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A. Proof of Theorem

Our proof will leverage the following version of the PAC-Bayesian theorem, due to McAllester| (2003).

Lemma 3. Let D denote a fixed distribution on an instance space, Z. Let L : H x Z — |0, 1] denote a loss function. For a
distribution, Q, on the hypothesis space, H, and a dataset, S = (z1,...,2,) € Z", let R(Q) £ Ep, g E.~p[L(h, 2)] and
R(Q,S) £ Eng [ 301 L(h, )] denote the risk and empirical risk, respectively. For any n > 1, 6 € (0,1), and fixed

prior, P, on H, with probabllzty at least 1 — § over draws of S ~ D", the following holds simultaneously for all posteriors,
Q, onH:

2R(Q, S) (D (Q|P) + In 2) L 2(Da(@[P) +ng)

n—1 n—1

R(Q) < R(Q,S) + \/

To apply Lemma [3] we need to define an appropriate loss for CRM. It should be expressed as a function of a hypothesis
and a single exampleﬂ and bounded in [0, 1]. Accordingly, we define

1 =
L.(h,z,a,p,7) =1 —7r Ihlw) = a} a}7
max{p, 7}

which satisfies these criteria. Using this loss function, we let

A
RT(Q) - hIEQ (z,,]c%rv]D) aw}E(x)[LT(h, z,a, 7T0(a’ | 1‘), ,0(1’, a’))]

and

> A
RT(QJ S) - hg(@

1 n
- Z LT(h7 Ly Qiy Piy 717,)‘| .
n
i=1
Importantly, R, (Q, S) is an unbiased estimate of R, (Q),

RT(Q? S)] - RT(Q)a

S~(Dx o)™

and a draw of h ~ Q does not depend on context, so R, (Q) and RT(Q, S) can be expressed as expectations over h ~ Q
Further, via linearity of expectation,

1. ) En~o [1{h(z) = a}]
E-(@ =1 (:r,p)N]D) a~7r0 (z) [p max{mo(a|x), 7} }
L rola2)
=1 (z, p)~1D>a o a:) [p max{ﬂ'o(a | z), T}]

>1-—7 E [p

I'This criterion ensures that the (empirical) risk decomposes as a sum of i.i.d. random variables, which is our motivation for using the
truncated IPS estimator over the self-normalizing estimator (Swaminathan and Joachims, |2015)); the latter does not decompose.
This is why we truncate with max{p;, 7} " instead of min{w(a; [x:)/pi;, 7 '}.
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and
: P B (L) = ai)
RS =1 2 )
T - 71'(@(@1' ‘LL'Z)
—1-=L QUi [ %)
n ;T max{p;, 7}
—1-r (1 —RT(WQ,S)) .
Thus,

R.(Q) — R (Q,S) > 7(R(mg) — R.(mq, S)),

which means that Lemmacan be used to upper-bound R(7g) — R, (mq, ).

B. Risk Bound for All Truncation Parameters

Since Theorem [l| assumes that the truncation parameter, 7, is fixed a priori, we now derive a risk bound that holds for all
7 simultaneously. An implication of this bound is that the truncation can be data-dependent.

Theorem 4. Let H C {h : X — A} denote a hypothesis space mapping contexts to actions. Foranyn > 1,5 € (0,1)
and fixed prior, P, on H, with probability at least 1 — § over draws of S ~ (D x ()", the following holds simultaneously
Sor all posteriors, Q, on H, and all T € (0,1):

R(mg) < R, (g, S) + \/4(RT(7T@,S) - 1:(2)_(11?)“(@”[@) +1n2n) L (DKLS?”]P’_) Bln?#)'

Proof. We construct an infinite sequence of 7 values, (7; = 27%)5°,, and & values, (6; = 67;)$2,. For any 7;, Equation@

holds with probability at least 1 — &;. Thus, with probability at least 1 — >~ §; = 1 — &, Equation E] holds for all 7;
simultaneously.

Int~*!
In2

For a given 7—which may depend on the data—we select i* £ [ 1 . (Since 7 € (0, 1), the ceiling function ensures that

i* > 1.) Then, we have that 7/2 < 7;+ < 7; and, since max{p, 7;» } < max{p, 7}, we have that RT“ (m, ) < R-,—(?T, S).
Further, §;« > §7/2. Thus, with probability at least 1 — §,

\/2(1%71* (r,8) =1+ L) (Dx.(QP) + In &) 2 (DKL(@IIP) +1n r)
: S+
Tis (n—1) Tiv (n—1)

< RT(W, S) i \/4(R7—(7Ta S) -1 "7'- (72—n> E?;L(QHP) +In %) 4 4 (DKLS?JL“P_) ;;ln %) 7

which completes the proof. O

C. Proof of Lemmal(l]

We can ignore the Gumbel distributions, since they are identical. Using the definition of the KL divergence for multivariate
Gaussians, and properties of diagonal matrices (since both covariances are diagonal), we have that

D (QHP)ZM+§ 1n13+12_1
K 203 2 o2 o} '

We conclude by noting that g—z —1<0foro?< 08.
0
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D. Proof of Lemma 2]
We begin with the lower bound. First, let
w) 2 3 explw- o(r,0")
a’ €A

denote a normalizing constant, sometimes referred to as the partition function. (Since x is given, our notation ignores the
fact that ® is a function of x.) Using @ in the definition of ¢, and applying Jensen’s inequality, we have that

molalx)=  \E . ls(a]e)
= B e (6@ @) ~ @ (w))]

> exp (ww/\/l(%,o?l) [w-é(z,a) —In @(w)]) . (18)

We then express the random parameters, w ~ N (u1, 021), as the sum of the mean parameters, /1, and a zero-mean Gaussian
vector, g ~ N(0, o%I), which yields

B o) — e = E [ g)6e0) @+ )]
=p-p(z,a) - N ey [In®(p+ g)]
_ B B (p+ 9))]
=p-d(x,a) —Ind(p) gNN%,ﬂI) {ln ( (1) . (19)

The second line follows from the fact that the expected dot product of any vector with a zero-mean Gaussian vector is zero.
Applying Jensen’s inequality again to the last term, we have

B o 2etg) I P(u+g)
gNN%,HI) {1 ( P(p) )] =1 9~NI(%,U2I){ D(p) } 20
Observe that
P(pt+g) exp(p - $(@,a)) e )y — (0 bz al
m —a% 500) explg-d(z,a)) = B lexp(g- ¢z, a))].

Thus, via linearity of expectation,

= E E  [exp(g-¢(z,a"))]. 1)

(p+9g)
a’~gu(x) g~ N (0,021)

g~N(0,02T) { D(p)

The right-hand inner expectation is simply the moment-generating function of a multivariate Gaussian. Combining its
closed-form expression,

0_2
et oo = oxp (G ol 1),

E
g~N(0,021)

with Equation[21] we have

<I>(u+g)} [ <g2 / 2”
— ln _— . hl ]E ex e :r’ a
g~N(0,02T) { (1) o/~ () P35 l[o( M
0‘232)]
>—In E ex
N a’~g, () |: P < 2
O.ZBQ

=— : (22)
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The inequality follows from the assumption that ||¢(z, a’)|| < B. Finally, combining Equations|18]|to and we have
> E . —In®
mola|x) > exp (ww./\f(,u,a?I) [w-¢(x,a) —In (w)])

~exp (u @)~ — K {m (W)D

> exp (u “d(z,a) —In®(p) — II;~N%,021) [WD

> exp (1 o(0.0) ~ ()~ 22 )

2
o’ B?
=gu(a|x)exp <— 5 ) .

To prove the upper bound, first observe that

culal ) = exp (- 6.0) - @) + 9 o,0) o (HLEDY)
= lalz)ewp (5-o(r.0) - n (2LLLY)

D(p)
—qualo)exp (g dlea) < B fexply- o))
<sualaexs (50w~ B 1o oo
<qeln) Bl (o (60r0) ~ o(wa )]

The inequalities follow from Jensen’s inequality. We then have that

molale) = E . ls(a]o)
Sqlale) E B fesply (6(r,0) — o(r,0)].

a’~g, (x) g~N(0,021)

The right-hand inner expectation is the moment-generating function of a multivariate Gaussian:

o0 o+ (0,) — o)) = exp - 60,0) — oo,

E
g~N(0,021)

IN

0_2
exp (G ot )l + otz )]

exp (U;(B + B)2>

= exp(20°B?).

IA

The first inequality follows from the triangle inequality. Therefore,

mola|z) <gulalz) E [exp(202B2)} =g,(alz) exp(202B2),

a’~su(x)

which completes the proof.

E. Proof of Theorem

Using Lemma it is easy to show that R, (g, S) < R.(u,0?,S). The rest of the proof follows from using Lemma to
upper-bound the KL divergence in Theorem T}
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F. Proofs of Propositions 1| and 2|
We start by proving Proposition[I} To simplify Equation[9] we let

A ].—‘(,U,(),Ug7/1,0'2) + 2111%
B T(n—1)

A 1
a2 R (u,0%,8) -1+~ and §
T

Noting that R, (i, 02, S) < a (since 7= — 1 > 0), we can upper-bound Equation@as

Rlrg) < a+ aB + 6. (23)
The middle term is the geometric mean of «v and /3, which is at most the arithmetic mean:
+ 3(a+
a+\/aﬁ+ﬁ§a+¥+ﬂzw. 24)

We therefore obtain an upper bound on Equation [J] that omits the middle term, which can be tricky to optimize due to the
interaction between « and 3. If we optimize this upper bound,

3
arg min Sla+h) _ argmin o +
neRr? 2 LERY
o?€(0,09] o%€(0,03]
; 1 T(po,08,p,0%) +2In %
 argumin B (u.0% 8) - 1.4 L 4 D0 0Bt 210
pERr? T T(n—1)
o%€(0,03]
. r 2 2
= argmin R, (u,0?,S) + L(po, 90, 1,07)
peRr? T(n—1)
o2€(0,0¢]
0_2
s ) Ll — pol® +dIn B
= argmin R, (y,0%,5) + —°
;LERd T (TL — 1)
o2€(0,08]
2
o ) L |lw = pol|* — dIno?
= argmin R,(p,0°,5)+ =2 7
pER? T(n—1)
o2€(0,02]
we obtain Equation [T}

To prove Proposition we upper-bound RT(M, o2, S) by using the fact that u Inv < uw for u,v > 0. Setting

T

o sulai]zi)
max{p;, 7}

exp(25-)’

[I>

and ;

we have that

R 1 . s
Relino®,§) =1 =~ 3 s SOy

n max{p;, 7} exp(—"2232)

n
1
== E U4
n-<
i=1

1 n
§ 7% ;uilnvi.
i—

Let

1 1
v 2 ;_E;uilnvi’
1=
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and observe that o < . Thus, by Equations 23] and 24]

30+8) _30+8)

R(mg) < 5 5

Optimizing this upper bound yields the following equivalence:

3
arg min M = argmin v+
/LE]Rd 2 /LG]Rd
a2€(0,0¢] o%€(0,03]

F(/J‘Oaa'?hpﬂo’?) + 2111%

N
= argmin *‘FEZ_uilnvi"‘

peER? T(n—1)
026(0,08]
; e — pol|® dln o?
=argmin — » —u;lnv; + —
ueRr? Z odt(n—-1) 71(n—-1)
2€(0,02]
= are min 72 Tq lngu Cl7,|1'L) T1‘0'2B2 HM — NOHQ B dln o2
ngRd max{p;, T} 2max{p;, 7} = o2r(n—1) T(n—1)
o%€(0,08]

Observe that 1 and 2 never interact multiplicatively in the objective function. We can therefore solve each sub-
optimization separately.

Starting with p, we simply isolate the relevant terms and obtain Equation For o2, we must solve

1 zn: r;B%o? dlno?
argmin — — .
Uzeg(oﬁﬂg] n i=1 2 ma’X{pi7 T} T (n — 1)

Note that this objective is convex in o2, If we ignore the constraint that o2 € (0, 02] and let o2 be any real number, then
the problem has an analytic solution:

-1
1~ rB%? dlno? 2d 1« ri
aﬂ%gﬁgn n ; 2max{p;,7} 7t(n—1) B2r(n—1)\n ; max{p;, 7} '

This can be verified by setting the derivative equal to 0 and solving for o2. Suppose the solution to the unconstrained
problem lies outside of the feasible region for the constrained problem, (0, 00] It is easily verified that the unconstrained
solution is strictly positive; thus, it must be greater than o2. Since the objective function is convex, we must then have
that the solution to the constrained problem lies at the upper boundary, o3, which is the closest point to the unconstrained
solution. Thus, the minimizer of the constrained problem is either the unconstrained solution or 0(2); whichever one is
smaller.

G. Connection to Policy Gradient Methods

Those familiar with reinforcement learning may see connections between Equation [12| and policy gradient methods. By
the policy gradient theorem (Sutton et al., [2000), the gradient of the expected reward’|is precisely the expected, reward-
weighted gradient of the log-likelihood,

V. E )= E_[pzaVincalo),
In online, on-policy training, the expectation is typically approximated by sampling actions from the policy. In offline,
off-policy training, the expectation can be approximated by samples from the logging policy, with importance weight
m(a|z)/mo(a|z) to counteract bias. We then obtain a gradient that looks like the gradient of Equation[12} albeit weighted
by 7(a | ) and without the regularization term.

3In reinforcement learning, the expectation would be over trajectories, which we omit for simplicity.
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H. Proof of Theorem
To prove Theorem 3| we start by borrowing a result from [Liu et al.| (2017), which we simplify and specialize for our use
case.

Lemma 4 ((Liu et al.,[2017, Lemma 1)). Let Dy (S, S’) denote the Hamming distance between two datasets, S, S’. Suppose
there exists a constant, o > 0, such that

sup [i20(S) — (S| < a. (25)
5,5:Dy(8,5")=1

(In other words, perturbing any single training example can change the learned parameters by at most o.) Then, for any

5 €(0,1),
2
7 — fo|| > o/ ~ <.

To apply Lemmad] we must identify a value of « that satisfies Equation 25]

Lemma 5. [f the loss function, L, is convex and (3-Lipschitz with respect to its first argument, then the minimizer, fiy(S),
satisfies Equation or a = %

Proof. Without loss of generality, assume that the index of the example at which S and S’ differ is 4. It easily verified
that the regularizer, A [|w|?, is (2))-strongly convex; and since L is assumed to be convex, the regularized objective, F
(Equation 13), is also (2))-strongly convex. Therefore, using the definition of strongly convex functions, and the symmetry
of distances, we have that

170(8) — (S = 5 lio(S) — o(SI> + 5 lio(S") — o)

< o5 (F(70($).8) ~ Fljo(8), 8) + 5 (F(io(8'), 5) ~ F(jo(S), 5))

= % (F(ﬂO(S/)7S) — F(ﬂO(S/),S/)) + % (F(ﬂo(S), S/) . F(ﬂo(S),S))

= ﬁ (L(jio(S"), xi,a;) — L(jfio(S"), 2}, al)) + ﬁ (L(fo(S), 2}, ab) — Ljio(S), x4, a;))
= o (Lol 71,01) — L(io(S), 1,0) + 5y (Lio(S), 2%, al) — L(fo(S"), 2}, o))
< S (oS — ()] + 0(S) — io(S))

B o
= S — S .
2, I180(S) = fio(S)]
Dividing each side by ||f10(S) — f10(S”)|| completes the proof. O

Now, we can apply LemmaE]to show that /io(S) concentrates around fi.

Lemma 6. If the loss function, L, is convex and [3-Lipschitz with respect to its first argument, then for any 6 € (0, 1),

R _ B8 2111%
P S) — > | —=2 3 <.
SN(DXYWO)TL 10(S) — foll = \ n >

Proof. Follows immediately from Lemmas |4|and |5} with o = /\% O

We are now ready to prove Theorem We start by applying Theorem with g replaced by fig, and ¢ replaced by 6/2.
With probability at least 1 — §/2,

(Br(, 0% 8) = 1+ 3) (D0, o, 1, 0) +2In %) - (D70, o, s 0%) +21n 52)

R(WQ)SRT(M,U 7S)+\/ T(’nfl) T(nfl)
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Then, using the triangle inequality and Lemmal[6] we have that

= fioll <l = o (S)I + [0 (S) = foll

é 21n%
A n '

<l = Ao ()1 +

with probability at least 1 — §/2. Substituting this into Equation 10 yields

—_ 2 2
— H— o o
F(MOaO-ga,uvUZ) = H 2 H +d1n%
O'O g
2In ?
~ n <
(ot + 4y/28)
< +dln =2
> 2 2
O'O g

= f(ﬂO(S)7U(2)7Ha 02)7

with probability at least 1 — 6/2. Thus, Equationholds with probability at least 1 — 4.
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