On the Convergence of Perturbed Alternating Gradient Descent to SOSPs for Structured Nonconvex Optimization

A. Preliminary

Notation. Bold upper case letters without subscripts (e.g., X,Y) denote matrices and bold lower case letters without
subscripts (e.g., X, y) represent vectors. We use V f(x,y) to denote the partial gradient with respect to variables of block
X.

We provide the proofs of some preliminary lemmas (Lemma 4-Lemma 6) used in the proof of Section B.

First, Lemma 4 and Lemma 5 give the property that quantify the size of the difference of the second-order derivatives of
the objective values between two points.

Lemma 4. If function f(-) is p-Hessian Lipschitz, we have
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Proof. If function f(-) is p-Hessian Lipschitz continuous, then we have
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where (a) is true because of Hessian Lipschitz (7), in (b) we use the triangle inequality. O

/(v2f(aa)—v2f(e’))da g/o V2 f(a8) — V*f(6)|| dov

0

Lemma 5. Under Assumption 1, we have block-wise Lipschitz continuity as follows:
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where @ = [x y|T, 8’ = X' y']T, 0 = [x" y"|" and each of them is partitioned as two blocks, x,x',x" € R% and

.y, y" € Rb.

< pll0' —0|,v6,6’, (22)

Proof. There proof involves two parts:

Upper Triangular Matrix Case: Consider three different vectors 6, 8’ and 8", where each of them is partitioned as two
blocks in a same way, i.e., @ = [x y]T, 0" = [x' y']", 0 = [x” y"]". We can have
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and || || = [[T2]| = 1.
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Lower Triangular Matrix Case:
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where (a) is true because we know ||I1] = ||Iz|| = 1. ]

Then, we illustrate that the size of the partial gradient with one round update by the A-GD algorithm has the following
relation with the full size of the gradient.

Lemma 6. If function f(-) is L-smooth with Lipschitz constant, then we have

max

2
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where sequence 0 is generated by the A-GD algorithm.

Proof. First, we have

IVy f(x®,y )P < 2| Vy fxY,y ) = Ty f(x O,y )2 + 2| Vy f (D, y )12, (25)

Using the block Lipschitz continuity of the objective function, we have

19y f (!, y )2 < 2L2xEY = xO)2 1+ 2|0y f(x D, y )
@
= 2L2 Ve (xO, y )P + 2| Vy S (x D,y )2

®) L \?
<2 ((L > [V f 4y ) + Vyf(x““),y“))IIQ) (26)

max

where (a) is because we use the update rule of A-GD, (b) is true due to n < 1/Lax.

Summing ||V f(x®, y®)||2 on both sides of the above equation, we have
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B. Proofs of PA-GD

As stated in the main body of the paper, we can use Lemma 2 and Lemma 3 to prove Theorem 1. Lemma 2 is basically
well-known. The main task focuses on proving Lemma 3, which consists of a sequence of lemmas (Lemma 7-Lemma 9)
that lead to Lemma 3.
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Before discussing the details of Lemma 3, we need to introduce some constants defined as follows,
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These quantities refer to different units of the algorithm. Specifically, F accounts for the objective value, G for the size
of the gradient, S for the norm of the difference between iterates, and 7 for the number of iterations. Also, we define a
condition number in terms of 7 as x £ L‘:‘/a" > 1. In the process of the proofs, we also use conditions log( ) = 1 when

J € (0, dj"] p1 > 2 repeatedly to simply the expressions of the parameters.
~(t
According to Lemma 3, we consider saddle point 9( ) that satisfies the following condition.

Condition 1. A strict saddle point g(t) satisfies the following conditions:

~(t)

IIsz(i(t),§(t))||2+||V§f(?<(t“>i(t))ll2Sg?n and Nuin(V216")) < — (1)

where g £ G, v = V/PE 0 = \/fﬁxe Xandn < g—— in Algorithm 1.

Remark 3. Condition 1 implies that point E(t) satisfies ||V f (é(t))H < € (see Lemma 6 and definition of G or (37) in
Section B.1) and A\pin (V2 (6 " )) < —/pe.

~(t ~(t
Sufficient Decrease after Perturbation Consider 0( ) satisfy Condition 1 and let H £ V2 f (0( )

).

With these definitions of parameters, we will study how PA-GD can escape from strict saddle points. The main part of the
proof is to show that when two sequences are apart from each other with a certain distance along the € direction at the
starting points, where € denotes the eigenvector of M~!'T whose eigenvalue is maximum (greater than 1). Then, after a
number of iterations at least one of them can give a sufficient decrease of the objective value. This property implies the
iterates can easily escape from the saddle points as long as there is a large enough perturbation between the initial points
of the two sequences along the € direction. We will introduce the following two lemmas formally which are the main
contributions of this work.

~(t
Lemma 7. Under Assumption 1, consider 9( ) that satisfies Condition 1 and a generic sequence u'Y) generated by A-GD.
For any constant¢ > 1, 6 € (0, dﬁ, when initial point u!) satisfies

lu® — 8" < 2, (32)
then, with the definition of

N S
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nlog(T)

, and T £ min { inf {t|f(u*?) — f(u®) < 2f},8r} : (33)

~(t
for any 1) < 1/ Linay, the iterates generated by A-GD satisfy |[ut+1) — 9( )|| <3S, vt < T.

~(t
Lemma 8. Under Assumption 1, consider 0( ) that satisfies Condition 1. for any ¢ > min{136,8(3p3 + 12po + 12)},
J € (0, df} and 0 < 1/ Lyax, with the definition of py = max{6,4(L/Luyax)? + 1} and

T £ min {1nf{t|f( 42y _ f(w) < —2]—'},87'} (34)
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where two iterates {u} and {w)} that are generated by A-GD with initial points {u™"), w1} satisfying
[u? — H <r, w =u 4 uré, v e [§/(2Vd), 1], (35)

where & denotes the eigenvector of M~ T whose eigenvalue is maximum, then, if |[u*+1) — H <38,V < T, we will

have T < €T.

Lemma 7 says that if the u(!)-iterate generated by A-GD cannot provide a sufficient decrease of the objective value, then the
iterates are constrained within the area which is very close to the saddle point. With this property, Lemma 8 shows if there
exists another A-GD iterate w(*), which is initialized with a certain distance along the & direction from the u-iterate, then
w(®) will provide a sufficient decrease of the objective value. These two lemmas characterize the convergence behavior of
the A-GD iterates.

Escaping from Saddle Points Then, we need to quantify the probability that after adding the perturbation the algorithm
cannot escape from strict saddle points. In previous work about escaping from saddle points with GD, a characterization of
the geometry around saddle points has been given (Jin et al., 2017, Lemma 15). Once we know that PA-GD also decreases
the objective value sufficiently in Lemma 7 and Lemma 8, the following lemma can be claimed straightforwardly. To be
more specific, we can obtain the probability that iterates will be stuck at the strict points after 7 iterations as follows.

]P)(W(l) S )(stuck) :/ P(w(l) € Xituck|u(1) S )(stuck)]P(u(l) € Xsluck)du(l)
9(1)(7")

s/ Pw® € Xy [u® € Xyer) P(uD)duV
IB%N(t) (r)

(a)
5/ du(l) =4
9(1)(7”)

where Xy« denotes the set where the algorithm starts such that the sequence cannot escape from the strict saddle point
after T iterations, (a) is true because probability P(w1) € Xy |u®) € Xiuer) can be upper bounded by 6, which is
proven in the following lemma.

Lemma 9. Under Assumption 1, there exists a ¢ > min{136, 8(3p3 + 12pg + 12)} where pg £ max{6,4(L/Liyax)? +1},

~(t ~(t
foranyn < 1/Lyax and § € (0,dk/e]: consider a saddle point 0( ) which satisfies Condition 1, let 0V = 9( ) + & where
& is generated randomly which follows the uniform distribution over a ball with radius r, and let 0 be the iterates of
PA-GD starting from 0. Then, with at least probability 1 — 6, we have the following for any T > ¢T + 3

(®)

FOM)—f7) < —F. (36)

Then, applying n < + T = /P& and 6 = \/J" e~ X into Lemma 9, we can get Lemma 3 immediately.

With these lemmas, we can give the proof of Theorem 1 as the following.

B.1. Proof of Theorem 1

Next, we prove the main theorem.

Proof. Submitting v = ,/pe, and § = \/’;;x e~ X into the definitions of F, G, T, we will have the following definitions.

&
P
flh é]:: B
& (xp1)3p3
A €
gth =0 = ——5—,
(xp1)?p2

CLmax
ty 20T 43 = “omaXPL 4 g
NG
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After applying Lemma 6, we know that

~(t) €
Vo 37
IV£(O ) < = (37)

where x,p2 > 1.

With a set of necessary lemmas and leveraging the proof of PGD (Jin et al., 2017, Theorem 3), we have the following
convergence analysis of PA-GD. Specifically, at any iteration, we need to consider two cases (we use the first iteration as
an example):

1. In this case the gradient is large such that |V f(x™M), y (W) |2 + ||Vy f(x@), yM)||2 > g2: According to Lemma 2,
we have

£0) = 10M) < =2 (IVf 0y D) + [, £,y D)) < -2
(a) 1 €2
S —g——isT (38)
2(Xp1)4p% Lmax

where in (a) use the definition of gfh and n < 1/Lpax-

2. The gradient is small in all block directions, namely ||V f(x), y™M)||2 + ||[Vy f(x@,yD)||2 < g2 in this case,
we will add the perturbation to the iterates, and implement A-GD for the next ¢y, steps and then check the termination
condition. If the termination condition is not satisfied, we must have

€3
FO) = f(6N) < —fin = — s, (39)
O =IO =~ = 50
which implies that the objective value in each step on average is decreased by
o(tn)y _ £V 1 2
A (A D S w0)
tth 2¢ (Xpl) D3 Lmax

where we use th < QEL““% since p; > 1,x > 1,¢ > 136.
With the results of these two cases, we can know that if there is a large size of the gradient, we can know the decrease
of the objective function value by the result of case 1, and if not, we use the result of case 2. In summary, PA-GD
can have a sufficient decrease of the objective function value by Win)z T— per iteration on average. This means
that Algorithm 1 must stop within a finite number of iterations, which is
1
f(e( )) - f* 4 92 Lmafo /C\GAf(Xpl)4p%Lmax
1 e = 2¢°(xp1) P} 27 a2 T =0 2
266()(171)417% Lmax

where Ay £ f(0M)) — f*,

According to Lemma 3, we know that with probability 1 — \/:X e~ X the algorithm can give a sufficient descent with

(41)

the perturbation when ||V f(x™M, yM)||2 4 ||V, f(x, yM)||2 < ¢2. Since the total number of perturbation we
can add is at most

1 Lm' XA 1 Lm XA €A
R e O N @)

where we use ty, > ¢7.

Using the union bound, the probability of Lemma 3 being satisfied for all perturbations is

dLmax - dLmax — \/ f 5 Af
1-—n e X =1 — 2% emx985 (pyx)3p3 — 28%dLaxpip? e X, (43)
e ﬁpe (p1x) 12—~

£c

With chosen x = 3 max{In(C/6),4}, we have y’e~X < e~X/3, which implies x?e XC < e™X/3C < 6.

The proof is complete. O



On the Convergence of Perturbed Alternating Gradient Descent to SOSPs for Structured Nonconvex Optimization

B.2. Proof of Lemma 1

Proof. Recall the definitions:

~(t) ~(t)
V2 f(0 V2 f(0 0 0
0 V2, f(0) yxf(0)
~(t) ,
where @ is an e-SOSP, and
MET1+nH;, TE1-nH.. (45)

Our goal of this lemma is to show that the maximum eigenvalue of M ~'T is strictly greater than 1 so that we can project
iterates v(*) onto the two subspaces, where the first subspace is spanned by the eigenvector of M ~!T whose eigenvalue is
the largest (greater than 1) and the other one is spanned by the remaining eigenvectors.

Note that M is a lower triangular matrix and det(M) = 1, which implies that det(M 1T — AI) = det(T — AM), where
A denotes the eigenvalue. We can analyze the determinant of T — AM, i.e.,

det|T — AM] =det[I — nH, — AT + nH,)]

(t) )

(L= NIV f(0 ) —nVZ,f(0)

= det ) Y =)
_)\nvyxf(e ) (1 - )‘)I - vayf(e )

£Q()
Then, we use the following two steps to Show Aoy (M™1T) > 1: 1) we can show that all eigenvalues of Q(1 + §) are real
where § > 0; 2) there exists a A > 1 such that det(Q()\)) = 0.
All the eigenvalues of Q(1 + ¢) are real:
Consider a § > 0. We have

Q1+ =—|nH+T+nH,) (46)
LF(6)
where
F(0) =61+n vin(é(t)Z(t) Viyf(éz) ]
(L+0)Vif(0) Vi, f(8 )
1 ST+ v @) avTTove, f@”) |1
_{ VI+4 } WTTov2, £0")  oT+nv2, @) ] [ i ] ’

G(5)

meaning that F(0) is similar to G(9). Hence, F() has the same eigenvalues of G(0). Since G(¢) is a symmetric matrix,
all the eigenvalues of G(¢) are real. From (46), we can conclude that all the the eigenvalues of Q(1 + §) are real.

Quantify ||nH — G(0)]|:

Since we know that H and G(§) are diagonalizable (normal matrices), then we have the following result (Weyl, 1912) (or
(Holbrook, 1992)) of quantifying the difference of the eigenvalues of the two normal matrices

max [Ai(nH) = Xi(G(9))| < [[nH — G(9)] 47)

1<i<

where \;(H) and \;(G(9)) denote the ith eigenvalue of # and G(d), which are listed in a decreasing order.
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With the help of (47), we can check

InH — G(6)
= |1+ 0 (VIT5 - 1)nv, £(8") H’
(VIF8— vz, (8" 0
~(t)
<o+ (VITT- 1)l + (VIFT-1)g| VI@) 0 |
0 Vi [0
(§)5+ (m_ 1) <LL ’ 1) (48)

where (a) is true since we used 7 < 1/ L ax and the fact that | H|| < L and ||#4|| < Lmax- Also, it can be observed that
when ¢ = 0, matrix G(9) is reduced to . Note that if » = 1/L is used, then we have |[nH —G(§)]| < 0+2(v/1+6—1).

Quantify §:

From Condition 1, we know that the minimum eigenvalue of n# is less than —7y and the maximum difference of the
eigenvalues between nH and G(0) is upper bounded by (48). Then, we can choose a sufficient small ¢ such that G(d) also
has a negative eigenvalue, meaning that we need to find a  such that

L
6+ ( 1+5—1)<L +1><m. (49)
In other words, if we choose
§* = ny
L
1 Lmax
then we can conclude that G(0*) has a negative eigenvalue which is less than —ny 4+ 6* = — 1+T,Y,,ax .
L
In the following, we will check that 6* is a valid choice, meaning that equation (49) holds when §* = T +’77L
Lmax
First step: since L/ Ly > 1, we have /(1 + L/ Liax) < 177/2.
Second step: we only need to check
L
(\/1+5—1) 1)<
Lmax 2
meaning that it is sufficient to check
L 2 L Yy 2
1 146) < 14— . 50
<Lmax+ ) ( + ) (Lmax LR 2 ( )

It can be easily check that the left-hand side (LHS) of (50) with chosen 0* is

L 2 L 2 L 2
(L +1> <1+LWH>§<L +1>+<L +1> al

Lmax

n°y?

L ? L ?
1 1
< (Lmax + ) * (Lmax * ) 77’Y+ 4 ’
which is RHS of (50). Therefore, we can conclude that G(0*) has a negative eigenvalue.

There exists a A > 1 such that det(Q()\)) = 0:

When 4 is large, it is easy to check G () has a positive eigenvalue, since term §°I dominates the spectrum of matrix G(J)
in (46). Since the eigenvalue is continuous with respect to ¢, we can conclude there exists a largest 4, i.e., d, such that G(J)
has a zero eigenvalue, i.e., det(Q(d)) = 0 where ¢ is at least Hnil From (46), we know that there exitsa A = 1+ 6

Lmax



On the Convergence of Perturbed Alternating Gradient Descent to SOSPs for Structured Nonconvex Optimization

o~ o~ ~

such that det(G(1 + 6)) = 0 since det(G(5)) = det(Q(1 + §)) = 0. Equivalently, there exits a eigenvalue of M ~!T,
which is

146>140" =14+ —1 (51)
1 Lmax
Therefore, we can conclude that the largest real eigenvalue of M~!T is at least 1 + §* > 1. [

B.3. Proof of Lemma 2

Proof. Under Assumption 1, we have (descent lemma)
Lx
2
L
+ Vy [y )Ty —y ) + Xy -y )2

FOUHD) SF(B) + Vo (x(V, 30T (5D — x() 4 22 (1) — (02

(a)
<10 = (IV:f 0,y O) 2 4 [Ty f (D, 3 0)12)

2 2
n°Lx n°L
+ IV D y O P+ SV D,y )2

(b) n

<f00) = 7 (IVxf O,y D)2 + [Ty £,y 2) (52)
where (a) is true because of the update rule of gradient descent in each block and Assumption 1, in (b) we used n <
]-/Lmax- D
B.4. Proof of Lemma 7

Proof. Consider a generic sequence u*) and partition it into two blocks, i.e., u'*) = [x(*) y()]T. Without loss of generality,
let u(™ be the origin, i.e., u¥) = 0. According to the A-GD update rules, we have

§7xf(x(t) (t))
(t+1) _,,(t) _ ) Y
u =u n |: Vyf( (t 1)7 (t)) . (53)

From (52), we also know that
n
) <7 ) = L ([T f (O y D + [ Vy Fx Dy D)), v < T

Zr) - 5 - a2 (54)

1
2n
By applying telescoping sum of (54), we have

F@) < fa®) - %Z (I —u??), vi<, 55)

T=1

According to the definition of 7', we know that

faD) — f®*y <2F Wt <T. (56)
Combining (56) and (55), we know that
t
Z [ulD — a2 < anF. 57
T=1

Next, we will get the upper bound of ||u**?) —uV)||, V¢ < T as the following, first, by the triangle inequality, we know

t
[ —a® | <3 {u ) —u @), (58)

T=1
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so we have
t
Hu(t+1) _ u(l) ”2 <t Z ”u('rJrl) _ u('r) ”2 (59)
t
<7y [ — a2 (60)
=1
57 9
<T4nF < cTanF < < 487, (61)

where in (a) we use the relation ¢7TF = S? by applying (30a)(30c)(30d).

Due to the following fact

[ = ") = ™) —u® 4w~ 57 < Ju) — a4 [ -5 <38 (©2)
<28 < S
~Clog(4R)
where the last inequality is true when ¢ > 1. Therefore, we know that ||u®*+1) — || < 38,Vt < T where n < 1/ Liax,
which completes the proof. O
B.5. Proof of Lemma 8
Proof. Let u = 0 and define v®¥ £ w(® — u® where v(), w(¥) and u¥) are partitioned as u® = [x, ® yq(f)] ,
V= [xq(f) yff)]T and w = [xg ) yg)]T. According to the assumption of Lemma 8, we know that
S
&k log (5 )p1

where v € [0/(2v/d), 1]. First, defining an auxiliary function

h(a) 2

xf(X(t) +ax( ) y(t) +ay(t))
vy f(x t+1)+a (t+1) g)—l—ayg))

we can have

(t) (t) (t) (t) (t)
h(0) = Vx fb(iif)yu()) . h(1) = VXf((t}-(i-ul) N yq()t#f)(u W, i 21‘)
yf( U yYu ) Vyf(X +y )
dh(c) Vi (xu O+ ay?, xV + ay(t)) Vi f(xu O 4 ax? y 4 ay,(f))
g(a) = d = v(®)
@ (t+1) (t+1) (1) (t)
0 V2, FY 4 ax y0 1 ayl?)
231 ()
0 0
+ V(t+1),

V2 A § x4 ayl?) 0

t
27 (a)

which also give

Vo (), y !
l «f (<), (2)) ] _/O g(a)da+

y f (Xw yYw

(t) (t)
B I
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Second, we consider sequence W(t), 1.e.,

w1 (D)

(t) ()
—wtHD) — w(® _ " VXf(}({tlif)yw(t)) (65)
vyf(xw s Yw )
(1) (1) 1
O (1) | () Vaf(xu',yu’) | /
=u' +v —p n (| gla)da (66)
VS (el i) 0
(t) (t - -
Wu® 4 v® _ g Vif ()(?lbyu t)) CpAOVO g v ® RO gy ) ©7)
vyf(Xu yJIu )
where in (a) we use the following definitions:
o [l
A & / H, (a)da —H,, (68)
0
O 0
AW 2 / 7" (@)da — H,, (69)
0

and

(1) (&)
w2 | Vil6) Vi f(6 )17 SN

~(t)
0 vz @)

0 0 0
vz ;@) o | 70

Obviously, H = H; + H.,,.

Third, since the first two terms at RHS of (67) combined with u® at LHS of (67) are exactly the same as (53). It can be
observed that equation (67) gives the dynamic of v(¥), i.e.,

v(t+1) — V(t) _ nzgj)v(t) _ nHuV(t) o n&;t)v(t+1) _ n%lv(t+1)- (71)

Then, we can rewrite (71) in a matrix form as the following.

T+ M) v + nﬁl(t)v(t"’l) @ (I —nH,) v — AL v®), (72)
S—— S——
AM AT

It is worth noting that matrix M is a lower triangular matrix where the diagonal entries are all 1s, so it is invertible.

Taking the inverse of M on both sides of (72), we can obtain

VD L Mg ADyED = MY - M ANV, (73)

Projecting v(*) to the Direction with the Negative Curvature:
Let P denote the projection operator that projects the vector onto the space spanned by the eigenvector of M~!T whose
eigenvalue is maximum. Taking the projection on both sides of (73), we have

Pyt £ PM I ADvED — PMIT)v®) — PM 1AWV, (74)

From Lemma 1, we know that the maximum eigenvalue of M~'T is greater than 1. Next, we will leverage this property
to show how A-GD can escape from the saddle point.

Relationship of the Norm of v(*) Projected in the Two Subspaces:
Let ¢(*) denote the norm of v(*) projected onto the space spanned by the eigenvector of M~ T whose maximum eigenvalue
is 14 6 where § > ny/(1+ LL“) due to Lemma 1, and 1)) denote the norm of v(*) projected onto the remaining space.
From (74), we can have

oD = (1+0)0 —nIMHIAP IV | = nIMH AL v, (75)

! e s
D < (14 8)p® + M IAP IvED |+ g MY AD []v| (76)
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where we apply the triangle inequality. Also, M is a 2 x 2 block matrix, so we have M~ = I — 7, and the size of M !
can be bounded as follows.

M| <1+ || H,|

W14 g © D — M|

<L+ 9[|H © Dl + 7l Hal

(b) 1 log(d
St (1 2+ D)

ﬂ'
(c)
<1+ nlog(4d)|[H[| + nlHall

(d)
< 14 77L log(4d) + anax

Llog(4d)

<1+ log(4d) +1 <2 |1+ 5L (77
p2
where in (a) operator ® denotes the Hadamard product and
1 0 0
=(t)
2 1 1 .- 0
Hd 4 vxxf(e ) O~(t) ] D= ] ] . ) c Rdxd
0 V30" PoE
1 1 1

and inequality (b) comes from the result on the spectral norm of the triangular truncation operator (please see [Theorem
1]1(Angelos et al., 1992)). In particular, by defining

. (I#HoD]| }
D)= —— H F#0,,
¢(D) mx{ "
we have
(D) 1 1\ 1
log(d) 7|~ (“w) log(@)’ 79

(c) is true because 1 + L + @ < log(4d) for d > 1, in (d) we use the fact that ||| < L and ||H4|| < Lmax-

~(t ~(t ~(t
Since ||w() — 9 )H < fu® - 8 )|| + v < 2r, we can apply Lemma 7. Then, we know ||w(t+1) — 8 )|| <
——

<r <r

3S,Vt < T. According to the assumptions of Lemma 8, we have Hu(t*l) - E(t) | <3S,vt<T,and

D) = w D —u@ D) < u+) - 8| 4w — ") < 6s. (79)

According to Lipsichiz continuity, we have the relation betweenn ||v(®)|| and ||v(**1||, and following upper bounds of
| AL and A7)

1. Relation between ||[v(®)|| and ||v(*+1)|:
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According to the definition of v(*), we know that

SV + y SV = (v = w D — a2
0 (1)
X XU) b) w
:'Wm_nl A y(t%)1—<u(”—n

yf( (t+1 ayw
<2|v@? +4p”

2

Vi (xi,yi)
yf( t+1)7 yg))

2
xf(xw ; yl(ﬁ))
t t

Vy f(x0t y iy

Vo f (P, y i) Vo (xP, vy
Vy f(x vy Vy f(xE v D)

(a)
DoV 4 (LD 2 4 L2, 0 [2) + 4212+ L2 IO 60)
NCRED 1)

where (a) is true due to gradient Lipschitz continuity, and in (b) we use 7 < 1/Lax.
(t+1) || and Hx(t+1

1
Vy fxET vy
2

Vx f(Xu ,Yw)) ]

+ 4n?

(b)
<6||v®|2 +4 (

Lmax

Also, we need the relation between ||, I, which is

IS =G —x (V)P < 2)xE) = x PP+ 2] Vi f (x5, y)) — Vi (x, yO)?

w

<22+ 4 IV f O 72) = Trf (e YO + 9 F (0 30) - Vi F e,y D) )
L
<ol + 4 2) WO 52

Combing (81) and (82), we have

L \? L \?
VD2 <6lv@ |2+ 4 ( ——) [6]xP)2+ (4 +1 |y
Lmax Lmax

2
) PolvOI? < VO (83)

L
<olvOl 4

max

2
wherepoémax{6 4( ) +1}.

2. Upper bounds of ||£7(f) || and ||ﬁl(t) II:
According to p-Hessian Lipschitz continuity and Lemma 5, we have the size of ng) as the following.
A0 L
(AN < ; [#, (@) = Hu|da

(21)
g/ <|ut)+av( ||+ >da (84)
0

(@) 1 ~ ~
< / p <2||u(t) +av® — G(t)H + [[u®Y vt - B(t)||> da
0

XD 4 axd ]
g +ay(w

~(t) ~(t) !
<p(JuV — 87|+ 2u® — 7)) + / (VO + [vO|)da

< (nu““) “a® 4 u® — 87 1 20u® — 89 + 05w + o.5|v<t>||)

(83)
< (35 + 65 +0.5(p0 + 1) [v]))
<(3po + 12)pS (85)
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where (a) is true because

(t+1) (t+1) _ _ -
[ 128 Je rmr)fren9)
Yu ayy

(2§3)||u(t+1) +avtth _ 6(t)|| + Hu(t) +avl® - a(t)

- (86)
Applying Lemma 5, we can also get the upper bound of ||ﬁl(t) II, ie.,
X (1) )
1301 < [ 17 (@) = o
@) [1 (t+1) (t+1) _
= / ol * " + axl(,t) _ e(t) dov 87)
0 Yu + ayy
! ~(t) ~(t)
< [ av® <5 a4 av ) 5 da
0
~(t) ~(t) !
<p(at =67 + [u? -6 ) + p/o [V + v da
(79) (t)
<p (35 +38 +0.5(po + 1)||v ||)
<(3po + 9)pS. (83)

With the upper bounds of ||£$f) II, ||£l(t) || and relation between ||v(*+1)|| and ||v(*)|| as shown in (83), we can further simply
(75) and (76) as follows,

(75) ~ ~ - B
D > (1+8)0® — n(pol A + |AP ) IM v,
(76) N ~ ~ _
YD L1+ 8O + n(pol| AV + AL ) IM [V,

and further we have

SUFD > (148)6® — n(pol AP || + AP NIM |/ (60)2 + (6)2,
D < (1480 + n(pol| APV | + AL IM Y[/ (6®)2 + (812,
since [V = /(62 + (vO)2.

Consequently, we can arrive at

) > (148)p® — i/ (6®)2 + ()2, (89)

D < (148) 9O + g/ (61)2 + ()2, (90)

where 1 is the upper bound of 7(pg ||£l(t) | + |\£5f) [)IM~1|| and can be obtained as
1= 2(3p5 + 12po + 12)ppaS 1)
by applying (77)(85)(88).

Quantifying the Norm of v(*) Projected at Different Subspaces:
Then, we will use mathematical induction to prove

" < aptg®. (92)
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It is true when ¢ = 1 since [|x[| 2 0.

Assuming that equation (92) is true at the tth iteration, we need to prove

U < dp(t + 1)pHY. 93)

We use (89) and (90) separately into RHS and LHS of (93) to get the lower and upper bound of 4(t +1)¢(**1 and ¢ (*+1),
Applying (89) into RHS of (93), we have the lower bound of 4(t + 1)¢(*+1) as the following:

Ap(t+1)0 Y > au(t +1) ((1 +0)0") — [ (6©)? + (W)?) (94)

and substituting (90) into LHS of (93), we have the upper bound of w(t“), i.e.,
GO < (14 0) (4t D) + g/ (602 + (w(0)2. (95)
If RHS of (94) is greater than RHS of (95), it is equivalent to prove (93). After some manipulations, it is sufficient to show

(1+4u(t+ 1))( (6®)2 + (W))?) < 4¢®. (96)

In the following, we will show that the above relation (96) is true, i.e., RHS of (94) is greater than RHS of (95).

First step: We know that

O (a) 8(3p2 + 12 12) ®)
4p(t +1) < 4uT < 8(3p3 + 12pg + 12)npSpecT < (3po + P+ ) <1 97)

where in (a) we use the relation 7pSp2cT = % by applying (30c)(30d); (b) is true when ¢ > 8(3p2 + 12pg + 12).

Second step: Also, we know that

160 > 2,/260)2 721+ ap(t + 1)1 [(60)2 + (w02, (98)

which gives (96). Therefore, we can conclude that ¢)(“+1) < 4y(t + 1)¢(**Y) is true, which completes the induction.

Recursion of ¢(*):
©2) ©7
Using (92), we have (V) < 4utp®) < ¢ which implies

(89) ~
>

oD = (140)0) — g/ (610)2 + (p10)?

(a) n
> T hye® (1))2 (1))2

(d) 1 n
Sl —— Tha®
>( +]—+L/Lmax2)¢ 99

where in (a) we used Lemma 1, and (b) is true because 1)) < ¢(*) and
1t =npSp28(3p + 12po + 12)

@ yn 8(3pg +12pp +12)
1 + L/Lmax /C\2 lOg(({Tﬂ)

(2) 1 N
T 14 L/Liax 22

where (a) is true when ¢ > 4\/\/§(Sp(2) + 12po + 12).



On the Convergence of Perturbed Alternating Gradient Descent to SOSPs for Structured Nonconvex Optimization

Quantifying Escaping Time:
From (79), we have

68 >[vD]| > ¢®

2 o t (1)

> (1 P e S

=0 S L L) ¢

@ 1 § S . . dw

z( e ——log (= )py' W<T |
2 +2(1+L/Lmax>) ov/d &Br 8 (5o Vi< (100)

where in (a) we use condition v € [5/(2v/d), 1].

Since (100) is true for all ¢ < T', we can have

log (1263 ("4) log (% )py)
log(1 + s/
(@ 4(1+ L/ Linn) log(122%( Vdn ) Jog (4 p, )
Yy
@4(1 + L/ Linax) log(1263(%)2p;)
ny
<g4(10g(126“(‘f%)2))p1
ny

(d),(30d) "
< A(2+1og(128Y)T (101)

where (a) comes from inequality log(1 + z) > x/2 when z < 1, in (b) we used relation log(z) < x,x > 0, (c) is
true because ¢ > py > pi, and (d) is true because § € (0, %] and log(dr/§) > 1 so that log(12¢*) + 2log(%) <
(log(12¢*) + 2) log(4).

From (101), we know that when

4(2 +log(12¢")) < ¢, (102)

we will have T' < ¢7T.

It can be observed that LHS of (102) is a logarithmic with respect to ¢ and RHS of (102) is a linear function in terms of ¢,
implying that when ¢ is large enough inequality (102) holds. It is can be numerically checked that when ¢ > 136 inequality
(102) holds. The proof is complete. O

B.6. Proof of Lemma 9

Proof. The proof of Lemma 9 is similar as the one of proving convergence of PGD shown in (Jin et al., 2017, Lemma
14,15). Considering the completeness of the whole proof in this paper, here we give the following proof of this lemma in
details.

Step 1: Let u® be a vector that follows uniform distribution within the ball IB%;%(M, where IB%(E‘Q) denotes the
~(t — -
d-dimensional ball centered at 0( ) [x® y®OIT with radius r. Let & £ [¢& &7 represent the difference between

. =(1) L . . .
the random generated vector u(!) and saddle point @ . We can show that the objective function value in the worst case is
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increased at most by

fa®) - £@")

=f(u®) — FERID,y )+ FERED,y ) - 10

~(t) ~ Ly ~ ~ L
<V R T 6+ &l + Vy FE, 5 ey + Tl |”? (104)

“) (103)

~ ~ ~ ~ Lmax
<V EO D&l + 19y F &, 7Dy T+ =5 €]

(a) -~ -~ ~ ~ Lmax
<N IV f GO, FO2 + [V SRED, FO)2 + 2225 g2

2
®) S Lo S (0)
< + <F 105
7g63/£10g 95y 2 (53510g(dﬁ)p1> - )
N—
<3F <3F

where (a) is true because max{||{x ||, [[€y ||} < ||€]]. and in (b) we used x > 1, log(dr/d) > 1 and Condition 1, and in (c)
we just use the definitions of S, G, F, ie., GS/(¢®p1) < 1 F and LyaxS?/(Ck log(dr/8)p1) < F.

~(t
Step 2: we will quantify the decrease of the objective value after 7' number of iterations. Under Assumption 1, let 0( )
satisfy conditions Condition 1, and two PA-GD iterates {u(¥)} {w(")} satisfy the conditions as in Lemma 8.
First, let us discuss the following two cases.
1. If f(u®) — f(uM)) < —2F: the objective value is decreased by at least 2, meaning that we can have a sufficient
decrease of the objective value. Then, we can proceed to step 3.
2. If f(u®) — f(uM) > —2F: there is no sufficient decrease, implying that we need to more number of iterations so

that the objective can be decreased by at least 2. Applying Lemma 7 and Lemma 8, we have the following analysis.

Second, let T* £ €T and T" £ inf;>1 {t|f(u**?) — f(u)) < —2F}. Then, we have the following two cases to
analyze the decrease of the objective value.

1. Case T < T*: Applying Lemma 7, we know that

FT*2) — fuV) < —2F. (106)

Based on Lemma 2, we know that A-GD is always decreasing the objective function. Forany T > ¢7 +2 =T* 42 >
T’ 4+ 2, we have

F®) = fa) < fT) - f®) < ) — fu) < -2F (107)
when¢ > 1.

2. Case T' > T*: Applying Lemma 7, we know that [[u®**?) — u)| < 3S for t < T*. Define 7" =
infy>1 {t|f(wl*2) — f(w(V)) < —2F}. Then, after applying Lemma 8, we know 7" < T*. Using the same
argument as the above case, for T > ¢T +2 > T* + 2 > T" + 2, we also have

Fw™) = fwD) < fwTH2) = fwD) < fwT42) = f(wlV) < —2F. (108)
Step 3: combining (107) and (108), we have
min {f(u<T>) — W), fw D) - f(w<1>)} < 2FNT >¢T +3, (109)

meaning that at least one of the sequences can give a sufficient decrease of the objective function if the initial points of the
two sequences are separated apart with each other far enough along direction €.
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Therefore, we can conclude that if u") € Xgyek, then (") £ vré) ¢ Xsyek where v € [ﬁ, 1].

Step 4: finally, we give the upper bound of the volume of Xgyck,

6y 4/r2— 8" —u_y |2
w= [
CESY

u_1 ~(t) =) dulIXstuck(u)
0, —y/r? -0 1 —u_q]|]?

VOl(Xstuck) = / dUIXstuck

a(t) ()

(d—1) ro
<
/(f Y du_ (2 ) Vol (By(,) (r))

e

(t) \/a

)
2/dr

where Iy, (u) is an indicator function showing that u belongs to set Xsy ek, and u; represents the component of vector u
along € direction, and u_1 is the remaining d — 1 dimensional vector.

Then, the ratio of VOI(Xsyck) over the whole volume of the perturbation ball can be upper bounded by

r d—1
Vol (Xetuck) <7%V0'(B—(ém ) s rg+1) _ 6 [d 1
VOIBLY,(r) ~ VOI(BU), () VdrD(5+1) ~ Vdr V22

where I'(-) denotes the Gamma function, and inequality is true due to the fact that I'(x 4+ 1)/T'(x + 1/2) < \/z +1/2
when x > 0.

Step 5: combining (105) and (109), we can show that

~(t)

1(6) 1@ 6"

)= £07) — fu) + f) — f(6

<-oF <F

)< =F (110)

with at least probability 1 — ¢. O



