Composing Entropic Policies using Divergence Correction

A. Proofs

A.1. Max-Ent Generalized Policy Improvement

Theorem 3.1 (Max-Ent Generalized Policy Improvement) Let 71, o, ..., T, be n policies with a-max-ent action-value
functions Q*, Q?, ..., Q™ and value functions V', V2, ..., V™. Define

7(als) o exp (£ max; Q'(s,a)) .

Then,
Q™ (s,a) > maxQ'(s,a) foralls € S, a € A, ®)
V™(s) > max V(s) forall s € S, (6)

where Q™ (s, a) and V™ (s) are the a-max-ent action-value and value function respectively of .

For brevity we denote Q™** = max; Q°. Define the soft Bellman operator associated with policy 7 as

TﬂQ(Sa a) = T(S7 a, 3/) + V]Ep(s’\s,a) [OLH[TF('|S/)] + EG,NT(("S,) [Q(Slv CL’)H .

Haarnoja et al. (2018b) have pointed out that the soft Bellman operator 7™ corresponds to a conventional, “hard”, Bellman
operator defined over the same MDP but with reward 7 (s, a,s") = (s, a, s") + yaE,(s|s,q) [H[7(-|s")]]. Thus, as long as
r(s,a,s’) and H[r(-|s')] are bounded, 7™ is a contraction with Q™ as its fixed point. Applying 7™ to Q™**(s, a) we have:

T Q™ (s,a) = 1(s,a,5") + By p([s,a).armn(-|s) [~alogm(a'[s") + Q™ (s", d)]

exp(a' Q™ (', )

ZW(S/) + Qmax(sl’ a/)

= ’I"(S, a, S/) + WES/Np(-|5,a),a’~7r(~|s’) —alog
=7(5,a,5) + VEg p(|s,a) [ log Z7(s")] .
Similarly, if we apply 7™, the soft Bellman operator induced by policy ;, to Q™**(s, a), we obtain:

T Qmax(s, a) = 7"(8, a, S,) + ’YES’Np('\s,a),a/Nwi(~\s/) [_a log T (a’|s/) + Qmax(s/’ a/)] .

We now note that the Kullback-Leibler divergence between m; and 7 can be written as
Dxr(mi(-[s)][7(-[$)) = Earnm,(|s) logmi(als) —logm(als)]

1
=Equri()s) |logmi(als) — anaX(s,a) +log Z7(s)| .

The quantity above, which is always nonnegative, will be useful in the subsequent derivations. Next we write

TTQ™™(s,a) = T Q™ (s,a) = YEy wp(.|s,0) [a log Z™(s") — Eqsomy (s [~ log mi(a'[s") + QM¥(s', a’)ﬂ
= ’Y]Es’fvp(-\s,a) [Ea’fvﬂi(-\s’)[a IOg ZW(S/) + OélOg 7T1'((Z,|S/) - Qmax(sl7 a,)”
= By mp(|s,a) [aDkL(mi(-|s) |7 (|s"))]
> 0. (14)

From (14) we have that
TT Q™™ (s,a) > T™Q™(s,a) > T™Q'(s,a) = Q'(s,a) foralli.
Using the contraction and monotonicity of the soft Bellman operator 7™ we have

Q™ (s,a) = lim (T™)*Q™™(s,a) > Q(s,a) for all i.

k—o0
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We have just showed (5). In order to show (6), we note that

V7(s) = aH[r([s)] + Eanr [Q" (s, a)]
2 aH[r(:|s)] + Eanr [Q™ (s, a)]
= alog Z™(s). (15)

Similarly, we have, for all 7,

V() = B, (s) [Q'(5,a) — alog mi(als)]
< Egor,(1s) [@T(s,a) — alog ;(als)]
= alog Z™(s) — aDxr.(m;(:|s)||7(-|s))

< alog Z7(s). (16)

The bound (6) follows from (15) and (16).

A.2. DC Proof

Theorem 3.2 (DC Optin_lalit_y) Let 7;, m; be o max-ent optimal policies for tasks with rewards r; and r; with max-ent
action-value functions Q*, Q. Define Cg° (s, a;) as the fixed point of

k+1
CIS * )(St’at) = _OZVEP(StJrllSuat)[

1-b)

10g/ Ti(ap1]ser1) m(aesa]ser1) T exp (
A

Lok
—EC,S )(5t+1;at+1)>dat+l}
Given the conditions for Soft Q convergence, the max-ent optimal Q (s, a) for rp = br; + (1 — b)r; is

Qi (s,a) = bQ(s,a) + (1 — b)QI(s,a) — C5°(s,a)
Vs e S,ae€ Abel0,1]

We follow a similar approach to (Haarnoja et al., 2018a) but without making approximations and generalizing to all convex
combinations.

First note that since 7; and 7; are optimal then 7;(a|s) = exp(L(Q'(s,a) — Vi(s))).
For brevity we use s and s’ notation rather than writing the time index.

Define

O (s,a) = bQ'(s,a) + (1 — b)Q’ (s, a) 17
0O (s,a) = 0 (18)

and consider soft Q-iteration on r starting from Q( . We prove, inductively, that at each iteration Qbk+1 bQ'(s,a) +
(1—=0)QI(s,a) — C*+tV (s, a).
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This is true by definition for k£ = 0.

l()kﬂ)(s, a) = ru(s,a) + YoEy(ss,0) {log/AeXp ;ng)(s’,a’)da’} (19)
=rp(s,a)+ (20)
Yoo 18 [ exp(E0QS ) + (1= D@ ) - OO )|
=1y(s,a)+ 2D

. ) 1
Ep(s'[s,a) {bV’(s') +(1=b)VI(s) + alogAexp(blogm(a'|s’) + (1 —b)logm;(a’|s") — EC’(’“)(S’, a'))da'

= bQi(Sv a) + (1 - b)Qj(Sv a’)+ (22)
aVEp(s'[s,) [103;/Aexp(b10g mi(a']s") + (1 — b)log ma(a'|s) — éC(’“)(S’, a’))da’}
= bQ'(s,a) + (1 - b)Q'(s,a) — CLF (s, a). (23)

Since soft Q-iteration converges to the v max-ent optimal soft () then equation 17 holds at the limit.

One can get an intuition for C° (s, a) by noting that

3V (s,a) = YOEp(w)s0) [(1 = B) Dy (1 (-]3) |2 -|s))] (24)

where Dy, is the Rényi divergence of order b. Cy°(s, a) can be seen as the discount sum of divergences, weighted by the
unnormalized product distribution 7y (a|s)?ms(a|s)°.

A.3. N policies

It is possible to extend Theorem 3.2 to the case with N policies in a straightforward way.

Theorem A.1 (Multi-policy DC Optimality) Ler w1, 7o, ..., 1n be o max-ent optimal policies for tasks with rewards
71,72, ..., "y With max-ent action-value functions Q', Q?, ..., Q.

Define C3 (s, ar) as the fixed point of

Cx(f+1)(3t7 a) = —aVEp(s, 1 150,a0) [log f.A (Hzlil Wi(at"'l'st"'l)u}i) eXp(_éC‘E‘{C)(St""l’ at+1))dat+l}

Given the conditions for Soft Q convergence, the max-ent optimal Q%,(s,a) for the convex combination of rewards

Tw = Zfil rW; s
Q:;V(S? a) = Z;Nzl wqui(S, a) - O\C;vo(sa a)

N
VsES,aEA,We{W\Zwizl and w; > 0}

i=1
Note that w; refers to component ¢ of the vector w;.
The proof is very similar to the two reward case above.
Define
N
QY = wiQ'(s,a) (25)
i=1

c® =0 (26)
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and again consider soft Q-iteration on ry,. We prove by induction that at each iteration
Q(k+1) (s,a) Zwl C(k+1)(8 a) (27)

Again, this is true by definition for £ = 0. Now we consider a step of Soft Q iteration

Q‘(,f,ﬁl) = ru(5,a) + VOB (s |s.a) [log/ exp lelf)(sha’)da’} (28)
P [log/ exp — (Z w;Q —CP) (s, a)) da’] (29)

N
. 1
= rw(8,a) + YEp(s|5,0) [Z wVi(s') + alog/ exp (Z w; logm;(a’ls’) — EC‘("{C)(S/’ a’)) da’] (30)
i=1 A i=1

N N
) 1
- Zwin(s, a) + ovEp(ss,a) log/ exp(z w; log mi(d|s') — =CP (s a ))da/] (31)
i=1 A i=1 @
N .
= ZwiQ’”(s, a) — CE+D (s, a) (32)
i=1
Since soft Q-iteration converges to the & max-ent optimal soft ) then Q% (s, a) = 25\7:1 w; Q% (s,a) — el (s, a) for all

se€S,ac A

Note that, in practice, estimating C's’ may be more challenging for larger /N. For compositions of many policies, GPI may
be more practical.

B. Theoretical properties of the composition methods

Method Optimal Bounded loss Requires ¢ Requires f(s, alb)
Co

CondQ v na v v

GPI v v

DC v na v

Table 1. Theoretical properties of different approaches to max-ent transfer. The methods compared are: CO, CondQ, max-ent GPI (over
a fixed, finite set of policies), and DC. The columns indicate whether the transfer policy is optimal, the regret of the transfer policy is
bounded, whether rewards for all tasks ¢ need to be observed simultaneously during training and whether the method requires learning a
function conditional on the transfer task b, f (s, a|b). DC is the only method that both recovers (in principle) the optimal policy and does
not require observing ¢ during training.

C. Algorithm details
C.1. Transfer algorithm

Algorithm 2 AISBP transfer algorithm
Load trained parameters 6, 04, 0, 0c, 00, -
Accept transfer task parameter b, transfer method € CO, GPI, DC, CondQ.
while testing do
Importance sample transfer policy m,(als) oc exp Q™% (s, a) with mixture proposal py(als),
end while
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C.2. All losses and estimators

We use neural networks to parametrize all quantities. For each policy we learn an action-value Qg,, (s, a), value Vp,, (s) and
proposal distribution go, (a|s). We use target networks for the proposal distribution gg; (a|s) and value Vp, (s).

Here we enumerate all of the losses and their estimators. We use temporal difference (TD(0)) learning for all the RL losses,
so all losses are valid off-policy. We use a replay buffer R and learn by sampling minibatches of SARS tuples of size B, we
index over the batch dimension with [ and use sg to denote the state following s;, so the tuple consists of (s;, a;, 7, s]). For
importance sampled estimators we sample IV actions for each state s; and use a;;, to denote sample k for state .

We learn a set of n policies, one for each task in 7 indexed by 7. However, we write the losses for a single policy and drop @
for notational simplicity.

C.2.1. PROPOSAL LOSS

The proposal loss minimizes the KL divergence between the Boltzmann distribution 7(a|s) o exp(3Q(s,a)) and the
proposal distribution.

L(6,) =Egr [Ea~w(~|s) [log m(als;) — log qo, (a|st)ﬂ (33)

As described in the text, this loss is estimated using importance sampling with a mixture distribution p(a|s) containing
equally weighted components consisting of the target proposal distribution qe, (a|s) for all policies and the uniform
distribution.

1 1 =
plals) = i <VA + Z%; (a5)> (34)
i—1

where VA is the volume of the action space (which is always bounded in our case).

The proposal loss is estimated using self-normalized importance sampling

B
Z Z wyi 10g go, (alst), (35)
=11=1
1l Sk, @ /
wh, = Q(QGQ( ks Qki)) - kal . (36)
(akl |Sk) Zm:l w;@m
C.2.2. VALUE LOSS
The soft value loss is
1 1 9
L(0y) =Eg §(V9V(st) — alog exp(EQgQ (s¢,a))da) (37)
A
We estimate this using importance sampling with the proposal distribution gy, (a|s) which is trying to fit the policy 7.
1 B
2
LOV)~ 55 l_zl (Voy (s1) — alog Z) (38)
7|1 N exp(LQoq, (51, air)) 39
=52 (39)

qe, (@i |Sl)
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C.2.3. ACTION-VALUE LOSS

The TD(0) loss for Qg,, is

L(0g) =Egr B(QQQ (56, a) = (r(st, at, $141) + Ve, (s141)))? (40)

This does not require importance sampling to estimate and can be straightforwardly estimated as
1B
L(00) = 555 > (Qog(s1,a1) = (11 + Ve, (5))) (41)

=1

The action-value is parametrized as an advantage function Qg (s, a) = Vy, (s) + Ag , (s, a).

C.2.4. STATE DEPENDENT SUCCESSOR FEATURES LOSS

To facilitate max-ent GPI we learn successor features for each policy, both state-action dependent features vy, (s, a) and
state-dependent Yy (s). As with value, we use a target network for the state-dependent features Yo, _(s)

£(0) =B | (Lo (5) = Baysta g W (51:00) + @1~ (s1,01) + o 2]

This loss is estimated using self-normalized importance sampling with proposal gy,

L(0y) ~ 7221‘1% [ 1/’9,,, (51, a1r) — QEQ(Sham) + alog Z(sl))g] ) (42)

1=1 k=1
xp(=Q*(s1, ark))

dp, (aw|s))
We use the importance sampled estimate of Z from eq 39, rather than the value network which may be lagging the true

partition function. We use self-normalized importance sampling to avoid the importance weights depending on «log Z(s;)
(this introduces a bias, but in practise appears to work well).

Wi X

(43)

C.2.5. STATE-ACTION DEPENDENT SUCCESSOR FEATURES LOSS

The state-action dependent successor feature loss is
1
L(0y) =Er {2(1#0@(% ar) = (p(st, ar, s041) + 7 Yoy (s111)))°] - (44)

for which we use the following estimator
B
Z Vo, (s1,a1) — (9 + 7 Yoy (5)))). (45)

1y, is parametrized as a “psi-vantage” vy, (s,a) = Yo, (s) + w(‘;‘A (s,a).

C.2.6. DC CORRECTION

We learn the divergence correction for each pair of policies 7;(a|s), m;(als). As described in the text, in order to learn
Coc (s, a,b) forall b € [0, 1], we sample b. We also use a target network Cy, (s, a,b). The loss is then

L(0c) = ESNR,bNU(O,l)[%(CGC(&& b) + avEp(s|s,0)[log fA exp(blogm;(a’|s")+ (46)
1 ! !
(1—b)m;(a’ls") — aC’gc,(s ,a',b))da ])2]
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This loss is challenging to estimate, due to the dependence on two policies. We importance sample using a mixture of all
proposal distributions uniform p(a|s) (equation 34). We denote the samples of b ~ ¢/(0, 1) for each batch entry b;. Note the
choice of uniform distribution for b is not required, other distributions that ensure the estimator works well for b € [0, 1]
would also work. The importance sampled estimator is then

B N thget(sl al b) 2
o, 15 s VL
L(bc) ~ Z <Coc si, ar, b)) — aylog lN > a5 ]) ; (47)
- plaw |5
arge 1 j
C:)/C 9 (87, @y, br) = exp (&(leeQ(sh ay) + (1 - bl)QéQ(sg, ay) — Coy, (81, s b)) (48)

We parametrized Cp,, as an advantage function Cy, (s,a,b) = C’g‘c L(s,a,0) + C;i ., (5,b) with an additional loss to
constrain this parametrization

1
5(03) = anq(-\s),sz |:2(Céch (S7 a, b))2 (49)
which can be straightforwardly estimated by sampling from ¢
1 BN
L(0p) =~ SNB (Och (s1, a, br))? (50)
1=1 k=1

C.2.7. CoNDQ

We also consider, as a control, learning the action-value function conditional on b directly (Schaul et al., 2015), in a similar
way to the DC correction. We learn both a conditional value Vp,, (s,b) and Qng (s,a,b), again by sampling b uniformly
each update.

1 1
’C(gvb) = ]ER,bNU(O,l) |:2(V9Vb (87 b) - alog/exp(aQGQb (87 a, b)))2:| ) (51)

1
L0g = Egry~v(0,1) {Q(QeQb (s,a,0) — (1p + Vo, (', b)))z] ; (52)

where computing 7, for arbitrary b requires ¢ to have been observed.

We estimate Cond-Q with the same importance samples as C' from p(a|s) and again sample b ~ ¢/(0, 1) for each entry in
the batch. We use target networks for Vg, (s,b) and parametrize Qo (s, a,b) = Vg (s,b) + Ag, (s, a,b).

The conditional value estimator is

B N 2
1 (£Qoq, (s, awk, b)
L(Oy) ~ —BZ (ng s1,b;) — alog NE: = ) (53)

p(aik|si)

and action-value estimator is

B 2
Z (@, (s1,00,b0) = (o + Vi, (s5.0))) (54)

C.3. Sampling the product of proposals
The proposal distributions qi(a|s) are mixtures of M (truncated) normals (equation 7). We ignore the truncation when
computing the product of proposals ¢*/ (als).

The product of two M component mixtures of normals results in another mixture of normals with //2 components (e.g.
Schrempf et al., 2005). Since for all experiments M is a relatively small integer (maximum is 16) we sample from the
product of proposals in a naive way.



Composing Entropic Policies using Divergence Correction

D. Justification for the DC-Cheap heuristic

We wish to estimate C;° (s, a) (defined in Theorem 3.2) while avoiding learning a conditional function of b. We make two
(substantial) assumptions to arrive at this approximation.

Firstly, we assume policies 7;(als), 7;(als) are Gaussian

mi(als) = exp (-W) (55)

and the variance o(s) is the same for both policies given a state (it may vary across states).

Secondly, we assume Cé“ (s,a) = Clsk) (s) is independent of action. This is approximately correct when nearby states have
similar Rényi divergences between policies.

We make use of a result by Gil et al. (2013) that states that the Rényi divergence of order b for two Gaussians of the same
variance is

10(py — p2)?
Dy (N (11, 0) [N {1z, ) = 112 56)

We first define
Gy(s) = (1 =) Dy (mi(-[s)[|m;(:|s)) = —10g/m(GIS)"Wj(a\S)“‘b)da- (57)
From equation 55

Go(s) = 4b(1 — b)Ga (s). (58)

N|=

Given these assumptions we show inductively that Clgk)(s, a) =4b(1 — b)C’Y;%(s, a) Vk,b € [0,1].

Since CZEO)(S, a) =0Vb € [0,1],a € A, s € S this is true for k = 0. We show it holds inductively

1
Cék‘+1)(5,a) = —O/}/Ep(sqs’a) |:10g/ Fi(a/‘3/>b7rj(a’|3/)(l—b) eXp(—aCék)(S’,a’))da' (59)
A
=YEp(s|5,a) [aGb(S/) + Clsk)(S')} (60)
= 4b(1 - H)CTH(s,a). (61)

2

Obviously these assumptions are not justified. However, note that we estimate the true divergence for Cf72, i.e. without any

assumptions of Gaussian policies and this heuristic is used to estimate Cy° from C79,. In practise, we find this heuristic
works in many situations where the policies have similar variance, particulary when bounded by GPI.
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E. Additional Figures
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Figure 5. Additional results for figure 1 (tabular)

(a) The U(p) and (b) R(ight) tasks.

(¢) The CO policy for the LU task. Note how even far from the reward (e.g. bottom right corner) the CO policy is near optimal, contrast
with the GPI policy for this task (figure 1f).

The log regret (smaller is better) as function of b (r, = br1 + (1 — b)r2) for the transfer task for the (d) incompatible (Left-Right) task,
(e) compatible (Left Up) task and (f) T(ricky) task.
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Figure 6. Additional results for figure 2 (point mass tricky)

(b)

(a) The returns (larger is better) for the transfer task as a function of b (1, = br1 + (1 — b)r2) including the DC heuristics. DC-Cheap+GPI
performs almost as well as DC.

(b) The Rényi divergence of the two base policies as a function of position: the two policies are compatible except near the bottom left

corner where the rewards are non-overlapping.

06
0.0 0.5 1.0
b

Figure 7. Returns for figure 3 (planar manipulator)

Co

GPI

DC

DC-Cheap
DC-Cheap+GPI
CondQ

The returns for the transfer task as a function of b (r, = br1 + (1 — b)r2) including the DC heuristics. DC-Cheap+GPI performs almost
as well as DC. Shaded bars show SEM (5 seeds).
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CondQ
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(b) (c)

Figure 8. Additional results for figure 4 (mobile bodies)
(a) Jumping ball task. The task has rewards (1, 0), (0, 1) in the green and red boxes respectively and (0.75, 0.75) in the blue square.
The returns for the transfer task as a function of b (r, = br1 + (1 — b)r2) including the DC heuristics for the jumping ball (b) and ant (c).

Shaded bars show SEM (5 seeds for ant, 3 seeds for jumping ball). As expected, CO performs poorly on these tasks. CondQ struggles to
consistently get good returns on the ant task. The DC heuristics perform well on these tasks.
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Figure 9. Ant on non-composable subtasks

(a) Trajectories of the ant during transfer on non-composable subtasks. In this experiment the two base tasks consists of rewards at the red
and green square respectively. As expected, in this task, where the two base tasks have no compositional solution, CO (red) performs
poorly with trajectories that end up between the two solutions. GPI (blue) performs well, as does DC (black). CondQ does slightly worse.
(b) Box-plot of returns from 5 seeds (at b = 0.5).

(c) Returns as a function of b, SEM across 5 seeds is plotted, but is smaller than the line thickness.

F. Experiment details

All control tasks were simulated using the MuJoCo physics simulator and constructed using the DM control suite (Tassa
et al., 2018) which uses the MuJoCo physics simulator (Todorov et al., 2012).

The point mass was velocity controlled, all other tasks were torque controlled. The planar manipulator task was based off
the planar manipulator in the DM control suite. The reward in all tasks was sparse as described in the main text.

During training for all tasks we start states from the randomly sampled positions and orientations. For the point mass,
jumping ball and ant we evaluated transfer starting from the center (in the walker environments, the starting orientation was
randomly sampled during transfer, the point mass does not have an orientation). For the planar manipulator transfer was
tested from same random distribution as in training. Infinite time horizon policies were used for all tasks.

Transfer is made challenging by the need for good exploration. That was not the focus on this work. We aided exploration
in several ways: during training we acted according to a higher-temperature policy o, = 2a.. We also sampled actions
uniformly in an e-greedy fashion with € = 0.1 and added Gaussian exploration noise during training. This was sufficient to
explore the state space for most tasks. For the planar manipulator and the jumping ball, we found it necessary to induce
behavior tasks by learning tasks for reaching the blue target. This behavior policy was, of course, only used for experience
and not during transfer.

Below we list the hyper-parameters and networks use for all experiment. The discount v and o were the only sensitive
parameters that we needed to vary between tasks to adjust for the differing magnitudes of returns and sensitivity of the
action space between bodies. If « is too small then the policies often only find one solution and all transfer approaches
behave similarly, while for large « the resulting policies are too stochastic and do not perform well.

The state vector was preprocessed by a linear projection of 3 its dimension and then a tanh non-linearity. All action-state
networks (@, ¥, C) consisted of 3 hidden layers with elu non-linearities (Clevert et al., 2015), with both action and
preprocessed state projected by linear layers to be of the same dimensionality and used for input the first layer. All value
networks and proposal networks consisted of 2 layers with elu non-linearities. The number of neurons in each layer was
varied between environments, but was kept the same in all networks and layers (we did not sweep over this parameter, but
choose a reasonable number based on our prior on the complexity of the task).

Below we list the per task hyper-parameters
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Proposal learning rate

All other learning rates

Value target update period

Proposal target update period

Y target update period

Number of importance samples for all estimators during learning
Number of importance samples for acting during training
Number of importance samples for acting during transfer

Table 2. Parameters the same across all experiments

Task Number of units o vy

Point mass 22 1 0.99
Planar Manipulator 192 0.05 0.99
Jumping Ball 192 02 09
Ant 252 0.1 095

Table 3. Parameters varied between experiments

200
200
500
200
50
1000



