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S1. Proof of Theorem 1

Before the proof, we first give Lemma S1, which gives the identifiability of parameters in varying coefficients regression
models. This result will be used in the proof of Theorem 1.

Lemma S1 ((Wall, 1987)). The varying coefficients regression model takes on the following form:

Y =y bisTig + e, )
bit = @i+ D, Qipbit—p + €t

where y, is the scalar valued dependent variable and x; ; is the independent variable which we have observations. The
additive error, e;, represents a stationary zero mean white noise process, i.e., E[e;] = 0 and Eleter] = 02641, Ele; +] = 0,
where o2 < 00 and 8y is the delta function. Similarly, Ele; 1] = 0 and Ele; €, /] = 0621 Oy, for Vi € NT.

Then the parameters O'g, .0, O p, O’?i,fOF Vi,p € Nt are globally identifiable.

Now we start to prove Theorem 1.

Proof of Theorem 1. The proof of Theorem 1 contains two phases. In the first phase, we identify the root variable and cor-
responding causal parameters. In the second phase, we identify the remaining causal graph and corresponding parameters
in a recursive way.

Phase I Let A; = (I — B;)~!. We define the following metric to characterize kurtosis of observed variables:

[xi,txj,t$k,t+p$l,t+p]

[Za Aia,tEa,t Zb Aib,tEb,t ZC Aic,t+pEc,t+p Zd Aid,t+pEd,t+p:|

(30 > e g At Aiv i Aict4pAidt+pFat Byt BeypFd,tp) )
== a ZC E [Aia,tAia,tAic,t+pAic,t+pEa,tEa,tEc,t—i-pEc,t—&-p}

= 02023, Y. FElAiaiAiatAicitpAicitp),

SRS

Q

where the third equation holds because only when ¢ = b and ¢ = d, the expectation is not zero.
By considering all combinations of ¢, j, k, and [, we can organize the above kurtosis in the matrix form,
S(t,t+p)

= E[(AZpAT) ® (A ,XAT,)] (3)
B[(I-B) "Sp(I = B)™") ® (I = Bi4p) ' E6(I = Beyp) "))
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where S(t,t + p) is an? x n? matrix, ® denotes Kronecker product, and

E [xi,txj,txk,terxl,ter]
= S(t,t +p)ijrl
=E[{(I-By) '"Se(I = B:)"")}ij - {(I = Bryp) "Eu(I = Biyy) ")}l

If the underlying graph is a DAG, then (I — B;) ™! can be reformulated as

m—1

(I—B)~ ZB

and thus
m—1 m—1
S(t,t+p) = Z B )Yg( Z B;STT Z Bi,,)% Z BtTA-Tp))] )
r=0 r=0

Particularly, let us consider the case when ¢ = j = k = [ and for notation simplicity, denote S(t,t + p);;x by S(¢,t + p);.
Then

S(t7t+p) E[ ztxz t+p] (5)

Let r( be the index of the root cause, and V4 = V'\rq denote the indices of the remaining processes, with V.= {1,--- /m}.
Then we will have

S, t+p)r, — S, t)r, =0,

6
S(tt+p). — St ), <0, Vry €V, ©)

for any p € N'". The reason is that the root cause does not receive changing influences from other processes.

Let us now give the detailed proof procedure of (6). Suppose that we have known the causal order, denoted by 7. Let us
first see a few examples of the concrete representations of S(t, ¢ + p);.

1. For the root cause (1), it is easy to get S(t,t + p).1) = (03(1))2, which is irrelevant to p. Thus,

S<t7t +p)ﬂ"(1) - S<t7t>ﬂ'(1) = 0.

2. For m(2), we have

S(t,t+p)r(2)
(022) + 72102 Bz @)1y a40] T T2 )02 B2 @) d) + (070 B2 2)1) 02 @) (1) 4]

Thus,
S(t,t+p)r@y — St ) r(2)
= (072r(1))2 E[bgr(Q)Tr(1),tb3r(2)7r(1),t+p] - E[b727(2)7r(1),tb3r(2)7r(1),t]>

-1
= (Ui(1))2 E[b?r@)ﬂ’(l),t ’ (afr(2)7r(l)b‘fr(2)7r(l)’t + ai(2)ﬂ'(l)€t+1 +ot 0‘2(2)#(1)6t+p)2] - E[bgr@)fr(l),tbfr(2)7r(1),t])

(2 292D (Wr(2)m(1))*
= (<)U7r(1)) 2(0z(a)ray = 1) =02 5 1)
< 0

where wy(2)x(1) is the noise variance in the autoregressive model of by (2)x(1)¢- S(t,t 4+ P)r(2) — S(t,t)r(2) < 0
always holds because ai’émw(l) —1<0,VYp e NT,since ar(2)r(1) € (—1,1).
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3. For 7(3), we have

S(t,t+p)r3)
2 2 2 2
- ( 71'(1)) E[bﬂ(3)7r(1),tb7r(3)7r(l),t-‘rp]
+4(02 1)) * E[br(2)n(1),60n(2)w (1)t p) E O (3)m (1,60 (3)m (1) 440 B Do (3) (1) 60 (3)m(2) 4]
2 2 2 2
+( g(l))QE[bﬂ'(g)ﬂ'(l%,tbﬂ'(QQ)ﬂ'(l),t+p]E[bﬂ'(io))ﬂ'(Q),tbﬂ(3)77(2)2,t+p} + (Uﬂ'( )) E[b 3)7(2), thr(3)7r(2) t+p]
+(U27r(3))2 + (%2(1)) E[bTr(Q)T;(l),t+p]E[b7r(3)7r(21),t+12)]E[b‘/r(g)ﬂ'(Q),t+p]
+Uﬂ§1)0 = (2) Q[bﬂ(s)fru) t]E2[b7r(3)7r(2),t+p] ‘ZUw(1)0ﬂ(3)E£bw(3)g(1),t] , ,
+(‘727r(1)) E[bﬂ'(2)7r(1) ]E[bw(%)wu),t+p]E[bw(3)w(2)¢] + Uw(1)0w(2)E[bﬂ(:s)ﬂu),t]E[bw(s)ﬂ(z),HP]
+U72r<1>”g@)E[bgw)w(l),t}E[bﬂsz)w(z),wp] o .
) Tr B [bgw)ﬂ(l),wp]Eg”ﬂs)g@xt] i 721772 ElO7 @)m(1), 649l B0 (3 2) 649
Tr@r @ Elrimd T om0 T Fnn )
02 1) T2 3) El07 2y (1), 04 B 107 3)m(2)1400] T T2 (3) B0 (3)m(2) 1400
Thus,
S(t7 t+ p)ﬂ'(S) - S(tv t)ﬂ'(3)

(07 (1))” <E O ye(1) V7 (@ym(1) 0] — E [bfr@)w(l),tb?r(:a)n(l),t])

+4(07 1)) <E[bw@)n(l),tbw(z)w(l),t+p]E[bw<3>w<1>,tbw<3>w(1>,t+p]E[bw<3>w<2>7tbw<3>w<2>,t+p]
—Ebr(2)m(1),tbr(2)r (1), E[br(3)n(1),tbr(3)m(1) | B [bw<3>w<2>,tbw<s>w<z>,t])

+(U72r(1))2 E[bgr(Q)Tr(l),tbzr(Q)Tr(l),t+p]E[bgr(B)Tr(Q),tbz\'(S)w(Q),t—&-p} - E[bfr(Z)Tr(l),tbgr(Q)Tr(l),t]E[bfr(S)ﬂ'@),tb721'(3)7r(2),t])

+(072)* | B2 3)n(2) V2 (@)m(@)049) E[b3<3>w<z>,tb§2,t])

+U72r(1)072r(2) E[bgr(?))ﬂ(l),t}E[bgr(B)Tr(2),t+p] - E[bzr(?))ﬂ’(l)ﬂf]EU)%r(B)Tr(Q),A)

+072r(1)072r(1) E[bzr(2)7r(1),t+p]E[b$r(3)ﬂ'(2),t+p] - E[b‘?r(2)7r(1),t]E[b?r(3)7r(2),t]>
< 0

Generally, we have the following form for variable with the nth (n > 1) order:
S (t t+ p)w(n)

x(n (k,1) x(n)—1 (k' 1) (7N
= <Z ™ (Zk>llp7r(n)it)20—2+a-7r(n)) (Z Y ks p Pr(n)ir, rip) 07 +07r(n)>

where pgrk(rll))l , indicates the multiplication of causal coefficients of the Ith directed path ! from node i to node 7(n) with

path length k. For example, for path with length 1, pfrl()n)i + = br(n)i,e; for path with length 2, pf()n)i .

= b‘n’(n)j,tbji,ta with
i < j < m(n); for path with length 3, pf’()n)i + = br(n)in 051 tbjai e, With @ < jo < j1 < m(n). The longest path length

from node i to node 7(n) is w(n) — i.
By expanding (7), we have

S(t,t+p)x (n)
= ( 7r(n)) + Zz<7r(n [bi(n)i,tbi(n)z t+p]( 2)2

+Zz<3<7r (n) E[bﬂ(n)J, bw(n)j,t+p] [bjl tb_n t+p]( 2)2

2 icigran(n) iyt A br(n)se0m(n)j,+p) B Bjitbi,t4p) B br )y 6bm () 040 ) B by tbyriep) (07)?
E[bw( b2 b2 b2 loZo?

+ Zi<j<7r(n),i’<j/<7r(n),j;£j’ui7$i’ n)j,t ji,t mw(n)j t+p-j’'i’ t+p

'A directed path is defined as a sequence of edges (or arcs) which connect a sequence of vertices, and the edges are all directed in
the same direction.
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where j and j’ can be a series of indices, j = (j1,j2, - ,jk) With w(n) > j1 > jo > ---i,and j = (ji, j5,- -+, j;.) with
w(n) > ji > j4>---i,and
2 2 2 2 2
E[bﬂ ()i, 0 n)J t+p]E[ izt JZ t+P] [bﬂ(n)jl,tbﬂ(n)jl,ﬂrp] [bjljz bel]z f+p] o [bju beu f+p]

E[bﬂ(n)j,tbﬂ(n)j.,t+p]E[ ji7tbji,t+p] = E[bW(n)jl,tbvr(n)jl,t+p]E[bj1j2,tbj1j2,t+p] T E[bjki,tbjki,terL

Elbr(nyj b )i t+pl E by i by t4p] = E[bw(n)ji»tbw(n)jﬁtw} [baiaé tbjijé,ter] -+ Eb; Listi, t+p)s
E[bQ(n)J thQl tbw(n) ! t+pr2/1/ t+p] [bg"(n)h tb?uz, b?kz tbnyl,t+pb?;]§,t+p b?,; i’ t+p]
Then
St t+p)rm) — St t)x(n)
= Zz‘<7r(n) (E[bfr(n)i,tbgr(n)i,t+p] - E[bi (n)i, tb727 (n)i,t ]) (‘71'2)2
+icjen(n) <E 107 23,97 (o0 B 050,605 4] = BLR 5,607 03, B 05 105, A)( ;)
D icigr<nnyizi 4 (E [0 (n)s.£0m ()3 -4 ) E B 1030, 140 B ()i b )i 40 E B 1037, 14
BV g B3 I8 oy B ) 0
+ Zi<j<7r(n),i/<j’<7r(n),j¢j’Ui¢i/ <E[b7"(”)J thl tbm’ t+pr i t+p] E[br(n)J bel tbﬂ(n).]/ th i t]> 02’201'2”
where
B2 030,60 (nyiteep) = ELO% (i dVamyine) = 200200 = 1>% <0,
E[bfr(n)j tb?r(n)j t+p]E[bj2i’tbj2i,t+p] o E[bi(n)j,tbfr(n)j t] [bﬂ tbﬂ t]

2 (W (n 7) (w; 1)
= (4 2077,),)(1 +2050) —9) - G 2k <0,

Elbr(n)jt0n (n)j.t4p| E btV t-40 B[O ()0 (m)jr 449 B Byir 1beir 149 — E[bgr(n)j,t}E[b‘]zz t]E[bfr(n)j’,t]E[ij’i’,t}
= <afr(n)ja,1i)iafr(n)j O‘fw HE [bgr(n i, JE [bi JE [bi(n)j’,t]E[b_]’l’ <0,
[b?z.] tb.]21 fan’ f+pb.]27 t+p] [bEL_] beZ/ fb?L.]/ tb.]21 t] < 0.
Thus,
S(t,t+ p)w(n) — S(t, t),r(n) < 0forn > 1. ()

Hence, S(t,t + p)r(n) — S(t,t)x(n) < 0forn > 1,and S(t,t 4 p)r) — S(t,t)r1) = 0. Therefore, we can identify the
root cause. Since S(t,t + p)r(1) = ofr(l), the corresponding parameter Ui(l) is also identifiable.

Phase II  After identifying the root cause, in the second phase, we then identify the causal model over the remaining
variables in a recursive way.

Suppose that we have known the causal order 7. Then for each x(;), its generating process can be reformulated as:

Tr(i)t = bZ(i),txﬂl.m o1t T Ex(i) s

©)
br(iye = Ar(i)br(i)i—1 + €x(i),ts

where T, .\t = [Tr(1),ts " > Tr(i—1),¢)> TEPresenting potential causes to ;) ;.

Lemma S1 has shown that parameters of the varying coefficients regression model are identifiable. Thus, parameters in
(9) are identifiable; that is, the corresponding parameters A,T(i), (the variance of e ;) ;), and 02 (the variance of

en (i)
€x(s),¢) are all identifiable, given the causal order.

(i)
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We define a node’s level in a acyclic graph the number of nodes in the directed path from the root to the node. For instance,
the root has level 1, and any one of its adjacent nodes has level 2.

Suppose that we have identified the causal model of variables at the first n levels. Next, we will identify variables at the
(n + 1)th level and their corresponding parameters. Let V,, represent variable indices of the first n processes, and let
V,, = V\V,,. In the following, we will show that for node r; € V,, which is at the (n + 1)th level, S(¢,¢ + p),., can be
totally explained by a linear combination of cross-statistics of different orders of zv;, ;, but not for other nodes.

We denote 75 € V,, at the (n + 1)th level as 7(n + 1). Then we have

S(t7 t+ p)ﬂ(n+1)

= E[xi(n+1),tx72r(n+1),t+p]

E [(bZ(nH),thmt + e”(”ﬂLl)’t)z(bZ(n+1),t+p$V"’t+p + en(nt1),t4p))

= Bl (41),67V ) (On (1) o1V t+p) ] + Elen(nanyz al Elen(nsny2 4]

+E[<bZ(n+1),thn,t)2]E[6727(n+1),t+p} + E[(bﬂ'(n+1) t+van7t+p) }E[ei('nrkl),t]

- E[(bz(n-‘rl) txvnvt)Q(bz(’rL—‘,-l),t-‘,-vanvt"rp) ] + (O—(%,W(,,L+1)) + E[(bﬂ(n-‘,—l),txvn,7t)2]a-g7r(.,L+l)

[(bTTr(n-i-l) t+p$th+p)2]Ug,r(n+1)
= ZU E[bftbf t-l—p}E[ %txit-‘,-p] +2 Zz‘,j;ﬁk E[b?,tbj7t+pbk7t+p]E[xzz,txj,wpxk,ﬂrp} + (Ug,r<n+1))2
+237; j#k [bzzt+pb tbrt|Elz z2t+pxj tTh,t) + 4 Zi;ﬁj,k;ﬁl Eb; b0k t+pbi,t4p| B2 125 4T p t4pT1,t4p
+22 E[bgt] [z7 t]U erxmeny T Zz;é] QE[bz tbj | E [xi,txj,t}ag,,(wl) + 22 E[bzz,t+p}E[I?,t+p]azw(n+l)
+ iz 2E[bi 4 by t4p) B2 4pT5, t+pl02 Cr(ni1)
= Zz;éj [bgt} (3 7, t+p] [x?tx_ht-‘rp] +2 E[b?t i t+p]E[‘/'E7?,tx7,2,t+p] + (Ugﬁ(nﬂ))Q
i 4B i i 14 p) E[bj b5 14 p) B[ 6T 14 pT 5,1 4] + D E[0F | E[27 ]o?

eﬂ'(nﬁ»l)

+Z E[ Zt+p}E[ lz;t+p] 27r(n+1)

1+2a
= Ziy&j E[b%t} [b2 |E [ L5 ¢L5, t+p] + E . E[bft] [ itLi t+p] —+ (Ug,r(nﬂ))Q
+ Zi;ﬁj 4apapE[b12 t]E[bj, Bl 44, t+pxj Ly, t+p] +2 E[bit} [xlz,t}ag,((nﬂ) +2 E[b?,t]E[xzz,t—i—p}O’Q

Ex(n+1)
o2 aF 1+2a1 272 .2 2 2
= Z#g T—aZ 1= E[ L5235, t+p] + Z 3( ) E[xi,txi,ter] + (Ue,,(nﬂ))

2

a
2 2 2
PLL s o ;i 2 142 o; 2 2
+ Zz;é] 4o G T a2 1,a§E[xz,tl'z,t-&-pxhtxj,t-i-p} +2 1733E[$1‘,t]‘76ﬂn+1) +2 1721fE[xi,t+p]Ueﬂ.(n+l)

(10)
with 1 < 4,5 < w(n), E[b7,] = a7 and E[b},] = 3(:7= ) We can see that S(t,t + p)r(n41) is determined by
corresponding parameters in the causal models of zv,, +and a hnear combination of cross-statistics of different orders of

Tv, . We denote the set of parameters by 6 (,,11). We can find a O (n+1)> 50 that Vp, S(t,t + p)r(n41) can be totally
explained by a linear combination of cross-statistics of different orders of zv;,, ¢.
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Next we show that for other nodes rs € V,, which are at the n’th level with n’ > n + 1, S(t,t + p),, can not be
totally explained by a linear combination of cross-statistics of different orders of zv, ;. For z (), its potential causes are
xv, + U z; here we use z to denote the set of variables which are from the (n + 2)th to (n’ — 1)th level. Then

S(t72t + p)‘n'gn’)
=k [xﬂ'(n/),txﬂ'(n,),ter]
= E [(bz(n’),txvmt + b?m + eﬂ(n,)at)Q(bz(n’),t+van7t+17 + bftzze + ew(n’),t+p)2]

= El(br() v, t)*(On ) e ptVaasn)’ ]+ (02 )2+ El(b7 0 2v,.0)°]02
(), ()t ) (),

Cr(n! w(n')

+E[(b£(n/),t+pzvn,t+p) Jo? w(n') + E[(bﬂ—(n_i,_l) tzvn,t)Q(bZszt—&-p)Q] + E[(bw(n+1)7t+van,t+p)2(b£tzt)2]
+EB[(b720)]02 ) + El(0D 1 p201p)]02, o + B[(b7120)* (b7 1p2e4)°)]
+4E[(b£(n+1) twvn,t>2(b£(n+1) t+prmt+p> (b2.420)*(bF ¢ p2e4p)”]

1+2a
= ZHAJ E[b2 ]E[bit]E[ it L5, t+p] +i 5 E[bft] (27 it L3 t+p] + Zz;ﬁj 4da; apE[b2 |E [bg BT 44 44-pT 5, t4-p)
¥ IR E 07, + S BB o 4 (00, 2+ Sy BB B2 JEl? 1221
1+2a M
+ Zl/ E[b ’,t] [ i/ tl’ 12 t+p] + Zl/ 4ap apE[b ]E[b2 ]E[(L’l/ tLir . t+pxj,txj,t+p]
+Zi/E[b2 JE [ z2 t} o? e, JFZ E[bz’ JE [55 % t+p] Cn(n’) +Z” E[bzzt] [b?/,t]E[xzz,t‘T?’,t+p]
+2 iz da a [ 12 E[b] t] (4,4 @i 44pT g 4T tp] + D s Eb; JE [bff,t]E[xff,tx?',t-s-p]
+ Zi’;éj’ E[b;, ] [b ? @i i p4pTjr, txj/ t+p]
_ of ;2 Elz2 1+2a1 20,2 .2 p p_ol 0}
= Zi;éj R —— [z L5, t+p] + Z 3( ) E[Ii,txi,t+p] + Zi;éj da; 45 1=a7 1= a;zE[xz tLi,t+pLj,tLj,t4+p
2
+Z7, 1— 70112E[ 7,2,t] €r(n’) + Zz 1— a E[ A ter} Z w(n') + (027((7/) )2

2 2 2
o 1+2a o o 2 9
2 7
+ X0 1@,1 afE[x't%ter}‘*‘Zy 3( o )E[CE,t!E/t+p]
2 2
p_p 9 O ) )
+ 30 dapal —o% a7 BElxi 4T 4 pTj i aep) + D 1 2 Elx? o2 o T S = E[xi’,t-i-p}o—ew(n/)
0‘2 gzl ’ 2 02 ?
p . . . .
S i a;E[xz £ eap) T 2 4000 T —a?, E[l“z 124 tp T 4T 4]
2 g 0,2 o2
J 2 4’
+Zl/ g 1= 2"2/ 1-a? E[mi/vtﬁj@tﬂ’] + Zi/#] 4a aj’ 1— ;ﬂ — a2 Elzy oy t+ply t Ty, t4p)
k2 J 7

’ ’

]

t
2
4

(11)
with 1 < 4,5 < n,n+1 <4, 5 <n'. Denote by st(zv, ¢, 0x(n+1),p) the sum of first six terms in the last equality in
(11) and st(:cvn,_lyt,é’,r(n/),p) the remaining parts. Provided that st(zv_, . ,,0r(n),p) = a - st(wv, ¢, Or(ns1), p) does
not hold for any a € R, S(¢,t + p)w(n/) cannot be determined by parameters in 0, 1) and statistics of zv, ;. Thus, we
can not find a set of parameters, so that S(¢, ¢ + p),r(n/) can be totally explained by a linear combination of cross-statistics
of different orders of zv,, ;.

Thus, we can determine the process which is at the (n + 1)th level, and its parameters are identifiable according to (9) and
Lemma S1. Therefore, we can identify the causal model up to the (n + 1)th level.

Repeating this procedure until we go through all processes, we have the identifiability of the whole causal model.

S2. Proof of Corollary 1

Proof. Since in Theorem 1, we have shown that the instantaneous causal order is identifiable, and for lagged causal
relations, their causal order is fixed: from past to future, it reduces to a parameter identification problem.

For variable with ordering (), it has the following varying coefficients model:

m(i—1) si m

Tr(iyt = Zl br(i)j Tt + Z ﬂ( Vit Thkit—s T+ €xi) s
= =

b7T( Vgt = aﬂ"( )7,0 + aﬂ'(’b)j 1b7r(z)j t—1+ €x(i)j,ts (12)

) ) (&)
cnin = Tetio + Py m( Vi Cr(iyit—r T Vn(iyjieo
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where the instantaneous causal order 7 is known.

According to Lemma S1, the parameters in the varying coefficients model are identifiable. Thus, the parameters in (12)
are identifiable. Combined with the result from Theorem 1 that the causal order is identifiable, therefore, the whole causal
model is identifiable. O

S3. M Step in SAEM algorithm

In this section, we give detailed derivations of the M step in the SAEM algorithm. We consider three scenarios separately:
with the change of both causal strengths and noise variances (Section S3.1), with the change of only causal strengths
(Section S3.2), and with both instantaneous and time-lagged causal relationships (Section S3.3).

S3.1. With the Change of Both Causal Strengths and Noise Variances

The proposed time-varying causal network is defined as:

Xy =(I-B)'E,

P
bije = ijo+ D Qijpbiji—p + €ij,
= (13)

@
hix = Pio+ Y Bighit—q + nit,
qg=1

for t = max(p,q.), -+, T, where X; = (z14, -+ ,Tm )", Bt is an m x m causal adjacency matrix with entries b;; s,
and E; = (e1,4, -+, emys)’ withejy ~ N(0,07,), hiy = log(o?,), €ije ~ N(0,wi5), and ;¢ ~ N(0, v;).

The model defined in equation (13) can be regarded as a nonlinear state space model, with causal coefficients
and the logarithm of noise variances being latent variables Z = {{b;;}i;,{h;};}, and model parameters § =
{{aij,O}ij7 {eijptijps {Bi0}i, {Biqtig {wij }ij, {vl}z} Therefore, it can be transformed to a standard nonlinear state
space model estimation. Particularly, we exploit an efficient stochastic approximation expectation maximization (SAEM)
algorithm (Delyon et al., 1999), combining with conditional particle filters with ancestor sampling (CPF-AS) in the E step
(Lindsten et al., 2012; Lindsten, 2013), for model estimation.

SAEM computes the E step by Monte Carlo integration and uses a stochastic approximation update of the quantity O:

M (k.5)

A A w . .

Qu0) = (1= M)Qur(0) + M 3 Ly logpo(Xar, By 1), (14)
Jj=1 1T

with
log po(X1.r, Bi, hiti)
k,j k,j k,j k,j k,j k,j
= S logpe(Xe B mED) + 0 logpe(B (B, BED) + S logpe(BIY)  (15)
T k.,j k.j k.j k.j
30 1 logpe (R RED - BTy 4520 log pg(hi)),

where Bt(k’j ) is the sampled jth particle of B, at the kth iteration, and hgk’j ) is the sampled jth particle of h, at the kth

iteration.

Let ag = {aijo}ijs ap = {ijptij forp = 1,--- p;, w = {wi;}iy, and let Bo = {Bio}i» By = {Big}iq for ¢ =
L q,v= {vz}z

For presentation convenience, we reorganize the form of some parameters and latent variables. Let Bbe an m(m—1)x1
vector, which is derived by stacking each column of B in sequence after removing diagonal entries. Let &, be an m(m —
1) x m(m — 1) matrix, which is derived first by stacking each column of « in sequence after removing the diagonal entries
and then diagonalize the vector into a matrix. The same operation is applied on « to get &g, and on w to get w. Bq is an
m x m matrix, derived by diagonalize the vector 3, into a matrix. The same operations are applied on Jj to get fo. The
reorganized parameters are ) = {ao, {d,,}g’:l, @, Bo, {Bq}glzl, v}
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By inductive reasoning, equation (14) can be rewritten as

k M
(1= M) (L= Apeq) - (1= Aign) A - wlo?) o LD, (16)

i=1 j=1

where L(7) = log pe(X1.7, BYT])7 hi )) Each parameter is estimated by setting the corresponding partial derivative of
the expected log-likelihood 9, to zero.

By taking the derivative of O (0) w.r.t &,, we have

Béy
= YL L A=A = M) (L= AN w10 (17)
(i,9)
= S L A= A = Aer) e (1= N (1= M) w2
with
oL (9 T L &N L s
ga = D W VB —ao =3 a - BB, (18)
p t=p;+1 =1

Set ‘gg; = 0, and thus,

&

=<Zf_1 S S (D= ) = Ama) - (1= As) i - wit? - (B — Go — Y0, 0 - BB (;J))

1
J0E0 > INNTED BT N BCEPWR PR A A

M T
_ <(1/\k DS ST W (B —d - S a - BED)B T(/w))

j=1t=p;+1 l#p
&)
((1 — A)as ) + A Z Z Wit B ’”BT(M)>
j=1t=pi+1
&0
Pp
(19)
Set %g: = 0, and thus
&
.. 71
— (SL L@ -2 A 1= A o)
(Zz 1 Zg - pl+1( A= Aen) - (U= AW (BE — Gy = Y0 B&?))
—1
-1) (k 7)
((1 + Ak Z (T — ) > (20)
e
M T _ ' a )
: ((1 —awag VYT ST Wi (B — a3 a - Bfk’zj))) :
j=1t=p;+1 =1

k)
aly
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Take the derivative of Oy () w.r.t w:

3Q o QL)
k ZZ 1_)\19 1_)\k 1) ( /\i+1))\i.w;’3).77

w
=1 j=1 9

where

Set 86%’“ = 0, and thus

w®
-1
= ( —p) - (1= M) = A1) - (1= Aie) N w;w)
<Zz S (=A@ = N (1= M)A wi )
( ) _ o — prl & B( J))(Bt(m) o — Zl Ly z])) )
A~ M 1
= ((1 — M)+ N (T - p) - <’W>)

j=1

~(k)

<(1)\k D4, Z Z ) () _ g Zo‘l BED (B onfZaz

21

(22)

j=1t=p+1
G
(23)
Take the derivative of Oy () w.r.t 8, and set aQ’“ = 0, and thus
(k)
Bo L
— (SLELE -0 -2 he) 0= A )
(T 12 L g (= AL = A (L= XAt (b — By — ?Lléz-hﬁi%)
) S o) -
. Ak—1 k,j
= ((1 5+ M ]ZIT 9) ) 24)
B
((1_)‘k6(k1+)‘zzwkj) k] Zﬁl ’J)>
j=lt=q+1
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Take the derivative of Qy,(6) w.r.t 5, and set %%’“ = 0, and thus

Zék)
k M T iy] i, J ] T(t,7
N (Zz‘=1 S S (=) (1= Nemn) - (1= A A - wi? - (B — By — S0, Bk )Ry J)>

t—q
~(Zf—1 S S (= M) (= M) o (L= A A - i) hﬁi_’i}hffz’”)

A M T _
((1 Y e Ve (BN L o PA m) 05

j=lt=q+1 I#q

:(k‘)

-1
((1_)\ (k 1)+)\kz Z kﬂ) h(kJ ht(§7])> ]

j=lt=q+1

ﬁm

Take the derivative of Oy (0) w.r.t v and set 8(9—%’“ = 0, and thus

= ( T—q) (1—=X)(1 = A1) (1= XNy i - waJ))_
( = 12Mlzt QH-l( 7)\]“)(17)"6—1)"'(17)\i+1)>\i’(~0¥7j)

By — 0 AR (D gy - )T)
M -1
26
= ((1 D ST ) “‘”) (26)
j=1
o{F)
M T )
. <(1 _ )\k)@ék—l) + M\ Z Z w;f“v]) k]) — By — Zﬁ h(k J) h(k 2J) — By — ZB h(k’]) )
J=lt=q+1
NO)
b

S3.2. With the Change of Only Causal Strengths

If we assume that the variance of E; does not change across time, then we have the following time-varying causal network:

X, = (I- Bt)_ E;,
27
bije = wujo+ Z Qijpbijit—p + €ijit, @7)
p_
fort = p;,---,T, where X; = (14, - 7xm,t)T, B, is an m x m causal adjacency matrix with entries b;; ¢, Iy =
(€1,ty ++ yem,)T withe; s ~ N(0,02), and €;5,; ~ N(0,w;;). Let R be an m x m diagonal matrix with diagonal entries

2. The latent variables are Z = {{b;;},; }, and model parameters are 6 = {{cv;;,0}ij, {Qtij.p tijp» {Wij }ij> {oi}i }-
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We update R by setting 88;{ = 0, and thus

A
(ST 0 A )= A )

-(251 S ST = A = Aemt) - (= A A - - (1= BO) X, XT (1~ BE“”)T)

-1
- (( M) RED 4 ZT w(k’])> (28)

j=1

-1

A

R M T ] B ) _ .
: ((1 )RS TS Wl (1 - B x XT (1 - ng)T) :

j=1t=1

5 (k)
Rb

The other parameters are updated in the same way as those is Section S3.1.

S3.3. With Both Contemporaneous and Time-Lagged Causal Relationships

It is easy to extend to the case with both contemporaneous and time-lagged causal relationships:

Xe = (I-B) (XY O X+ B,
bijt = «qijo+ 22’21 Qij pbijt—p + €ijts
q1
hiv = Bio+ > Bighijit—q + Nits (29
q= 1
(s)  _ (s)
C’L;,t - 72]0+2713r zgt r+l/1]st7
fort = max(p, qi), -+, T, where Xy = (214, -, xmyt)T, B, is an m x'm causal adjacency matrix with entries b;; , C’t(s)
is an m x m matrix with entries ng)t fors=1,---,s,and By = (e14, -+ ,em¢)’ withe; ¢ ~ N (0, 0'1'2,15)7 hiv = log(crfyt),

€ijr ~ N(0,wi;), mir ~ N(0,v;), and V( 2~ N(O u'?). The latent variables are Z = {{bi;}i5, {CE;)}ij’s, {n;};}, and

Y ZJ

model parameters are 6 = {{a;,0}i5, {Oém,p}zg,pv {Biois {Bia i {wig¥ig, {0 Lvion Yigiss DY Yigurss Luis 13 3

Set 39(;") = 0, and thus
Ir

o

s,k)

(Zzlz L (= )@ = Amt) (L= A - wit (G — Z#m tsmhaﬂﬁw>
—1

(Zz Dy zfzml — (= M) (1= A w ) cfi’:“cf-(f”’”)

( (s’k_1)+)\kz Z w(k] sk] Z,ys)c(skj T(skg))

j=1t=r;+1 I#r
ST
((1_/\k>7(5k 1)+)\kz Z wik) . Glekd) C’t(Sk’j))l
j=1t=r;+1
55

(30)



Supplementary Material for ‘“Causal Discovery and Forecasts in Nonstationary Environments with State-Space Models”

99y,

Set 5=% = 0, and thus
ﬁsk)
-1
= (S - -2 ) 1 A )
(E S T (= A= ) (= Ao
C(su) ~(s) Zz A ém )(C(é 157) ,~y(()s)7 5”:1 :Yl,ét(ivlld))T)
M -1
= ((1—/\)11(” DY (T =) Uw))
Jj=1
FICR)
((1_)% bsk: 1)+)\ Z Z w(k,j sk,g ~(s Z,}/ls) Ctslk,j (C(sk:,j ~ Z (s) C(S k:,j) )
j=1lt=r;+1 =1

2(s,k)
Uy

Set %—%j = 0, and thus
£
-1
- (zi»“_l S A= M) (1= A -w(T“”)
T 3 R P P S SN (e
-1
= (( — A\i)tg (k D Zw(’”)
Jj=1
4l
¢ M 1 T
2 (e k. = (k.j (k.
(MR YA S O = )T
j=1 )
a(k)
b
Set agk = 0, and thus

-1

%é
(Zl ! ZJ LT =) - (L= A (1 = A1) - (1= AN ~w¥,j)>
z 123 12,5 TL+1(

—1
< (()sk1+)\z —7“1 kj))

B )\k)(l - /\k_l) (1 - /\H-l))\ wT’J) (Ct(s’i)j

€Y

1) (GO — mT)

(32)

-3 - T A i)

jmc)
qi
(s,k—1) s s,k, ~(s ~(s s,k,j
(a=wis NS Y Wl (R 50 300 ol ).
j=1t=q+1 =1
S

(33)
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The other parameters are updated with the same way as those in Section S3.1.

S4. Conditional Particle Filter with Ancestor Sampling

The detailed procedure of conditional particle filter with ancestor sampling is summarized in Algorithm S1.

Algorithm S1 CPF with Ancestor Sampling

Let prespecified particles be Z].. = {Z],-- , Zh}.
Draw ZOQ) from Zofj) ~ fo(Zy), =1, , M —1.
Set Z(M) Z!.
Setw =Wy (Z(J))for]—l , M.
fort—2ton0 .
Draw s} with P(s] = 1) o<w£ )1 forj: 1,---, M —1.
Draw s,{VI with P(sM = ]) x wt 1f0(ZDI|Z°g 1)
DrawZ ~f9(Zt|Zt )for j=1,--- M—1.
Set Z(M) Z.
Set Z9) = (7% | 7DV forj=1,--- M.
Setw ) = Wy (29, 25 Yforj =1, M.
: end for

D AN AN R

_
e

—_
N —

SS. Sparsity Constraints

In practical problems, the causal connections may be sparse. In this section, we consider the sparsity constraints on causal
adjacency matrix B; and that on b;;; — b;;:—1, Vi, j, which ensures smooth changes of b;; + across time.

It is well known that lasso regularization for sparsity is biased. Thus, we utilize the smoothly clipped absolute deviation
(SCAD) penalty, which has shown to be unbiased for the resulting estimator of significant parameters (Fan & Li, 2001).
The SCAD penalty is given by

Albiga| L i fbiel < A
piCAD(sz,t) _ |bijel ;?Zillb)ij,tH)\ if A < |bije| <aX
2
% if |b2]’t| > a

where a and )\ are hyperparameters. The penalized log-likelihood for equation is modified as
pA(X[B)
T
= Yoy logp(XilBroo?) = 3,0y 30 AP (bije) (34)
- Zt 22 i, pSCAD( ijt — bije—1)-

Since adding sparsity on B; and b;; ; — b;; :—1 does not affect the derivatives of the parameters in the M step, we only need
to modify the likelihood used in the E step, by replacing p(X |B) with py(X|B).
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