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A. Preliminaries

Lemma A.1. (Lemma 11 of Abbasi-Yadkori et al., 2011) Let { X;}I_, be a sequence in R? with || X;||2 <1, Qad x d
positive definite matrix with det(Q) > 1 and A(t) = Zt;:ll X, XT. Then, we have

T

> XT{Q+ A1)} Ko < 2o

t=1

det(Q + A(T + 1)))
det(Q)

Lemma A.2. (Lemma 2.1 of Bercu and Touati, 2008) Let x be a square integrable random variable with mean 0 and
variance o? > 0. Then,

1 1
E[exp(m — 51'2 — 502)} <1.

Lemma A.3. (Lemma 7 of de la Peiia et al., 2009) Let X, € R? be F,-measurable for some filtration {F,}._;,

IE[XT|.7:T,1] = 0, and || X,||2 < B for some constant B, T = 1,--- ,t. Let ¢, € R be F,-measurable, |c;| < 1 and
X, L c:|Fr_1. Then for any \ € R,
t 1 t t
E{ex {)\T X.cp — 7AT( X XT + ST E[X,. XT|F,_ )AH <1.
P 2 e g (2 A 2 BT g <
Proof. Taking z = AT X, c., we have from Lemma A.2,
1
E[exp{/\TXTcT - 5T (cEXTXTT +E[c3X,XTT|fT_1])/\HfT_1] <1.
Since CE <1 and XTXf is positive semi-definite,
1
E{exp{ATXTcT -5 (XTXTT +E[X7Xf|]-}_1]))\}‘]-}_1} <1.
]

Lemma A.4. (Abramowitz and Stegun, 1964) If Z ~ N'(m, o?), for any z > 1,

2

2\/17,1_Zexp< . %2) <P(|Z-m|>z0) < \/;Zexp( - %)

B. Proof of Theorem 4.2
The proof of Theorem 4.2 follows the proof sketch of Section 4.2.
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B.1. Proof of (14)

Take ¢, = (%) Since E[XT\}"T,l] =0,|c;| <1,and X, L ¢;|F,_1, we can apply Lemma A.3, i.e., for any

A € RY,
t—1 t—1

E{exp{)\th_iXTcT - f)\T<ZX X+ Y EXXT|F - 1])AH <1

T=1 T=1

B.2. Proof of Lemma 4.4
By Lemma A.3, for any A € R,

t—1 1 1 1 t—1 1 t—1
E[exp{A"}" il §AT(§ PRAEE S ENYTIEA])A <1
=1 =1

=l
Here,
MY, YIN = 'D(r)up® D(r)\
= {(D(A) " u}”
< uTu(D(r)N) T (D(7)A) (.- Cauchy-Schwarz inequality)
< (DN (D)) = ATD(r)*, (1)
and
MNE[Y, Y |Froa]A < ATE[D(7)?F-—1 ]\ ()

Let L = X, XT and K = E[ X, XT|F,_;]. Then,
ATD(7)?A = AT (L — K)*A
= AT+ NTE2N 4+ 20T L(—K)\
SATLAA 4+ M K2N 4+ 2VATL2A AT K2\ (- Cauchy-Schwarz inequality)
<2ATL2N + 20T K2 3)

Also,

E[D(7)?|Fr-1]

E[(L — K)?|Fr 1]

— E[L2|F, -] ~ E[LIFr1] K - KE[LIF, 1] + K

=E[L?F;—1] - K* (- E[LIF-1] = K)

= ME[D(7)?|Fr_1]A < 2ATE[D(7)?|Fr 1] A

= 2\TE[L?|F,_1]x — 2AT K2 4)

Due to (1), (2), (3) and (4),
AT (YTYTT +E[Y, YT F,] ) A< 2T (L2 +E[L2|F,_y] ) A
< onT (XTXTT +E[X, XT|F, ] ) A

where the last inequality is due to L = X, X TT and X z X, < 1. Therefore, for any \ € R4,

t—1 1
E[exp{)\T —y, -
/32

(ZX XT+Z]E XTI\ Fe ] 1) H

l\DM—l

T
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~

1

E[exp{ AT woiide ;/\T(;EYTYTT n ;EE[YTYTTU-}_J)AH

<1.

T=1

C. Proof of Theorem 4.1

The proof of Theorem 4.1 follows the lines of Agrawal and Goyal (2013) with some modifications. We present the whole
proof.

(a)

(b)

The first stage is the derivation of a high-probability upper bound of |(b;(t) — b(t))” (fi(t) — w)|. This is done in
Theorem 4.2, which we restate here for concreteness.

Theorem C.1. Let the event EF(t) be defined as follows:
B () = {¥i 1| (bilt) = b(®)) " (A(t) — )] < 1(B)s5,;},
1(b;(t) — b(t)) and I(t) = (2R + 6)+/dlog(6t3/8) + 1. Then for all t > 1, for

where si ; = \/ ; )

B(t)~
any0<5<1P(E“()) 1- %

We next establish a high-probability upper bound for |(b; () — b())T (fu(t) — fi(t))] in the following Proposition C.2.
The proof is a simple extension of Agrawal and Goyal (2013), which uses Lemma A.4 for gaussian random variables.

Proposition C.2. Let the event EF(t) be defined as follows:

B (t) = {¥i + | (bs(t) — (1)) " ((t) -

a(t
where m(T) = vy/4dlog(Td). Then for all t > 0, P(EA ()| Fi_1) > 1 — 2.

Proof. Note that given F;_1, the values of (b;(t) — b(t)), B(t) and /i(t) are fixed. Then,
b5 ()" (A(t) — a(t)] = \b¢(t)TUB(t)_1/2%B(t)1/2(ﬂ(t) — ()]
< o7 B 00| B0t — )|

where Z;(t)|F;—1 RN (0, 1) and the first inequality is due to Cauchy-Schwarz inequality. Due to Lemma A .4, for

fixed j and z > 1,
2 22

1 z
P(1Z;(t)] > 2| Fi-1) < ﬁexp( — 5) < exp( _ 5)
Setting exp( — 2°/2) = gz, we have z = \/2log(dT?) < \/2log(d?T?) = \/4log(dT). Hence,
P(|Z;(t)] > V4log(dT) | Fi- 1) < Fie)
= P(Vj : 12;(t)] > /4log(dT) | Fr1) < Ti

[—

Thus, with probability at least 1 — foralle=1,---, N,

(alt) =

TZ’

T T

|(bi(t) — b(t))

=

)] < vs§; 4dlog(dT) = m(T)sf’i.
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(c) Before proceeding, we divide the arms at each time into two groups: saturated and unsaturated arms. Let g(T') =
m(T) + I(T). An arm ¢ is saturated at time ¢ if

(bi(t) = b(1)) 11+ g(T)s5s < (barry (£) — b)) 1,

and unsaturated otherwise. Note that the optimal arm «*(¢) is unsaturated. Note also that from Stage (a) and Stage (b),
(bi(t) = b(t))" 1+ g(T))s; ; is an upper bound of (b;(t) — b(t))” iu(t). Hence by definition, the saturated arms are the
arms that have quite accurate values of (b;(t) — b(t))” fi(t) so that their upper bound is lower than (b, (4)(t) — b(t))”
enabling the algorithm to distinguish between them and the optimal arm.

(d) Next, we show in Proposition C.3 that the probability of playing saturated arms is bounded by a function of the
probability of playing unsaturated arms. The proof is a simple extension of Agrawal and Goyal (2013).

Proposition C.3. Ler C(t) be the set of saturated arms at time t, i.e., C(t) = {i : (bi (t) — l;(t))Tu +9(T)st; <
(bar(y (1) — l;(t))T,u}. Given any filtration F;_1 such that EP(t) is true,

1 1
P(a(t) € C(t)|Fio1) < ];IP’(a(t) ¢ C(t)|Fi1) + p—t

where p = m.

Proof. Since the algorithm pulls the arm argmax{b;(¢)” fi(£)}, if bo-() ()T fu(t) > b;(¢)T fu(t) for every j € C(t),
i
then a(t) ¢ C(t). Hence,

P(a(t) ¢ C(t)|Fe-1) = P(ba-y ()T 1(t) > bj(t)" filt), Vj € C(t)|Fo-1)
= P (b5 iy ()T (t) > B5(1)Tfalt), Vi € O (1) Fi). 5)

If E£(t) is additionally true, for Vj € C(t),

b5 (1) a(t) < b5+ g(T)sg; (- ER(t) & BA(1))
< bg () ()T . (. definition of C(t))

Therefore,

B (8- (8)(0) > B0 (1), Vi € CW)|Fima) + (1 B(EP ()| Fia) )

> P (b5 (i) (1) (1) > BG4y ()T el Fir ). (6)

Given EX(t), [b5. () () (fu(t) — p)] < UT)s{ . (y)- Thus by Lemma A.4,

C T/~ I c T
(©) :P( boe (1 (1) Eu(t) 10)) N b iy ()T (1= ‘}_t 1)
Ust,a*(t) VS t a*(t)
(T
>P(2(1) > %‘ft,l)
1 22
ZmeXP(_E) 2D (7

where Z(t)|Fi—1 ~ N(0,1) and z = [(T) /v. Therefore, due to (5), (6), (7) and Proposition C.2,

P(alt) ¢ COIF1) 2 p—

=

IP’(a |ft 1) <1
P(a(t) ¢ C( )\E )+ TP
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(e) Next in Proposition C.4, we use Proposition C.3 and the definition of unsaturated arms to show that the regret can be

bounded by a factor of s} ) in expectation.

Proposition C.4. Given any filtration F;_1 such that E"(t) is true,

59(T)
p

39(T)

E[regret(t)u-},l} < VT2

E[Sf,a(t) ‘]:tf]_:l +

Proof. Let a(t) = argmin s§ ;. This value is determined by F;_;. Under both E*(t) and E#(t),
i¢C(t)

where the first inequality follows from the definition of unsaturated arms, the second and fourth inequalities from E*(t)
and E*(t), and the third inequality from the action selection mechanism. Therefore, given F;_; such that £/ () holds,

E[regret(t)|Fi—1] < 29(T)s{ sy + 9(TVE[8f oy | Fi1] + 1 = P(E*(t)|Fi1)
1

< 29(T)s5 a4y + 9(TIE[S5 o) | Fir] + -
T

)
Here,
St = Stam 1Pa(t) € C(t)|Fi—1) + P(a(t) ¢ C(t)|Fi-1)}

Shato { 2P(lt) ¢ COIFi-0) + 15}

IN

[VINNTIND TIN

s 4
E(s7 a0y I{a(t) ¢ C(H)}| Fior) + ;’T(Qt)

Sia
E(Sg,a(t)l{a(t) ¢ C(t)}|]:t_1) 4 ;T(Qt)
1

pT?’

IN

IN

]E(Sg,a(t)|ft_1) +

where the first inequality is due to Proposition C.3 and the second inequality is due to the definition of a(¢). Combining
this result with (8), we have

59(T) 39(T)
]E[Tegret(t)u:t,l] < ) E(Sf,a(t)’ft,1)+ R
O
() Let My = regret(t)[(E~(t)) — 591()T) S a(t) — %. Then |M,| is bounded by %. Also, due to Proposition

C.4, {M;}L | is a bounded super-martingale difference process with respect to the filtration {F;}_;. Hence by
Azuma-Hoeffding’s inequality, for any a > 0,

2

P(th>a)<exp<— - >7

T 2
=1 2) ¢
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where ¢; = %g(T). Setting exp( — 22‘}722) = g, we have a = %g(T) 2Tlog(§). Thus with probability at least
t=1Ct
[
1-3,
T
N 5g(T , 3g(T 9 2
> regret(t)I(E*(1)) < g; ) st ‘jfT) + - 9(T)y[2Tlog(5). )
t=1 t=1

In Proposition C.5, we show that Zf:l St < \/2dTlog(1 + T/d) using Lemma A.1.

Proposition C.5. >/, ¢ 1y < /2dTlog(1 +T/d).

t,a

Proof. Take X; = b, (t) — b(t), Q = I, and A(t) = Zt;:ll X, XZT. Then by Jensen’s inequality and Lemma A.1,

T

Y Sta)
t=1

IA

T
TX:{s;ia(t)}2 (" Jensen’s inequality)
t=1

T
=\|T> _ XTB(t)'X,
t=1

IN

T
TY XF{Q+ A} 'X, (- B(t) = Q+ A(t))

< \/2Tlog(det(Q;£?égj;+ 1))) (. Lemma A.1)

/ T
< 2dTlog(1 + E) (" determinant-trace inequality.)

Due to (9), Proposition C.5 and the definitions of p and g(T"), we have with probability at least 1 — g,

S regret(t)I(EF(t)) < O(d3/2\/f\/log(Td)1og(T/6) (Vlog(1 + T/d) + v/log(1 /5))).
t=1

Since E*(t) holds for all ¢ with probability at least 1 — & (Theorem C.1), regret(t)I(E"(t)) = regret(t) for all t with
probability at least 1 — %. Hence, with probability at least 1 — 4,

R(T) < o(d3/2ﬁwog(Td)log(T/a)(\/log(l T T/d) + \/log(l/é))).
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