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Abstract

Sign-based algorithms (e.g. SIGNSGD) have been
proposed as a biased gradient compression tech-
nique to alleviate the communication bottleneck
in training large neural networks across multi-
ple workers. We show simple convex counter-
examples where signSGD does not converge to
the optimum. Further, even when it does converge,
signSGD may generalize poorly when compared
with SGD. These issues arise because of the bi-
ased nature of the sign compression operator.

We then show that using error-feedback, i.e. in-
corporating the error made by the compression
operator into the next step, overcomes these is-
sues. We prove that our algorithm (EF-SGD)
with arbitrary compression operator achieves the
same rate of convergence as SGD without any
additional assumptions. Thus EF-SGDachieves
gradient compression for free. Our experiments
thoroughly substantiate the theory.

1. Introduction

Stochastic optimization algorithms (Bottou, 2010) which are
amenable to large-scale parallelization, taking advantage of
massive computational resources (Krizhevsky et al., 2012;
Dean et al., 2012) have been at the core of significant recent
progress in deep learning (Schmidhuber, 2015; LeCun et al.,
2015). One such example is the SIGNSGD algorithm and
its variants, c.f. (Seide et al., 2014; Bernstein et al., 2018;
2019).

To minimize a continuous (possibly) non-convex function
f: R? — R, the classic stochastic gradient algorithm (SGD)
(Robbins & Monro, 1951) performs iterations of the form

X1 = X¢ — Y8t (SGD)

where v € R is the step-size (or learning-rate) and g; is the
stochastic gradient such that E[g;] = V f(x:).
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Algorithm 1 EF-SIGNSGD (SIGNSGD with Error-Feedb.)

1: Input: learning rate v, initial iterate xy € R ey =0
2: fort=0,...,T—1do
3: g := stochasticGradient(x;)

4:  py =8t e > error correction
50 Ay = (||pelly/d) sign(pe) > compression
6 Xyp1 =X — A\ > update iterate
7o 1 i=pr— Ay > update residual error
8: end for

Methods performing updates only based on the sign of each
coordinate of the gradient have recently gaining popularity
for training deep learning models (Seide et al., 2014; Carl-
son et al., 2015; Wen et al., 2017; Balles & Hennig, 2018;
Bernstein et al., 2018; Zaheer et al., 2018; Liu et al., 2018).
For example, the update step of SIGNSGD is given by:
Xpp1 i= X¢ — ysign(gy) . (SIGNSGD)
Such sign-based algorithms are particularly interesting since
they can be viewed through two lenses: as i) approximations
of adaptive gradient methods such as ADAM (Balles & Hen-
nig, 2018), and also a ii) communication efficient gradient
compression scheme (Seide et al., 2014). However, we show
that a severe handicap of sign-based algorithms is that they
do not converge in general. To substantiate this claim, we
present in this work simple convex counter-examples where
SIGNSGD cannot converge. The main reasons being that
the sign operator loses information about, i.e. ‘forgets’, i)
the magnitude, as well as ii) the direction of g,. We present
an elegant solution that provably fixes these problems of
SIGNSGD, namely algorithms with error-feedback.

Error-feedback. We demonstrate that the aforemen-
tioned problems of SIGNSGD can be fixed by i) scaling
the signed vector by the norm of the gradient to ensure the
magnitude of the gradient is not forgotten, and ii) locally
storing the difference between the actual and compressed
gradient, and iii) adding it back into the next step so that
the correct direction is not forgotten. We call our ‘fixed’
method EF-SIGNSGD (Algorithm 1).

In Algorithm 1, e; denotes the accumulated error from all
quantization/compression steps. This residual error is added
to the gradient step g, to obtain the corrected direction p;.
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When compressing p¢, the signed vector is again scaled
by ||p¢||; and hence does not lose information about the
magnitude. Note that our algorithm does not introduce any
additional parameters and requires only the step-size .

Our contributions. We show that naively using biased
gradient compression schemes (such as e.g. SIGNSGD)
can lead to algorithms which may not generalize or even
converge. We show both theoretically and experimentally
that simply adding error-feedback solves such problems and
recovers the performance of full SGD, thereby saving on
communication costs. We state our results for SIGNSGD to
ease our exposition but our positive results are valid for gen-
eral compression schemes, and our counterexamples extend
to SIGNSGD with momentum, multiple worker settings, and
even other biased compression schemes. More specifically
our contributions are:

1. We construct a simple convex non-smooth counterex-
ample where SIGNSGD cannot converge, even with
the full batch (sub)-gradient and tuning the step-size.
Another counterexample for a wide class of smooth
convex functions proves that SIGNSGD with stochastic
gradients cannot converge with batch-size one.

2. We prove that by incorporating error-feedback,
SIGNSGD—as well as any other gradient compres-
sion schemes—always converge. Further, our analysis
for non-convex smooth functions recovers the same
rate as SGD, i.e. we get gradient compression for free.

3. We show that our algorithm EF-SIGNSGD which in-
corporates error-feedback approaches the linear span
of the past gradients. Therefore, unlike SIGNSGD,
EF-SIGNSGD converges to the max-margin solution
in over-parameterized least-squares. This provides a
theoretical justification for why EF-SIGNSGD can be
expected to generalize much better than SIGNSGD.

4. We show extensive experiments on CIFAR10 and CI-
FAR100 using Resnet and VGG architectures demon-
strating that EF-SIGNSGD indeed significantly outper-
forms SIGNSGD, and matches SGD both on test as
well as train datasets while reducing communication
by a factor of ~ 64 x.

2. Significance and Related Work

Relation to adaptive methods. Introduced in (Kingma
& Ba, 2015), ADAM has gained immense popularity as
the algorithm of choice for adaptive stochastic optimization
for its perceived lack of need for parameter-tuning. How-
ever since, the convergence (Reddi et al., 2018) as well the
generalization performance (Wilson et al., 2017) of such
adaptive algorithms has been called into question. Under-
standing when ADAM performs poorly and providing a

principled ‘fix’ for these cases is crucial given its impor-
tance as the algorithm of choice for many researchers. It
was recently noted by Balles & Hennig (2018) that the be-
havior of ADAM is in fact identical to that of SIGNSGD
with momentum: More formally, the SIGNSGDM algorithm
(referred to as ’signum’ by Bernstein et al. (2018; 2019))
adds momentum to the SIGNSGD update as:

myy =g + fmy

) (SIGNSGDM)
Xpp1 i= X¢ — ysign(myyq) .

for parameter 5 > 0. This connection between signed
methods and fast stochastic algorithms is not surprising
since sign-based gradient methods were first studied as a
way to speed up SGD (Riedmiller & Braun, 1993). Given
their similarity, understanding the behavior of SIGNSGD
and SIGNSGDM can help shed light on ADAM.

Relation to gradient compression methods. As the size
of the models keeps getting bigger, the training process can
often take days or even weeks (Dean et al., 2012). This
process can be significantly accelerated by massive paral-
lelization (Li et al., 2014; Goyal et al., 2017). However, at
these scales communication of the gradients between the
machines becomes a bottleneck hindering us from making
full use of the impressive computational resources available
in today’s data centers (Chilimbi et al., 2014; Seide et al.,
2014; Strom, 2015). A simple solution to alleviate this bot-
tleneck is to compress the gradient and reduce the number of
bits transmitted. While the analyses of such methods have
largely been restricted to unbiased compression schemes
(Alistarh et al., 2017; Wen et al., 2017; Wang et al., 2018),
biased schemes which perform extreme compression practi-
cally perform much better (Seide et al., 2014; Strom, 2015;
Lin et al., 2018)—often without any loss in convergence or
accuracy. Of these, (Seide et al., 2014; Strom, 2015; Wen
et al., 2017) are all sign-based compression schemes. Inter-
estingly, all the practical works (Seide et al., 2014; Strom,
2015; Lin et al., 2018) use some form of error-feedback.

Error-feedback. The idea of error-feedback was, as far
as we are aware, first introduced in 1-bit SGD (Seide et al.,
2014; Strom, 2015). The algorithm 1-bit SGD is very similar
to our EF-SIGNSGD algorithm, but tailored for the specific
recurrent network studied there. Though not presented as
such, the ‘momentum correction’ used in (Lin et al., 2018)
is a variant of error-feedback. However the error-feedback
is not on the vanilla SGD algorithm, but on SGD with mo-
mentum. Recently, Stich et al. (2018) conducted the first
theoretical analysis of error-feedback for compressed gradi-
ent methods (they call it ‘memory’) in the strongly convex
case. Our convergence results can be seen as an extension
of theirs to the non-convex and weakly convex cases.
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Generalization of deep learning methods. Deep net-
works are almost always over-parameterized and are known
to be able to fit arbitrary data and always achieve zero train-
ing error (Zhang et al., 2017). This ability of deep networks
to generalize well on real data, while simultaneously being
able to fit arbitrary data has recently received a lot of atten-
tion (e.g. Soudry et al. (2018); Dinh et al. (2017); Zhang
et al. (2018); Arpit et al. (2017); Kawaguchi et al. (2017)).
SIGNSGD and ADAM are empirically known to general-
ize worse than SGD (Wilson et al., 2017; Balles & Hennig,
2018). A number of recent papers try close this gap for
ADAM. Luo et al. (2019) show that by bounding the adap-
tive step-sizes in ADAM leads to closing the generalization
gap. They require new hyper-parameters on top of ADAM
to adaptively tune these bounds on the step-sizes. Chen &
Gu (2019) interpolate between SGD and ADAM using a
new hyper-parameter p and show that tuning this can recover
performance of SGD. Zaheer et al. (2018) introduce a new
adaptive algorithm which is closer to Adagrad (Duchi et al.,
2011). Similarly, well-tuned ADAM (where all the hyper-
parameters and not just the learning rate are tuned) is also
known to close the generalization gap (Gugger & Howard,
2018). In all of these algorithms, new hyper-parameters
are introduced which essentially control the effect of the
adaptivity. Thus they require additional tuning while the
improvement upon traditional SGD is questionable. We are
not aware of other work bridging the generalization gap in
sign-based methods.

3. Counterexamples for SignSGD

In this section we study the limitations of SIGNSGD. Un-
der benign conditions—for example if i) the function f is
smooth, and ii) the stochastic noise is gaussian or an ex-
temely large batch-size is used (equal to the total number of
iterations)—the algorithm can be shown to converge (Bern-
stein et al., 2018; 2019). However, we show that SIGNSGD
does not converge under more standard assumptions. We
demonstrate this first on a few pedagogic examples and later
also for realistic and general sum-structured loss functions.

If we use a fixed step-size v > 0, SIGNSGD does not

converge even for simple one-dimensional linear functions.

Counterexample 1. For x € R consider the constrained

problem ) )
min T) = ;x
z€l-1,1] [fa) = 32]
with minimum at z* = —1. Assume stochastic gradients

are given as (note that f(z) = +(4z — v — x — x))

p— 4’
9=1_,,

For SGD with any step-size 7,

With prob. g ih  Elg] = V/(2).

EN[JCINT

with prob.

Byl (ren)] = 3 (o~ 1 Blg)) = f(m) — -k

On the other hand, for SIGNSGD with any fixed ~,

Bl (eei1)] = (o — 7 Elsign(9)]) = f(z) + 2,

i.e. the objective function increases in expectation for y > 0.
Remark 1. In the above example, we exploit that the sign
operator loses track of the magnitude of the stochastic gra-
dient. Also note that our noise is bimodal. The counter-
examples for the convergence of ADAM (Reddi et al., 2018;
Luo et al., 2019) also use similar ideas. Such examples were
previouslyt noted for SIGNSGD by (Bernstein et al., 2019).

In the example above the step-size v was fixed. However
increasing batch-size or tuning the step-size may still allow
convergence. Next we show that even with adaptive step-
sizes (e.g. decreasing, or adaptively chosen optimal step-
sizes) SIGNSGD does not converge. This even holds if the
full (sub)-gradient is available (non-stochastic case).

Counterexample 2. For x € R? consider the following
non-smooth convex problem with x* = (0,0) "

min [f(x) =€l + x| + |z — 3?2\] :
x€ER?

for parameter 0 < e < 1 and subgradient

g(x) = sign(e1 +a2) - € G) + sign(z1 — o2) <_11> .

See Fig. 1. The iter-
ates of SIGNSGD started at
xo = (1,1) " lie along the
line 1 + 2 = 2. Note
that for any x s.t. x; +
x2 > 0, sign(g(x)) =
+(1,—1)T, and hence 1 +
Zo remains constant among
the iterations of SIGNSGD.
Consequently, for any step-
size sequence y;, f(x;) >

f(x0).

Figure 1: The gradients g
(in solid black), singed gra-
dient direction s = sign(g)

Remark 2. In this exam-
ple, we exploit the fact
that the sign operator is
a biased approximation
of the gradient—it consis-

(in dashed black), and the er-
ror e (in red) are plotted for
€ = 0.5. SIGNSGD moves
only along s = =+(1,-1)
while the error e is ignored.

tently ignores the direction
e = ¢(1,1)T (see Fig 1). Tuning the step-size would not
help either.

One might wonder if the smooth-case is easier. Unfortu-
nately, the previous example can easily be extended to show
that SIGNSGD with stochastic gradients may not converge
even for smooth functions.
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Counterexample 3. For x € R? consider the following
least-squares problem with x* = (0,0)":

min [£(x) = ((a1,%))? + ((@2,%))?] , where

a2 = :l:(]-v 71) + 6(13 1) )

for parameter 0 < ¢ < 1 and stochastic gradient g(x) =
Vx((a1,x))? with prob. § and g(x) = Vx((az,x))? with
prob. % The stochastic gradient is then either ea; or eas
for some scalar e. Exactly as in the non-smooth case, for
Xo = (1,1) 7, the sign of the gradient sign(g) = +(1, —1).
Hence SIGNSGD with any step-size sequence remains stuck
along the line 1 + x2 = 2 and f(x:) > f(xo) as.

We can generalize the above counter-example to arbitrary
dimensions and loss functions.

Theorem 1. Suppose that scalar loss functions {l;: R —
R}, and data-points {a;}?_, € R? for d > 2 satisfy:
i) f(x) := >, li({a;,x)) has a unique optimum at x*,
and ii) there exists s € {—1,1}¢ such that sign(a;) = +s
for all i. Then SIGNSGD with batch-size 1 and stochas-
tic gradients g(x) = Vl;({a;,x)) for i chosen uniformly
at random does not converge to xX* a.s. for any adaptive
sequence of step-sizes, even with random initialization.

4. Convergence of Compressed Methods

We show the rather surprising result that incorporating error-
feedback is sufficient to ensure that the algorithm converges
at a rate which matches that of SGD. In this section we
consider a general gradient compression scheme.

Algorithm 2 EF-SGD (Compr. SGD with Error-Feedback)

1: Input: learning rate -y, compressor C(-), xg € R
2: Initialize: ey = 0 € R?
3: fort=0,...,T—1do
: g := stochasticGradient(x;)
Pt =8t T €

4
5: > error correction
6. Ap:=C(pt)

7.

8

9:

> compression
> update iterate
> update residual error

Xi41 = X — Ay
: €111 =Pt — Ay
end for

We generalize the notion of a compressor from (Stich et al.,
2018).

Assumption A (Compressor). An operator C : R? — R?
is a 6-approximate compressor over Q for § € (0, 1] if

IC(x) — x|f5 < (1 - 3)|x[l5, vx € Q.

Note that § = 1 implies that C(x) = x. Examples of
compressors include: i) the sign operator, ii) top-k which
selects k coordinates with the largest absolute value while

zero-ing out the rest (Lin et al., 2018; Stich et al., 2018),
iii) k-PCA which approximates a matrix X with its top k
eigenvectors (Wang et al., 2018). Randomized compressors
satisfying the assumption in expectation are also allowed.

We now state a key lemma that shows that the residual errors
maintained in Algorithm 2 do not accumulate too much.

Lemma 3 (Error is bounded). Assume that E[||g;|’] < o

forallt > 0. Then at any iteration t of EF-SGD, the norm
of the error e, in Algorithm 2 is bounded:

4(1 — 6)y202

2
EHet”2 < 52 ;

Vi >0.

If 0 = 1, then ||e;|| = 0 and the error is zero as expected.

We employ standard assumptions of smoothness of the loss
function and the variance of the stochastic gradient.

Assumption B (Smoothness). A function f: R — R is
L-smooth if for all x, y € R? the following holds:

L 2
[f(y) = (f(x) +(VI(x),y =x)| < Sy —x]l;.
Assumption C (Moment bound). For any x, our query for
a stochastic gradient returns g such that
Elg] = Vf(x) and E|g|; <o>.

Given these assumptions, we can formally state our theorem
followed by a sketch of the proof.

Theorem II (Non-convex convergence of EF-SGD). Let
{x1}+>0 denote the iterates of Algorithm 2 for any step-size
~v > 0. Under Assumptions A, B, and C,

2fo yLo?

) 2 42 L%0%(1 - §)
<

with fo = f(x0) — f*.

Proof Sketch. Intuitively, the condition that C(-) is a J-
approximate compressor implies that at each iteration a
d-fraction of the gradient information is sent. The rest is
added to e; to be transmitted later. Eventually, all the gradi-
ent information is transmitted—albeit with a delay which
depends on 0. Thus EF-SGD can intuitively be viewed as
a delayed gradient method. If the function is smooth, the
gradient does not change quickly and so the delay does not
significantly matter.

More formally, consider the error-corrected sequence X
which represents x; with the ‘delayed’ information added:

)N(t =Xt — €.
It satisfies the recurrence

Xip1 =X — €41 —C(Pr) =X —Pr =X — V8¢ -
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If x; was exactly equal to x; (i.e. there was zero ‘delay’),
then we could proceed with the standard proof of SGD. We
instead rely on Lemma 3 which shows x; ~ x; and on the

smoothness of f which shows V f(x;) =~ V f(X;). O
Remark 4. If we substitute v := \/1}74-1 in Theorem II, we
get

4(f(x0) — f*) + Lo? 4L%%*(1 - 9)

min E[[|V f(x,)|]] <
teiT) [H f( 1‘)H ] — QW
In the above rate, the compression factor § only appears
in the higher order O(1/T') term. For comparison, SGD
under the exact same assumptions achieves

2(f(x0) — f*) + Lo®
2VT +1 '

This means that after T > O(1/62) iterations the second
term becomes negligible and the rate of convergence catches
up with full SGD—this is usually true after just the first few
epochs. Thus we prove that compressing the gradient does
not change the asymptotic rate of SGD.!

(T +1)

min B[ V£ )] <

Remark 5. The use of error-feedback was motivated by our
counter-examples for biased compression schemes. How-
ever our rates show that even if using an unbiased com-
pression (e.g. OSGD (Alistarh et al., 2017)), using error-
feedback gives significantly better rates. Suppose we are
given an unbiased compressor cU (-) such that EJU(x)] = x
andE[HZ/{(x)Hg] < k||x|[%. Then without feedback, using

standard analysis (e.g. (Alistarh et al., 2017)) the algorithm
converges k times slower:
(f(x0) — f*) + Lko®

2VT +1 '

Instead, if we use C(x) = +U(x) with error-feedback, we
would achieve

. 2
min E[|V f(x:)]|"] <

) 4(f(x0) — f*) + Lo? 2L2%02k?
E[||V 2 < ;
telm) IV £l < WT +1 T+1

thereby pushing the dependence on k into the higher order
O(1/T) term.

Our counter-examples showed that biased compressors may
not converge for non-smooth functions. Below we prove that
adding error-feedback ensures convergence under standard
assumptions even for non-smooth functions.

Theorem III (Non-smooth convergence of EF-SGD). Let
{x¢}+>0 denote the iterates of Algorithm 2 for any step-size
v > 0 and define x; = % 231:0 x¢. Given that f is convex
and Assumptions A and C hold,

!The astute reader would have observed that the asymptotic
rate for EF-SGD is in fact 2 times slower than SGD. This is just
for simplicity of presentation and can easily be fixed with a tighter
analysis.

* (12
Bl - 5 < DX e (4 22T),

- 29(T+1) 2 ]

Remark 6. By picking the optimal v = O(1//T), we see

that
—x* AT=3
Elf(x,)] - f* < Ko —xlo /) .
WT + 1 5

For comparison, the rate of convergence under the same
assumptions for SGD is

%0 — x*||o
2vT +1

For non-smooth functions, unlike in the smooth case, the
compression quality § appears directly in the leading term
of the convergence rate. This is to be expected since we can
no longer assume that V f (X;) ~ V f(x;), which formed
the crux of our argument for the smooth case.

Blfx)l = f" <

Remark 7. Consider the top-1 compressor which just picks
the coordinate with the largest absolute value, and ze-
roes out everything else. It is obvious that top-1 is a é-
approximate compressor (cf. (Stich et al., 2018, Lemma
A.1)). Running EE-SGD with C as top-1 results in a greedy
coordinate algorithm. This is the first result we are aware
which shows the convergence of a greedy-coordinate type

algorithm on non-smooth functions.

If the function is both smooth and convex, we can fall back
to the analysis of (Stich et al., 2018) and so we won’t exam-

ine it in more detail here.
0.4 /,____.M

- 0.31

Convergence of
EF-SIGNSGD

o(

— Ot
What do our proven rates get+ee
imply for EF-SIGNSGD 0 5o 100 1%0 200
(Algorithm 1), the method Epoch

of our interest here?

0.21

Figure 2: The density ¢(-)

Lemma 8 (Compressed - )
for the stochastic gradients

sign). The  operator
C(v) = % sign(v) is a g: and 'the err.or-corrected
) stochastic gradients g; + e;
b(v) = vl for VGG19 on CIFARIO
d||v||§ and batchsize 128. Mini-
mum value is above 0.13.
compressor. See Sec. 6 for setup.

We refer to the quantity ¢(v) as the density of v. If the
vector v had only one non-zero element, the value of § for
EF-SIGNSGD could be as bad as 1/d. However, in deep
learning the gradients are usually dense and hence ¢(v) is
much larger (see Fig. 2). Note that for our convergence
rates, it is not the density of the gradient g; which matters
but the density of the error-corrected gradient g; + e;.
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Faster convergence than SGD? (Kingma & Ba, 2015)
and (Bernstein et al., 2018) note that different coordinates
of the stochastic gradient g may have different variances.
In standard SGD, the learning rate v would be reduced
to account for the maximum of these coordinate-wise vari-
ances since otherwise the path might be dominated by the
noise in these sparse coordinates. Instead, using coordinate-
wise learning-rates like ADAM does, or using only the
coordinate-wise sign of g as SIGNSGD does, might mit-
igate the effect of such ‘bad’ coordinates by effectively
scaling down the noisy coordinates. This is purported to be
the reason why ADAM and SIGNSGD can be faster than
SGD on train dataset.

In EF-SIGNSGD, the noise from the ‘bad’ coordinates gets
accumulated in the error-term e; and is not forgotten or
scaled down. Thus, if there are ‘bad’ coordinates whose
variance slows down convergence of SGD, EF-SIGNSGD
should be similarly slow. Confirming this, in a toy ex-
periment with sparse noise (Appendix A.l), SGD and
EF-SIGNSGD converge at the same slower rate, whereas
SIGNSGD is faster. However, our real world experiments
contradict this—even with the feedback, EF-SIGNSGD is
consistently faster than SGD, SIGNSGD, and SIGNSGDM
on training data. Thus the coordinate-wise variance adaption
explanation proposed by (Bernstein et al., 2018; Kingma
& Ba, 2015) does not explain the faster convergence of EF-
SIGNSGD, and is probably an incomplete explanation of
why sign based and adaptive methods are faster than SGD!

5. Generalization of SignSGD

So far our discussion has mostly focused on the conver-
gence of the methods i.e. their performance on training data.
However for deep-learning, we actually care about their
performance on test data i.e. their generalization. It has
been observed that the optimization algorithm being used
significantly impacts the properties of the optima reached
(Im et al., 2016; Li et al., 2018). For instance, ADAM and
SIGNSGD are known to generalize poorly compared with
SGD (Wilson et al., 2017; Balles & Hennig, 2018).

The proposed explanation for this phenomenon is that in an
over-parameterized setting, SGD reaches the ‘max-margin’
solution wheras ADAM and SIGNSGD do not (Zhang et al.,
2017; Wilson et al., 2017), and (Balles & Hennig, 2018).
As with the issues in convergence, the issues of SIGNSGD
with generalization also turn out to be related to the biased
nature of the sign operator. We explore how error-feedback
may also alleviate the issues with generalization for any
compression operator.

5.1. Distance to gradient span
Like (Zhang et al., 2017; Wilson et al., 2017), we consider

an over-parameterized least-squares problem

. — [Ax — v2
min | f(x) = [|Ax —yll3] ,

where A € R"*9 for d > n is the data matrix and y €
{—1,1}" is the set of labels. The set of solutions X* :=
{x: f(x) = 0} of this problem forms a subspace in R¢. Of
particular interest is the solution with smallest norm:

argmin|x|” = Ay = AT(AAT) 'y,
x: €EX*

as this corresponds to the maximum margin solution in the
dual.

Maximizing margin is known to have a regularizing effect
and is said to improve generalization (Valiant, 1984; Cortes
& Vapnik, 1995).

The key property that SGD (with or without momentum)
trivially satisfies is that the iterates always lie in the linear
span of the gradients.

Lemma 9. Given any over-parameterized least-squares
problem, suppose that the iterates of the algorithm always
lie in the linear span of the gradients and it converges to a
0 loss solution. This solution corresponds to the minimum
norm/maximum margin solution.

If we instead use a biased compressor (e.g. SIGNSGD), it is
clear that the iterate may not lie in the span of the gradients.
In fact it is easy to construct examples where this happens
for SIGNSGD (Balles & Hennig, 2018), as well as top-k
sparsification (Gunasekar et al., 2018), perhaps explaining
the poor generalization of these schemes. Error-feedback is
able to overcome this issue as well.

Theorem IV. Suppose that we run Algorithm 2 for t iter-
ations starting from xo = 0. Let G¢ = [g7 ,..., 9] €
R¥*t denote the matrix of the stochastic gradients and let
Ilg, : R™ — Im(Gy) denote the projection onto the range
Of Gt.

e~ T, (x) 15 < llerll3 -

Here e, is the error as defined in Algorithm 2. The theo-
rem follows directly from observing that (x;41 + €441) =
(x0 + ZE:O ~g:) , and hence lies in the linear span of the
gradients.

Remark 10. Theorem IV along with Lemma 3 implies that
the iterates of Algorithm 2 are always close to the linear
span of the gradients.

4~2(1 -6
0 =0) gl

2
Ix: — g, (x¢) |5 < 52 i€lt]

This distance further reduces as the algorithm progresses
since the the step-size 7y is typically reduced.

5.2. Simulations

We compare the generalization of the four algorithms with
full batch gradient: i) SGD ii) SIGNSGD, iii) SIGNSGDM,
and iv) EF-SIGNSGD. The data is generated as in (Wilson
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Distance from Mg, (x¢) Train losses Test losses
—— SGDm
7.51 1.2 signSGD 1.2 4
bs —— signSGDm

5.01 : —— EF-signsGD -8
2.5 0.4 0.4
0.0/ - 0.0 - 0.0, -

0 50 0 10 20 0 50
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Figure 3: Left shows the distance of the iterate from the
linear span of the gradients ||x; — IIg, (x¢)||. The middle
and the right plots show the train and test loss. SIGNSGD
and SIGNSGDM have a high distance to the span, and do
not generalize (test loss is higher than 0.8). Distance of

EF-SIGNSGD to the linear span (and the test loss) goes to 0.

et al., 2017) and is randomly split into test and train. The
step-size v and (where applicable) the momentum parame-
ter 5 are tuned to obtain fastest convergence, but the results
are representative across parameter choices.

In all four cases (Fig. 3), the train loss quickly goes to 0.
The distance to the linear span of gradients is quite large
for SIGNSGD and SIGNSGDM. For EF-SIGNSGD, ex-
actly as predicted by our theory, it first increases to a cer-
tain limit and then goes to O as the algorithm converges.
The test error, almost exactly corresponding to the distance
||lx: — IIg, (x¢)]|, goes down to 0. SIGNSGDM oscillates
significantly because of the momentum term, however the
conclusion remains unchanged—the best test error is higher
than 0.8. This indicates that using error-feedback might
result in generalization performance comparable with SGD.

6. Experiments

We run experiments on deep networks to test the validity of
our insights. The results confirm that i) EF-SIGNSGD with
error feedback always outperforms the standard SIGNSGD
and SIGNSGDW, ii) the generalization gap of SIGNSGD
and SIGNSGDM vs. SGD gets larger for smaller batch sizes,
iii) the performance of EF-SIGNSGD on the other hand is
much closer to SGD, and iv) SIGNSGD behaves erratically
when using small batch-sizes.

6.1. Experimental setup

All our experiments used the PyTorch framework (Paszke
et al., 2017) on the CIFAR-10/100 dataset (Krizhevsky &
Hinton, 2009). Each experiment is repeated three times
and the results are reported in Fig 4. Additional details and
experiments can be found in Appendix A.

Algorithms: We experimentally compared the following
four algorithms: i) SGDM which is SGD with momentum,
ii) (scaled)SIGNSGD with step-size scaled by the L;-norm
of the gradient, iii) SIGNSGDM which is SIGNSGD using
momentum, and iv) EF-SIGNSGD (Alg. 1). The scaled

Batch-size| SGDM [SIGNSGD [SIGNSGDM |EF-SIGNSGD
128 75.35 -2.21 -3.15 -0.92
32 76.22 -3.04 -3.57 -0.79
8 74.91 -36.35 -6.6 -0.64

Table 1: Generalization gap on CIFAR-100 using Resnet18
for different batch-sizes. For SGDM we report the best
mean test accuracy percentage, and for the other algorithms
we report their difference to the SGDM accuracy (i.e. the
generalization gap). EF-SIGNSGD has a much smaller gap.

SIGNSGD performs the update

[E=A1R
d

We chose to include this in our experiments since we wanted
to isolate the effects of error-feedback from that of scaling.
Further we drop the unscaled SIGNSGD from our discussion
here since it was observed to perform worse than the scaled
version. As is standard in compression schemes (Seide et al.,
2014; Lin et al., 2018; Wang et al., 2018), we apply our
compression layer-wise. Thus the net communication for
the (scaled) SIGNSGD and EF-SIGNSGD is Zi‘,:l(di +32)
bits where d; is the dimension of layer ¢, and [ is the total
number of layers. If the total number of parameters is much
larger than the number of layers, then the cost of the extra
32! bits is negligible—usually the number of parameters is
three orders of magnitude more than the number of layers.

Xi41 =X — sign(g) .

All algorithms are run for 200 epochs. The learning-rate
is decimated at 100 epochs and then again at 150 epochs.
The initial learning rate is tuned manually (see Appendix A)
for all algorithms using batch-size 128. For the smaller
batch-sizes, the learning-rate is proportionally reduced as
suggested in (Goyal et al., 2017). The momentum parame-
ter 8 (where applicable) was fixed to 0.9 and weight decay
was left to the default value of 5 x 1074,

Models: We use the VGG+BN+Dropout network on
CIFAR-10 (VGG19) from (Simonyan & Zisserman, 2014)
and Resnet+BN+Dropout network (Resnetl8) from (He
et al., 2016a). We adopt the standard data augmentation
scheme and preprocessing scheme (He et al., 2016a;b). Our
code builds upon on an open source library.”

6.2. Results

The results of the experiments for Resnet18 on Cifar100 are
shown in Fig. 4 and Table 1. Results for VGG19 on Cifar10
are also similar and can be found in the Appendix. We make
four main observations:

EF-SIGNSGD is faster than SGDM on train. On the
train dataset, both the accuracy and the losses (Fig. 6) is
better for EF-SIGNSGD than for SGD for all batch-sizes

2github.com/kuangliu/pytorch-cifar
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Figure 4: Experimental results showing the train and test accuracy percentages on CIFAR-100 using Resnet18 for different
batch-sizes. The solid curves represent the mean value and shaded region spans one standard deviation obtained over
three replications. Note that the scale of the y-axis varies across the plots. EF-SIGNSGD consistently and significantly
outperforms the other sign-based methods, closely matching the performance of SGDM.

and models (Fig. 7). In fact even SIGNSGD is faster than
SGDM on the train dataset on VGG19 (Fig. 7) for batch-size
128. As we note in Section 4, the result that the scaled sign
methods are also faster than SGD (and in fact faster than
even the without feedback algorithms) overturns previously
understood intuition (cf. (Kingma & Ba, 2015; Bernstein
et al., 2018)) for why SIGNSGD and other adaptive methods
outperform SGD—i.e. restricting the effect of a some ‘bad’
coordinates with high variance may not be the main reason
why sign based methods are faster than SGD on train.

EF-SIGNSGD almost matches SGDM on test. On the
test dataset (Table 1), the accuracy and the loss is much
closer to SGD than the other sign methods across batch-
sizes and models (Tables 3, 4). The generalization gap
(both in accuracy and loss) reduces with decreasing batch-
size. We believe this is because the learning-rate was scaled
proportional to the batch-size and hence smaller learning-
rates lead to smaller generalization gap, as was theoretically
noted in Remark 10.

SIGNSGD performs poorly for small batch-sizes. The
performance of SIGNSGD is always worse than EF-
SIGNSGD indicating that scaling is insufficient and that
error-feedback is crucial for performance. Further all met-
rics (train and test, loss and accuracy) increasingly become
worse as the batch-size decreases indicating that SIGNSGD
is indeed a brittle algorithm. In fact for batch-size 8, the
algorithm becomes extremely unstable.

SIGNSGDM performs poorly on some datasets and for
smaller batch-sizes. We were surprised that the training
performance of SIGNSGDWM is significantly worse than even
SIGNSGD on CIFAR-100 for batch-sizes 128 and 32. On
CIFAR-10, on the other hand, SIGNSGDM manages to be
faster than SGDM (though still slower than EF-SIGNSGD).
We believe this may be due to SIGNSGDM being sensitive
to the weight-decay parameter as was noted in (Bernstein
et al., 2018). We do not tune the weight-decay parameter
and leave it to its default value for all methods (including EF-
SIGNSGD). Further the generalization gap of SIGNSGDM
gets worse for decreasing batch-sizes with a significant 6.6%
drop in accuracy for batch-size 8.

7. Conclusion

We study the effect of biased compressors on the conver-
gence and generalization of stochastic gradient algorithms
for non-convex optimization. We have shown that biased
compressors if naively used can lead to bad generalization,
and even non-convergence. We then show that using error-
feedback all such adverse effects can be mitigated. Our the-
ory and experiments indicate that using error-feedback, our
compressed gradient algorithm EF-SGD enjoys the same
rate of convergence as original SGD—thereby giving com-
pression for free. We believe this should have a large impact
in the design of future compressed gradient schemes for
distributed and decentralized learning. Further, given the re-
lation between sign-based methods and ADAM, we believe
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that our results will be relevant for better understanding
the performance and limitations of adaptive methods. Fi-
nally, in this work we only consider the single worker case.
Developing a practical and scalable algorithm for multiple
workers is a fruitful direction for future work.
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Appendix

A. Additional Experiments

In this section we give the full experimental details and results.

A.1. Convergence under sparse noise

60
SGD
SignSGD
50 A (S)SignSGD
EF-SignSGD
40 A
& 301
o
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10 A
0 .
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iteration

Figure 5: A simple toy problem where SIGNSGD and (scaled)SIGNSGD are faster than both SGD and EF-SIGNSGD. The
experiment is repeated 100 times with mean indicated by the solid line and the shaded region spans one standard deviation.
As in (Bernstein et al., 2018), the loss is f(x) = 3|jx|[[3 for x € R'%°, with gradient V f(x) = x. The stochastic gradient is
constructed by adding Gaussian noise N (0, 100?) to only the first coordinate of the gradient. The best learning-rate for SGD
and EF-SIGNSGD was found to be 0.001, and for SIGNSGD and (scaled)SIGNSGD was 0.01. The conclusion of this toy
experiment directly contradicts the results of our real-world experiments (Section 6) where EF-SIGNSGD is faster during
training than both SGD and SIGNSGD. This shows that the sparse noisy coordinate explanation proposed by (Bernstein

et al., 2018) is probably an incorrect explanation for the speed of sign based methods during training.

A.2. Description of models and datasets

The cifar dataset. The CIFAR 10 and 100 training and testing datasets was loaded using the default Pytorch torchvision
api’. Data augmentation consisting of random 32 x 32 crops (padding 4) and horizontal flips was performed. Both sets
were normalized over each separate channel.

VGG (on CIFAR 10). We used VGG19 architecture consisting in the following layers:

64 ->64 ->M -> 128 -> 128 -> M -> 256 -> 256 -> 256 -> 256 -> M -> 512 -> 512 -> 512 -> 512 ->M -> 512 -> 512 ->
512->512->M

where M denotes max pool layers (kernel 2 and stride 2), and each of the number n (either of 64/128/256/512) represents a
two dimensional convolution layer with n channels a kernel of 3 and a padding of 1. All of them are followed by a batch
normalization layer. Everywhere, ReLU activation is used.

Resnet (on CIFAR 100). We used a standard Resnet18 architecture with one convolution followed by four blocks and one
dense layer *.
A.3. Learning rate tuning

For all the experiments, the learning rate was divided by 10 at epochs 100 and again at 150. We tuned the initial learning
rate on batchsize 128. The learning rates for batchsize 32 and 8 were scaled down by 4 and 16 respectivley. To tune the

Shttps://pytorch.org/docs/stable/torchvision/index.html
4https ://github.com/kuangliu/pytorch—-cifar/blob/master/models/resnet.py
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initial learning rate, the algorithm was run with the same constant learingrate for 100 epochs. Then the learning rate which
resulted in the best (i.e. smallest) test loss is chosen. The search space of possible learning rates was taken to be 9 values
equally spaced in logarithmic scale over 10~° to 10! (inclusive).

The numbers below are rounded values (2 significant digits) of the actual learning rates:
1.0 x 107°,5.6 x 107°,3.2x 107%,1.8 x 1073,1.0 x 1072,5.6 x 1072,3.2 x 107*,1.8 x 10°,1.0 x 10" .

The best learning rate for each of the method is shown in table 2.

Algorithm Resnet18 VGG19
SGDM 1.0x1072 [ 1.0x 1072
SIGNSGD | 5.6 x 102 | 5.6 x 102
SIGNSGDM | 3.2x107% | 5.6 x 107°
EF-SIGNSGD | 5.6 x 1072 | 5.6 x 10~2

Table 2: The best initial learning rates for the four algorithms for batch size 128 on VGG19 (CIFAR 10 data) and Resnet18
(CIFAR 100 data).

A.4. Experiments with Resnet

We report the complete results (including the losses) for Resnet in Fig. 6.

Algorithm
SGDM | scaled SIGNSGD | SIGNSGDM | EF-SIGNSGD
Batch 128 | 75.35 -2.21 -3.15 -0.92
size 32 76.22 -3.04 -3.57 -0.79
8 74.91 -36.35 -6.6 -0.64

Table 3: Generalization gap on CIFAR-100 using Resnetl8 for different batch-sizes. For SGDM we report the best
mean test accuracy percentage, and for the other algorithms we report their difference to the SGDM accuracy (i.e. the
generalization gap). EF-SIGNSGD has a much smaller gap which decreases with decreasing batchsize. The generalization
gap of SIGNSGDM and SIGNSGD increases as the batchsize decreases.

A.5. Experiments with VGG

We report the complete results (including the losses) for VGG in Fig. 7.

Algorithm
SGDM | scaled SIGNSGD | SIGNSGDM | EF-SIGNSGD
Batch 128 | 93.38 -1.31 -0.94 -0.68
size 32 93.42 -1.49 -1.54 -0.71
8 93.09 -20.22 -2.75 -0.27

Table 4: Generalization gap on CIFAR-10 using VGG19 for different batch-sizes. For SGDM we report the best mean test
accuracy percentage, and for the other algorithms we report their difference to the SGDM accuracy (i.e. the generalization
gap). EF-SIGNSGD has a much smaller gap which decreases with decreasing batchsize. The generalization gap of
SIGNSGDM and SIGNSGD increases as the batchsize decreases.
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Figure 6: Experimental results showing the loss values and accuracy percentages on the train and test datasets, on CIFAR-100
using Resnet18 for different batch-sizes. The solid curves represent the mean value and shaded region spans one standard
deviation obtained over three repetitions. Note that the scale of the y-axis varies across the plots. The losses behave very
similar to the accuracies—EF-SIGNSGD consistently and significantly outperforms the other sign-based methods, is faster
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Figure 7: Experimental results showing the loss values and accuracy percentages on the train and test datasets, on CIFAR-10
using VGG19 for different batch-sizes. The solid curves represent the mean value and shaded region spans one standard
deviation obtained over three repetitions. Note that the scale of the y-axis varies across the plots. The plots for VGG19
behave very similarly to that of Resnet18, except that SIGNSGDM performs better on the train dataset. On the test dataset,
SIGNSGDM and the other algorithms behave exactly as in Resnet. Here too, EF-SIGNSGD consistently and significantly
outperforms the other sign-based methods, is faster than SGDM on train, and also closely matches the test performance of
SGDM.
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A.6. Data generation process (Section 5.2)

The data is generated as in Section 3.3 of (Wilson et al., 2017). We fix n = 200 (the number of data points) and d = 6n
(dimension) in the below process. Each entry of the target label vector y € {—1,1}™ is uniformly set as —1 or 1. Then the
jth coordinate (column) of the ith data point (row) in the data matrix A € R™*4 is filled as follows:

Yi Jj=1,
LN j=23,
ne j=4+5(1),...,4+5(i1) +2(1y),
0 otherwise .

Then the data matrix A and labels y are randomly (and equally) split between the train and the test dataset. Hence there are
100 data points each of dimension 1200 in the test and train.

B. Missing Proofs

In this section we fill out the proofs of claims, lemmas, and theorems made in the main paper.

B.1. Proof of counter-example (Theorem I)

The stochastic gradient at iteration ¢ is of the form

gt = 4y, l;t (<ait ) X>) .
This means that
sign(g:) = sign(a;, ) - sign(l;, ((a;,, x))) = £s.
Thus x4+1 = x¢ & 7ys and the iterates of SIGNSGD can only move along the direction s. Then, SIGNSGD can converge

only if there exists v* € R such that
Xo = X" +77s.

Since the measure of this set in R¢ for d > 2 is 0, we can conclude that SIGNSGD will not converge to x* almost surely.

B.2. Proof of bounded error (Lemma 3)

By definition of the error sequence,

lecti]” = IC(P) = pells < (1= 8)lIpell = (1~ 6)lex + veulls-

In the inequality above we used that C(+) is a J-approximate compressor. We thus have a recurrence relation on the bound of
e;. Using Young’s ineuqality, we have that for any n > 0:

lecst]® < (1= 8)ller +ygells < (1= 8)(L+m)lenls +7(1 —8)(1+1/n)llgel-
Here on is simple algebraic computations to solve the recurrence relation above:

Ellec|* < (1= 8)(1+n)Eller]|? + 721 — 8)(1 + 1/n) g2
< SN =) (1 + )T (1 = ) (1 +1/n) Ellgsll3

i=

< Z[(l = 8)(L+n)]'y*(1 = 8)(1 +1/n)0

=0

_ (1-9)1+1/n) 2,2
-0ty

(1-0)(1+1/n) 2,2
6 —n(1-9)

C20=0)1+1/n) 5 o
= 5 yeo“.

o
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Let us pick 7 = 5->— such that 1 + 1/n = (2 — §)/6 < 2/4. Pluggint this in the above gives

2(1=9)
2(1 - 5)((51 +1/n) V2o? < 4(15; 5) V202,

Elles1]” <

B.3. Proof of non-convex convergence of EF-SIGNSGD (Theorem II)

As outlined in the proof sketch, the analysis considers the actual sequence {x;} as an approximation to the sequence {X;},
where x; = x; + e;. It satisfies the recurence

Xip1 =X¢ + €41 —C(Pr) =X — Py = X¢ — 781 -

Since the function f is L-smooth,
- - - - - L - -
Ee[f(xe41)] < f(xe) + (VF(Xe), Ee[Xe1 — %)) + 5 Bt [||Xt+1 - th\i}

. . L~?
= f(&0) = UV (&), Ealed)) + =0 B leall}]
_ _ L’VQ 0,2
< F(&) = (VS (Ra), V) + 2
In the above we need to get rid of V f(X;) since we never encounter it in the algorithm. We can do so using an alternate
definition of smoothness of f:

IVF(x) = VIi)ly < Lix=yl;-

Using the above with x = x; and y = X; we continue as

20.2
Ed[f (Ren)] < (&) = 1(V F(x0), V F(x0)) + 22

+1(VF(xe) = VI(e), V(xe))

L 2 .2
< SG) =TSN+ T3+ FIVICIE + 5 IV 0x) = V()3

2
_ Ly?0%  ~p L2 N
< SG) =TIl + 57+ IV FCel + 25— %l
. p 2 Ly?0® AL o
< 7x) =11 S)IVAI + 757 + 5 el

In the second inequality follows from the mean-value inequality and holds for any p > 0. Lemma 3 helps us bound the

norm of e;: [
Ly?0? n v L20? 4(1 - §)

S < 14 2
Bl (Rer)] < f(&) =7 (1= 2 )IVFG)l; +

2 2p 02
Rearranging the terms and averaging over ¢ gives for p < 2
T T
1 2 1 . . Lyo?  ~42L%0% 4(1 —0)
— <——  NE ~-E
T+1 ;HVf(Xt)”z > 7(1 — g)(TJr 1) ;( [f(x¢)] [f(xe41)]) + 2-p + p(2—p) 02

f(xo) — f* Lyo?  492L%0%(1 - 9)
TAT(1=p/2) 2-p p(2 = p)d?
T=00

Using p = 1 gives the result as stated in Theorem II. Note that we can choose p arbitarily close to 0. By choosing p — 0,
we can show that the asymptotic convergence of EF-SIGNSGD is in fact exactly the same as SGD.

O

B.4. Proof of non-convex convergence of SGD (Remark 4)

The proof is exactly as above, but with some simplifications since (essentially) e; = 0. So using the smoothness of f as
before and the fact that E;[x;11] = x; — vV f(x:) we get that

Ee[f(xe41)] < f(%e) +(VF(xe), Ee[xi41 — xi]) + %Et lIxt41 — th\i]

2.2
= fx) =V I + 221
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Now rearranging the terms and averaging over ' gives Rearranging the terms and averaging over ¢ gives

L B Lvyo?
THZIIVf x)l3 <~ T+1 3_(BL ()]~ ELS G ) + .
f(x0) = f* | Lyo?
Se Tt O

B.5. Proof of compression of unbiased estimators (Remark 5)

Suppose that E[i/(v)] = v and that E[[|¢/(v)||]*> < k||v||*. Then

E[|2u) || = S E[IU)I] - 2@V + v

1 2
VI = 2P + P

= (1 - ]16) Iv)?. O

B.6. Proof of convex convergence of EF-SIGNSGD (Theorem III)

As in the proof of Theorem II, we start by considering the sequence {X;} where X; = x; + e;. As we saw, X;11 = Xy — V&¢-
Suppose that x} is an optimum solution. We will abuse notation here and use 0 f(x) to mean any subgradient of f at x.

B[40 = x7I] = Ex % - 7@ - %11
= % = x|+ 2 Ee gl — 1 (Eelgel. %o — x7)
<% — x5 |2+ 720 — 9 (0f (x0), % — X7) .

We do not want x; appearing in the right side of the equation and so we will replace it with x; and use Lemma 3 to bound
the error:

By (%1 = x*P] < 110 = X717 920 = 10 (x0), %0 = X7} + 70 (%), %0 — Ro)
= (% = X" + 920" = 7(0F (x0), 30 = %) = 7 (DF (). e0)
y

< % = x| + 5202 = (0 (x1), x¢ = %) + 70 () e
8 . W 2920194
B N L R i ia LI P}

We use Cauchy-Shwarzch in the third step, and Lemma 3 in the last step. We will use the loose bound ||0f(x;)|| < o. This
is the key difference between the non-smooth case and the smooth (and strongly-convex) case considered in (Stich et al.,
2018). In the smooth case, the term ||V f(x;)||* can be bounded by the error f(x;) — f* i.e. the final term goes to 0 faster
than 2, allowing the asymptotic rate to not depend on the compression quality . We now have

2v202/1 =6

By | Iees —3°1] < % =571 44202 = 90 (ko) xe = x7) + 7=

)

Recall that ¢y = 0 and so Xg = X. Rearranging the terms and averaging, we get

B0 () xe =) < Ty T+1 XT:( {‘Xt—x*”ﬂ_E[||>~(t+1—x*“2})+’702+@

t=0 =0 0

2
o= oy, 2VI=0Y
~T 6

Mﬂ

IN
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To finish the proof, we have to simply use the convexity of f twice on the left hand side of the above inequality:

T T T
1 1 _
mZE[<8f(xt)7xt—x Z (x¢) > f( Hzxt):f(xT).
t=0 t=0 t=0
For the standard rate of SGD in remark 6, we just set § = 0. O

B.7. Proof relating linear span of gradients to pseudo-inverse (Lemma 9)

Recall that A € R™*4 for n < d. Assume without loss of generality that the rows of A are linearly independent and hence
A is of rank n. The stochastic gradient for f(x) = ||Ax — b||” is of the form 3" a;A;. where A; . indicates the ith column
of A. If x; is in the linear span of the stochastic gradients, then there exists a vector b; € R™ such that

Xt = ATbt .
Suppose x* is the solution reached. Then Ax* = y and also x* = A "b* for some b*. Hence b* must satisfy
AAb* =y.

Since the rank of A is n, the matrix AAT € R™*" is full-rank and invertible. This means that there exists an unique
solution to b* and x*:

b*=(AAT) 'y and x*=ATb*=AT(AAT) 'y. O



