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Abstract

We introduce a novel approach, requiring only
mild assumptions, for the characterization of deep
neural networks at initialization. Our approach
applies both to fully-connected and convolutional
networks and easily incorporates batch normal-
ization and skip-connections. Our key insight is
to consider the evolution with depth of statistical
moments of signal and noise, thereby characteriz-
ing the presence or absence of pathologies in the
hypothesis space encoded by the choice of hyper-
parameters. We establish: (i) for feedforward net-
works, with and without batch normalization, the
multiplicativity of layer composition inevitably
leads to ill-behaved moments and pathologies; (ii)
for residual networks with batch normalization,
on the other hand, skip-connections induce power-
law rather than exponential behaviour, leading to
well-behaved moments and no pathology.

1. Introduction

The feverish pace of practical applications has led in the re-
cent years to many advances in neural network architectures,
initialization and regularization. At the same time, theoreti-
cal research has not been able to follow the same pace. In
particular, there is still no mature theory able to validate the
full choices of hyperparameters leading to state-of-the-art
performance. This is unfortunate since such theory could
also serve as a guide towards further improvement.

Amidst the research aimed at building this theory, an impor-
tant branch has focused on networks at initialization. Due to
the randomness of model parameters at initialization, charac-
terizing networks at that time can be seen as characterizing
the hypothesis space of input-output mappings that will be
favored or reachable during training, i.e. the inductive bias
encoded by the choice of hyperparameters. This view has
received strong experimental support, with well-behaved
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input-output mappings at initialization extensively found to
be predictive of trainability and post-training performance
(Schoenholz et al., 2017; Yang & Schoenholz, 2017; Xiao
et al., 2018; Philipp & Carbonell, 2018; Yang et al., 2019).

Yet, even this simplifying case of networks at initializa-
tion is challenging as it notably involves dealing with: (i)
the complex interplay of the randomness from input data
and from model parameters; (ii) the broad spectrum of po-
tential pathologies; (iii) the finite number of units in each
layer; (iv) the difficulty to incorporate convolutional layers,
batch normalization and skip-connections. Complexities
(1), (ii) typically lead to restricting to specific cases of in-
put data and pathologies, e.g. exploding complexity of
data manifolds (Poole et al., 2016; Raghu et al., 2017), ex-
ponential correlation or decorrelation of two data points
(Schoenholz et al., 2017; Balduzzi et al., 2017; Xiao et al.,
2018), exploding and vanishing gradients (Yang & Schoen-
holz, 2017; Philipp et al., 2018; Hanin, 2018; Yang et al.,
2019), exploding and vanishing activations (Hanin & Rol-
nick, 2018). Complexity (iii) commonly leads to making
simplifying assumptions, e.g. convergence to Gaussian pro-
cesses for infinite width (Neal, 1996; Roux & Bengio, 2007;
Lee et al., 2018; Matthews et al., 2018; Borovykh, 2018;
Garriga-Alonso et al., 2019; Novak et al., 2019; Yang, 2019),
“typical” activation patterns (Balduzzi et al., 2017). Finally
complexity (iv) most often leads to limiting the number of
hard-to-model elements incorporated at a time. To the best
of our knowledge, all attempts have thus far been limited in
either their scope or their simplifying assumptions.

As the first contribution of this paper, we introduce a novel
approach for the characterization of deep neural networks at
initialization. This approach: (i) offers a unifying treatment
of the broad spectrum of pathologies without any restriction
on the input data; (ii) requires only mild assumptions; (iii)
easily incorporates convolutional layers, batch normaliza-
tion and skip-connections.

As the second contribution, we use this approach to charac-
terize deep neural networks with the most common choices
of hyperparameters. We identify the multiplicativity of layer
composition as the driving force towards pathologies in
feedforward networks: either with the neural network hav-
ing its signal shrunk into a single point or line; or with the
neural network behaving as a noise amplifier with sensitivity
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exploding with depth. In contrast, we identify the combined
action of batch normalization and skip-connections as re-
sponsible for bypassing this multiplicativity and relieving
from pathologies in batch-normalized residual networks.

Our results can be fully reproduced with the source code
available at https://github.com/alabatie/
moments—dnns.

2. Propagation

We start by formulating the propagation for neural networks
with neither batch normalization nor skip-connections, that
we refer as vanilla nets. We will slightly adapt this formu-
lation in Section 6 with batch-normalized feedforward nets
and in Section 7 with batch-normalized resnets.

Clean Propagation. We first consider a random tensorial
input x = x% € R *xnxNo_gpatially d-dimensional with
extent n in all spatial dimensions and Ny channels. This
input x is fed into a d-dimensional convolutional neural
network with periodic boundary conditions, fixed spatial
extent n, and activation function gb.‘ At each layer ! > 1,
we denote N; the number of channels or width, K; the
convolutional spatial extent, x', y! € R™*"X"xNi the post-
activations and pre-activations, w! € R X KixNi—1 xNi
the weights, and b! € RN the biases. Later in our analysis,
the model parameters w', b! will be considered as random,
but for now they are considered as fixed. At each layer, the
propagation is given by

vl = wl x4 g,
x! = ¢(yl>7

with * the convolution and B! € R™* " *"XNi the tensor
with repeated version of b' at each spatial position. From
now on, we refer to the propagated tensor x' as the signal.

Noisy Propagation. To make our setup more realistic, we
next suppose that the input signal x is corrupted by an input
noise dx = dx” € R™**"*No haying small iid compo-
nents such that Eqx [dx;dx;] = 03, ;;, with 04x < 1 and
d;; the Kronecker delta for multidimensional indices i, j.
We denote ®;(x) = x!, with ®; the neural network mapping
from layer O to [, and we consider the simultaneous propaga-
tion of the signal ®;(x) and the noise ®;(x + dx) — ®;(x).
At each layer, this simultaneous propagation is given at first
order by

dyl :wl*dxl*l7 (1)

yl wl >|<Xl—l +,6la
x ' =¢'(y)ody', @

b=o(yh),

't is possible to relax the assumptions of periodic boundary
conditions and constant spatial extent n [B.5]. These assumptions,
as well as the assumption of constant width N; in Section 7, are
only made for simplicity of the analysis.

with ® the element-wise tensor multiplication. The tensor
dx! resulting from the simultaneous propagation of (x!, dxl)
in Eq. (1) and Eq. (2) approximates arbitrarily well the noise
@) (x + dx) — ®;(x) as o4x — 0 [C.1]. For simplicity, we
will keep the terminology of noise when referring to dx'.

From Eq. (1) and Eq. (2), we see that x', y' only depend
on the input signal x, and that dx’ depends linearly on
the input noise dx when x is fixed. As a consequence,
dx! stays centered with respect to dx such that Vx, a, c:
Eqx [dxf”} = 0, where from now on the spatial position is
denoted as « and the channel as c.

Scope. We require two mild assumptions: (i) X is not triv-
ially zero: By qc[x3, ] > 05 (ii) the width N; is bounded.

Some results of our analysis will apply for any choice of ¢,
but unless otherwise stated, we restrict to the most common
choice: ¢(-) = ReLU(-) = max(-,0). Even though ReLU
is not differentiable at 0, we still define dx! as the result
of the simultaneous propagation of (x!, dxl) in Eq. (1) and
Eq. (2) with the convention ¢'(0) = 1/2 [C.2].

Note that fully-connected networks are included in our anal-
ysis as the subcase n = 1.

3. Data Randomness

Now we may turn our attention to the data distributions of
signal and noise: Py o (x'), Px.ax.o(dx"). To outline the
importance of these distributions, the output of an L-layer
neural network can be expressed by layer composition as
(xF,dx") = ®; 1 (x!,dx"), with ®; ;, the mapping of the
signal and noise by the upper neural network from layer
l < L tolayer L. The upper neural network thus receives
x! as input signal and dx! as input noise, implying that
it can only have a chance to do any better than random
guessing when: (i) x!is meaningful; (ii) dx! is under control.
Namely, when nya(xl), Py dx.a (dxl) are not affected by
pathologies. We will make this argument as well as the
notion of pathology more precise in Section 3.2 after a few
prerequisite definitions.

3.1. Characterizing Data Distributions

Using v! as a placeholder for any tensor of layer [ in the

simultaneous propagation of (x!,dx') — e.g. y', x!, dy',

dx'in Eq. (1) and Eq. (2) — we define:
— The feature map vector and centered feature map vector,

l l

Q) =V, — Ex,dx,a["fx,:]’ ’

(v a)=va.

2Whenever a and ¢ are considered as random variables, they
are supposed uniformly sampled among all spatial positions
{1,...,n}? and all channels {1,..., N;}.

3Slightly abusively, the notation x, dx, o, v
the expectation.

! is overloaded in
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with vfl,: the vectorial slice of v! at spatial position .. Note
that p(vl, o), $(v!, ) aggregate both the randomness
from (x, dx) which determines the propagation up to v/,
and the randomness from a which determines the spatial
position in v!. These random vectors will enable us to

circumvent the tensorial structure of v.

— The non-central moment and central moment of order p
for given channel c and averaged over channels,

z/p7c(vl) = Ex dax,« [cp(vl, a)f], z/p(vl) =K, [Vp_yc(vl)},
NP,C(Vl) = Exax.a [@(Vla 0‘)5]7 Np(vl) =E [NP,C(Vl)]~

In the particular case of the noise dxl, centered with re-
spect to dx, feature map vectors and centered feature
map vectors coincide: ¢(dx’, ) = ¢(dx', a), such that
non-central moments and central moments also coincide:
Vpe(dx') = pip (dx') and v, (dx") = p,(dx').

— The effective rank (Vershynin, 2010),

Tr Cx ax,a [ (V!, )]
HCx,dx,a [SD(VI» a)} I 7

with Cx 4x.« the covariance matrix and || - || the spec-
tral norm. If we further denote ()\;) the eigenvalues of
Cx ax,a[p(Vl, @)], then reg(vl) = 3", A/ max; \; > 1.
Intuitively, T'eff(Vl) measures the number of effective direc-
tions which concentrate the variance of (v, a).

Teff(vl) =

— The normalized sensitivity — our key metric — derived from
the moments of x! and dx',

1 _1
o (@ (@)

p2(x!) pr2(x7)
To grasp the definition of x!, we may consider the signal-to-

noise ratio SNR! and the noise factor F' L

SNR’
Fl= SNR - (OO R C))

pi(dx')’

We obtain SNR,; = SNRS; — 201og;, x* in logarithmic
decibel scale, i.e. that Xl measures how the neural network
from layer O to [ degrades (x! > 1) or enhances (' < 1)
the input signal-to-noise ratio. Neural networks with y! > 1
are noise amplifiers, while neural networks with Xl < 1are
noise reducers.

Now, to justify our choice of terminology, let us reason
in the case where x! = ®;(x") is the output signal at the
final layer. Then: (i) the variance pz(x!) is typically con-
strained by the task (e.g. binary classification constrains
p2(x') to be roughly equal to 1); (ii) the constant rescal-
ing U;(x%) = \/u2(x!)/y/12(x0) - x° leads to the same
constrained variance: ji2(V;(x°)) = u2(®;(x%)). The nor-
malized sensitivity x! exactly measures the excess root mean

square sensitivity of the neural network mapping ®; rela-
tive to the constant rescaling W; [C.3]. This property is
illustrated in Fig. 1.

(a) x'=030 (b) x =100
2 2
T
2 2

2 0 2 2 0 2 2 0 2

Figure 1: Illustration of X' in the fully-connected case with
one-dimensional input and output, Ng = 1, N; = 1. We
show the full input-output mapping ®; (blue curves) and
randomly sampled input-output data points (x°, ®;(x°))
(red circles) for three different neural networks sharing the
same input signal x° and the same variance in their output
signal po(®;(x")). (a) Since input data points x° appear in
flat regions of ®;, the sensitivity is low: x! < 1. (b) ®; is a
constant rescaling: x! = 1. (c¢) Since ®; is highly chaotic,
the sensitivity is high: ! > 1.

As outlined, ! measures the sensitivity to signal perturba-
tion, which is known for being connected to generalization
(Rifai et al., 2011; Arpit et al., 2017; Sokolic et al., 2017;
Arora et al., 2018; Morcos et al., 2018; Novak et al., 2018;
Philipp & Carbonell, 2018). A tightly connected notion
is the sensitivity to weight perturbation, also known for
being connected to generalization (Hochreiter & Schmidhu-
ber, 1997; Langford & Caruana, 2002; Keskar et al., 2017,
Chaudhari et al., 2017; Smith & Le, 2018; Dziugaite & Roy,
2017; Neyshabur et al., 2017; 2018; Li et al., 2018). The
connection is seen by noting the equivalence between a
noise dw' on the weights and a noise dy' = dw!*x'~! and
dx! = gb’(yl) O] dyl on the signal in Eq. (1) and Eq. (2).

3.2. Characterizing Pathologies

We are now able to characterize the pathologies, with ill-
behaved data distributions, Px o (x!), Py dx.o (dxl), that we
will encounter:

— Zero-dimensional signal: pa(x')/vo(x') 2% 0. To

understand this pathology, let us consider the following
mean vectors and rescaling of the signal:

l x!

vl = (V17c(xl))c, X vl = (Vl)c(il))c.

]2
The pathology pi2(x')/v2(x!) — 0 implies po(X) — 0,
meaning that (X!, o) becomes point-like concentrated at
the point &' of unit L% norm: ||#'|| = 1 [C.4]. In the limit
of strict point-like concentration, the upper neural network
from layer [ to L is limited to random guessing since it
“sees” all inputs the same and cannot distinguish between
them.
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— One-dimensional signal: Te(x") 2%, 1. This pathology
implies that the variance of (x!, ) becomes concentrated
in a single direction, meaning that o(x', &) becomes line-
like concentrated. In the limit of strict line-like concentra-
tion, the upper neural network from layer [ to L only “sees”
a single feature from x.

— Exploding sensitivity: x' > exp(vl) 2%, 5 for some
~v > 0. Given the noise factor equivalence of Eq. (4), the
pathology x! — oo implies SNR! — 0, meaning that the
clean signal x! becomes drowned in the noise dx'. In the
limit of strictly zero signal-to-noise ratio, the upper neural
network from layer [ to L is limited to random guessing
since it only “sees” noise.

4. Model Parameters Randomness

We now introduce model parameters as the second source of
randomness. We consider networks at initialization, which
we suppose is standard following He et al. (2015): (i)
weights are initialized with w' ~ N(0,2 / (K{!N;—1) I),
biases are initialized with zeros; (ii) when pre-activations
are batch-normalized, scale and shift batch normalization
parameters are initialized with ones and zeros respectively.

Considering networks at initialization is justified in two re-
spects. As the first justification, in the context of Bayesian
neural networks, the distribution on model parameters at ini-
tialization induces a distribution on input-output mappings
which can be seen as the prior encoded by the choice of
hyperparameters (Neal, 1996; Williams, 1997).

As the second justification, even in the standard context of
non-Bayesian neural networks, it is likely that pathologies
at initialization penalize training by hindering optimization.
Let us illustrate this argument in two cases:

— In the case of zero-dimensional signal, the upper neural
network from layer [ to L must adjust its bias parameters
very precisely in order to center the signal and distinguish
between different inputs. This case — further associated
with vanishing gradients for bounded ¢ (Schoenholz et al.,
2017) — is known as the “ordered phase” with unit corre-
lation between different inputs, resulting in untrainability
(Schoenholz et al., 2017; Xiao et al., 2018).

— In the case of exploding sensitivity, the upper neural net-
work from layer [ to L only “sees” noise and its backprop-
agated gradient is purely noise. Gradient descent then per-
forms random steps and training loss is not decreased. This
case — further associated with exploding gradients for batch-
normalized ¢ = ReLU or bounded ¢ (Schoenholz et al.,
2017) — is known as the “chaotic phase” with decorrela-
tion between different inputs, also resulting in untrainability
(Schoenholz et al., 2017; Yang & Schoenholz, 2017; Xiao
et al., 2018; Philipp & Carbonell, 2018; Yang et al., 2019).

From now on, our methodology is to consider all moment-
related quantities, e.g. v,(x'), 1, (x), pp(dxt), reg(xh),
reff(dxl), x!, as random variables which depend on
model parameters. We denote the model parameters as
0= (w',B,...,w!" 3" and use ' as shorthand for
©!1©!~1. We further denote the geometric increments of
vo(x!) as dvo(x!) = vo(x!) /ra(xi1).

Evolution with Depth. The evolution with depth of vy (x!)
can be written as

l

log (Zz((;(o))> = Z lOg (SVQ(Xk) — ]Egk [log 6V2(Xk)] +
2 k<l ERES

Eek [log vy (Xk)] - log ]Egk [61/2 (Xk)] + log Egk [5V2 (Xk)],

m[va (x¥)]

vz (xF)]

va(xh)

where we used log (VQ(XO)) = log vp(x!) — log vy (x°) =

> i< log 615 (x*) and expressed log dv2 (x*) with telescop-
ing terms. Denoting 1o (x*) = dva(x¥) /Egr [0v2(x*)] the
multiplicatively centered increments of v (x*), we get [C.5]

s (x*)] = log Bgr [6v2(x%)], (5)
m[vs(x*)] = Egr [log dva (x))], (6)
sva(x")] = log dva (x*) — Ege[log dva(x*)].  (7)

Discussion. We directly note that: (i) m[v2(x*)] and
m|va(x*)] are random variables which depend on ©F~1,
while s[v2(x*)] is a random variable which depends on ©*;
(ii) m[r2(x¥)] < 0 by log-concavity; (iii) s[v2(x*)] is cen-
tered with Egx [s[v2(x*)]] = 0 and Egk [s[v2(x*)]] = 0.

We further note that each channel provides an independent
contribution to vy (x*) = -, v2c(x¥), implying for
large N}, that v5(x*) has low expected deviation to 1 and
that | log 61 (x%)| < 1, [m[ve(xF)]] < 1, |s[r2(xF)]] < 1
with high probability. The term m[ve(x*)] is thus domi-
nating as long as it is not vanishing. The same reasoning
applies to other positive moments, e.g. ja(x"), pio(dx').

Further Notation. From now on, the geometric increment
of any quantity is denoted with §. The definitions of 7, m
and s in Eq. (5), (6) and (7) are extended to other positive
moments of signal and noise, as well as Xl with

mx'] = 3 (Mlp2(dx")] [n2(x)]),
m[x'] = 3 (mp2(dx")] — mlus(x")]),
sI}'] = L (slu2(dx))] — s[pa(x)]).

We introduce the notation @ ~ b when a(1+¢€,) = b(1+¢€p)
with |e,| < 1, |ep] < 1 with high probability. And the
notation @ < b when a(1 + €,) < b(1 + €,) with |e,] < 1,
les| < 1 with high probability. From now on, we assume
that the width is large, implying

—-m
—m

ox' = exp (m[x'] + m[x'] + s[x']) ~ exp (M[x']).
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We stress the layer-wise character of this approximation,
whose validity only requires N; > 1, independently of
the depth [. This contrasts with the aggregated character
(up to layer /) of the mean field approximation of y' as a
Gaussian process, whose validity requires not only N; > 1
but also — as we will see — that the depth [ remains suffi-
ciently small with respect to IV;.

5. Vanilla Nets

We are fully equipped to characterize deep neural networks
at initialization. We start by analyzing vanilla nets which
correspond to the propagation introduced in Section 2.

Theorem 1 (moments of vanilla nets). [D.3] There exist
small constants 1 >> Muin, Mmax, Vmin, Vmax > 0, random
variables m;, m}, s;, s; and events A;, A} of probabilities

equal to H;:1(1 — 27Nk such that

Under A;: log o (x') = —Imy + Vs + log v(x°),
Under 4):  log o (dx") = —Iim] + Vs, + log o (dx°).
Mmin < M < Mimax, ]EG—)Z\AZ [Sl} =0, vmin < Var(—)l\Al [Sl} < Umax
Mimin < m; < Miax, ]E(_)Z‘A; [5” =0, vmn < Var(_)l‘A; [5;} < Umax

Discussion. The conditionality on A;, A] is necessary to
exclude the collapse: v5(x!) = 0, pp(dx') = 0, with un-
defined log v5(x"), log j12(dx'), occurring e.g. when all
elements of w' are strictly negative (Lu et al., 2018). In
practice, this conditionality is highly negligible since the
probabilities of the complementary events A7, A;° decay
exponentially in the width N; [D.4].

Now let us look at the evolution of log v (x!), log iz (dx")
under A;, Aj. The initialization He et al. (2015) enforces
By o ()] = ws(x~1) and B [ua(dx’)] = pia(dx' ™)
such that: (i) Egi[v2(x!)], Eet[uz(dx')] are kept stable
during propagation; (i) m2[v2 (x!)], m[uz(dx')] vanish and
log v5(x'), log pu2(dx") are subject to a slow diffusion with
small negative drift terms: m[vy(x!)] < 0, m[us(dx")] < 0,
and small diffusion terms: s[vs(x')], s[u2(dx')] [D.5].4
The diffusion happens in log-space since layer composition
amounts to a multiplicative random effect in real space. It is
a finite-width effect since the terms m[vs(x")], m[p2(dx")],
s[va(x)], s[po(dx")] also vanish for infinite width.

Fig. 2 illustrates the slowly decreasing negative expectation
and slowly increasing variance of log v (x!), log p12(dx"),
caused by the small negative drift and diffusion terms. Fig. 2
also indicates that log 15 (x!), log 112 (dx') are nearly Gaus-
sian, implying that vy(x'), p2(dx') are nearly lognormal.
Two important insights are then provided by the expres-

4Any deviation from He et al. (2015) leads, on the other hand,
to pathologies orthogonal to the pathologies of Section 3.2, with
either exploding or vanishing constant scalings of (x', dx").

sions of the expectation: exp(u + 02/2) and the kurto-
sis: exp(40?) + 2exp(30?) + 3exp(20?) — 3 of a log-
normal variable exp(X) with X ~ N(u,c?). Firstly, the
decreasing negative expectation and increasing variance of
log 15 (x"), log 12 (dx") act as opposing forces in order to
ensure the stabilization of Eg: 15 (x!)], Ee [12(dx")]. Sec-
ondly, v5(x!), p2(dx') are stabilized only in terms of ex-
pectation and they become fat-tailed distributed as [ — oc.

(a) log v2(x') — log va(x°) (b)
— =50
— [ =100
—— =16
— [ =200

log p2(dx') — log pa(dx®)
— =50

— =100
— =150
— =200

Figure 2: Slowly diffusing moments of vanilla nets with
L = 200 layers of width N; = 128. (a) Distribution of
log v (x!) —log v2(x) for I = 50,100, 150, 200. (b) Same
for log juo(dx") — log o (dx”).

Theorem 2 (normalized sensitivity increments of vanilla
nets). [D.6] Denoting y"* = max ( +y! O), the dominat-
ing term under {ji2(x!~1) > 0} in the evolution of X' is

Vl,c(yl*)m,c(yl’)D_Q. ®)

pa(x1)

(SXZ ~ (1 — Ecﬁl

€[1,v2]

Discussion. A first consequence is that y! always increases
with depth. Another consequence is that only two possibili-
ties of evolution which both lead to pathologies are allowed:

— If sensitivity is exploding: x! > exp(yl) — oo with
exponential drift v stronger than the slow diffusion of
Theorem 1 and if vy(x!), p(dx') are lognormally dis-
tributed as supported by Fig. 2, then Theorem 1 implies
the a.s. convergence to the pathology of zero-dimensional

signal: up(x!)/ve(x!) — 0 [D.7].

— Otherwise, geometric increments dy' are strongly lim-
ited. In the limit 6x' ~ exp (m[x']) — 1, if the moments
of X! = x!/+/ua(x!) remain bounded, then Theorem 2 im-
plies the convergence to the pathology of one-dimensional
signal: re(x!) — 1 [D.8] and the convergence to pseudo-
linearity, with each additional layer [ becoming arbitrarily
well approximated by a linear mapping [D.9].

Experimental Verification. The evolution with depth of
vanilla nets is shown in Fig. 3. From the two possibili-
ties, we observe the case with limited geometric increments:
dx' ~ exp (m[x']) — 1, the convergence to the pathology
of one-dimensional signal: r.x(x') — 1, and the conver-
gence to pseudo-linearity.
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(a) — o s (b) — re(x)

0 50 100 150 200 0 50 100 150 200

Figure 3: Pathology of one-dimensional signal for vanilla
nets with L = 200 layers of width N; = 512. (a) 6
such that 0x" ~ exp (M[x']) — 1. (b) reg(x') indicates
one-dimensional signal pathology: reg(x!) — 1.

The only way that the neural network can achieve pseudo-
linearity is by having each one of its ReLU units either
always active or always inactive, i.e. behaving either as zero
or as the identity. Our analysis offers theoretical insight
into this coactivation phenomenon, previously observed
experimentally (Balduzzi et al., 2017; Philipp et al., 2018).

6. Batch-Normalized Feedforward Nets

Next we incorporate batch normalization (Ioffe & Szegedy,
2015), which we denote as BN. For simplicity, we only
consider the test mode which consists in subtracting v (y')
and dividing by /2 c(y?) for each channel ¢ in y!. The
propagation is given by

yl _ wl " Xl71 + /8l7 dyl — wl % Xm_l, (9)
z! = BN(y!), dz' = BN'(y)) ©dy', (10)
x! = ¢(z'), dx' = ¢'(2') © dz'. (11)

Theorem 3 (normalized sensitivity increments of batch-nor-
malized feedforward nets). [E.1] The dominating term in
the evolution of x' can be decomposed as

oYl = 6Ble . 5¢Xl ~ exp (mBN[Xl]) exp (m¢ )
-1 -3
__ N po(dx'"7) H2,cldy) dy
= (2= _J) g
exp (mBN[X ]) < /.Lg(Xl_l) > c,0! o, N
exp (m¢[xl]) = (1 — 2 g1 [V1,(z b g, o(zh~ 2.

€[1,v2]

Effect of Batch Normalization. The batch normalization
term is such that exp(mpn[x']) = dpx X}, With dgyx! de-
fined as the increment of x' in the convolution and batch
normalization steps of Eq. (9) and Eq. (10). The expression
of exp(mpn[x!]) holds for any choice of ¢.

This term can be understood intuitively by seeing the differ-
ent channels c in y! as N; random projections of x/~! and
batch normalization as a modulation of the magnitude for

each projection. Since batch normalization uses 4/ /12 ¢(y')
as normalization factor, directions of high signal variance
are dampened, while directions of low signal variance are
amplified. This preferential exploration of low signal di-
rections naturally deteriorates the signal-to-noise ratio and
amplifies y' owing to the noise factor equivalence of Eq. (4).

Now let us look directly at exp(msn[x']) in Theo-
rem 3. If we define the event under which the vectorized
weights in channel ¢ have L? norm equal to r: Wh¢ =
{Ilvec(w!, )ll2 = r}, then spherical symmetry implies
that Varlance increments in channel ¢ from x'~! to y' and
from dx'~! to dy' have equal expectation under whe:

]E9L|W7{’C[N2,c(dyl)}
pa(dx')

On the other hand, the variance of these increments depends
on the fluctuation of signal and noise in the random direction
generated by vec(w! . .)/||vec(w! .c)||2- This depends on
the conditioning of s1gna1 and n01se i.e. on the magnitude
of rer(x!71), ree(dx' ™). If we assume that dx' ! is well-
conditioned, then ugﬁ(dyl) /2 (dxlil) can be treated as a
constant and by convexity of the function x +— 1/x:

—1
po(dx'"") pi2.c(dy")
( — E91|WTL’C 1 Z, 17

Egl‘wjvu[ﬂlc(yl)] .
p2(x!=1)

p2(xt=1) p2.c(y")

which in turn implies exp(mipn[x!]) = 1. The worse the
conditioning of x'~1, i.e. the smaller 7¢(x' 1), the larger
the variance of 2 (y') at the denominator and the impact
of the convexity. Thus the smaller r.(x'~!) and the larger
exp(mpn[x']). This argument is strictly valid for the first
step of the propagation wherein the noise has perfect condi-
tioning, resulting in exp(mpn[x!]) > 1 [E.2].

Effect of the Nonlinearity The nonlinearity term is such
that exp(m¢[ 1) ~ 64x', with 65x" defined as the incre-
ment of x! in the nonlinearity step of Eq. (11). This term
is analogous to the term of Eq. (8) for vanilla nets, ex-
cept that vy (z!)1y (25 7) is less likely to vanish than
v (Yo M) e(yh ™) /p2(x71) in Eq. (8) since batch nor-
malization now keeps the signal centered around zero.

Experimental Verification. In Fig. 4, we confirm exper-
imentally the pathology of exploding sensitivity: x! >
exp(yl) — oo for some v > 0. We also confirm that:
@) dx' remains well-conditioned, while x! becomes ill-
conditioned; (ii) 7fr(x') and OBN x! are inversely correlated.

Interestingly, J,5x' becomes subdominant with respect to
5Ble at large depth. This stems from the fact that
z! becomes fat-tailed distributed with respect to x, o,
with large p4(z') and small vi(|z!|). Combined with
v1(zh) < wvi(|2!]) and vy (257) < vy (|2!]), this explains
the decay of | exp(y[x!]) — 1| and thus of [§4x" — 1|.
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Figure 4: Pathology of exploding sensitivity for batch-
normalized feedforward nets with L = 200 layers of width
N; = 512. (a) Geometric increments §x' decomposed
as the product of dpy X! defined as the increment from
(x!=1,dx'"!) to (2',dz"), and 64! defined as the incre-
ment from (z', dz') to (x!, dx'). (b) The growth of x" indi-
cates exploding sensitivity pathology: x! > exp(yl) — co
for some v > 0. (c) x! becomes ill-conditioned with small
ree(x!). (d) z' becomes fat-tailed distributed with respect
to x, a, with large j14(2z') and small v4 (|z!]).

7. Batch-Normalized Resnets

We finish our exploration of deep neural network archi-
tectures with the incorporation of skip-connections. From
now on, we assume that the width is constant, N; = N,
and following He et al. (2016), we adopt the perspective of
pre-activation units. The propagation is given by

(v dy) = (v Ly + T dy™ ),
Zl7h _ BN(yl,hfl)’ dzl,h _ BN/(thfl) ® dyl7h_1,
Xl,h: ¢(Zl’h), dxl,h: ¢/(Zl’h) @ le,h’

yhlh— b g xbh gl gybh— by qxlih.

(12)

1 < h < H, with H the number of layers inside residual units
and with (yl’o, dyl’o) = (yl71 , dylil)

If we adopt the convention (y% dy"") = (y°,dy?),
then Eq. (12) can be expanded as
l
Whdyh =)  Hayt. a3

For consistency reasons, we redefine the inputs of the prop-
agation as (y,dy) = (y°,dy") and the normalized sensi-
tivity and its increments as

o = Nz(dyl’h) : Mz(dyo) : S = X"
p2(y"h) p2(y°) ’ xbh=17

l M2(dyl) ' MQ(dYO) E l
* <u2(yl)> (uz(y0)> N

X
lel
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Figure 5: Well-behaved evolution of batch-normalized
resnets with L = 500 residual units comprised of H = 2
layers of width N = 512. (a) Geometric feedforward
increments 6x"'! decomposed as the product of dpyx"!
defined as the increment from (y"°, dy" %) to (2!, dz""),
and 6,4x"" defined as the increment from (z"!, dz"') to
(yh', dy"h). (b) x! has power-law growth. (c) reg(x!!)
indicates that many directions of signal variance are pre-
served. (d) ps(z"'), v1(|z5!|) indicate that z! has close
to Gaussian data distribution.

Theorem 4 (normalized sensitivity increments of batch-nor-
malized resnets). [F.3] Suppose that we can bound sig-
nal variances: fiomin S po(y'?) < pomex and feed-
forward increments: Opmin < OXY" < Smax for all 1, h.
Further denote Mmin = ((5min)2Hﬂ2,min - ,U/2,max)/,u2,max
and TNmax = ((6max)2H,UJ2,max - NQ,min)/,UQ,min; as well as
Tmin = 57min A1 Tmax = 57max- 1 hen there exist positive
constants Cpin, Cmax > 0 such that

1 1

Tmin ) 2 1 ( TImax ) 2
14 min V2 <5t < (4 4 Hmax 14
(+77) s s (e )" a9
C1minl7—mi" S Xl ,S C’ma)(l‘rmx~ (15)

Discussion. First let us note that Theorem 4 remarkably
holds for any choice of ¢, with and without batch normaliza-
tion, as long as the existence of /42 min, 42, max> Omin> Omax 1S
ensured. In the case ¢ = ReLU, the existence of din, Omax
is always ensured but the existence of 112 min, £42,max 1S only
ensured when batch normalization controls signal variance
inside residual units: po o (z4H) = 1 [F.4].

Now let us get a better grasp of Theorem 4. We see in
Eq. (14) that the evolution remains exponential inside resid-
ual units since Nyin, Jmax have an exponential dependence in
H. However, it is slowed down by the factor 1/(I + 1) be-
tween successive residual units. This stems from the dilution
(Philipp et al., 2018) of the residual path (y“#  dy"*) into
the skip-connection path (y!~*, dy'~") with ratio of signal
variances: po(y"H)/(p2(y") 4+ p2(y'™")) decaying as
1/(141). If we remove the dilution effect by multiplying the
residual branch by 0 (i.e. replacing the scaling in 1/(I+1) by
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ascaling in 1) and if we set 12 min = f42 max, then Eq. (14) re-
covers the feedforward evolution (6min) ™ < 0x! < (Omax) ™
The dilution is clearly visible in Eq. (13). Namely, each
residual unit adds a term (y“* dy"*") of increased y"*
but its relative contribution to the aggregation gets smaller
and smaller with /, so that the growth of x! gets slower and
slower with [.

Since 3log(1 + 2) =~ 4L and [ FLda’ ~ logx3 for
x> 1, the bounds on x! = ], éx* = exp (Zk log 6Xl)
in Eq. (15) are obtained by integrating the bounds on the
logarithm of Eq. (14). A direct consequence of the dilution
is thus the power-law evolution of x! instead of the expo-
nential evolution for feedforward nets. Equivalently, when

rewriting Eq. (15) as
Chin eXp(Tmin IOg l) 5 Xl ,S Crnax eXp(Tmax 1Og l)a

the evolution of ! for resnets is equivalent to the evolution
of x7!°8! for some 7 > 0 for feedforward nets. In other
words, the evolution with depth of resnets is the logarithmic
version of the evolution with depth of feedforward nets.

Experimental Verification. The evolution with depth of
batch-normalized resnets is shown in Fig. 5. There is a
clear parallel between the evolution for [ < 500 in Fig. 5
and the evolution for [ < 15 in Fig. 4. This confirms that
batch-normalized resnets are slower-to-evolve variants of
batch-normalized feedforward nets.

The exponent in the power-law fit of Fig. 5b is notably set
to T = £((6x")?H — 1), with the feedforward increment
(6x"1) averaged over the whole evolution. This means that
Eq. (15) very well describes the evolution of ! in practice.

Contrary to batch-normalized feedforward nets, the signal
remains well-behaved with: (i) many directions of signal
variance preserved in T‘eff<xl’1); (ii) close to Gaussian data
distribution, as indicated e.g. by y4(z"1) close to the Gaus-
sian kurtosis of 3. No pathology occurs.

8. Discussion and Summary

The novel approach that we introduced for the characteri-
zation of deep neural networks at initialization brings three
main contributions: (i) it offers a unifying treatment of the
broad spectrum of pathologies; (ii) it relies on mild assump-
tions; (iii) it easily incorporates convolutional layers, batch
normalization and skip connections.

Most studies on the convergence of neural networks to Gaus-
sian processes have until now considered the maximal depth
L as constant and the width in the limit N; — oo forl < L.
We reversed this perspective by considering the width NV,
as large but still bounded and the depth in the limit | — oo.
Then the mean-field approximation of y' as a Gaussian
process indexed by x, & eventually becomes invalid:

— In the context of vanilla nets, with e.g. an input ¢(x, &)
constant with respect to @ and reduced to a single point
of R™o such that ¢(x!, ) remains a single point of R™:,
Given the evolution of Fig. 2, the L? norm ||p(x!, )| =
Ny (x!) becomes fat-tailed distributed as | — co. For
given x, «, ¢, this means that x, . and thus fo,c become
fat-tailed distributed as | — co.

— In the context of batch-normalized feedforward nets, with
e.g. an input ¢(x, ) constant with respect to v and uni-
formly sampled among M points positioned spherically
symmetrically in R, Given the evolution of Fig. 4, spher-
ical symmetry together with batch normalization implies
that for any given x, v, ¢: Egu[zl, ] = Egi[v1,c(2")] =0,
Eotl(Zao)?] = Eetli2.(2')] = 1. and Eer[(zq )!] =
Ee:[pa(z')] > 1. For given x, a, ¢, this means that zl, .
and thus yfx’c become fat-tailed distributed as [ — oco.

Similar observations were made in previous works. Duve-
naud et al. (2014) found that the composition of Gaussian
processes eventually leads to lognormal and ill-behaved
derivatives; Matthews et al. (2018) found that the conver-
gence to Gaussianity as N; — oo becomes slower with
respect to IV; as the depth [ grows. This stems from the fact
that the affine transform at each layer is additive with respect
to the width dimension, but layer composition is multiplica-
tive with respect to the depth dimension. Intuitively, the
Central Limit Theorem implies that y' becomes normally
distributed as N; — oo, but lognormally distributed (with
fat-tail) as [ — oo.

Beside from this insight, our approach enabled us to charac-
terize deep neural networks with the most common choices
of hyperparameters:

— In the case of vanilla nets, the initialization He et al. (2015)
limits the evolution of second-order moments of signal and
noise. Combined with the limited growth of Xl, this results
in the convergence to the pathology of one-dimensional sig-
nal: reff(xl) — 1 and the convergence to neural network
pseudo-linearity, with each additional layer [ becoming ar-
bitrarily well approximated by a linear mapping.

— In the case of batch-normalized feedforward nets, the
pathology of exploding sensitivity: x! > exp(yl) — oo
for some v > 0 has two origins: on the one hand, batch
normalization which upweights low-signal pre-activation
directions; on the other hand, the nonlinearity ¢.

— Finally in the case of resnets, ' only grows as a power-
law. Equivalently, the evolution with depth of resnets is the
logarithmic version of the evolution with depth of feedfor-
ward nets. The underlying phenomenon is the dilution of
the residual path into the skip-connection path with ratio of
signal variances decaying as 1/(I + 1). This mechanism is
responsible for breaking the circle of depth multiplicativity
which causes pathologies for feedforward nets.
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A. Details of the Experiments

Fig. 1 considered an input x° as a Gaussian mixture, with x° ~ A/(—1,0.32?) with probability 1/2 and x° ~ N(1,0.3?)
with probability 1/2. This input x° was propagated into: (a) a single layer with ¢ = tanh; (b) a single layer with ¢ linear;
(c) a batch-normalized feedforward net with: ¢ = ReLLU and Ny, = 100 for 1 < k < 10; ¢ linear and N; = 1 for [ = 10.

The experiments of Fig. 2, 3, 4, 5 were made on cifar10 with a random initial convolution of stride 2 reducing the spatial
dimension from 32 to n = 16 and increasing the width from 3 to INy. In each case, we considered the convolutional extent
K; = 3 and periodic boundary conditions.

In Fig. 2, we considered the width NV; = 128 and the total depth L = 200. For each realization, we randomly initialized model
parameters following He et al. (2015) and randomly sampled M = 1,024 images to constitute the input data distribution.
For each realization, we then computed the evolution with depth of log 15 (x!) — log v2(x°) and log pz(dx") — log p12(dx°).
The distributions of log v (x") — log v5(x°) and log p2(dx") — log 2 (dx”) shown in Fig. 2 were estimated using 10, 000
such realizations. The limited width — slightly smaller than standard values — had the purpose of limiting computation time
in order to gather more realizations.

In Fig. 3, 4, 5, we increased the width to N; = 512. For each realization, we randomly initialized model parameters
following He et al. (2015) and randomly sampled M = 64 images to constitute the input data distribution. We then
computed the evolution with depth of all moment-related quantites. For each quantity, the expectation as well as the 1o
intervals displayed in Fig. 3, 4, 5 were estimated using 1, 000 such realizations.

Let us make a few remarks:

— The limited number of images M for each experiment enabled to reduce the computation time, in particular penalized
by the computation of 7g(x!), T'eff(dxl), regr(xbh), 'reff(dxl’l) in Fig. 3, 4, 5. For batch-normalized feedforward nets and
batch-normalized resnets, choosing M in the range of standard batch sizes also had the advantage that our setup of batch

normalization in fest mode matched the usual setup of batch normalization in training mode.

For vanilla nets in Fig. 2, 3 and batch-normalized resnets in Fig. 5, this reduction of M had very little impact. For
batch-normalized feedforward nets in Fig. 4, on the other hand, this reduction of M had the effect of limiting pathologies

in the signal. This can be understood by considering M’ batch-normalized random points (zo, ...,z ). In our case,
M’ is proportional to M but M’ > M since the data distribution depends on the input x and the spatial position c.. By
considering the worst-case scenario such that (z, ...,zy) = (—a,...,—a,b,—a,...,—a):

LZZ_ _ —(M'"—=1)a+b 1 (2:)? = (M' —1)a? +b? 1 (2:)! = (M’ —1)a* +b*
M/ : K2 K3 7

M’ M M’ M M/ ’

4 %

1 1 9 1 1 s 1+ (M =1)3
MZZi:O’ MZ(Zl) =1 — a:m7 b: M/_l’ MZ(Zl) :7M/(M/_]_) .

This shows that the empirical kurtosis of (zo, . .., z;) is roughly bounded by M, i.e. that the pathologies of the signal
are naturally limited by the number of input images M. As a result, for larger M we found that: (i) reg(x') gets closer
to 1; (ii) pa(z') gets even larger and vy (|z!|) gets even smaller; (iii) | exp(mpn|[x!]) — 1] and |55 X — 1] get larger; (iv)
| exp(Tg[x!]) — 1] and |§,x' — 1| get even smaller.

— The dynamics of | exp(mgn[x!]) — 1] at very low depth in Fig. 4, 5 stems from the input images from cifar10 having
a number of channels equal to 3 < N; = 512. The signal is therefore ill-conditioned at very low depth and quickly gets
better conditioned, implying that | exp(mpn[x!]) — 1| is non-negligible at very low depth and quickly gets vanishing. This
dynamics is brief and occurs before the settling of the main dynamics which leads in particular to the conditioning of the
signal degrading again in Fig. 4.

— We tested to set more realistic values for the width /V; in the experiment of Fig. 2. We always observed an absolutely
equivalent behaviour apart from the diffusion getting slower with larger IV;.

— We tested to change the boundary conditions from periodic to reflective and to zero-padding. We always observed an
equivalent behaviour with reflective conditions. As for zero-padding conditions: (i) the evolution of vanilla nets was
slightly changed with r.g(x') converging to a value of roughly 2 instead of 1 due to the creation of new signal directions by
zero-padding; (ii) the evolution of batch-normalized feedforward nets and batch-normalized resnets were always equivalent.
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— We tested to change the dataset from cifar10 to mnist, with the random initial convolution of stride 2 reducing the
spatial dimension from 28 to n = 14 and increasing the width from 1 to Ny. We observed an equivalent behaviour apart
from the signal being slightly more fat-tailed at low depth due to the original images being more fat-tailed in mnist
thanin cifarlO.

— Finally we tested to change the fuzz parameter € of batch normalization. The experiments of Fig. 4, 5 used the standard
value € = 0.001 but we observed an indistinguishable behaviour when using the value € = 0.

B. Complementary Definitions and Notations

In this section, we use again v! as placeholder for any tensor of layer [ in the simultaneous propagation of (x/, dxl).

B.1. Receptive Field

Receptive Field Mapping. Let us consider the convolution at layer [ of an input v/~ € R?X*X"*Ni—1 from layer [ — 1.
The output feature map of the convolution (w! * v!=1), . at position v € {1,...,n}? is obtained by the application of the
convolution kernel w’ over a local input region from vi=1 of size K lle,l, with K ld the spatial extent and N;_; the channel
extent. The local input region is called the receptive field of w' + v!~1 at spatial position cv.

The receptive field mapping RF associates v/~ to the tensor RF(v!™1) € Rn**nxKiNio1 with RF(vi~1),., the
reshaped vectorial form of the receptive field of w' * v!~! at spatial position c. We denote R; = K ldN ;—1 the dimensionality
of RF(v!™1),.. and 7! the set of indices in RF(v!~1),, . corresponding to elements in channel ¢ in v!~1. Strictly speaking,
RF depends on [ but this is implied by the argument, so we write RF for simplicity.

Receptive Field Vectors. The receptive field vector and centered receptive field vector associated with v!~1 are defined as
p(vi"Ha) =RF(vI™ 4. and p(viTH a) =RF(VT 4. — Exaxa REV T,

where, slightly abusively, we overloaded the notation x, dx, a, v/ ™! in the expectation. Again, strictly speaking, p and p
depend on [ but this is implied by the argument.

B.2. Propagation with Receptive Field Formulation

Equation of Propagation. Using the definition of RF, the affine transformation from the receptive field RF(x!71)4 . to
the feature map in the next layer yla’: can be written as

Ye: = WRF(X' ), + bl = WRF(X' )a, + B4 (16)
with W' € RN *1 the suitably reshaped matricial form of w'. To lighten notation, we write y' = W'RF(x'~1) + 8 as

a short for the affine transformation of Eq. (16) occuring at all spatial positions a. We have the following equivalence
between the notations with receptive field and convolution:

WRF(x'™!) + 8 =w! «x'"" + 8.

For vanilla nets, the simultaneous propagation of (x!, dxl) can be written as
y'=WRF"H+6, dy' = WRF(x'™),
x' = o(y"), dx' = ¢/'(y") o dy".

For batch-normalized feedforward nets, the simultaneous propagation of (x!, dxl) can be written as
y'=WRFx"Y)+8, dy' = WRFx'™1),
z' = BN(y"), dz' =BN'(y') © dy',
x' = ¢(2), dx' = ¢/ (") © dz.
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B.3. Symmetric Propagation

Symmetric Propagation for Vanilla Nets. We define additional tensors obtained by symmetric propagation at each layer [.
For vanilla nets, they are given by

L= _WRF(x'") -8, dy'=-W'RF(dx'™),

y =
x' = o(y"), dx' = ¢/(3') © dy'".
Under standard initialization, the tensor moments have the same distribution with respect to ' for both propagations.
Furthermore, Vv, ¢: x!, . + %, . = |yl | and x., .x!, . = 0, implying that Ver, c: (x}, ) + (%}, .)? = (y4..)?. Thus Ve
vae(x') + v2.o(X) = vac(y'). (17

Now let us consider the second-order moments of the noise tensor:
(dxix,c)2 + (diix,c)z = (dygx,c)zd(ya,C)Q + (dyla,c)z(ﬁ/(ya@)? = (dyg,c)z[ﬁbl(ya@)? + d)/(ya,C)z] = (dyla,c)2a (13)

where Eq. (18) was obtained using dy?, . = —dyfl,C andy!, . = —yL, .. as well as the convention ¢'(0) = 1/2. Since dx’,
dxt, dyl are centered, it follows that Vc:

p2.c(dx") 4 pig (AXY) = vo o (dx') + v (AXY) = va o (dy') = po.c(dy’). 19)

Symmetric Propagation for Batch-Normalized Feedforward Nets. For batch-normalized feedforward nets, the
symmetric propagation at each layer [ is given by

' = -WRFx"Y) -6, dy' = —-WRF(dx'™), (20)
z' = BN(y), dz! = BN'(y') ® dy', 21
x\ = ¢(z"), dx' = ¢/(z') © dz'. (22)

BN in Eq. (21) uses the statistics of yl such that, under standard initialization, the tensor moments have the same distribution
with respect to 0" for both propagations. We then simply have

zt = -7, dz! = —dz'. (23)

The same analysis as before gives Vc:
vae(x') + ve(X') = vao(2), (25)
fiz,e(dx") + pra o (AR") = piac(dz"). (26)

B.4. Gramian and Covariance Matrices

We adopt the standard definition of the Gramian matrices of p(vi=!, a), p(v\=1, a), p(v!71, @), p(v!~1 «):
Gx dx,a[ﬁp(vl_la )] = Ex dx,o [@(Vl_lv a)@(vl_lv a)T] )
Gx’dx’a[Sa(Vl_la a)l = Ex dx, [ A("l_l, a)‘ﬁ(vl_lv a)T]7
Gx,dx,a[p(vl_17 a)] = IEx,dx,ac [P(Vl_17 Q)P(VZ_17 a>T]a
Gx,dx)a[,é(vl_l, a)] = Ex ax,a [pA(vl_l7 o) A(vl_l, a)T].
Then, the covariance matrices of o(v!™1, &), p(v!™1, a), p(v!~1 ), (v, o) are defined as

-1 —1

’ a)] = Gxadx,a[¢(vl ; a)}v
ya)] = GX,dX,a[/A)(Vlilaa)]-

Cx,dx,a[@(vl_la a)] = Cx,dx,a[@(v
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B.5. Statistics-Preserving Property

Statistics-Preserving Property. RF is statistics-preserving with respect to v!~! if for any channel ¢ and any index 4. € T,
the random variables RE(v!™1)q.;, = p(v! ™!, @);, and vi; ! = o(v!™!, @), which depend on x, dx, c, have the same

distribution: RF(v!™1) .. = p(v'" 1 )i, ~x.dx.a Vﬁ;cl = (V7 a)..

First we will prove that RF is statistics-preserving with respect to x' 1, dx'~! when convolutions have periodic boundary
conditions and the global spatial extent n is constant. Afterwards, we will provide a possible relaxation of these assumptions.
The global spatial extent will be denoted as n; when it is non-constant.

B.5.1. CASE OF PERIODIC BOUNDARY CONDITIONS AND CONSTANT SPATIAL EXTENT n; = n

Lemma 1. If convolutions have periodic boundary conditions and the global spatial extent n is constant, then RF is
statistics-preserving with respect to any input v'=" from layer | — 1.

Proof. Fix a channel ¢ in v!~!, an index i. € Z!, and consider the tensors vf;l, RF(vi7Y).; € R " The

index i. corresponds to a given convolution kernel position £ € {1,..., K;}?. Under periodic boundary conditions,
this fixed kernel position & implies that each position a in RF(v!™1),, ;. originates from a different position o’ in
the tensor fo_/,lr Therefore the index mapping f : a — ' from {1,...,n}¢ to {1,...,n}? is bijective. We then
have RF(vi71),, = vi‘.zoll)’c ~a Vil when v/~! is deterministic and « is random. In turn, this implies that
RF(vl’l)a’ic ~x dx, o vf;cl, when x, dx, « are random. O

Proposition 2. If convolutions have periodic boundary conditions and the global spatial extent n is constant, then RF is
statistics-preserving with respect to x'~! and dx!1.

Proof. This follows immediately from Lemma 1. O

Corollary 3. For any channel ¢ and i, € T., we have p(x'~ 1, a)i, ~x.a p(x' 1, @) and p(dx'~*

(dx', @).. Since the cardinality |I!| = K{ is the same for all channels ¢, it follows that

) a)ic ~x,dx,a

1 1
vo(x!71) = Tr Gyalp(x' ™! a)] = = Tr Grolp(x'7! a)],
A/ Ry
1 1
,UJQ(xlil) =———1Tr CX,a[QO(Xlilaa)] == Tr CX,a[p(xlilaa)]a
Nl,1 Rl
1 1
VQ(Xm_l) = ﬂg(dxl_l) = Tr Cx,dx_a[@(dxl_l, a)=—"Tr Cx_dx_a[p(dxl_l, o).
Ni— ' R T
Note that this result always holds in the fully-connected case n; = 1, characterized by p(x'~!,a) = ¢(x!71, ),

p(dxlil,a) = gp(dxlil, o) and Ry = Nj_;.

B.5.2. CASE OF LARGE SPATIAL EXTENT n; > K|

Proposition 4. [f the convolution stride is one (i.e. nj_1 = n;) in most layers and the global spatial extent is much larger
than the convolutional spatial extent (i.e. n; > K;) in most layers, then, for any boundary conditions, RF is approximately
statistics-preserving with respect to x'~! and dx'~1.

Proof. Fix a layer | — 1 such that n;_; = n; and n; > K;. Denote RF®) the receptive field mapping associated
with periodic boundary conditions. Since n;_; = n; > K the receptive fields RF(XZ’I)ayz,RF(dxl_l)a,; and
RF®) (x' Y, RF® (dx'™1)4.; do not intersect boundary regions for most c, implying for most c:

RF(x' )4 = RE®P (xI71), ., RF(dx' g, = RF® (dx!71),..

This implies for any index . that Py o [RF(Xlil)a’ic] ~ Px,a[RF(p) (xl’l)aﬂ-c] and Py dx.« [RF(dxl_l)a’ic] ~
Pyax,a [RF® (dx' 1o i)
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Since RF® is statistics-preserving with respect to x!~! and dx!~! by Lemma 1, it follows for any channel ¢ and
index ic € Z! that Py o [RE® (x' 1) 4] = Pea[xhl] and Py ax.a [RF® (dx')a.i] = Praxa[dxh.]. We then

o,c

deduce that P o [RF(x'™1)a,i.] = Pxa[xhd] and Py axa [RF(dx'")a] = Pxdxa[dx5.. |, meaning that RF is
approximately statistics-preserving with respect to x/~! and dx'~1. O

C. Details of Section 3 and Section 4
C.1. Approximation of ®;(x + dx) — ®;(x) by dx'

We use the definitions and notations from Section B in the context of the propagation of Eq. (1) and Eq. (2). We further
suppose that a.s. with respect to x: 3r > 0 such that @, is differentiable in the open ball 5,.(x) of radius r at point x (see
Section C.2 for the justification).

We will prove that
pi2(Py(x + dx) — By(x) — dx')
pa(dx')

— 0 as 04x — 0 (with fixed distributions of x and dx/o4x). 27

Due to the 1-Lipschitzness of ¢ = ReL.U, under periodic boundary conditions, we have that Vt, u, v, w:

2
(6(Weplt, ) +8') — 6(Weplw, )+ 8)) < W [lp(t, ) — p(u, @) B < [[W]2 - [fvec(t — w3

2
(&' (Vare) - Wip(w, @) )" < [[W2- [ p(w, @) < IW2 - |Ivec(w)] 3,

with ||[W!|| the spectral norm of W, It follows that Vx, dx:

l

[[vee(®i(x + dx) — ®;(x))[3 < < II nszIIWll2> +[[vec(dx)[[3,
k=1

l
[[vec(dx)|[5 < <H nszIIWlF) +[[vec(dx)][3.

k=1
This gives:

[[vee(®(x + dx) — ®;(x) — dx')||3 < 2[[vec(®y(x + dx) — €;(x))|13 + 2| |vec(dx")[3

l
< 4( I1 nle|Wl||2> - [|vec(dx)|[3

k=1
< C||vec(dx)|f3,

with C = 4 - [Th._, nN,||[W!| 2.

The assumption on the differentiability of ®; implies that Ve > 0, In. > 0: Py [<I>l is differentiable in B, (x)] >1—ce
Markov’s inequality applied to ||vec(dx)||3 further implies that

nNoo?2,
—
Me

Pax [[[vec(dx)|]2 > 1] = Pax[||vec(dx)|[3 > nZ] <

It then follows that Ve > 0, 3., o > 0 such that Vogx < o:

IEDx,dx[/4~e ] 2 1-— 26a

with A, = {||vec(dx)||2 < n.} N {®; is differentiable in B, (x)}.
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Denoting A¢ the complementary event of A, we deduce that Vogx < o¢:

Ex. ax [1Ac€|\vec(<l>l(x +dx) — ¥;(x) — dxl) ||§} < Ex ax [lAcEC’Hvec(dx)H%}
< Cafix]Ex,dx [114% | |Vec(dx/0dx)||§]

1
< CodyPraxl A2 B ax [|[vec(dx/oax)|[3] (28)
1
< C03y(2€) 2 B ax [|Ivec(dx/oax) 3] 2,
where we used Cauchy-Schwarz inequality in Eq. (28).
Since ®;(x + dx) — ®;(x) — dx' = 0 under A., it follows that Vox < o:
7 (@l(x +dx) — y(x) — dxl) B n%m Ex,ax [||Vec(<1>l(x +dx) — ®(x) - Xm)H%] (29
pa(dx") pa(dx) - Ex ac[[lvec(Vaxdy o)|13]
1 1 473
L TN C(2€)2 Ex ax | \Vec(ldX/Ude)H2] ’ < 'k
Exa.c [| |Vec(vxxa,c)||2]

where we used Proposition 5 in Eq. (29) and appropriately defined the constant C”.

Let us finally consider ¢ > 0 and € such that C’ €2 = ¢'. Then Jo. > 0 such that Yoy < o

42 (<I>l(x +dx) — P)(x) — dxl) <y
po(dx") 7

which proves Eq. (27).

C.2. Assumption that @, is Differentiable a.s. with respect to x

The sensitivity equivalence detailed in Section C.3 relies on the assumption that ®;(x) is differentiable surely with respect
to x. If ®;(x) is differentiable a.s. with respect to x, this can be relaxed using subdifferentials by noting that moments with
respect to x, dx, v are left unchanged when ignoring zero-probability events.

Now let us justify the assumption that ®;(x) is differentiable a.s. with respect to x in the context of the propagation of Eq. (1)
and Eq. (2). We denote the receptive field vectors p(x*~!, ) as in Section B, and we denote ©' = (w!, B1,... w! B) as
in Section 4. We further assume standard initialization.

Let A= {Er > 0 such that @, is differentiable in the open ball B,.(x) of radius r at point X} be an event depending on x,
©!, and let A° be the complementary event. We will prove that Pyjer [A] = 1 with probability 1 with respect to ©'.

For given x such that Vo x . # 0, it is easy to see that

A® = Jk <l 3a,c: p(x""a)#0andxk = 0.
Under standard initialization, this corresponds to a zero-probability event with respect to ©!, meaning that P, x[A] =
]. - P@l|x[Ac] = ].
Now considering x again as random, using Fubini’s Theorem and making the assumption that x, . # 0 a.s. with respect to
x, o (which is the case e.g. if X . has well-defined probability density function):

EoiPyjoi[A] = EoiEyjor[14] = ExEoix[14] = ExPerx[A] = 1. (30)

By contradiction, if there would be non-zero probability with respect to ©' that Py o:[A] # 1, then Eq. (30) would not hold.
Therefore with probability 1 with respect to ©°, Py|e![A] = 1, implying that with probability 1 with respect to O, &;(x) is
differentiable a.s. with respect to x.
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C.3. Property of Normalized Sensitivity

Proposition 5. The noise tensor dx' and the vectorized version of the tensor Vyx! containing for given o, c the

«,C’

. are related by: By o c[||[vec(Vixh, )I3]2 = 1/ pa (dx")/ /a2 (dx)

; — 40
derivatives of x., < With respect to x = X

Vpa(dx!) /()

Proof. Due to the definition of dx' as the first-order approximation of ®;(x + dx) — ®;(x):
dx! .= <vec(Vxxflyc),vec(dx)> = <Vec(Vxxfx7c),Vec(dxo)>,

a,c

with (, ) the standard dot product in R™"No.

Then due to the white noise property: Eqy [dx;dx;] = 02 6;; = p2(dx)d;; = p2(dx”)d;;, we deduce that

Eax [(dxg ¢)*] = p2(dx) - [[vee(Vixg o) |13,
Ex,dx,c.c [(dxfx,c)Q] = iz (dx) 'EX,a,C[HveC(VXXL,c)H%]a
1 1
pa(@x)\*  ( patax) | ;
=\ —F5 o = Ex,ac [HVGC(V:«XQC)H%} z. O
p2(dx) po(dx”)
Proposition 6. Denoting the neural network mapping x' = ®;(x) = ®(x°) and the constant rescaling

= /2 (x1) [/ p2(x0) - x0 = /2 (x1) /\/p2(x) - x  leading to the same signal variance: p2(V;(x)) = po(®;(x)),
the normalized sensitivity X' exactly measures the excess root mean square sensitivty of the neural network mapping ®,
relative to the constant rescaling V;:

[N

Ex o[l [vec(Vxxl o)[5] 2
Ex o [| |Vec(vxq’l(x)a,0) | |§]

1 Ex,a.c [| ‘Vec(vx@l(x)a&) ‘ |§}

Ex o [| |Vec(vx\1’l(x)a,C) | |%]

=
[N

Proof. This directly follows from: (i) the definition of x'; (ii) the result from Proposition 5; (iii) the fact that the constant
rescaling ¥; has root mean square sensitivitiy equal to Ex o [\ [vee(Vx (X))l } =/ p2(xt)/+1/ 12 (x9). O

C.4. Characterizing Pathologies

We consider the following mean vectors and rescaling of the signal:

- 1 - vl
v = (X)) 1<e<ms %' = | : "= (11,(®))1<ecn, = IS

We immediately have ||&/!||3 = 1. Furthermore we have

1
Vs (Xl) = ﬁl ; Exya [@(Xla a)?]

The pathology pa(x!)/va(x!) Loeo, 0 implies |[t/'|[3/(Niv2(x")) 122%, 1, which in turn implies p2(x')/||VY]|3 —= [e

ie. po(x) 1220, 0. Tt follows that (X!, &) becomes point-like concentrated at point &' of unit L2 norm.
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C.5. Derivation of Eq. (5), (6) and (7)

The quantities 72[vo (x*)], m[v2(x*)] and s[vo(x*)] are defined as

v (x7)] = log Egr [d1(x%)],
m[vy(x*)] = Egi [log v (x*)] — log g [0 (x*)],
s[va(x")] = log 6va(x*) — Egr[log dva(x")].

Denoting dvy(x*) = S (x*) /Egr [62(x*)] the multiplicatively centered increments of 15 (x*), the term m|[vo(x*)] can be
expressed as

m[va(x*)] = Egx [1og (éyg(xk) Egr [dva(x )} log Egr [v2 (x*)]
= Egr[log 6v2(x*)] + log Egr [6v2(x*)] — log Egr [6v2(x*)] (31)
= Egx [log dv(x"))],

where we used Egx [log Egr [0vo(x*)]] = log Egr [v2(x*)] in Eq. (31). The term s[v2(x*)] can be expressed as

s[va(x)] = log (gug(xk) Egn [5y2(xk)}) —Eg [1og (gyz (x*) Egr [d19 (xk)]ﬂ
= log o (x") + log Egx [6r2(xF)] — Egx [log dva(x*)] — log Egx [6r2(x*)] (32)
= log@/g(xk) — Egx[log dvs (xk)],

where we used again Egx [log Egr [§v2(xF)]] = log Egx [v2(x*)] in Eq. (32).

D. Details of Section 5

D.1. Lemmas on Weak Convergence

Weak Convergence. The sequence of random variables (Xy)xen converges weakly to the random variable X if
k—o0

P[X; < a] —— P[X < a] for every continuity point a of the function = — P[X < z]|. We then write X}, = X.

Tightness. The sequence of random variables (X} )xen is tight if

Ve, dac, b € R : infy, }P’[Xk E]as,beﬂ >1—ce

Uniform Integrability. The sequence of random variables (X}, )ren is uniformly integrable if

M— o0
Supy, E[l{IXHZM}‘Xk” ; 0.

Lemma 7 (Theorem 25.7 in Billingsley (1995)). Consider a real-valued function h, continuous everywhere apart from
a finite set of discontinuity points Dy, = {x1,...,2,}. Then h is measurable and if Xj, = X with P[X € Dy| = 0, then
h(Xg) = h(X).

Lemma 8 (Theorem 25.10 in Billingsley (1995), known as Prokhorov’s theorem). If the sequence of random variables
(Xk)ken is tight, then it admits a weakly convergent subsequence, i.e. there exists a sequence (iy)ren of strictly increasing
indices and a random variable X such that X;, = X.

Lemma 9 (Theorem 25.12 in Billingsley (1995)). If the sequence of random variables (X ) e is uniformly integrable and

k—o0

if X = X, then X has well-defined expectation and E[X}] —— E[X].
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D.2. Lemma on the Sum of Increments

Lemma 10. Let us consider a sequence (Xi)ren of random variables and a decreasing sequence of events (Ay)ken,
which both depend on ©F. Let us suppose that Por|a,,_, [Ar] does not depend on O©F=1 and let us denote under Ay:

Yy = Egrya, [ X, Zy = X — Egrya, [Xk]-
Let us further suppose that there exist constants Muin, Mmax,» Vmin» Vmax SUCh that Yk, under Ay:
Mmin < Y < Mimax, Umin < Varge|a, [Zk] < Vmax-
Then it follows that
(i) The random variables Z), are centered and non-correlated such that Vk, Vk' # k:
[ZkZk] = 0.

Eorja,[Zk] =0, Egmaxtwa,

max(k,k’)

(ii) There exist random variables m; and s; such that under A;:

l
ZXk =Ilm; + \/isl7 Mmin < My < Mimax, E@’\AL [Sl] =0, Umin < Var®l|Al [Sl] < Umax-
k=1

Proof of (i). First we show that 7, is centered under Aj:

Egria, [Zk] = Egr|a, [Xk] — Egra, [Xk] = 0, (33)

E9k|Ak_1 [1Ak Zk]
Poria,_, [Ak]

E®k71|Ak—1 [Eek\Ak_1 []'Ak Zlc]]
= k-1
Pora,_, [Ar] O lAn

E@’“\Ak [Zk] = = E9k71|Ak—1 [EQk\Ak [Zk]] = O

Now for k < k’, we have k < k' — 1 and thus Zj, is fully determined by ©F =1, Then we can write
Eek’mk, [ZkZi] = E@k’fl\Ak,,lEek’mk, [ZkZw] = H‘:@k’flmk,,1 [Zk Eek’mk, [Zk/]] =0,

where we used Eq. (33). 0

Proof of (ii). First we note that
Var@k‘Ak [Zk] = E@’“\Ak [Zz] = E@kfl\Ak,l]EQk\Ak [Zz] = E@k—l‘Akilvargk‘Ak [Zk] .
Combined with the hypothesis that vyin < Varge| 4, [Z] < Umax, We deduce that

Umin < Var@HAk [Zk} < Umax- (34)

Now let us denote M; = 22:1 Y, and S; = 22:1 Zy,. Then, using (i), we get that
Eora, [51] = ), Eorja,[Z4] = 0,
Vargia, [$1] = Eerja,[S7] =D, Berja, [ZeZv ]

= Eora (28] =), Varena, [Z]. (35)
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The hypothesis implies under A; that Imy;,, < M; < Impy.y, while Eq. (34) and Eq. (35) together imply that
lvmin < Vargr|,[S1] < [Umax. If we define m; = M;/l and s; = S;/+/1, then 22:1 X, = 22:1 Y, + 22:1 Z}. can be
written as required under A;:

l

ZXk = M+ 8; =Imy +Visi, Mmin < My < Mg Eotja,[51] =0,  vmin < Vargi|a,[s1] < Umax- O
k=1
D.3. Proof of Theorem 1

Theorem 1 (moments of vanilla nets). There exist small constants 1 > Mumin, Mmaxs Vmin, Umax > 0, random variables
my, my, 51,5, and events A;, A of probabilities equal to H2:1(1 — 27Nkt ) such that

1% Xl
Under A;: log (1/2(()(0)) = —lm; + \[ZSZ, Mmin < My < Miaxs E@”AL [Sl] =0, Umn < Var@l\Az [Sl] < VUmax,
2
/ N’2(dxl) I I I I /
Under A}: log W = —Ilm) + VIS, Mmin < M) < Munax, Eoa; [s]] =0, vmin < Vare 4/ [51] < Vmax-
H2(dX

D.3.1. PROOF INTRODUCTION

Using the definitions and notations from Section B, denoting (e1, . ..,er,) and (A1, ..., Ag,) respectively the orthogonal
eigenvectors and eigenvalues of Gy o [p(x'~!, )] and denoting W'! = W'(ey, ..., eg,), we get that Vc:

Va.o(y") = Exa[(Vho)?] = Bxa | (Wep(x' ™ )]
=2 (Wcl,i)z)‘i = Rina(x'1) ) (Wcl,i)25‘i;

K2

where we defined \; = \; / >-jAjandused 30 A =TrGxa [p(x'71, @)] = Rywo(x'~1) by Corollary 3.

Let us further define

VQ,C(xl)

I/ch(xl)—‘rllz’c()i(l) if V21C(xl) + VQ’C(il) > 0

o~

otherwise.

INIE

Combined with 15 ¢ (y') = v2.¢(x') + v2..(x') by Eq. (17), we get that V¢, under {ro(x'~1) # 0}:

VQ,C(XZ) + l/2,c(>_(l) =R, V2<Xl_1) Z (VVCZ’Z»)QSW, (36)

7

Vz,c(xl) = ué R; I/z(Xlil) Z (Wcl71)2;\1 (37)

%

Now combining Eq. (36) with the symmetry of the propagation: v c(x!) ~g v2(X!), and the assumption of standard
initialization: W}, ~p W/ ~g N(0,2/ RiI), we get that V¢, under {vs(x'~1) # 0}:

Wi [v3.e(x1)] = Egt [v2.e(xX) + 12,e(X)] = Egi [Rluz = HY (wg,im}

K2

= RlVQ(Xlil)El Z:\l =20y (x'71).

%
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Thus Ve : Egi[va o (x)] = va(x'71) and Egi [vo(x')] = va(x' 1), i.e. that under {vo(x'71) # 0}:

Bt [0 (x')] = 1. (38)
Next, let us define
0 iful<i
vl = 1 oiful >3,
ol iful =3

with 3! ~ Bernouilli(1/2) independent of w' and 3'.

Conditionally on u} = 1/2: v. ~ Bernouilli(1/2), independently of v5(y') and ||[W/ ||o. And conditionally on
ul # 1/2: vl ~ Bernouilli(1/2), independently of v5(y') and |[W( ||2. It follows that v! ~ Bernouilli(1/2),
independently of v .(y') and [[W/ ||2.

Defining B; = {Jc : v = 1} we get that Py [B)] = 1 — 27N, We also get that B, is independent of (||[W/ [|2),_._ . and
thus of ||W!||r. This will be useful later in the course of this proof.

Denoting 4; = (k_, (B;€ N {ra(xF) # 0}) we have that

P01|Al,1 [Al] = IED(;L‘AF1 [Bl n {VQ(XZ) 75 0}] = szmkl [Bl} =1- 2_Nl,

P (4] = Por [, 4] = [T, Porancs [l =TI, (1= 27

where we used Pyr 4, , [By N {va(x") # 0}] = P4, , [Bi] due to Pgi p,na, , [r2(x!) #0] = 1.

Now since (ngc(yl))lgcgm and (vé)lgcgm are independent, Eq. (37) implies that 3(w;)1<i<r, such that under
By {ra(x!71) £ 0}:

Ry N
1 /1 _ “ 1
(wh<icr, ~N(0,2/ RiI),  — (5 |RBva(x'™) D wiki < = mo(x!),
Ni\2 i=1 At
R <N o
(wi)1<i<r, ~ N(0,2/ RiT), 2N, sz‘z)\i < dvp(xh).
i=1

On the other hand, 3(w; ;)1<i<r,, 1<j<n, such that under B; N {Vg(xl’l) #* 0}:

N R N R

R “ R
. l 1 2 1 2
(wijh<i<r,1<j<n ~N(0,2/RI): da(x') < N D> wiiki < EZZ%y

j=1i=1 j=11i=1

Denoting Chi-Squared(1) and Chi-Squared(NV;R;) the chi-squared distributions with 1 and N;R; degrees of freedom
respectively, FWmin, Wmax such that under B; N {vo(x'~1) # 0}:

21 2
Winin ~ %EE Chi-Squared(1), wWmax ~ %E Chi-Squared(N;R;), wWmin < v (xl) < Wmax,
1 2
Wiin ~ ——= Chi-Squared(1), Wiax ~ — Chi-Squared (N, R;), Wnin < Ol (xl) < Wmax, (39)
N,R; N,

where we used max; \; > R%'
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Simply replacing x! by dx', y! by dy', G« o by Cx ax,, using Eq. (19) instead of Eq. (17) and the identity with pio (dxl_l)
instead of v5(x'~1) in Corollary 3, we get that under {1 (dx'™1) # 0}:

Egi [6112(dx)] = 1. (40)

w! .. such that under

Furthermore 3B], independent of |[W'||p, such that Py [B]] = 1 — 27, and 3w,
BN {pa(dx'"") #0}:

1 2
Chi-Squared(1), w),, ~ N Chi-Squared(N; R;), Wi < Opa(dx) < wl .. (41)
I

/

w . ~ —
min Nl Rl

Denoting A] = 02:1 (B,’c N {,ug(dxk) # O}), we also have

Poi[4] =, (1-27™).

Both log z and (log z)? are integrable at 0 since [logz dz = zlogz — z and [(log z)%dz = z(log x)* — 2z logx + 2.
By Eq. (39) and Eq. (41), it then follows that log 615 (x!) and log 612 (x!) have well-defined expectation and variance under
A; and Aj respectively.

Now, crucially, let us note that the distributions of Svs(x') with respect to 0| A; and Sy (x') with respect to 0'| A} are fully
determined by: (i) the input distributions Pyx(x) = Pyo(x°) and Pax(dx) = Py (dx"); (ii) the model parameters ©'—"
up to layerl — 1.

We are thus interested in the following infima and suprima:

Po <x0)»ij(dx0>,@’*l Eorja, [~ log d12(oc ) P (x”),PjiI?de),ezﬂ Egi|a,[ log dva(x")], (42)
o iy o Varotaillogdn Gl s Ve og dua(), “3)
Po (x“),Pjgide),@l—l Egrjag [~ log dpuz(dx)) PLo (xo),P:iIzdx"),el—l oty = Log ez () “4)
. (xo)’Pdigf(dxo))@l_1 Vargi) a; [log o (dx"))], . (XO),pjiI?dXO),@z—l Varg:| 4/ [log dua(dx)]. 45)

Our strategy is to consider:
— Sequences of random variables (x%%);cn, (dx”¥)pen corresponding to deterministic distributions Pyo.x (x%%),
Pyo.k (dx"F);
— Sequences of deterministic model parameters (©'~1F); . up to layer I — 1;

— Sequences of random variables (x'~1*).cy and (dx'™'*).cn obtained by the simultaneous propagation of
(x%% dx") with parameters O~ 1% up to layer [ — 1;

— Sequences of random variables (x"*)cy and (dxl’k )ken Obtained by the simultaneous propagation at layer [ of
(x!=1F_ dx'~1*) with random parameters (w'*, 34%);

”Q(xlﬁk)) and

— Sequences of geometric increments (dv5(x%))ren and (8p2(dx"*))pen, defined as duy(xbF) = T2 =T

Lk _  po(dxbF) |
Opp(dx"") = 2y

— Sequences of events (B 1) keN, (Bl/,k)kéNa (A1 k)ken, (AL]C)kEN appropriately defined with respect to §v»(x>*) and
Spaa(dxF).

We will finally consider sequences such that Eg:| 4, , [~ log dvs (xbk)], Varg |4, [log dv (x"F)], Egu a7, [—log dps (dx"*)],
Vargi a; [log 5u2(dxl’k )] converge to the infima and suprima of Eq. (42), Eq. (43), Eq. (44), Eq. (45) as k — oc.

We start by focusing on vy (x') and the reasoning will be easily extended to 8o (dx").
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D.3.2. WEAKLY CONVERGENT SUBSEQUENCE

By Eq. (39), under By, N A;_1 :

5V2(Xl’k) ¢]a7 b] = (Cl > wmin,k) \ (wmax,k > b),

with A the logical and, V the logical or, and with Wmin &, Wmax,x defined as in Eq. (39) with respect to dvs (xlvk). Then
Poiia, . [51/2()(”“) ¢la, b]] = Pgl‘Bl,kmAlil,k [5V2(Xl’k) ¢la, b]] can be bounded as

Poija, . [02(x"") #la,0]] <Py, [w < a] + Pr 2 Cni-squared (Vi Ry) [w > b].

Thus Ve, da., b. such that

Vk : Porja,, [51/2()(”“) gﬂae,be]] <e,
infy ]P)t‘)llAz,k [51/2(Xl’k) E}ae, be]] >1—ck¢,

which means that the sequence (Jv2(x"*)| Ay k), _; of random variables is tight. By Lemma 8, it follows that there exists a
sequence of strictly increasing indices (i )recn and a random variable X such that (5UQ Lir) |A;, Z,c) ey converges weakly
to X: (5V2( L lk)lAl,ik = X.

If Egi 4, , [~ log Sva(xF)], Varg 1A, [log dvo(x!*)] have well-defined limits equal to the infima and suprima of Eq. (42)
and Eq. (43), then Eg1 4, , [—log Svp(xb)], Varg Ay, [l0g 0v2 (x1%*)] have the same limits. For simplicity of notations
and without loss of generality, (§v2(x*)) en may thus be renamed as (Jv2(x"*))ken such that dve (x!F) |4, = X.

We have that for all continuity points a > 0 of the function z — P[X < z]:

]P’glmuc [51/2(Xl’k) < ]
P[X

IA
IN

al,

a] , (46)

]P ﬁ Chi-Squared(1) [U)
] wa NllRl Chi-Squared(1) [’LU

I/\
IN

where we used the definition of weak convergence: Py 4, , [0v2(x"") < af E2% PIX < .

Now let us show that the set of discontinuity points of the cumulative distribution function (c.d.f.) = — P[X < z] on
[0, 1] has Borel measure equal to 0. Since c.d.f. are always non-decreasing and right-continuous, the set of discontinuity
points is the set of non-left-continuity points, i.e. D = {z € [0,1] : lim,/,,- P[X < '] <P[X < z]}. Let us denote
D, = {z € [0,1] : P[X < a] —lim,,,- P[X < a'] > J}. Then the function 1p, converges point-wise to 1p, i.e.

Vo € [0,1]: 1p, (z) LieNy | p(x), and the dominated convergence theorem gives

1
/ID dxp—>—oo>/1D
0

On the other hand, since = — P[X < z] is non-decreasing and 0 < P[X < z] < 1, it follows that D,, is comprised of at
most p points, implying that fol 1p,(z)dx = 0. We deduce that fol 1p(xz) =0, i.e. that D has Borel measure equal to 0.

It follows that we can find a sequence of continuity points a,, > 0 of z — P[X < z] such that a,, P72, . We then obtain
p—00

P[X =0] < P[X < a,] = 0by Eq. (46), and thus P[ X = 0] = 0. Without loss of generality, we may assume X > 0
surely (if this is not the case, simply replace X by a constant arbitrary value > 0 under the zero-probability event { X = 0}).

Now if we consider the function h such that h(xz) = logx if + > 0, and h(x) = 0 otherwise, then Lemma 7 implies
that h(Svo(xP%))| Ak = h(X), ie. logdva(x"F)|A; ) = log X. If we consider h(z) = x2, we further deduce that

Sva(x"*)2| Ay, = X2 and that (log 5V2(xl’k))2\Alyk = (log X)2.
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D.3.3. UNIFORM INTEGRABILITY

Since both z — 1>z and x +— 1,2 ZM}xz are non-decreasing for x > 0, Eq. (39) implies that

M—
e Bt [1 v (0200 072(x )] < B 2 oni-squared(NiRy) [Lwzanw] —=0,

M — o0
Sup Egia, . (L snaperyzzany 02 ()] < Bu 2 cnisquasea(vmy Lz w’] === 0.

Since dv2(x"*) > 0, it follows that both (Jv2(x"*)|A; k) are uniformly integrable, implying

by Lemma 9 that

kEN and (5V2(Xl’k)2|Al’k)

keN
Eel\AL,k [5V2(xl7k)] e E[X]7 ]E9Z|Az,k [(;VQ(Xl’k)z] e E[X2]
Again since = +— 1>z is non-decreasing for x > 0, Eq. (39) implies that under B; ;, N {wmin’k > O} N {wmax’k > O}:

).
I,k

L{ | 1og 6> (xk) > My | 10g Sv2 (xF)| < max (1{| og wain ¢ 1>} | 108 Wnin k[ 1{] tog wpes x> M7} | 108 Winax,

10g Wiin . < log v (x"*) < log Wmax 1,

’ IOg 6V2 (Xl’k)’ < max (| IOg wmin,k}v IOg Wmax, k

).

L 1og sva (xt-) >0} | 108 612(X"M)| < 1 10g wm x> M} | 108 Winin, e | + 1] 10g w1 > M} | 108 Winax k|-

Similarly, we have that under B; j, N {wmm,k > O} N {wmax,k > 0}:

2 2 2
L (log 6 (xt-k )25 a0} (log 8v2(x1F)) ™ < max (1{(logwm;n1k)22M}(10g Wnink) > 1{(log wnee )25 M} (108 Wmax k) ),
2 2 2
1{(10g6u2(xl”“))22M}(logéVZ(Xl’k)) < 1{(logwmin7k)22M}(logwmin,k) + 1{(10gwmax,k)22M}(logwmax,k) .

Using Pyt [wminx = 0] = 0 and Py [wmax,x = 0] = 0, and denoting Chi-Squared(1)* and Chi-Squared(N;R;)* the
chi-squared distributions excluding zero values, we get that

]EHl‘Alak |:1{‘ log(sllz(xlvk”Z]W}‘ log 51/2(Xl’k) ‘:|

< Ew Chi-Squared(1)* {1{| log w|2M}} 10gw|:| + ]EwNNll Chi-Squared(N; R;)* {l{l 10gw\2M}| logwﬂ )

1
~
Ny Ry

2
Eel\Az,k |:1{(10g Sva(x1k))2> M} ( log 51/2()(”“)) }

2 2
< Eype i Chi-Squared(1)* |:1{(log w2y (logw) } + EwNN% Chi-Squared (N R;)* [1{(log w2y (logw) } -

It follows that

M—oc0
s‘,iPJEouAl,k [1{| log dva (x14) |2 0} | log‘s”?(xl’k)” >0,

2] M—oo
Sngequ,k [1{<10g6u2<xl’k>>2zM}(IOg‘s”?(XM)) } 0.

Thus both (log 6va(x"*)|A1 1), and ((log dva(x"*))2| Ay 1), -\ are uniformly integrable, and by Lemma 9:

keN keN

k— o0

Egija, , [logova(x')] 22°% E[log X],  Egija,, [(log dua(x""))?] £2%% E[(log X)?].
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D.3.4. BOUNDING MOMENTS OF §vy(x!%)

First let us bound Varg: 4, , [5 Vo (x““)] from above. For each channel, the variance is bounded as

Lk 1,k)2
Vae(x7) Vae(x va.e(y™")
Vargi|a,_, , [M a(x—Tk)2 < Egra,_y, lM

< R Egia | Yo, (WL (W) Ade + 37 (Wl)'X2]

2 2 N
< R; Z”/ <R1>< 3N\ = 12.

Since the different channels are independent, we get that

1 129 (xbF) 1 Vo, (xbF) 12
\mwmmwwﬂW&ﬁMZ@wm:waWmu&umSm
C (4

Lk)2

< Eel\Az—l,k l

Next we bound |E91\Az,k [5V2(Xl’k)] — 1|. Using Egija,_, [5V2(Xl’k)] = 1 by Eq. (38):

|E9l|Al,k [5V2(Xl’k)] - 1|
= ’E9l|Al,k [6V2(Xl7k)} - E0l|Al—1,k [5V2(Xl’k)] |

1
(PGLA [Ark] - 1> E91\A171,k [lAl‘k(SVQ(Xl’k)] - ]EQL‘AL—I,IC [lAf,kél/Q(xl’k)] ‘
-1,k
P9l|Az—1,k[ lk] E 1 s P A E 5 9 % 4
_PellA [A1 k] | 0! A - 1k[ Ak va(x ”+ 01 A lk[ lk} 0| A 1k[y2( )] 47
1—-1,k
Py, 145, ; ,
- (PelAl - [Al’k] + IP)6”|Al—1,k [A?,k] ’ E91|A171,k [5V2(Xl’k)2] ’ (48)
-1,k s
1
il N L) 2 12)°
< (1_2Nl +2 2 )(1+Var9zAl_1yk [51/2()(’ )]) €] 1+ﬁl < 2¢, (49)
where we applied Cauchy-Schwarz inequality in Eq. (47) and Eq. (48), defined ¢, = 122N§Vl + 2~ 7 and used

(1 + 12) : < 2 under the large width assumption.

We are then able to bound Varg: 4, , [6v2(x"¥)] from above:

Vargay,, [5V2(Xl’k)] =Ega,, [51/2(xl,k)2] —Eg)a,, [5V2(xl’k)]2
Egta,_, [1Alyk51/2(xl7k)2]

—1+1-E [Sua(x40)]?
P0’|A1717k[Al,k] QZ‘AL,L[ 2( )]

Egja,_ [va(x")?] — 1 1 Lk Lk
= W + T — L Borga [0va(00)] = 1 [Bgrpa,, [o0o ()] + 1
< VaI‘91|Al71,k [5V2(Xl’k)] 2~ Mt 19 (EO’IAzl,k [6V2(Xl1k)] n 1)
1—2-M 1—2-M 1—2-MN
1 12 1 24
<« = [ 29N 2| —— +1 | <= 50
_1—2N1<Nl+ >+ 6l<1—2Nl+ > _Nl) ( )

where we used again the fact that the terms in 2~ are negligible with respect to ]1\,—21 under the large width assumption.
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Finally let us bound Varg: 4, , [61/2 (xl’k)] from below. In the remaining of this calculation, the conditionality on
{|[W'||% > 0} is assumed but omitted for simplicity of notation. This conditionality has no effect on expectations
and probabilities since {||W'[|% > 0} has probability one.

We first note that (1 Bii» (S\I\/éV(i)Z(ILI;) is fully determined by (( ) 1<c<N, s leHQ ), which is itself independent from
|[W||2. Tt follows that (]'Bl,k7 ﬁTé;(/)f‘l‘g)) is independent from ||[W!||2,, and thus that

VaI'91|Al_1’kmBl’k [5V2(Xl’k)]

§ ’ 5
EellAlfl,k: [1Bz kﬁQVVW”W H4} E01|Al—1,k {131 k \TéVlH? ||WZHF]
Poija,_, . [Bik] Pyija,_, . [Brx]?

5 [1 M}
N A | Bk T, E [||WIH4] N
_ ]PjellAlil,k[Bhk] O A1 _1,k F

E —5V2(xl’k)2
= D0UA 1 xNBik | TITASL1A
B W

51/2(xl‘k):| 2
oo [1o00 | W)
PQL‘A [Bl k]2 0l‘Al_1'k F
-1,k ’

S (xbF)
W%

2
2
Eotja, 4 [IWHIE] = Eotja,_, wmus Eota, . [[IW!|Z]

r 2
Sva (xHF) 2
> Eoia,sare | oz | (ot [IWIE] = Bana, - [1W112]°)

- 2
Svy(xhF)

1112
> EellAl—l,kmBl,k ||WZH% Var91|Al,1,;C U|W ||F]

Due to Poi4,_, 1By, [A;x] = 1and A; , C A;_1x N By, the conditionality on A;_1 ; N By i can be replaced by the
conditionality on A; j:

2
S (xhF)

||Wl||% Var@llAz—l,k [HWZH%‘] (51)

Val"glml’k [5U2(Xl’k)] Z E91|Az7k l

1,ky 72
It remains to bound the terms Eor 4, , [%")} and Varg 4, , , [[[W'[|%]. A computation similar to Eq. (48) gives

W%
Svp(xhF) 6V2<Xl’k)] (5u2(xl7k)2] ’

EW\AL,k l |Wl||§,] _EellAl—l,k (52)

W% W%

<eaBgy [Ar—1,% [

The term Egi 4, , [%} % of Eq. (52) can be bounded using Eq. (37):
’ F

lk

uo(x*) Ry 1 _
HWW “x 2t W) N < ZZ ||Wl|\%‘Nz’

ﬁjl\)

N

S (xIF)?2 Ry
Eotj4,_, lw < ﬁl

As for the term Egr |4, , [(S\Té‘(’}‘(IIQ)] of Eq. (52), we get by independence of ||W!||r and (sllll‘z/l(f)lcl‘z) that
Sva(xHF)

l LEY] —
e [HWH Barian s [IW1] = Bopac . [Brax™)] = 1.

dva (xbF)

1 1 1
B l Wil

T Eoa, [WIR] T ZNR 2N
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We have ¢; = 1271\,[ + 95 <5 N N < 2R under the large width assumption. Then, by Eq. (52):
Sva (xF) 1 1 R 1
E e i I 53
M WA | T 2N S 2R N T 2N 9
(SVQ( lk) 1
Eot |4, , [ W > N (54)

The variance Varg: 4, , , [[[W'||%] is given by

2 -1 -1
2 2 2f 2
Vargia,_,, [IW[E] = <Rl> (Eelmu,k [Z(Cyi%(dﬂ-/) <Rz> (We) <Rz> (We i) ] Nz2R12>
2
_(2 _a2p2 | o 3V
- (m) <(Z(c,i>¢<czi'> 1) + <Z<m> 3) Ni Rl) T R ©3)

Finally combining Eq. (51), Eq. (54) and Eq. (55):

2
1 8N, 1
l N I P I .
VaIG | Ak I:(SVQ(X )] - <4Nl> Rl 2N1Rl (56)

D.3.5. CONSEQUENCE FOR Mmin, Mmax> Umins Umax
Using Eq. (49) and taking the limit £k — oo:

’EgllALk [(51/2()([”“)} — 1‘ < 2¢,
E[X] —1| <26

Similarly, using Eq. (50) and Eq. (56) and taking the limit £k — oo:

1
2N R,

S Val"gl|Al’k [(SVQ(XUC)] = E91'|Az,k [51/2(Xl’k)2] — Eel\Az,k [(5V2(Xl’k)]2 < —

2N,R, < Var[X] =E[X?] -E[X]" < —.

Thus ]]E[X} — 1’ is exponentially small in N;, while the standard deviation of X behaves as a power-law of N;:

\/Wifﬁ < Var[X]? < 12\%' This means that |]E[X = 1‘ is much smaller than the effect of the log-concavity:

E[X] - 1| < logE[X] —E[log X] <E[X]| -1 -E[logX] = |E[X]-1|<E[X]-1-E[logX]
E[X] —1] - (E[X] —1) < —E[log X|
- 0<E[—10gX].

1
In addition, X has small standard deviation around E [X } since Var [X } * < 1 under the large width assumption. This
implies that

0< klim Egija, [~ log dvy (xF)] = E[ —log X| <1,
—00 ’

0 < lim Varg,a,, [log Sva(xM¥)] = Var[log X| < 1.
—00 ?
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Now if we alternately consider sequences (v (x"*)| Ay ) wen corresponding to distributions Pyo.x (x0F), Pyoi (dx™F),
and parameters @'~ 1% up to layer [ — 1, such that

: Lky) _ . _ !
i Bgrpa, [ logovs(xF)] = Pxo(xo)ypdlif(dxo)’@lﬂEel\Al[ log o1 (x)],
lim Egi a, [~ log S (xHR)] = sup Egi|a,[—log S (xh)],
k=00 ’ P,0(x0),Py0(dx?),0!-1

: Lky) _ : !
klgr;o Vargi| 4, , [log ova (x"")] = PXO(XO),P;Ef(dXO),@FlVarwA’ [log ova(x")],
lim Varg: 4, , [log S (xhR)] = sup Varg:| 4, [log S (xh)],
k—o00 ’

Po (x0),Pgy0 (dx°), 0!~

then we obtain that

0< inf E —logé N < 1,
Pxo(x0)>Pdl,I:)(dx0),(—)lﬂ 91|Al[ 0g dvz(x)] <
0< sup Egi|a,[—log S (xh)] < 1,
Po(x0),Py,0(dx?),0!-1

0< inf V. log & N <1,
Po (XU)7P(~113)(dXO)7@l—1 arg | 4, [log ova(x)]

0< sup Vargi 4, [log dvz(x')] < 1.

Py (x%), Pyy0 (dx°), 00—

The final remaining dependency is the dependency in N; and R;. Since R; = K ldN 1—1 < n%N;_1, and since (N))ien is
bounded, it follows that (R;);cy is also bounded. If we denote

Npin = mlin Ni,  Npax = mlax Ny,  Rpin = mlin R;, Ry = mlax Ry,
IN = {Nmina~~'7Nmax}a IR = {Rmin7~",Rmax}7

then we finally get

0< min inf E —log dn(x1)] < 1,
NIEIN RIETR P (x0),P,,0(dx),0!~1 o4, [~ log 9v>(x)]

0< max su E —log o (x1)] < 1,
NieIn RieTn p, (xO),PdXOI()de),@lfl 0z|A,[ g o (x')]

0< min inf Var log s (x')] < 1,
Ni€In,RIEIR Po(x°),P,,0(dx0),00-1 GllAz[ g 2( )]

0< max sup Varg:| 4, [log Sva(xh)] < 1.

Ni€In,Ri€lr p 0(x9),P, 0(dx?),0!~1

The whole reasoning can immediately be transposed to fio (dxl) to get

0< i inf Egi 4/ [— log S o (dx))] < 1,
NIGIIJ{}’HR}IGIR Pxo(xﬂ),Pjg(de),elfl 0Z|Al[ g op2(dx)]

0< yefiax su Egi 4/ [ log s (dx')] < 1,
Ni€w, fu€ln Pxo(x0)7der)Ide0)7®l—1 01|Al[ g Opuz(dx’)]

0< inf Varg 4/ [log Spa(dxh)] < 1,

min
Ni€IN,RI€ETR Po(x9),P,,0(dx),0!1

0< max su Vargi 4/ [log 8z (dx')] < 1.
NN fueln Pxo(xo),deoIzde),(—)lﬂ 91|Az[ g Opuz(dx)]

It follows that there exists small positive constants 1 >> Myin, Mmax, Vmins Umax > 0 such that VI:

M min S ]E91|Al [_ log 51/2 (Xl)] S Mmax, Umin S Vargl\Al [log 51/2 (Xl)] S Umax (57)
Munin < Egi) 47[—log dpo (Ax")] < Mimax, Umin < Vargi|a;[log dpuo (dx")] < Vmax.- (58)
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D.3.6. PROOF CONCLUSION

Again we start by focusing on dv,(x!) and the reasoning will easily be extended to d/i2 (dxl). Let us define under Ay:
X, = log dvs(xY), Yi = Egra, [log S (xM)], Z), =log b (xF) — Egr| 4, [log 6va (x")].

Using Eq. (57), we have that under Ay:

MMmin § - Yk § Mmax, Umin § Var9k|Ak [Zk] S Umax s
—Mmax S Yk S —Mmin, Umin S \/aJr9k|A,C [Zk] S Umax -
By Lemma 10, we deduce that there exist random variables m;, s; such that under A;:
l
Z 10g 5V2(Xk) = lml + \/ZS[, —MMmax S my S —Mmin, E®l|Al [Sl] = 07 Umin S Var®l|Al [Sl} S Umax
k=1
va(xh)
1Og iy (XO) =Im; + \[ZSZ; —Mmax < My < —Mipin, E@HA, [Sl] =0, Umin < Var@l|Al [Sl} < Umax-
2

Finally changing the variable m,; to —m;, we get that under A;:

!

vo(x

log (Z/Q((XO))> = —Imy+Vis;, Mmin < My < Minaxs Eota,[51] =0,  vmin < Vargia,[s1] < Umax-
2

Applying the exact same reasoning to o (dxl), we deduce that there exist random variables m;, s; such that under A}:
l
p2(dx
log (u((dxo))> = —Im} +VIs], Mmin < M) < Minax, Eora[s1] =0,  vmin < Varera[s)] < Umax.
2

D.3.7. ILLUSTRATION

Let us give an illustration in the fully-connected case with constant width, N; = N =100 and R; = N = 100. The bounds
Mumins Mmax» Umin» Umax are obtained by considering the extreme cases for u! and R, Zl(WClZ)%\l in Eq. (37):

—~ We obtain minimum bounds by considering u! ~ 1/2 and R; 3_,(W/};)2); ~ 2 Chi-Squared(N)/N, leading to
Sva(xh), Spuz(dx') ~ Chi-Squared(N?)/N?;
~ We obtain maximum bounds by considering ul ~ Bernouilli(1/2) and R, 3,;(W!,;)2); ~ 2 Chi-Squared(1).

We numerically find mmin ~ 9.7x107° and vmin =~ 2.0x10~* as minimum bounds and My, ~ 2.5x10~2 and
Umax = 5.2x1072 as maximum bounds.

D.4. The Conditionality on A; is Highly Negligible
The events A;, A] defined in Theorem 1 have probabilities equal to Hi:l (1 — 27N k) Thus

! !
—Pe:[A4]] ~ log (1 — Pei[Af]) = logPe: [4)] = Zk:l log (1 —27 M) =~ — Zk:l 2Nk,

implying that Pg: [Af] = Pgi[A4}°] ~ 22=1 27Nk It follows that Pe: [AS], Pei[A]¢] grow linearly in the depth but decay
exponentially in the width.
In practice, Pg:i[Af], Pei[A]°] are thus highly negligible and the conditionality on A;, Aj is also highly negli-

gible. For example, in the case of constant width N; = 100 and total depth L = 200, we numerically find
]P)@L [A(t] = P@L [All(;] ~ 3.2 X 10728.
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D.5. Relation to the Terms 772, m, s of Section 4

Here we relate Theorem 1 to the terms 772, m, s defined in Section 4, under the conditionality Ay, A;g. By Eq. (49), we have
that [Egr 4, [0v2(x")] — 1] < 2¢; < 1. This implies that under Ay:

Tl ()| = | Tog Egra, [5v2 ()] | = [Boya, [6r2()] — 1] < 26y,
Similarly, we have that [Egx| 4 [6112(dx®)] — 1] < 2¢; < 1, and that under A :

{2 (dx*)]| = |log Bge oy [62(Ax")]| 2 [Egr s [Sp2(dx")] — 1] < 26

The terms le/Q (xM)], m[ug(dxk)] are thus exponentially small in Ny, implying that the evolution with depth of
vy (x1), pa(dx') is dominated by the negative drift terms: m[vo(x')] < 0, m[us(dx')] < 0 and the diffusion terms:
slva(x)], sluz(dx)].

D.6. Proof of Theorem 2

Theorem 2 (normalized sensitivity increments of vanilla nets). Denoting y»"* = max ( + y!, O), the dominating term
under {p12(x'=1) > 0} in the evolution of X' is

Vie L+ Vi b= _%
et (- [ )

pa(x1)

€[1,v2]
Proof. The dominating term in the evolution of ! is given by

(59)

Ey [5us(dx)] | *
Epopa)] )

ox' ~ exp(m[x']) = (

First we consider the term Eg: [012(x')]. Again we use the definitions and notations from Section B. We further denote
(e1,...,er,) and (\1,...,Ag,) respectively the orthogonal eigenvectors and eigenvalues of Cy o[p(x'~!, a)] and
W' =W!(ey,..., er,). Using these notations, we get that Vc:

NZ,C(yl) =Exa [@(yla a)?} =Exa [(Wcl,:ﬁ(xlilv a))z}
= Zl (Wcll)z)\l (60)

Then due to W, ~g Wcl ~g N (0,2 /R I):
. 2 2 -1 -1
Eg[pa,c(y')] = R Zz Ai = i TrCxalp(x™ a)] = 2pa(x7). (61)

where we used Corollary 3 in Eq. (61). The symmetric propagation gives

_ 2 _ _12
fioe (X)) + p12.c(X) = Exa [(¥55)?] = Exa [Y55] ™ + Exa [(¥50)°] = Exa[Y5)
= Vz,c(yl’+) - Vl,c(yl’+)2 + V2,c(yl77) - Vl,c(yl’7)2
= vae(y') = (Mol )+ ey )?) (62)
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Since y! = yb*t —yb~ and |y'| = y"'* + y"~, we can express 11 (y') and v o(|y']) as

{<N
’

—\\2 _
V1e(¥)? = (r1.e(y" ) = 1 (y" 7)) = v (Y T)? + e (yh )7 = 201 (v v e(
ve([y')? = (e (") + 1" 7)) = 10T e (8 T)? A+ 201 (v e

{<N
’

Using Eq. (63), we can then rewrite Eq. (62) as

2 l,+)

,UIQ,C(Xl) + /12,0(5(1) = V2,C(yl) - Vl,c(yl) - 2V1,c(y Vl,c(yl’i)

- /4L2,c(yl) - 2V1,c(yl7+)yl,c(yl77)'

Combining Eq. (61) and Eq. (65):

Egi [p2.0(x") + po,e(X)] = 2u2(x' 1) — 2Egi [ e (y"
2B (12,6 (x")] = 2pa(x' ") — 2Egu [ e (y"

Vice L Vi b=
Eﬂmafnzm@l50‘ﬁwl’W+)H? W)'

where Eq. (66) was obtained by symmetry of the propagation. We then get

Egi [po (xl)] =E, [Eel [Mz,c(xl)]]

pa(x1)

Vl,C(yl’+)V1,C(yl’7)
pa(x71) '

M%m@ﬂlﬁ%

Combining with Eq. (59) and E: [(S,ug(dxl)] = 1 by Eq. (40) in the proof of Theorem 1, we finally get

Vi Lt Ul L= _%
o et - (1 [t

pa(x=1)

To obtain the bounds on exp(72[x']), we use Eq. (63) and Eq. (64):

A (Y e (yhT) + vie(yh)?

v e(y

=v1(ly'])? < vacly']) = vae(y'),
eyt ) S voe(y!) = e (y)? = pae(yh).

Given Eg: [pa.(y')] = 2u2(x!~1) by Eq. (61), we deduce that 4Eg: [v1 o (y" )1 (yh )] < 2u2(x!~1), and thus that

Vi L © " !
Ec,ﬁl[ = (yMZ(Z(lll)(y )‘| = 2’
vie(yh ) vie(yh™ E
1<mmmmzo_&ﬂle&A? W) o

(63)
(64)

(65)

(66)

(67)



Characterizing Well-Behaved vs. Pathological Deep Neural Networks

D.7. If the Drift of \' Is Larger than Diffusion and if 1/5(x'), yi2(dx') are Lognormal, then 15 (x") / v5(x!) — 0 a.s.

Lemma 11. For a sequence of random variables (X;),en and a random variable X, if Ve > 0: Y2 P[|X;—X| > €] < oo,
then

l—
X = X as.

Proof. For given ¢ > 0, denote N, the number of times that the event {|X; — X| > €} occurs such that N, =
> 121 1{ix,~ x|>¢} - Fubini’s theorem implies that E[N.| = >~°, P[|X; — X| > €] < oo, implying that N, is finite a.s.

Now let us reason by contradiction and suppose that 3F with P[E] > 0 such that under E: X; l%ﬁ X. Under F, Je
random variable, and 3(k;);cy random strictly increasing sequence such that Vi: | X, — X| > e. This implies in turn that
3E’ with P[E’] > 0 and 3¢’ > 0 non-random, such that under E’: 3(k;),cn random strictly increasing sequence with Vi:
| X%, — X| > €. Thus N has non-zero probability to be infinite: P[N., = co] > P[E’] > 0, which is a contradiction. We

deduce that X H—°°> X a.s. O

Proposition 12. Suppose that:

(i) We can neglect the events A;, A of probability exponentially small in the width (see Section D.4 for justification);
(ii) The event D under which x' has drift larger than diffusion has probability P[D] > 0;

(iii) vo(x'), po(dx') are lognormal.

Then, under D:

l
Hz(x) 200 as.
vo(xt)

Proof. Neglecting the events A;, A}, Theorem 1 implies that 3m;, m;, s, s; such that

log v (x!) = —lmy + Vis; + logv2(x°),  Mmin <My < Mmax, Eot[s1] =0, Umin < Varg:[s1] < Umax,
0

IOg ,u2(dxl) = _lm; + \[ZSE + IOg M2(dxo); Mpin < m; < Mimax, Eel[sg] =0, Umin < Varg: [3” < Umax-

On the other hand, under standard initialization:

Ee[12(x')] = Eei-1Egt [va(x' ™) - 612(x')] = Egi-1 [12(x' 1) - Egi[602(x')]] = Egr1 [1a(x'~1)],
Eor [z (dx")] = Egi-1Egi [pa(dx'™") - 6pa(dx')] = Egi-r [a(dx'"1) - Egi[5pa(dx’)]] = Egi-r [ua(dx'"1)],

implying by induction that Eg: [2(x!)] = v2(x°) and Eg [pe(dx')] = pa(dxP).

Since log v (x!), log ji2(dx') are Gaussian by the assumption of lognormality, and since a logormal variable exp(X)
with X ~ N (u, 0%) has expectation equal to E[exp(X)] = exp(u + 02/2), it follows that 35;, S; random variables and
3M;, M] > 0 constants such that

IOg VQ(Xl) = Sl — M; + log V2(X0)7 Sl ~el N(07 QMl)v Immin < M; < lmmaxa
log,u,g(dxl) =S — M, + log 12 (dx?), S ~er N(0,2M)),  Impin < M) < IMmipay.

Now let us make more precise the conditionality on D. We may assume that 3m > 3 (Mmax — Mumin) such that VI under D:
log X! > Im.
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The ratio po(x!)/v2(x') can be expressed as

pa(x) (m(dxo) m(xl))(m(xo) m(dxl)): L pa(x) pa(dx)

T\ 2 () )\ pa(dx”) w2 () (X')? pa(dx”) va(x)
This gives with logarithms that, under D:

log p12(x") — log va(x') = —2log X" + log p2(dx') — log pia(dx") — log va(x') + log pa (x°)
< —=2lm + (5] — M{) — (S1 — My + log v2(x")) + log pi2(x°)
< —2Im 4 IMmax — IMimin — log v2(x°) + log 2 (x°) + S — S
<—-IM+C+5]-5,

where we defined M = 2m — Myax + Mmin > 0 and C = — log v2(x°) + log 112 (x°). Then for given ¢, under D:

l
”Q(Xl) >e¢ = loge< —IM+C+ 8] -8
vo(x')
loge +IM — C loge+IM — C
> - = —gy > """ -
— (Sl* 2 )v( Sz 2 )
N <§,> loge—HM—C)v(_S S loge—HM—C)
WG v Vo777
~ loge +IM - C ~ _ loge+IM—-C
= (/> —~——r~r—— )|V [(-5> " —r—"—
( NG Tr., ) ( NG TrT. )

where we denoted V the logical or, S; = S;//2M, and S| = S]/+/2M], and supposed I large enough such that
loge +IM — C > 0. Then 3C, > 0 such that for [ large enough, under D:

pa(xh) > e — (5’;2\[ZC€>\/(—§lZ\ﬂCe)~

vo(xt)

It follows that for [ large enough:

l ~ ~
Poip l’y""g:l; > e] <Poup [s; > \/zce} + P [ _5 > \ﬁce}
2

1 -, 1 ~
< mpel |:D N {Sl > \ﬁCe}:| + mpgl [D N { -S> \/lce}]
1 l
S ]P)@l [D} erfe <\/gce> (68)
1 I
< o P~ 3%) ©9)

where Eq. (68) is obtained using S;, S ~e:1 N'(0, 1), while Eq. (69) is obtained using erfc () < exp(—2?) (Chiani et al.,
2003). It follows from Eq. (69) that

Z]P’D [/IZEXI)) > 6‘| = ZP@qD l'zzgxl; > e] < oo.
=1

=1

By Lemma 11, we finally deduce that, under D:

!
Ha(x) —>l_)°° 0 a.s. O
vo(xt)
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D.8. If exp (m[x']) — 1 and if Moments of X" Are Bounded, then x' Converges to One-Dimensional Signal
Pathology

Proposition 13. Again we adopt the notation: X' = x'/\/j2(x!), and the usual notation:
X, =0%)) < IM >0,Vl: X; <MY,
We further suppose that:

(i) %! is well-de ned with bounded moments: v, (| O(1), implying in particular vo(X") / pi2(x oo and thus
P
pa(x!) /ra(x ﬁﬁ) 0, i.e. that X! does not converge to zero-dimensional signal pathology;

l—o0

(ii) 6x' ~ exp (m[xl]) 1.

Then x! converges to one-dimensional signal pathology.

Proof. Again we use the notations from Section B and we denote:

Vsl@ EX,a [‘P(ilv a)] = (Vlac(il)) 1<c<Ny’
l=F
P

The statistic-preserving property implies x-||vL[[3 = #-[|v}|[3, in turn implying that

v (xh) = % ( > hae(®) + ul,c(il)z)

C

- 1
= &) + W11

1 L2 1 112
=1+ ﬁl||u<p||2 =1+ EHVp”%

ie. that |[UL]|3 = Ry (v2(x') — 1). Combined with 15 (x") = O(1), we deduce that [/} || = O(1).

Now let us reason by contradiction and suppose that Te(x') = reg(X ﬁB) 1, implying that 3n > 0 and 3(k;)ien strictly
increasing sequence with ¥1: reg(XF) > 14 1.

This directly implies that 35’ > 0 such that VI:
va;l e RV& | I/ZZI, vazl||2 =1: Vargq [(Lp(ikl,ava;l}} =Ex.a [((p(ikl,a),vij} >,

i.e. that (X*', @) has a direction of variance > 7’ which is orthogonal to its mean vector V '. By padding this direction
appropriately with zeros, it follows that 3n’ > 0 such that Vi:

EIV’;’ e REx | uﬁl, HV’;l”Q =1: Vargq [(p(xk‘ a), ’;l>] :Exya[<p(ik’,a),vlgl>2] >

Let us denote W¥+! such that Ve : WEitt = Wh+1/||[WE+1||; and 05 = vk /||vk |5, Let us further decompose
Whitl gs

Wi =y (V)T 4T, w Vi w1
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Then we get

Exa (WEH (", @)’

= Ex a[ <p(xklva)’vlzl>2 + (1 - w3)<p(ikl’a)aw>2 + 2wy \% 1 —w <P( i a)aV§l><p(ikl7a)7W>

> w2y + 2wy /1 — w2Ey o [(p(f{kl , ), v]p”><p(5<k‘ , Q) w)}
> wly = 2wy /T— 0B | (&, @), V5] Bxa (0, ), w)?]
- p(XF a) \2
> w2y — 2wy\/1 — w2Ey o <p(xk’,a), ~7>
llp(x", @]

2 w\2/77/ - 2wv V 1- w\%Ex,a >Z, p(xkl a)?]
> w2y — 2wy/1 — w2 Ry, v (XF1),

B WL (50, )]

2
= (1 wd)Exa[ (X", ), )]
- p(xM, ) \2
(1 - )Exa <P(Xkl,a)7 ~ >
[p(xF, )|
< (1 — w2) Ry, va(%M).
Given that 5 (X*) = O(1), this implies by spherical symmetry that Ve > 0, Ip. > 0 such that Vi:

]Pelcﬁ»l

(Ex,a [(Wc'ff“p(ik’»a)ﬂz > - e) A (Ex,a [Wclff"‘lp(ikl,a)r < e)] > pe,

with A the logical and.
On the other hand, by Cauchy-Schwarz inequality:

2 -
o {(sz-&-l (%" a))z} <E. “W’”“ (&M a)‘]Ex,a “ngfﬂp(xkl a)ﬂ'
The second term on the right-hand side can be bounded as
Trki+1 ok 3
Ex.a||[WE o5, )]

<]Exa

— s

1/2
<Exa| >, p(E Q) p(x", )] p(x", a)i]
11,%2,13
1/4 ~ 1/8 ~ 1/8
Z Ex a )11] Ex,a [p(xkl ’ a)'?z] Ex,a [Io(xkl a)’ts]
’Ll 7.2 ’L3

< Riz N;z/QV‘l(ikl)1/4V8(ikl)1/4>

(70)

(71)

(72)

(73)

(74)

where Eq. (72) and Eq. (73) were obtained by applying Cauchy-Schwarz inequality, while Eq. (74) was obtained with Vi, Vp:

Exal[p(&",)f] <) Exalo(X*, a)?] = Nyvy (™).
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It then follows from Eq. (71) and the hypothesis that all moments are bounded v, (|x!|) = O(1) that
~ 2 ~
Exo | (W&, @) = O(Bxa|[WEHp(&, 0)]]). (75)

Combining Eq. (70) and Eq. (75), we deduce that 3n” > 0 with Ve > 0, Ip. > 0 such that VI:
- . 2
P l(Ea [Wertp@, )] 20" =€) A (Bxa [Wi (", o) < e)] > .

Under standard initialization: W+ ~yx,+1 (0,2 / Ry, I), the variables W/ +1 and || W +1||, are independent and
Pyi+1 [1 < [[WHTH[; <2] >0 does not depend on . Therefore Ve > 0, 3p” > 0 such that Vi:

Py, +1 l(}Ex)a [!Wc'f}“p(i’”,a)” >n' - e) A (]Ex,a [Wc]ff+1p(ikl7a)}2 < 4e>] > pl. (76)

Now by noting that
Ex|[ W0, )| = B | (WE (&, 0) |+ B | (W p(5,00) 7]
Ex.o [Wc’ffﬂp(i’ﬂ,a)r = (Ex,a [(Wc’ff“p(i’“,a)ﬂ —Exa [(Wc’ff“p(ik”a))_})z,

we deduce that 3"’ > 0, Ip > 0 such that Vi:

Pekﬁl (E |:(‘;Vl~cl+1 ( a } > 77///) ( { vVIcH—l a } 77I”> ZP,
Poiy+1 l(ul (y kit ) > 0"\ pa(xkt) ) ( yhith- o (xF) ) > D,
V1 C(ykl+1’+)yl (ylirl 7) 11\2
P : < > >
gri+1 [ 12 (xF) > (n") | ZDs
V1 C(ylirl’Jr)Vl c(ylirLi)_ 11\2
E : 2 >
C,okm[ e = p(n™)

l—o0

Thus by Theorem 2, 3" > 0 such that VI: exp (m[x*'™!]) > 1+ n"”, contradicting the hypothesis exp (m[x']) —— 1.

We deduce that reg(x") LmiaN 1, i.e. that X' converges to one-dimensional signal pathology. O

D.9. If exp (m[xl]) — 1, then each Additional Layer | Becomes Arbitrarily Well Approximated by a Linear
Mapping
We suppose that Vi: ji2(x') > 0 and that exp (7[x']) — 1. Denoting §' = y'//p2(x'~1) and ¥+ = max (£ 3',0),
Theorem 2 implies that
Ee g [v1,e(F" vie (3" 7))
E o [min (uLC(yH), 1/170(37[’*))2} — 0,
Ve>0: P.g[min(vc(y""), v1(3"7)) > ¢

Ve>0: Py [3c: min (v (F4T), v1(F"7)) > €] =0,
Ve>0: Py [Ve: min (v o(F51), v1(F"7)) <] — 1. (77)
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Now let us fix a channel ¢ and suppose that min (v1,¢(y"")v1 o(y"7)) < e. Given that y»~ = |y"T — y'|, we have that
min (v1,e(y"F)vie(3"7)) = min (v (35 = 0), ve(ly™F = 3']) <e

Both v o(|[ybT — 0]) and v o(J]y5T — §'|) correspond to the mean absolute error incurred when approximating the
rescaled signal x!/jip(x!71) = y'+ /ua(x!=1) = 4+ in channel ¢ by a linear function. So there exists a linear function
fo s RXxmxXNi—y_y RnX-Xn gych that

Exa[l7ht — fi(x'™Hal] <e

If Ve: min (v1,c(y"T)v1,(357)) < €, and if we define the linear function f : R™* - xmxNim1 — RnxxnxNi gych that
Va,c: f(x!I 7N ae = fo(x'71)q, then we get

n(7"" = FT) = Exac[lFak = X Dacl] = EExa[lat = fo(x'™al] <e

Combined with Eq. (77), this means that x!/ji5(x!~1) = §% can be approximated arbitrarily well by a linear function of
x!~1 with probability arbitrarily close to 1 in 6'.

We have shown that x! /5 (x!~1) is arbitrarily well approximated by a linear function of x!~! when normalizing with
respect to x'~1. Now let us show that X! = x!/ji5(x!) is arbitrarily well approximated by a linear function of x'~! when
normalizing with respect to x'.

Letus denote (e1, ..., er,) and (A1, ..., Ag, ) respectively the orthogonal eigenvectors and eigenvalues of Cx o [p(x! 71, )]

and W' = Wl(e,,...,eg,). By Corollary 3 there is at least one eigenvalue ); such that \; > s (x'~1), which gives
combined with Eq. (60) that Vc:

:LLQ,C(S,Z) = ;) Zi (Wcl,i)Q)\ia

f12 (x4 1

2
Mz,c(yl) > X, X ~p = Chi-Squared(1).
1

Using Eq. (65), we then get

fi2c(X") + pi2,e () = p2e(y') = 201 (¥ M) vae(y" ™) = pa(x'1) (Mz,c(yl) - 2V1,c(5’l’+)'/1,c(5’l’7)),

l—

2 o0
poe(x) + poe(X) = pp(x" (X —Y), X ~p = Chi-Squared(1),  Ve:Pu[|Y|>¢ —0. (78)
l

Similarly to the proof of Theorem 1, we define

0 if ug,c(xl) < ug,c(il)
1 if pge(x) > po (X)),
H)i if /~L2,C(Xl) = pz.c( l)

X

with ! ~ Bernouilli(1/2) independent of w' and 3'.

Since C is independent from pia ¢ (x')+pa ¢ (X'), it follows from Eq. (78) that Vp > 0, 3, " > 0 such that for [ large enough:

1 _
Poiic, [NZ(Xl) > TMMZ(Xl 1)771 >1-p, (79
"
Pyiic, Ll_)l >n'| >1-p. (30)
p2(x=1)
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Now let us fix p, e > 0 and consider 7’ as in Eq. (80). If we suppose that Vc: min (v1,(y"")v1c(y57)) < /7€, and that

L
12(¢) > 1, then there exists a linear function f : R XnxNii _y Rrx---xnxNi quch that

pa(xt=1)
v (lyhT = FETH) < Ve,
) _— Xz 1)
n(iE - fh) < /220D \F <
where we defined f (xI=1) = “i(;(‘;,)l ) f(x'=1). Given Eq. (77), this means that X! can be approximated with error

€ by a linear function of x'~! with probability arbitrarily close to (1 — p)Pg[Cy] = (1 — p)(1 — 27™). Thus %' can
be approximated arbitrarily well by a linear function of x'~! with probability arbitrarily close to Py [C)] = 1 — 27,
Furthermore Py [C)] is itself nearly indistinguishable from 1.

E. Details of Section 6

E.1. Proof of Theorem 3

Theorem 3 (normalized sensitivity increments of batch-normalized feedforward nets). The dominating term in the evolution
of X' can be decomposed as

ox' = dpnx' - dex' = exp (Mx']) = exp (Man[x]) - exp (Ms[x'])

1
-1 T2
— i [ p2(dxT) H2,cdy ) dy
exp (T =| —F E,
Xp ( BN [X ]) ( /JQ(Xl_l) ) .01 /_1,2 C

Nl

exp (maﬁ[Xl]) = (1 - QEC,BL [Vl,c( l+)V1 C(Z ’ )

€[1,v2]

Proof. First let us decompose §x! as the product of d5xx! and 64
1 1
P pa(dz') \ * (pa(dx' 1))
BNAC = p2(z) pa(xt=1) ’
1 _
Sox = pa(dx') \ * [ pa(dz')
T G )\ ) )
l 3 -1 T2
[ pe(dx) p2(dx"") _ l !
5X - < ,U/2(Xl) M2(Xl_1) *6BNX : 6¢X .
Next let us decompose exp (m[xl}) as the product of two terms:

exp (mBN [Xl}) (Eel pa dz )

-

o=

-

-

/JQ dxl 1 T2
Egi [p2(z po(xt=1) 7
S Egi [pa2( dx Egi [pa( dz
P (m¢ [X D Egt [p12( Xl Egt [p2(z
. Egi [ dx o dxl 1 2
exp (m[Xl]) ( ) < (xI-1)

Egi [po(x!)]
= exp (Mpn[Y']) - exp (W

M\»—l

-
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The term exp (Mmpn[x']) approximates the geometric increment dpyx' from (x'~* ,dx'™1) to (z',dz') such that
exp (TN [x']) = Oy X', while the term exp (iy[x!]) approximates the geometric increment d4y' from (2, dz') to

(x!, dxl) such that exp (m¢[x D ~ §4x'. These terms can be seen (slightly simplistically) as the direct contribution of
respectively batch normalization and the nonlinearity ¢ to 5x'. Now let us explicitate both terms.

Term exp (g [x'] ). First let us note that batch normalization directly gives po(z') = 1, and thus Egi [p2(z")] = 1. Next
let us explicitate Eqy: [o(dz")]:

dy' l
Ve:dal, = X o pp(dz)) = M,
’ ,u‘2,c (yl) ,LL27C (y )
dyl
B ['u2(dzl)] = Ec o [VQ,c(le)] = E¢ g /izi((yl))] .

All together, we get that

2 Xm_l _% 2.¢ d t %
exp (mBN [Xl]) = (M) E g [W]

Term exp (m¢ [Xl]). We consider the symmetric propagation for batch-normalized feedforward nets, introduced in
Section B. From Eq. (26), we deduce that
Egi [12(dx")] + Bt [12(d%)] = Egi[p12(dz")),
2Eqi [z (dx")] = Egi[u2(d2")], (81)
where Eq. (81) is obtained by symmetry of the propagation. Next we turn to the symmetric propagation of the signal:
- 2 _ 92
,UZ,C(XI) + NZC(Xl) =Exa [(Zlo:rc)ﬂ — Exa [Ziijrc] + Ex o [(Zfi,e)ﬂ —Ex .« [zg,c} (82)
= 1c(2"T) = v1e(2"T)? + 1oe(27) — 1y o (287)?

_ 1/27C(Zl) o (VLC(ZlHr)Q + Vl,c(Zl’i)z),

where Eq. (82) follows from Eq. (23). Due to the constraints v ¢(z') = 0 and 5 ((z!) = 1, imposed by batch normalization:

(o) + rzel(®) =1 - (ul,c<zl’+>2 (7)), (83)
vie(2) = v1e(2"F) = vie(2"7) =0,
(Vlyc(Zl’—i_) — vy (2 )) 1e(Z7)? 40y (257) = 201 (2" T o(257) = 0. (84)

Using Eq. (83), Eq. (84) and the symmetry of the propagation:

po.c(x) 4 pae(X') = 1= 2u (2" )v1 o (257),
2Egi [u2(x))] = 1 — 2B i [v1.c (zl’Jr)l/LC (zl’_)]. (85)

Finally combining Eq. (81), Eq. (85) and Eg: [u2(z!)] = 1:

Egi [2(dx)] \ * [ Egu [a( dz ~
Egi [2(x")] Egi [p2(z

= (1= 2B gl (2 (2

exp (M [x'])

=
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To obtain the bounds on exp (m¢ [ ] ) the same reasoning as Eq. (67) may be applied to z' instead of y':
1

A1 e (2" 1o (257) < pge(2h) =1, 2B, g1 [V1,c (2" )1 o(257)] < 2

< V2. O

I <exp (md’[xl}) - (1 - 2Ec,0l [Vl,c(zl’-‘r)l/l,c(zl’_)])

E.2. In the First Step of the Propagation, exp (Mg~ [x']) > 1

Using again the notations from Section B, we may explicitate the second-order moment in channel ¢ of dy™:

M2,c(dy1) = I['E')(7dx7a [@(dy17 a)?] = IEx,dxpt |:90<dy17 a)f} = IEx,dx,az |:(Wcl,:p(dxa a))2i| (86)
= Z Wl W, iEaxalp(dx, a)ip(dx, a);]
= m(dx ) D (W) = pa(dx”) [ WL 3. (87)

where Eq. (86) follows from dy" being centered, while Eq. (87) follows from the white noise property Eqx [dx;dx;] =
03,015 = pa(dx®) 85, implying Va: Eqx[p(dx, a); p(dx, a);] = p2(dx”) 8;; under periodic boundary conditions.

Now we turn to the second-order moment in channel ¢ of y!. Denoting (e1,...,eg,) and (A1, ..., Ag, ) respectively the
orthogonal eigenvectors and eigenvalues of Cy o [p(x, a)] and wt=w! (el, ...,€eR, ), we get that

U2,C(y1) =Ex o {@(yla O‘)?] =Exa {(Wcl,:ﬁ(x7 a))Q} = Zl (Wc{i)2/\i

- (dyt -
CIWLIBY (W) = ‘;((dxy)’ S (W), (38)

where we defined W such that Ve: W, = W, / [[W. || and we used Eq. (87). Under standard initialization, the
distribution of W is spherically symmetric, implying that for all channels c the distribution of Wc{: is uniform on the unit
sphere of R71. In turn, this implies that

1
Ry’

Ve Eel[z (W2,)* } i Z Ny Eegp [Z (WC{Z.)%] - R%Zi A (89)

Finally we can write exp (mBN [Xl]) as

Vi Eo|(Wl)?] =

exp (N [x']) =

i@\ Taelay) ]
0z

(@) ) () ] ©0)

D v (E" DI 1) - o1

where Eq. (90) was obtained using Eq. (88) and p12(x°) = pua(x) = R% Tr Cx o[p(x, )] = R% >_; Ai by Corollary 3,
while Eq. (91) was obtained using the convexity of  — 1/x and Eq. (89).
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F. Details of Section 7

F.1. Adaptation of the Previous Setup to Resnets
Before proceeding to the analysis, slight adaptations and forewords are necessary. We denote

@l,h
(__)l

(‘.",1,17 ,81’1, . ’wl,H7 /@1,H7 L 7(Ml,17 ﬁl’l, o 7‘.“}l,h7 ﬁl,h)7 al,h = @l,h|®l,h—1’

H H H H _ —
(Wht, ght b gt e b ght Wb gl 6! = olle!1t

In the pre-activation perspective, each residual layer starts with (y*"~1, dyl’hfl) after the convolution and ends with
(yhh, dyl’h ) again after the convolution. The concrete effect is that BN and ¢ are completely deterministic conditionally
on ©'~! in the first layer h = 1 of each residual unit /. This occurs again for h > 2 since BN and ¢ are random
conditionally on ©'~! but completely deterministic conditionally on ©%"~1. At even larger granularity, due to the
aggregation (y', dyl) = Zizo(yk’H, dyk’H), the input (y'~ !, dyl_l) of each residual unit becomes more and more
correlated between successive [, and less and less dependent on the random parameters §'~* of previous residual units.

Since the evolution of ! is mainly influenced by batch normalization and the nonlinearity ¢, this shift can be thought as
attributing the parameters and thus the stochasticity of layer & to layer h — 1. A simple strategy to apply the results of
Section 6 is thus to shift back to the post-activation perspective by considering the parameters #"~1 and the evolution from
(xbh=1 dx"" 1) to (xM!, dx"") for layers 2 < h < H. Theorem 3 strictly applies in this case.

It remains to understand the evolution from (y°, dy"?) = (y'~1,dy’'™") to (x*!, dx"') in layer h = 1, and the evolution
from (xb, dx") to (y"#  dy"") in layer h = H.

By considering the parameter ©'~!, the dominating term in the evolution from (y'~!,dy’' ") to (2", dz"") is

(E@Juﬂdeﬂ>;<Eezﬂuﬂdyl1ﬂ>_é::<Eelﬂuﬂdyl1H>_;Eﬁylluzddf515

Eei-1[p2(2"1)] Eoi-1[p2(y'=")] Egi-1 [p2(y'=")] p2.c(y' =)

Under the assumption of well-conditioned noise, this term is again = 1 by convexity of 2 — 1/z. For the nonlinearity term,
the symmetric propagation with respect to ©'~1 applies for all terms in the sum (y'~!,dy'™') = L_:lo(yk’H L dy™ ),
except for (yOH,dy®") = (y,dy). The expression of the nonlinearity term exp (m¢ [Xl]) in Theorem 3 thus remains
approximately valid.

Finally by spherical symmetry, the evolution from (x", dx") to (y"# dy"*) in layer h = H has dominating term
_1 1
p2(dx Y\ (B [pa(dyt7)] ) ? _
pa(x4) B [ (y" )] '

In summary, Theorem 3 remains approximately valid during the feedforward evolution inside residual units.

F.2. Lemma on Dot-Products

Lemma 14. It holds that:

Egr [Ey,a,c [¢(yl71)0¢(yl’H7 a)C] =0,

By [Byac[6(y' ey, )]
Eg: [E%dy,a,c [ﬂdylil)c‘ﬁ(dylﬂa a)c]
2

« 1y . 1 _
Eg [Ey,dy.,a.p[ (dyl 1)030(dyl7H7 a)C] < 71_”:“2((1}’[ 1)E91 [MQ(dyLH)]'

I.H

Proof. By spherical symmetry, the moments of ¢(y"# , a). and p(—y"H o). = —3(y", ). have the same distribution

with respect to 6"
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It follows that

Egy [Ey@&[
]Eel [Ey,a,c [@(ylilv a)c @(yl’Ha a)c” =

,‘§\>
(<l\4
L
L
/‘Q
%N
&
L
=
<
o
<
Q
<
{<N
L
L
\
,‘§\>
(<~
U=
L

Next we note that

Ey a.c [@(yl_l )090(}’ c NZ Ey7 )C‘ﬁ(yl’Haa)C]
= tEya [<¢(yl—1,a>,¢<ylﬂ,a>>], ©2)

with (, ) the standard dot product in R,

Letus denote (e1, ..., en)and (A1, ..., Ay ) respectively the orthogonal eigenvectors and eigenvalues of Cy o [p(y' 1, a)].
Let us further denote u; the unit-variance components of ¢(y'~!, ) in the basis (ey, ..., ey ) and y; the components of
S(y", @) in the basis (e1, ..., ex). Then we get that

la)= Z Ve, Vi: By olui] =1, Vi # i Eyoluiu,] =0,
= Z.yiei-

Now we decompose each component y; of y'
Vj L= Ey,a[yiuj], Y; = Zj Q; U + z;.
From this definition, we get that

Vj: Eyolziu] =0, Ey o [yiti] = i Eyolvi] = Z,a?,j +Eya2]],

pa6) = By (85" 00 66 00)] = 5 20, Brali?] = 5 (0, 08+ 3, Byali?]). 03)

where the dot product in Eq. (93) was computed in the orthogonal basis (eq, ..., en).

=1 a) and ¢(y"*, @) in the orthogonal basis (e1,. .., en):

Ey o [<¢)(y TLa)p(yt a) ] Z \/7Ey a yb“z 21 \/)\T'Ofi,i-

Now computing the dot product of @(y

Spherical symmetry implies that the moments of y1e1 + -+ - +y;e; +--- +yyey and y1e; + -+ —y;€; + - - + ynen
have the same distribution with respect to #'. Thus V;j #

Ey o [Yiti| By o [yju;] ~or By ol = yiti| By o [y5u,],
Q; Qi § ol (_ai,i)aj,jv
Egl [ai’iaj’j] =0.

‘We deduce that

Ey:

Ey.a|(#(y' " )2y, o)) 21 = AiEalaf].
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Spherical symmetry also implies that the distribution of «; ; with respect to 6" does not depend on . Denoting ( B;) such
that Vi, j: 8; = Eg [0‘1273']’ we get combined with Eq. (93):

1 1
Eg [uz(yl’H)] > N Zi,j Eg [Oéij} = N Zi,j Bj > Zl Bi,

EWFWJ@WlRMﬂwﬂmwT]§;&@sxm4§;m)

< AmaxEgt [,UQ (yl’H)]

Finally combining with Eq. (92):

o

~ _ . 2 1
Byt ] - L

1
<~z maBor (2 (v )] (94)
I,H

< Ny ity )

where we used Amax7err(y' 1) = 3, A = Nuo(y' ™).

-1

The same analysis immediately applies to $(dy' ', @) and $(dy"? , ). O

Corollary 15. Let us denote the dot products:

Y, = ]Ey,a,c [@(yl—l’ O‘)C()b(yLH7 a)c] ’
1) = Ey ay,a.c [@(dyl_la a)c @(dyl’Hv a)c] J
Yii = Eyac[p", 0)ep (v, a)] = pa(y" ™),
_ Al 1GLH a1 LH _ LH
T14 = Ey.dy.ace[2(dy"", e)ep(dy ™, a)e] = pa(dy™™).

Then by spherical symmetry V1, V' # 1:

Ee D/l] =0, Egmasx(i,i) Dle—l’] =0,
Eer [Tl} =0, ]E@max(l,z/) [TlTl/] =0.

Furthermore given Lemma 14 and given roi(y' 1), Teff(dyl_l) > 1, we deduce that

Ee: [V7] < lJE@H p2(y' ) Eg [M2(yl’H)ﬂ

N
1 -
< NE@H _M2(yl_1)Eel [Yl,l]}’
12(y°) 20 _ 1 p2(y®) -1 p2(y°) LH
Eer T < SEoir | —— S m2(dy T )En p2(dy”™)
(uz(dyo)(xl*l)2 ) N | pa(dy®) (X! 1)? pa(dy”) (x!=1)?
1 [ _ ,u2(yo)
< —Eeoi-1 | p2(y' ) Egt | — == T
N i pa(dy®) (x!=1)?

These inequalities will be useful in the proof of Theorem 4.
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F.3. Proof of Theorem 4

Theorem 4 (normalized sensitivity increments of batch-normalized resnets). Suppose that we can bound signal
variances: (g min S pa(yhH) < 2 max and feedforward increments: Omin S X' < Omax for all 1, h. Further denote

TNmin = ((5min)2Hﬂ2,min - N2,max)//1'2,max and Nmax = ((6max)2HM2,max - U?,min)/ﬂ27miny as well as Tyin = nmin/Q and
Tmax = Nmax/2. Then there exist positive constants Cpn, Cax > 0 such that

1 1
Mmin ) 2 1 ( Tmax ) 2
1 4 <HM'<(1 _mar
( i) s U)o
Cmin lein SJ Xl S Cmax leax .

Proof. First we introduce the additional constants Yy, = ((Smin)QH and Y = (6max)2H such that we can write
TImin = (’YminMQ,min - N2,max) /U2,max and Nmex = ('Ymaxﬂ?,max - M2,min) /,u27min~

We also remind that we write a < b when a(1 + ¢,) < b(1 + €,) with |e,| < 1, |e5| < 1 with high probability. And we
write @ ~ b when a(1 + €,) = b(1 + ¢;) with |¢,| < 1, |ep] < 1 with high probability. Denoting A the logical and, V the
logical or, the following rules are easily verified:

(aSOHANbB<a) < (ax=b),
(aSh) < (-az-b),
(aSb)ADbSc) = (a0,
(@SN (eSdA(a>0)A(c>0) = (ac S bd),
(@SN (ecSdDAN(a>0)A(c>0) = (a+c<b+d),
(@SHA@>0)Ab>0) = (Vasvh),
(a<Sb)A(a>0)A(b>0) = (1/a 2 1/b)

Finally let a be a random variable depending on ©! with well-defined moments and let b be a constant. Let us prove that
(aSb) = (Epla] Sb) A (Eeila] Sb).

Given the assumption (a < b), there exists an event A with Pg:[A] ~ 1 such that under A: a(1 + ¢,) < b(1 + ¢,) with
lea| < 1, |ep| < 1. Furthermore, using Cauchy-Schwarz inequality:

E@l [Cl2
E@l [a]

EG%[G’]Q(EGL la] — Eel[lAa]>2 - mﬂz@l [1A“a]2 < Py [A7]

95)

[ V)

Since Pg:[A] =~ 1, the complementary event A° has probability Pg:[A°] < 1. Now by contradiction, if there would be
non negligible probability with respect to ©'~* that Py [A°] = Pgygr-1[A] is non negligible, then we would not have that
Pgi[A] = Egi-1Egrjoi-1[14c] = Egi-1Pgii-1[A°] is negligible. It follows that Py [A°] < 1 with high probability with
respect to ©! 1,

Combined with Eq. (95) and the definition of A, we get
Egi[a] ~ Eg[1aa] S 0.

A similar reasoning gives

m (Eorla) ~ Ee [1Aa])2 < Peu [A°]

E@z [a2]

Egi[a)?’

Eoi[a] ~ Egi[14a] S b.

We keep all these rules in mind in the course of this proof.
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Proof of Eq. (14). Adopting the notations of Corollary 15 and using y' = y'~! + y" by Eq. (12), we get that
l s l—1 (oL H 2 -1
2(y") = Ey.ae| (207 @) + 9" @)e) | = paly' ™) + Vi + 2V, (%)
-1 LH 2 1-1
(dy ) y dy,a,c (@(dy B >a)c + @(dy ’ 7a)c) = NZ(dy B ) + Tl,l + 27T;.

OH)

Due to the hypothesis 1o min S Y;; = p2(y ) < 142, max> We have pio min < pi2(y°) = p2(y*") < p2.max-

Now let us reason by induction and suppose that {49 min S 2 yi=hH < I 2 max- Combined with Eq. (96), we get that
lﬂ2,min + 42 min + 2Y; ,S N2(yl) 5 lﬂ?,max + [2,max + 2Y.
On the other hand, Corollary 15 implies that

Eel [YQ] ~ Nlﬁ'2 max — N I+1 (l + 1) N’?,max'

Further using Chebyshev’s inequality, we deduce that

1
f ﬁ( + Dbizanss] S 75 97)

Po:[[¥i] > b—=
For large width N >> 1, it follows that |Y;| < (I + 1) pi2,min and |Y;| < (I + 1) 2, max With high probability, and thus that
(I + Dpzmin S p2(y') S (U + 1) p2,ma- (98)

Then Eq. (98) holds for all /, and furthermore ]Yl‘ < p2(y'=1) with high probability. Now let us write (x!)? as

()2 = (uz(yo) ) (m(dyl)) _ pa(y®) paldy'™h) + Ty + 27

p2(dy®) )\ p2(y') pi2(dy®) p2(yt1) + Yo, + 27
-1 12 (y°) /Lz(y )
()2 = (-2 P20 it T 2yt T

pa(yt=1) + Y, + 2Yz

T}, and T, = #’%Tl, we then get

. ~ 0
Denoting 7}; = %

1y2 -1y 4 P
(5x)? = X)° ey )+ T+ 2T 99)
T () Y 2,

We can bound 77 ; as

- p2(y” LH p2(y?) - 1y2 lh yhH /‘2(dy )
Tz,zz— 2(dy” )=— (6x" )=
pa(dy”) (x!~1)?2 pa(dy”) (X!~ 11, 12(y°)
7minﬂ2,min ~ n,l ~ 7maxﬂ2,max- (100)

By Corollary 15, the variance of T, is bounded as

~ 1 ~ 1
Eo: [T7] $ vEBer (126" ™)Eq [Tia] | S - mentss max-
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The same reasoning as Eq. (97) implies both |Yl| < pa(y'™1) and |Tl| < po(y'~1) with high probability. Finally
combining Eq. (99), Eq. (100) and the hypothesis 2 min S Y71 S p2 max:
M2 (y ) + ’Ymm,LLQ min < (5Xl)2 < ,LLQ( lil) + "YmdeQ max
M2( ) + M2, max ~ M2( ) + M2, min
'}/mm,UZ,mm M2 max N2 Ymax 12, max — HM2,min
1 ) 5 5 SJ 1 + ) ) ,
NZ(ylil) + 142, max ( X ) N2(yl71) + 142, min
YminM2,min — M2, max N2 Ymax 42 ;max — HM2,min
1+ < (§
(l + 1)#2,max ( X ) (l =+ 1):Ll‘27min

1 1
nmin)E 1 ( nmax)§
1 < 4 < (1
( +l+1 ~ XS +l+1 ’

<1+

where we supposed (fymin 142, min — u27max) > 0 (see Section F.1 and the evolution of Fig. 4 for the justification). O
Proof of Eq. (15). Expanding Eq. (14), we get that

1

l l l 1
Tmin )5 1 k ( TImax )5
1+ ——) <x'= ox" < 1 .

We can further explicitate the bounds:

> (14 1)

k=1

I+1 n
< / log (1 + max)dm
1

I+1 I+1
< / log(x + Nmax)dz — / log x dx
1 1

I+ 14+7max

41
< [mlogw—x} — {xlogm—m}l

147max
S (l + 1 + nmax) IOg(l + 1 + nmax) - (1 + nmax) IOg(l + nmax) - (l + 1) IOg(l + 1)

< Nmax 10g(1 + 1 + Mmax) + ({ + 1) log (1 + ;71“1) — (1 4 Nmax) 10g(1 + Timax)

< Mmax IOg(l +1+ nmax) + Mmax — (1 + nmax) log(l + nmax)7 (101)

where we used log(1 + =) < x in Eq. (101). Considering the integration between 2 and [ 4 2, we similarly get:

!
T)min

> tog (145

— k+1

> Nmin 10g(1 4+ 2 + Mmin) + (1 4+ 2) log (1 +

TJmin

7 2) - (2 + nmin) 1Og(2 + 77min) + 2log 2
> T)min log(l + 2+ nmin) - (2 + 7’]min) 10g(2 + nmin) +2 log 2.

Let cpnax = exp (Umax — (1 + Mmax) log(1 + nmax)) and cpin = exp ( — (2 + Nmin) 10g(2 + Mmin) + 2log 2). Then:

l l
H ( nmax ) < Cmax (l +1+ nmax)nmaxa H ( T}mml) > Cmin(l + 2+ nmin)nmina
k=1 k=1

V Cmin(l +2+ 77min)77mi"/2 5 Xl 5 Cmax(l + 1+ Nmax )nm“/z
vV Cmin(l +2+ "7min)‘r‘nin 5 Xl 5 V Cmax<l + 1+ Nmax )dex
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Tmax

Tmin
Since x (%) and x — (“1#) are lower-bounded and upper-bounded for x > 1, there exist positive
constants Ciyin, Cmax > 0 such that

Cminl'rmin 5 Xl 5 C’maxl'rmax. D

F.4. Theorem 4 Holds for any Choice of ¢, with and without Batch Normalization, as long as the Existence of /i3 nin,
2 maxs Omins Omax is Ensured

The proof of Lemma 14 neither requires batch normalization nor does it require any assumption on ¢. In addition, the proof

still holds up to Eq. (94) when replacing 4(y' "), (y""), pa(y' 1), pa(y"") by o(y' 1), @(y" ), va(y' 1), va(yh*)
and eigenvalues of Cy o [p(y' ™!, )] by eigenvalues of Gy o [p(y' ™!, @)]. This gives
-1 LH 2 1 1LH
Eq: IEy,a,c [@(y aa)cSO(Y ’ 7a)c} < N2 —5 Amax[Eg! [VZ(y )]
1
< ﬁVQ(ylfl)Eaz [va(y")]. (102)

Similarly, the proof of Theorem 4 only depends on batch normalization and the choice of ¢ through the constants 12 min,
42, max> Omin» Omax- As a consequence, Theorem 4 holds for any choice of ¢, with and without batch normalization, as long as
the existence of 142 min, 42, max> Omin> Omax 1S ensured.

It is therefore interesting to determine in which cases the constants (2 min, £2,max> Omin> Omax €Xist. In the forthcoming
analysis, we will consider the common cases ¢ = tanh and ¢ = ReLU, with and without batch normalization, relating our
results and providing extensions to Yang & Schoenholz (2017).

For the sake of brevity, some results will be established only with an informal proof.

F.4.1. CASE ¢ = tanh, WITHOUT BATCH NORMALIZATION

From x# = ¢(y"7~1), we deduce that vy (x), yo(x!H) are bounded as
pa(x") < (xM) = Exa [o(y"71)%] < L.

Since y*¥ is obtained from x"# only after a smgle smgle convolution step, it follows that v, (y" ), s (y" ) are bounded
from above. Let us further admit that v (y"#), 2 (y"#) are bounded from below so that the existence of 12 min, (42, max 1S
ensured.

Now let us see whether min, Omax €Xist in the mean-field limit: N — oo, where y' becomes a Gaussian process and all
moment-related quantities become deterministic with the expectation over ©! equivalent to the average over channels. Using
Lemma 14 as well as Eq. (102), combined with the reasoning of Eq. (98) on v5(y!) and iz (y') for large N >> 1:

ug(yl_l) o 1, ,ug(yl_l) oc L.

The probablhty of non- neghglble ¢ (y"9)2 = ¢'(y'=1)? is equal to the probability that y'~ is roughly O(1), which scales
\/ﬁ r \/ for large {. Combined with dxbt = =¢'(y"") o dyl O this implies that

dx"! 1
piz (dx )o<—

pa(dy™?) VI
Given fi2(x"!) < vo(x"1) = Ex o [¢(y"?)?] < 1, we get for the ratio of signal variances:
L0y

M2y —
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This gives for the squared geometric increment during the nonlinearity step from (y*°, dy"%) to (x/!, dx"!):

(uz(dxl’l))> <uz(dyl’°)>_1 > oy 1)u2(dx D Vi

pr2(xh p2(y"0) pia(dy"?)

It follows that § Xl’l and thus ¢ Xl’h are not bounded from above and that the existence of 0.« 1S not ensured. Now if we
replace Nmin» Nmax OY éx/l +1oxVIin Eq. (14):

5Xl ~ <1+ 2\/;%)

(S

Given 1 5 log(1 + 2f) ~ 4f and f ~ %ﬁ for x > 1, we get that ! = 1. Ix* = exp (Zk log(SXl) x

exp (é\/) Combined with ji5(y' 1) o l and the definition of y/, we deduce that p2(dy' ™) o exp (AV1), which is
exactly the scaling found in Yang & Schoenholz (2017) for the corresponding quantity.

In summary, the growth of X" is slightly subexponential but still far from power-law.

F.4.2. CASE ¢ = tanh, WITH BATCH NORMALIZATION
Batch normalization controls signal variance inside residual units: po(z"*7) = 1. Since y"*! is obtained from z"¥ only

after a single nonlinearity step and a single convolution step, the existence of 142 min, f12,max 15 €nsured.

Now let us see whether d;n, dmax €xist and let us first limit our reasoning to the feedforward evolution of Section 6. Since the
reasoning of Section 6 on the effect of batch normalization applies for any choice of ¢, the assumption of well-conditioned
noise implies that exp(mgnN[x!]) is bounded: (i) from above by considering the signal with worst possible conditioning; (ii)
from below by 1.

Regarding exp(ms[x']), let us consider again the mean-field limit: N — oo such that z' is Gaussian with variance equal to
va(z') = pa(z') = 1. Then exp (7, [x!]) is deterministic and constant, implying that exp(7z,[x']) is bounded by constants
from above and below.

Since the evolution inside residual units is well approximated by the feedforward evolution of Section 6, it follows that
dx"" is bounded from above and below.

In summary, Theorem 4 applies and X' has power-law growth.

F.4.3. CASE ¢ = ReLLU, WITHOUT BATCH NORMALIZATION

Since the evolution inside residual units is well approximated by the feedforward evolution of Section 5, it follows that
vo(y""), pa(dy"") are roughly stable and that the increments 0" are limited inside residual units. This implies that
VoY) ~ 1o(yh0) = vo(y' 1) and po(yh) ~ pa(y"®) = pa(y'~!). Combined with Eq. (96) and the fact that
Y1 = p2(y“H) and that Y; < o (y'~1) with high probability for N >> 1, we deduce that

pa(y') = pa(y' ™) + pa(y™ ) = 2pa(y').
Using Eq. (102), the same reasoning for non-central moments gives

v(y') 2y + vay"") ~ 2 (y' ).

This means that both o (yl) and ug(yl) have exponential growth and that the existence of [t max is not ensured. The
exponential growth of v, (y') agrees with the scaling found for the corresponding quantity in Yang & Schoenholz (2017).

Now let us see whether i, dmax exist. In the feedforward evolution of Section 5, Theorem 2 directly ensures that
1S o S V2

Again since the evolution inside residual units is well approximated by the feedforward evolution of Section 5, we deduce
that 6y is bounded from above and below.
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In summary, the existence of |12 max is not ensured and Theorem 4 does not apply. No conclusion can be made regarding the
growth of X\

F.4.4. CASE ¢ = ReLLU, WITH BATCH NORMALIZATION

As in Section F.4.2, the existence of (i min, f12,max 1S €nsured by the fact that batch normalization controls signal variance:
p2(zH) = 1 and that y» is obtained from z" only after a single nonlinearity step and a single convolution step.

Now let us see whether .y, dmax €Xist and again let us first reason in the feedforward evolution of Section 6. Similarly to

Section F.4.2, the term exp(mpx|[x']) is bounded: (i) from above by considering the signal with worst possible conditioning;
(i1) from below by 1.

Theorem 3 further ensures that 1 < exp(7,[x']) < V2.

Since the evolution inside residual units is well approximated by the feedforward evolution of Section 6, we deduce that
5x"" is bounded from above and below.

In summary, Theorem 4 applies and X' has power-law growth.



