical except
we employ the second result of Proposition 1 to begin the
proof.

Centering 0 in Quadratic Models
In (19), defining @ = 6 — E[6)] yields

yi = = (0 +E[0])"X,(0 + E[6]) + 2z, (0 +E[0]) + 1

9X0

t\')\»—l[\')\)—l

1 -
+ 5 (X E[6] + X, E[6] +22z;)" 0

—_

+5 E[6] " X; E[6] + v;.
. 9)
Thus, we obtain a new quadratic model y; = %6 X;0 +

iiTé + v with zero-mean unknown parameters é, where
gi = Yi — 35 ]E[B]TXlE[H], and Z~i = %(X,LE[H] +
X, E[6] + 2z; )

Proof of Theorem 2

Let g9(©) = poys(©;y) denote the posterior distribu-
tion of @ given ys, I's = diag({0?};cs) denote the noise
covariance matrix Cov(vs), and define

1
ps = vee({507 X0 + 2] 0}ics).

Then, the Van Trees’ bound is found as

Bgl = EY$ 0[(Ve log 4o (©))(Ve logqa(©)) ]
Eys.6[(Ve logpyse(y; ©)pe(©))
(Ve logpysje(y; ©)pe(®©))"] (10)
=Eys.0[(Veologpyse(y; ©))
(Ve logpysje(y; ©)) ']+ 1,

where

I, =Ey..0 [(Vologpe(©))(Ve logpe(®)) ']

is the prior Fisher information on 6 (e.g., if pg(®) =
N(0,P) then I, = P~1). Note that the conditional distri-
bution py, ¢ (y; @) is normal N'(pug,T). Therefore,

Ve logpyse(y;©) = —(Veus)Ts' (ys — ps), (11)

where [Veus|; = X;0 + z;. Using this result we obtain

B;' =Eys0[(Vours)Ts' (ys — ms)
(ys — Ns)Trgl(Veﬂs)T} +1,

@ By, 0Eysol(Vors)Ts (vs — s)
(ys —ps) ' Ts' (Veus) '] + L,
=Ey.0l(Vous)Ts' Eygjo [(vs — ts)(ys — ps) "]
5! (Veus) |+ L
Eys.0 [(VGHS Fs Fsrs (Veus) } I
=Eys0 [(VGHS)FS (Veus) ] + I,

1
:]Ey.sﬂ lZQ X 0+Z1 (X10+Z2)T +Im

€S i

=N S (E
>

et [XiOGTXﬂ + By 0 [2X:02]]

+ Eys.0 [2i2; ])+I

=y = ! (X:PX] +2zz] ) +1,
i€S l

12)
where to obtain (a) we use the law of total expectation, (b)
follows by the definition of covariance matrices (see (2) in
the paper), and the last equality follows since we assumed
E[f] = 0 and Cov(0) = E[08 '] = P. Inverting the last
line that consists of an invertible positive definite matrix
establishes the stated results which in turn completes the
proof.

Proof of Theorem 3

The marginal gain of adding a new observation to a subset
Sis

FI6S) =T (Bl ) = T (1) - Tr (B3') + Tr (L)

=Tr (B3l - Bs')

1
=Tr <02 (X,PX] + zjij)> :
j

13)
Therefore, the marginal gain is trace of a positive semi-
definite matrix and hence ij (8) > 0 and the function is
monotone. Furthermore, since the marginal gain does not
depend on set S it is a modular function.
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Proof of Theorem 4
LetI; = % (X]—PX;'— + zjz;»'—). The marginal gain of
J

adding a new observation to a subset S is

ij( ) = log det (B5u{ }) —log det (1) — log det (Bgl)

+ log det (I,,)
=logdet (Bg"' +I;) — logdet (B3")
det By' det (T+ BY*I;BY?)

det Bg'
= log det (I + B}s/21jB‘19/2)

®)
>0

(i) log

(14)
where (a) follows from the fact that det (A +B) =
det (A)det (1 +A~Y/2BA~Y/2), according  to
Sylvester’s determinant identity, for any positive def-
inite matrix A and Hermitian matrix B (Bellman, 1997),
and (b) holds due to det (I+A) > (1+detA) for
any positive semi-definite matrix A. Therefore f° is
monotonically increasing.

Now consider S C 7 C X and j € X\T7. Using the
Sylvester’s determinant identity we obtain

log det (I + Bl/QIBl/Q)

FP/IP(S) = <1
log det (I +BY1, B1/2)

15)
Hence, cyp = MaX(s 7 jye ij (’T)/fJD (8) < 1 whichin
turn proves submodularity of D-optimality.

Proof of Theorem 5

The marginal gain of adding a new observation to the subset
Sis
fJE(S) = )\min (BSLIJ{J}) - >\min (Iz) - )\min (Bgl)
+ Amin (Iw)

= >\min (Bgl + Ij) - >\min (Bgl)

(@)

Z )\min (I])

(16)

where (a) follows from Apin(A + B) > Apnin(A) +
Amin (B) according to Weyl’s inequality for two Hermitian
matrices (Bellman, 1997). The positive semi-definiteness
of I implies fJE (S) > 0 and hence, monotonicity of f¥ is
established.

We now provide bounds on additive and multiplicative weak-
submodularity constants of f(S) (Note that it can be
shown using simple examples that f¥ is not in general

weak submodular). Let S €7 C X and j € X\T.

Amin (B7' +1;) = Amin (B7')
Amin (Bs" + 1) = Amin (B5')

C(T)IP(S) =

(? )\min (B;’l) + )\max (I]) - >\min (B;‘l)
- )\min (Bgl) + )\min (IJ) - Amin (Bgl)
)\max (I])
< N T\
~ Aumin (1)
a7)

where (b) follows from Weyl’s inequality (Bellman, 1997).
Therefore,

Amax (I;)
D D max \1j
Ccre = max 2(T)/ f7(S) < max ——2,
fE (577‘71)6_)2‘ f_] ( )/f] ( ) — jGX )\min (I])
(18)
For the additive weak-submodularity constant, we have
7 (T) = I7(8) = Amin (BF' + 1) = Amin (B7)
- )\min (Bgl + IJ) + )\min (Bgl)
(e)
< Amax (Ij) — Amin (Ij)
(19)
where (c) follows from Weyl’s inequality. Hence,
epe = max _fP(T)— fP(S)
(8,T,j)ex (20)
< ) ) — . .
> Ijnea)?( (Amax (Ij) = Amin (1))
Proof of Theorem 6
We first prove the monotonicity. Let I, =
Ui? (X;PX] +z;z]). For any set S and j € X\S
define
Fs;j=I+Y L+0/;=Fs+0;, 1)

€S

where both 13‘5, ; and F s are invertible and positive definite
(PSD) matrices. Using the matrix inversion lemma (Bell-
man, 1997) as well as some algebraic simplifications, we
obtain an expression for the marginal gain according to
2z Flz;
fJA(S) - - TSLJ—J1
o;+z;Fg .z,
+Tr (F5'X;(0fP ™ + X[ F'X;) ' X[ Fg') .
(22)
Notice the first term on the right-hand side is posmve since
Fs ; is PSD and hence the quadratic form z; TFg S 2z, is
also positive. Further, The second term on the rlght hand
side is also positive as it is trace of the quadratic form
Fo'X;(07P~! + XJF'X;) "' X[ Fg' which is also
PSD because the matrix (o 2P !y XTFSX )~ L is itself
PSD. Thus, the marginal galn is posmve and the function is
monotonically increasing.



Submodular Observation Selection and Information Gathering for Quadratic Models

We now provide bounds on additive and multiplicative weak-
submodularity constants of f(S) (Note that it can be
shown f¥ is not in general submodular). Finding these
bounds in the general form form of model requires intense
algebraic techniques and the resulting bounds will not be
interpretable. In stead, we here provide bounds in scenarios
where z; = 0 and X; = xixiT (rank 1) which is motivated
by the phase retrieval applications. In this setting, it can be
shown the marginal gain simplifies to

x F2%x;
FAS) = IS I (23)
7 x] (0?P + F3')x;

where Fg = I, + dics 02 x;x; Px;x; . Hence, the defini-

tion of multiplicative weak- submodularity constant yields,

Cfa = max ~ff‘(T)/fJA(S)
(8, T,j)ex
_ (x] F7°x,)(x] (02P + F5')x;)
T F2x ) (x! (02 (24)
(STJ)EX(X Fs™x;)(x; (07 P+F Hx ;)
< max )\max(F;}))‘maX(UjP—’_FS )

(S, TJ)EX Amm(]:—“‘EQ)Amin((7]2‘1:. + F;-l) ’

where the last inequality follows from the Courant—Fischer
min-max theorem (Bellman, 1997). Notice that by Weyl’s

inequality )\max(Fgl) = Amin(Fs) ™! and A, (Fr) >
Amin(Fs) > Amin(Fo) = Amin (I). Therefore,

max(I ! 2)\max(0 P +I )

cpa < max

)
J mln [n )2>\m1n(0 P F[ ])
A (0P 25
max(I 1)3( (I 1) +1) ( )
S max - H!ax O- P) .
mm(F[n )3( Amin ( ) * 1)

Noting ]?‘[:L}l = B[, completes the proof of bounded
cra. We can also use more applications of Weyl’s in-
equality to achieve looser yet more intuitive and compact
bounds. Using similar techniques such as applications of
Courant—Fischer min-max theorem and Weyl’s inequality
we obtain the stated results for € a.
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