Target-Based Temporal-Difference Learning

Donghwan Lee! Niao He?

Abstract

The use of target networks has been a popular
and key component of recent deep Q-learning al-
gorithms for reinforcement learning, yet little is
known from the theory side. In this work, we
introduce a new family of target-based temporal
difference (TD) learning algorithms that main-
tain two separate learning parameters — the target
variable and online variable. We propose three
members in the family, the averaging TD, double
TD, and periodic TD, where the target variable is
updated through an averaging, symmetric, or pe-
riodic fashion, respectively, mirroring those tech-
niques used in deep Q-learning practice. We es-
tablish asymptotic convergence analyses for both
averaging TD and double TD and a finite sample
analysis for periodic TD. In addition, we provide
some simulation results showing potentially su-
perior convergence of these target-based TD al-
gorithms compared to the standard TD-learning.
While this work focuses on linear function approx-
imation and policy evaluation setting, we consider
this as a meaningful step towards the theoretical
understanding of deep Q-learning variants with
target networks.

1. Introduction

Deep Q-learning (Mnih et al., 2015) has recently captured
significant attentions in the reinforcement learning (RL)
community for outperforming human in several challenging
tasks. Besides the effective use of deep neural networks
as function approximators, the success of deep Q-learning
is also indispensable to the utilization of a separate target
network for calculating target values at each iteration. In
practice, using target networks is proven to substantially
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improve the performance of Q-learning algorithms, and
is gradually adopted as a standard technique in modern
implementations of Q-learning.

To be more specific, the update of Q-learning with target
network can be viewed as follows:

Or1 = 0 + a(ye — Q(5¢,a450:))VoQ(5¢, a5 0;)

where y; = 7(8t,a¢) + ymaxg Q(St41,a;0;), 0: is the
online variable, and 9; is the target variable. Here the state-
action value function Q(s, a; 6) is parameterized by 0. The
update of the online variable 6; resembles the stochastic
gradient descent step. The term 7 (s, a;) stands for the inter-
mediate reward of taking action a; in state s;, and y; stands
for the target value under the target variable, ;. When the
target variable is set to be the same as the online variable
at each iteration, this reduces to the standard Q-learning
algorithm (Watkins & Dayan, 1992), and is known to be
unstable with nonlinear function approximations. Several
choices of target networks are proposed in the literature to
overcome such instability: (i) periodic update, i.e., the target
variable is copied from the online variable every 7 > 0 steps,
as used for deep Q-learning (Gu et al., 2016; Mnih et al.,
2015; 2016; Wang et al., 2016); (ii) symmetric update, i.e.,
the target variable is updated symetrically as the online vari-
able; this is first introduced in double Q-learning (Hasselt,
2010; Van Hasselt et al., 2016); and (iii) Polyak averaging
update, i.e., the target variable takes weighted average over
the past values of the online variable; this is used in deep
deterministic policy gradient (Heess et al., 2015; Lillicrap
et al., 2015) as an example. In the following, we simply
refer these as target-based Q-learning algorithms.

While the integration of Q-learning with target networks
turns out to be successful in practice, its theoretical con-
vergence analysis remains largely an open yet challenging
question. As an intermediate step towards the answer, in this
work, we first study target-based temporal difference (TD)
learning algorithms and establish their convergence analysis.
TD algorithms (Sutton, 1988; Sutton et al., 2009a;b) are
designed to evaluate a given policy and are the fundamental
building blocks of many RL algorithms. Comprehensive sur-
veys and comparisons among TD-based policy evaluation
algorithms can be found in (Dann et al., 2014). Motivated by
the target-based Q-learning algorithms (Mnih et al., 2015;
Wang et al., 2016), we introduce a target variable into the



Target TD-Learning

TD framework and develop a family of target-based TD
algorithms with different updating rules for the target vari-
able. In particular, we propose three members in the family,
the averaging TD, double TD, and periodic TD, where the
target variable is updated through an averaging, symmetric
or periodic fashion, respectively. Meanwhile, similar to the
standard TD-learning, the online variable takes stochastic
gradient steps of the Bellman residual loss function while
freezing the target variable. As the target variable changes
slowly compared to the online variable, target-based TD
algorithms are prone to improve the stability of learning
especially if large neural networks are used, although this
work will focus on TD with linear function approximators.

Theoretically, we prove the asymptotic convergence of av-
eraging TD and double TD and establish a finite sample
analysis for the periodic TD. Practically, we also run some
simulations showing superior convergence of the proposed
target-based TD algorithms compared to the standard TD-
learning. In particular, our empirical case studies demon-
strate that the target TD-learning algorithms outperform the
standard TD-learning in the long run with better accuracy
and lower variances, despite their slower convergence at the
very beginning. Moreover, our analysis reveals an important
connection between the TD-learning and the target-based
TD-learning. We consider the work as a meaningful step
towards the theoretical understanding of deep Q-learning
with general nonlinear function approximation.

Related work. The first target-based reinforcement learn-
ing was proposed in (Mnih et al., 2015) for policy optimiza-
tion problems with nonlinear function approximation, where
only empirical results were given. To our best knowledge,
target-based reinforcement learning for policy evaluation
has not been specifically studied before. A somewhat re-
lated family of algorithms are the gradient TD (GTD) learn-
ing algorithms (Dai et al., 2017; Mahadevan et al., 2014;
Sutton et al., 2009a;b), which minimize the projected Bell-
man residual through the primal-dual algorithms. The GTD
algorithms share some similarities with the proposed target-
based TD-learning algorithms in that they also maintain
two separate variables — the primal and dual variables, to
minimize the objective. Apart from this connection, the
GTD algorithms are fundamentally different from the av-
eraging TD and double TD algorithms that we propose.
The proposed periodic TD algorithm can be viewed as ap-
proximately solving least squares problems across cycles,
making it closely related to two families of algorithms, the
least-square TD (LSTD) learning algorithms (Bertsekas,
1995; Bradtke & Barto, 1996) and the least squares policy
evaluation (LSPE) (Bertsekas & Yu, 2009; Yu & Bertsekas,
2009). But they also distinct from each other in terms of the
subproblems and subroutines used in the algorithms. Partic-
ularly, the periodic TD executes stochastic gradient descent
steps while LSTD uses the least-square parameter estima-

tion method to minimize the projected Bellman residual.
On the other hand, LSPE directly solves the subproblems
without successive projected Bellman operator iterations.
Moreover, the proposed periodic TD algorithm enjoys a
simple finite-sample analysis based on existing results on
stochastic approximation.

2. Preliminaries

In this section, we briefly review the basics of the TD-
learning algorithm with linear function approximation. We
first list a few notations used throughout the paper.

Notation ||z|p := VT Dz for any positive-definite D;
Amin (A) and A\ ax (A) denotes the minimum and maximum
eigenvalues of a symmetric matrix A, respectively.

2.1. Markov Decision Process (MDP)

A discounted Markov decision process is characterized by
the tuple M := (S, A, P,r,~), where S is a finite state
space, A is a finite action space, P(s,a,s’) := P[s'|s, a
represents the (unknown) state transition probability from
state s to s’ given action a, 7 : S x A — [0,0] is a
uniformly bounded stochastic reward, and v € (0,1) is
the discount factor. If action a is selected with the cur-
rent state s, then the state transits to s’ with probability
P(s,a,s") and incurs a random reward r (s, a) € [0, o] with
expectation R(s,a). A stochastic policy is a distribution
T € A|s|x|.4] Tepresenting the probability (s, a) = P[a|s],
P7™ denotes the transition matrix whose (s, s’) entry is
Pls'|s] = > ,ca P(s,a,5")7(s,a), and d € As| denotes
the stationary distribution of the state s € S under policy m,
i.e., d = dP™. The following assumption is standard in the
literature.

Assumption 1 We assume that d(s) > 0 forall s € S.

We also define r™(s) and R™(s) as the stochastic reward
and its expectation given the policy 7 and the current state s,
ie. R™(s) := ) ,.47(s,a)R(s,a). The infinite-horizon
discounted value function given policy 7 is

J™(s):=E [ZOO ’ykT(Sk,ak)‘ So = S} )

k=0

where s € S, E stands for the expectation taken with respect
to the state-action-reward trajectories.

2.2. Linear Function Approximation

Given pre-selected basis (or feature) functions ¢1, ..., ¢y, :
S = R, & € RISIX™ i defined as

¢(1)* $1(s)
D= e RIS™ where ¢(s) := : € R".

oIS bn(s)
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Here n < |S] is a positive integer and ¢(s) is a feature
vector. It is standard to assume that the columns of ® do not
have any redundancy up to linear combinations. We make
the following assumption.

Assumption 2 ® has full column rank.

2.3. Reinforcement Learning (RL) Problem

In this paper, the goal of RL with the linear function ap-
proximation is to find the weight vector € R™ such that
Jp := PO approximates the true value function J™. This
is typically done by minimizing the mean-square Bellman
error loss function (Sutton et al., 2009a)

i 10) i= SE[([Euolr(s,0) +7Jo(s')] = Jo(s)])?)

1
= 5IB™ + P70 — 20|, (M

where D is defined as a diagonal matrix with diagonal en-
tries equal to a stationary state distribution d under the policy
7. Note that due to Assumption 1, D > 0. In typical RL
setting, the model is unknown, while only samples of the
state-action-reward are observed. Therefore, the problem
can only be solved in stochastic way using the observations.
In order to formally analyze the sample complexity, we
consider the following assumption on the samples.

Assumption 3 There exists a Sampling Oracle (SO) that
takes input (s, a) and generates a new state s’ with proba-
bilities P(s, a,s') and a stochastic reward r(s,a) € [0, 0.

This oracle model allows us to draw i.i.d. samples
(s,a,r,§') from s ~ d(-),a ~ w(s,-),s’ ~ P(s,a,-).
While such an i.i.d. assumption may not necessarily hold in
practice, it is commonly adopted for complexity analysis of
RL algorithms in the literature (Bhandari et al., 2018; Dalal
et al., 2018; Sutton et al., 2009a;b). It’s worth mentioning
that several recent works also provide complexity analysis
when only assuming Markovian noise or exponentially (-
mixing properties of the samples (Antos et al., 2008; Bhan-
dari et al., 2018; Dai et al., 2018; Srikant & Ying., 2019).
For sake of simplicity, this paper only focuses on the i.i.d.
sampling case.

A naive idea for solving 1 is to apply the stochastic gradient
descent steps, 011 = 0} — ak@gl(Gk), where o, > 0isa
step-size and Vl(6,) is a stochastic estimator of the true
gradient of [ at 6 = 6y, Vol(0) = Es o [(Es o[r(s,a) +
vJo. (8)] = o, ()" (Es [yVoJo, (s")] = Vo Jo, (s))]. This
approach is called the residual method (Baird, 1995). Its
main drawback is the double sampling issue (Bertsekas
& Tsitsiklis, 1996, Lemma 6.10, pp. 364): to obtain an
unbiased stochastic estimation of Vyl(6y), we need two
independent samples given any pair (s,a) € S x A. This is

possible under Assumption 3, but hardly implementable in
most real applications.

2.4. Standard TD-Learning

In the standard TD-learning (Sutton, 1988), the gradient
term E, [vVgJy, (s')] in the last line (Vgl(0)) is omit-
ted (Bertsekas & Tsitsiklis, 1996, pp. 369). The result-
ing update rule is 041 = 0 — agn(0), where n(0y) =
—(r(s,a) + vJg, (s") — Jg, (s)) Voo, (s). While the algo-
rithm avoids the double sampling problem and is simple to
implement, a key issue here is that the stochastic gradient
1(6x) does not correspond to the true gradient of the loss
function {(#) or any other objective functions, making the
theoretical analysis rather subtle. Asymptotic convergence
of the TD-learning was given in the original paper (Sutton,
1988) in tabular case and in Tsitsiklis & Van Roy (1997)
with linear function approximation. Finite-time convergence
analysis was recently established in Bhandari et al. (2018);
Dalal et al. (2018); Srikant & Ying. (2019).

Remark. The TD-learning can also be interpreted as min-
imizing the modified loss function at each iteration

1
10:0) = 3Bl B [r(5.0) + 1 ()] = Jo())?),
where 6 stands for an online variable and ¢’ stands for a
target variable. At each iteration step k, it sets the target
variable to the value of current online variable and performs
a stochastic gradient step, 01 = 0 — o, @9[(0; 0r) -
=0k

A full algorithm is described in Algorithm 1.

Algorithm 1 Standard TD-Learning

1: Initialize 6 randomly and set 6, = 6.

2: for iteration kK =0,1,... do

3: Sample s ~ d(-) and a ~ 7(s, ")
4 Sample s’ and (s, a) from SO
5. Letgy = 6(s)(r(s, ) +70(s') 70} — 6(s)T0%)
6: Update 041 = 0 — aigx
7
8

Update 0} | = 041
: end for

Inspired by the the recent target-based deep Q-learning al-
gorithms (Mnih et al., 2015), we consider several alternative
updating rules for the target variable that are less aggressive
and more general. This then leads to the so-called target-
based TD-learning. One of the potential benefits is that by
slowing down the update for the target variable, we can re-
duce the correlation of the target value, or the variance in the
gradient estimation, which would then improve the stability
of the algorithm. To this end, we introduce three variants
of target-based TD: averaging TD, double TD, and periodic
TD, each of which corresponds to a different strategy of the
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target update. In the following sections, we discuss these
algorithms in details and provide their convergence analysis.

3. Averaging TD-Learning (A-TD)

We start by integrating TD-learning with the Polyak av-
eraging strategy for target variable update. This is moti-
vated by the recent deep Q-learning (Mnih et al., 2015) and
DDPG (Lillicrap et al., 2015). It’s worth pointing out that
such a strategy has been commonly used in the deep Q-
learning framework, but the convergence analysis remains
absent to our best knowledge. Here we first study this for
the TD-learning. The basic idea is to minimize the modified
loss, 1(6;6"), with respect to 6 while freezing 6’, and then
enforce #’ — 6 (target tracking). Roughly speaking, the
tracking step, 6 — 0, is executed with the update

9}€+1 = 9k — O @9[(9;9;) 0—o 5
=0k

;c+1 = 92 + axd(0r — 92;)7

where § > 0 is the parameter used to adjust the update
speed of the target variable and Vl(0; 6}) is a stochastic
estimation of Vyl(0;0,.). A full algorithm is summarized
in Algorithm 2, which is called averaging TD (A-TD).

Compared to the standard TD-learning in Algorithm 1, the
only difference comes from the target variable update in
the last line of Algorithm 2. In particular, if we set o, =
1/6 and replace 6, with 01 in the second update, then it
reduces to the TD-learning.

Algorithm 2 Averaging TD-Learning (A-TD)
1: Initialize 0y and 6}, randomly.
2: for iteration k = 0,1,...do
3: Sample s ~ d(-) and a ~ 7(s, )
: Sample s’ and r(s, a) from SO

4
50 Letgp = ¢(s)(r(s,a) +7o(s')" 0}, — ¢(s)" 0k)
6: Update 041 = 0 — argx

7. Update 0, = 0; + a.0(0r — 0y,)

8: end for

Next, we prove its convergence under certain assumptions.
The convergence proof is based on the ODE (ordinary dif-
ferential equation) approach (Bhatnagar et al., 2012), which
is standard technique used in the RL literature (Sutton et al.,
2009b). In the approach, a stochastic recursive algorithm is
converted to the corresponding ODE, and the stability of the
ODE is used to prove the convergence. The ODE associated
with A-TD is § = —®T D®6 + vdT DP™®0' + ®TDR™
and §' = 60 — 06'. We arrive at the following convergence
result.

Theorem 1 Assume that with a fixed policy =, the Markov

chain is ergodic and the step-sizes satisfy

o0 o0
ag >0, Zak:oo, Za%<oo. 2)
k=0 k=0

Then, 0;, — 0* and 0), — 0* as k — oo with probability
one, where

0* = —(®T'D(yP™ — 1)®) ' T DR". 3)
Remark 1 Note that 0* in (3) is not identical to the op-
timal solution of the original problem in (1). Instead, it
is the solution of the projected Bellman equation defined
as 0 = F(P0O), where F is the projected Bellman op-
erator defined by F(®0) := II(R™ + vP™®0), where 11
is the projection onto the range space of ®, denoted by
R(®): Il(z) := arg min, c (o) |z —2'||%. The projection
can be performed by the matrix multiplication: we write
(z) := x, where I1 := ®(®T D®)~1oT D,

Theorem 1 implies that both the target and online variables
of the A-TD converge to * which solves the projected Bell-
man equation. The proof of Theorem 1 is provided in Ap-
pendix A of the supplemental material based on the stochas-
tic approximation approach, where we apply the Borkar
and Meyn theorem (Bhatnagar et al., 2012, Appendix D).
Alternatively, the multi-time scale stochastic approxima-
tion (Bhatnagar et al., 2012, pp. 23) can be used with slightly
different step-size rules. Due to the introduction of target
variable updates, deriving a finite-sample analysis for the
modified TD-learning is far from straightforward (Bhandari
et al., 2018; Dalal et al., 2018). We will leave this for future
investigation.

4. Double TD-Learning (D-TD)

In this section, we introduce a natural extension of the A-TD,
which has a more symmetric form. The algorithm mirrors
the double Q-learning (Van Hasselt et al., 2016), but with a
notable difference. Here, both the online variable and target
variable are updated in the same fashion by switching roles.
To enforce ' — 6, we also add a correction term §(6 —
") to the gradient update. The algorithm is summarized
in Algorithm 3, and referred to as the double TD-learning
(D-TD).

We provide the convergence of the D-TD with linear func-
tion approximation below. The proof is similar to the proof
of Theorem 1, and is contained in Appendix B of the sup-
plemental material. Noting that asymptotic convergence for
double Q-learning has been established in (Hasselt, 2010)
for tabular case, but no result is yet known when linear
function approximation is used.

Theorem 2 Assume that with a fixed policy =, the Markov
chain is ergodic and the step-sizes satisfy (2). Then, 0, —
0* and 9;, — 0* as k — oo with probability one.
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Algorithm 3 Double TD-Learning (D-TD)
1: Initialize 6y and 6}, randomly.
2: for iteration k = 0,1,...do
3: Sample s ~ d(-) and a ~ 7(s, )

4: Sample s’ and r(s, a) from SO

50 Letgy = o(s)(r(s,a) +vo(s")"0), — o(s)"0y) +
6(0), — Ok)

6:  Letg, = o(s)(r(s,a) +v¢(s) 0k — o(s)70;,) +
50k — 0},)

7 Update 011 = 0k — argx
8: Update 0}, = 0, — arg,
9: end for

If D-TD uses identical initial values for the target and online
variables, then the two updates remain identical, i.e., 0, =
g5, for k > 0. In this case, D-TD is equivalent to the TD-
learning with a variant of the step-size rule. In practice, this
problem can also be resolved if we use different samples for
each update, and the convergence result will still apply to
this variation of D-TD.

Compared to the corresponding form of the double Q-
learning (Hasselt, 2010), D-TD has two modifications. First,
we introduce an additional term, 6 (6}, — 0y) or 6(0, — 0.,
linking the target and online parameter to enforce a smooth
update of the target parameter. This covers double Q-
learning as a special case by setting § = 0. Moreover, the
D-TD updates both target and online parameters in parallel
instead of randomly. This approach makes more efficient
use of the samples in a slight sacrifice of the computation
cost. The convergence of the randomized version is proved
with slight modification of the corresponding proof (see Ap-
pendix C of the supplemental material for details).

5. Periodic TD-Learning (P-TD)

In this section, we propose another version of the target-
based TD-learning algorithm, which more resembles that
used in the deep Q-learning (Mnih et al., 2015). It corre-
sponds to the periodic update form of the target variable,
which differs from previous sections. Roughly speaking,
the target variable is only periodically updated as follows:

Ors1 =0 — o Vol (0 0x—(k mod 1)) ;
0=05

where Vi (0); 0k—(k mod L)) is a stochastic estimator of the

gradient Vgl(6; 0y — (x mod ). The standard TD-learning

is recovered by setting L = 1.

Alternatively, one can interpret every L iterations of the
update as contributing to minimizing the modified loss func-
tion

minl(0;0') =SB ol (Bu 1 [r(s, @) 47T ()]~ Jo(5))),

while freezing the target variable. In other words, the
above subproblem is approximately solved at each itera-
tion through L steps of stochastic gradient descent. We
formally present the algorithmic idea in a more general
way as depicted in Algorithm 4 and call it the periodic TD
algorithm (P-TD).

Algorithm 4 Periodic TD-Learning (P-TD)
1: Initialize y randomly and set 6}, = 6.
2: Set positive integers 1" and the subroutine iteration steps,
Ly, fork=0,1,...,T — 1.
3: Set stepsizes, {3, }72,, for the subproblem.
4: for iteration k = 0,1,...,7 — 1 do
5: Update 0,11 = SGD(6y, 0}, L) such that

Ell|6+1 — 01 [13] < enas

where 0 | := argmingcg [(0; 0},).
6:  Update ) | = Ors1
7: end for
8: Return 14

9: procedure SGD(6y,0}.,Ly)
> Subroutine: Stochastic gradient decent steps

10: Initialize 0y ¢ = 0.

11: for iterationt = 0,1,..., Ly — 1 do

12: Sample s ~ d(-) and a ~ 7(s, )

13: Sample s’ and r(s, a) from SO

14: Let g = o(s)(r(s,a) + 76(s)70; —
6(5)701.1)

15: Update 0k,t+1 = okyt — 5t9t

16: end for

17: Return 6, 1,

18: end procedure

For the P-TD, given a fixed target variable 6, , the subrou-
tine, SGD (6, 0}, L), runs stochastic gradient descent steps
Ly, times in order to approximately solve the subproblem
arg mingcgn [(6; 0),), for which an unbiased stochastic gra-
dient estimator is obtained by using observations. Upon
solving the subproblem after Ly, steps, the next target vari-
able is replaced with the next online variable. This makes it
similar to the original deep Q-learning (Mnih et al., 2015)
as it is periodic if Ly, is set to a constant. Moreover, P-TD
is also closely related to the TD-learning Algorithm 1. In
particular, if Ly = Oforall k =0,1,...,7 — 1, then P-TD
corresponds to the standard TD.

Based on the standard results in Bottou et al. (2018, The-
orem 4.7), the SGD subroutine converges to the optimal
solution, ;| := argmingcg. [(6;0;). But as we only
apply a finite number L;, steps of SGD, the subroutine will
return an approximate solution with a certain error bound
e, in expectation, i.e., E[||0x+1 — 0 1113|0k] < epsa.
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Below, we establish a finite-time convergence analysis of P-
TD. We first characterize the expected error of the solution.

Theorem 3 Consider Algorithm 4. We have

E[[| @67 — 67| p]
T-1
<[|®[lp,/maxd(s ) > AT ER + A E[| @60 — 67| o).
k=1
Moreover,

"E[[|26o — 6% p]

T

<IJ||D«/maLXé sd(s
‘ € Z'YT ke

P[||®0r — 0% ||p > 7] < 2

The result implies that P-TD achieves an e-optimal so-
lution with high probability by approaching 7" — oo
and controlling the error bounds e;. In particular, if
ex = ¢ for all k > 0, then P[||®0r — ®6*||p > 7] <

[|®]|py/maxses d(s f yTE[||®60—20* || p]
T

A=) . One can see that
the error is essentially decomposed into two terms, one from
the approximation errors induced from SGD procedures and
one from the contraction property of solving the subprob-
lems, which can also be viewed as solving the projected
Bellman equations. Full details of the proof can be found
in Appendix D of the supplemental material.

To analyze the approximation error from the SGD proce-
dure, existing convergence results in Bottou et al. (2018,
Theorem 4.7) can be applied with some modifications.

Proposition 1 Suppose that the SGD method in Algo-
rithm 4 is run with a stepsize sequence such that, for all

t>0 8 = ﬁfor some B > 1/Amin(®TD®) and
K > 0 such that

fo=— < 1
T K427 A (@I DIBTDD) (€5 + 1)

Then, forany 0 <t < Ly — 1, we have

2 X1 + x2||6k *‘9*”%
Amin (DT D®) k+t+1

E[l|0f11 — Or,e[3104] <

)
where

x1 =(&1 + &[1073)xs + ——5—

,_ §ax3
X (B (27 D) — 1)
L WD (PR — BT D(PTD — b)),
and
v iV A (FTDETTDE)

2(BAmin (PTD®) — 1)

(Ghad) |R™ + P™®0* — ®6*||%),

&1:=30%| @3 + 2(1 + &)*||@T DR"|3,
€o :=3||®[3 + 2(1 + &)’ Amax (@7 (PT) T D®ST DP™P),

£ — 31|13
> Amin(@TDOOT DO)

Proposition 1 ensures that the subroutine iterate, 6, con-
verges to the solution of the subproblem at the rate of
O(1/Ly). Combining Proposition 1 with Theorem 3, the
overall sample complexity is derived in the following propo-
sition. We defer the proofs to Appendix E and Appendix F
of the supplemental material.

Proposition 2 (Sample Complexity) The c-optimal solu-
tion, E[||0r — 0*||p] < € is obtained by Algorithm 4 with
at most

p1(p2e? +4xo) In(e )
number of SO calls , where
. 22l
BT X (®TD®)2(1 — 7)2 Iny L

P2 = X1 Amin (BT D®) + x2E[||@0 — @6% (3],
and x1 and X2 are defined in Proposition 1.

As a result, the overall sample complexity of P-TD is
bounded by O((1/€2)In(1/¢)). As mentioned earlier, non-
asymptotic analysis for even the standard TD algorithm
is only recently developed in a few work (Bhandari et al.,
2018; Dalal et al., 2018; Srikant & Ying., 2019). Our sample
complexity result on P-TD, which is a target-based TD algo-
rithm, matches with that developed in Bhandari et al. (2018)
with similar decaying step-size sequence, up to a log factor.
Yet, our analysis is much simpler and builds directly upon
existing results on stochastic gradient descent. Moreover,
from the computational perspective, although P-TD runs in
two loops, it is as the efficient as standard TD.

P-TD also shares some similarity with the least squares
temporal difference (LSTD, Bradtke & Barto (1996)) and
its stochastic approximation variant (fLSTD-SA, Prashanth
et al. (2014)). LSTD is a batch algorithm that directly es-
timates the optimal solution as described in (3) through
samples, which can also be viewed as exactly computing the
solution to a least squares subproblem. fLSTD-SA alleviates
the computation burden by applying the stochastic gradient
descent (the same as TD update) to solve the subproblems.
The key difference between fLSTD-SA and P-TD lies in
that the objective for P-TD is adjusted by the target variables
across cycles. Lastly, P-TD is also closely related to and
can be viewed as a special case of the least-squares fitted
Q-iteration (Antos et al., 2008). Both of them solves a simi-
lar least squares problems using target values. However, for
P-TD, we are able to directly apply the stochastic gradient
descent to address the subproblems to near-optimality.
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Figure 1: (a) Blue line: error evolution of the standard TD-learning with the step-size a, = 1000/(k + 10000); Red
line: error evolution of A-TD with the step-size o, = 1000/ (k + 10000) and § = 0.9. The shaded areas depict empirical
variances obtained with several realizations. (a) Error over the interval [0, 3000]; (b) Error over the interval [2000, 3000].
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Figure 2: Blue line: error evolution of the standard TD-learning with the step-size «x, = 1000/ (k + 10000); Red line: error
evolution of D-TD with the step-size a;, = 1000/(k + 10000) and 6 = 0.9. The shaded areas depict empirical variances
obtained with several realizations. (a) Error over the interval [0, 3000]; (b) Error over the interval [2000, 3000].

6. Simulations

In this section, we provide some preliminary numerical
simulation results showing the efficiency of the proposed
target-based TD algorithms. We stress that the main goal of
this paper is to introduce the family of target-based TD algo-
rithms with linear function approximation and provide theo-
retical convergence analysis for target TD algorithms, as an
intermediate step towards the understanding of target-based
Q-learning algorithms. Hence, our numerical experiments
simply focus on testing the convergence, sensitivity in terms
of the tuning parameters of these target-based algorithms,
as well as effects of using target variables as opposed to the
standard TD-learning.

6.1. Convergence of A-TD and D-TD

In this example, we consider an MDP with v = 0.9, |S| =
10,

01 01 --- 0.1

Pﬂ— — 0.1 01 E RlOX‘lO’
: . .01
01 .- 0.1 0.1

and r7(s) ~ U|0, 20], where U0, 20] denotes the uniform
distribution in [0, 20] and 7™ () stands for the reward given
policy 7 and the current state s. The action space and
policy are not explicitly defined here. For the linear function
approximation, we consider the feature vector with the radial
basis function (Geramifard et al., 2013) (n = 2), ¢(s) =
[expe(sfof) exp(—(s=10") | < R2.
2x102 2x102

Y

Simulation results are given in Figure 1, which illustrate
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Figure 3: Blue line: error evolution of the standard TD-learning with the step-size «x, = 10000/ (k + 10000). Red line:
error of P-TD with the step-size 3; = (10000 - (0.997)*)/(10000 + ¢) and Lj, = 40. The shaded areas depict empirical
variances obtained with several realizations. (a) Error over the interval [0, 30000]; (b) Error over the interval [29000, 30000].

error evolution of the standard TD-learning (blue line) with
the step-size, a, = 1000/(k + 10000) and the proposed
A-TD (red line) with the o, = 1000/(k + 10000) and
0 = 0.9. The design parameters of both approaches are set
to demonstrate reasonably the best performance with trial
and errors. Additional simulation results in Appendix G of
the supplemental material provide comparisons for several
different parameters. Figure 1(b) provides the results in
the same plot over the interval [2000,3000]. The results
suggest that although A-TD with § = 0.9 initially shows
slower convergence, it eventually converges faster than the
standard TD with lower variances after certain iterations.
With the same setting, comparative results of D-TD are
given in Figure 2.

6.2. Convergence of P-TD

In this section, we provide empirical comparative analy-
sis of P-TD and the standard TD-learning. The conver-
gence results of both approaches are quite sensitive to
the design parameters to be determined, such as the step-
size rules and total number of iterations of the subprob-
lem. We consider the same example as above but with
an alternative linear function approximation with the fea-
ture vector consisting of the radial basis function, ¢(s) =

exp(—(s—0)?) exp(—(s—10)?) exp(—(s—20)?) 3
[ 2x102 2x102 g axior | € R®. From
our own experiences, applying the same step-size rule, 3¢,

for every k € {0,1,...,T — 1} yields unstable fluctua-
tions of the error in some cases. For details, the reader
is referred to Appendix G of the supplemental material,
which provides comparisons with different design param-
eters. The results motivate us to apply an adaptive step-
size rules for the subproblem of P-TD so that smaller and
smaller step-sizes are applied as the outer-loop steps in-
creases. In particular, we employ the adaptive step-size rule,

)

Br.c = (10000 - (0.997)%) /(10000 + t) with Lj = 40 for
P-TD, and the corresponding simulation results are given
in Figure 3, where P-TD outperforms the standard TD with
the step-size, o = 10000/ (k +10000), best tuned for com-
parison. Figure 3(b) provides the results in Figure 3 in the
interval [29000, 30000], which clearly demonstrates that the
error of P-TD is smaller with lower variances.

7. Conclusion

In this paper, we propose a new family of target-based TD-
learning algorithms, including the averaging TD, double TD,
and periodic TD, and provide theoretical analysis on their
convergences. The proposed TD algorithms are largely in-
spired by the recent success of deep Q-learning using target
networks and mirror several of the practical strategies used
for updating target network in the literature. Simulation re-
sults show that integrating target variables into TD-learning
can also help stabilize the convergence by reducing vari-
ance of and correlations with the target. Our convergence
analysis provides some theoretical understanding of target-
based TD algorithms. We hope this would also shed some
light on the theoretical analysis for target-based Q-learning
algorithms and non-linear RL frameworks.

Possible future topics include (1) developing finite-time
convergence analysis for A-TD and D-TD; (2) extending the
analysis of the target-based TD-learning to the Q-learning
case w/o function approximation; and (3) generalizing the
target-based framework to other variations of TD-learning
and Q-learning algorithms.
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